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CHARACTERIZATION OF SOME HARNACK PARTS
OF CONTRACTIONS

T. ANDO, I. SUCIU and D. TIMOTIN

In [1], Zoia Ceaugescu introduced a relation of domination between con-
tractions acting on a Hilbert space, characterized by some simple norm inequalities-
This relation is easily shown to be weaker than Harnack domination (cf. [4], [5]
for the latter). Zoia Ceausescu asked whether the equivalence classes of this relation
do coincide with Harnack parts. In this paper we give a positive answer to this
question in the case when the contractions have spectrum contained in the open
unit disc of the complex plane. As a consequence, we prove that the Harnack part
of any spectral norm strict contraction is not trivial. For the general case, we show
that the answer is negative by exhibiting a class of counterexamples. The techniques
used yield also some other results concerning Harnack domination and its connection
to the relation introduced by Zoia Ceausescu.

§1. NOTATION AND PRELIMINARIES.

In the sequel T, T’ will be linear contractive operators acting on the Hilbert
space #; U acting on ¢ and U’ actingon %"’ will be the minimal isometric dilations
of T, T’ respectively. We shall denote by r(T) the spectral radius of T, and by T,
the operator defined by

T, =T — I —IT)1* (JA]l <1)
We say (cf. [4]) that T is Harnack dominated by 7" (notation T 2 T') if there

exists a positive constant @ such that for any analytic polynomial p verifying
Rep(z) = 0 for | z| < 1 we have

(1.1 Re p(T') < a Re p(T).

Obviously z is a preorder relation, and we shall denote by X the equivalence
relation induced by it. The equivalence classes are called Harnack parts.

It was shown in [5] that T -Ié T’ is equivalent to the following property:
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There exists a bounded operator S: 2’ — o such thatforanyhg, by, . .., h, € #
we have

S( 3 U’fhj) — 3, U'h,.
i=o =0

[ee] (o]
Since A" = \J U/at, 4" = \J U'/ 3, it is obvious that in this case S is the
J=0 i=0
unique bounded operator from ¢ into 5 which intertwines U’ and U and whose

restriction to & is the identity operator. Also, TR T if and only if S has bounded

inverse,.
In 1], Zoia Ceausescu considered the following preorder relation, which we

shall denote by i:
zZ ~
T < T if there exists a bounded operator S: H# vU'# — # v U# such

that for any hg, hy € 3,
S(he + U'hy) = hy + Uh,.

The operator S, if it exists, is the unique bounded operator from # v U’
to # v Us# which intertwines U’ and U, and whose restriction to # is the identity

operator. We shall denote by % the equivalence relation induced by this preorder
relation; T Z 7' if and only if S has a bounded inverse.

From these definitions it is obvious that T 2 T’ implies T -é T’; consequently
T2 T implies T<T".

We shall occasionally write T % (T % T') in order to indicate that
IS|l < ¢ (|S|I<c). Since S and S restricted to # are equal to the identity, it follows
that in both cases we must have ¢ = 1. Moreover, it is proved in [5] that || S]] < ¢
is equivalent to @ < ¢2 in relation (1.1).

zZ
;§ 2. PROPERTIES OF THE RELATION <.
LeMMA 1. The following statements are equivalent:
z
W T=<T,
(it) there exists ¢’ = 1 such that ||¢'T' — T} < ¢ — 1,
(iii) there exists ¢'" = 1 such that for any he #,

@.1) (| Drhll < || Dy ]|

2.2) (T — TR\ < ¢ || Drhi.
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Proof. (i) < (i) T-Z< T’ means that there exists ¢ = 1 such that for any
hy, hy € S, we have

(2.3) 7o + Ul|? < Hllho + U'hyf?

or

Il Al[2 + 1Ayl 4 2 Re(ho, Uhy) < ol + [1A][* + 2Re(hy, U'hy)]
But U, U’ being isometric dilations of T, T’ the last inequality is equivalent to

/20l - || 11][2 + 2Re(hy, Thy) < [ ofl* + 11l -+ 2Re(ho, T'hy))

or

2.4 (@ — 1)(lAoli2 + |1/1l®) + 2Re(hy, (3 T' — T)y) = 0.
We claim that the last inequality is equivalent to

2.5 1T — Tl < — 1.

Indeed, if (2.4) is satisfied, then

1
lT" — Tl = sup — Re(hy, (*T" —T)h) < sup — (¢ — 1)(|[ho]* +
g <1 lhll<t 2
A li<1 lim i<t

+ Ml = -1
Conversely, if (2.5) is valid, then
| 2Re(hg, ¢*T" —Thy) | < 2(c® — 1) [[Aol] - 1A |

and (2.4) follows.

The equivalence (i) < (ii) is therefore proved; moreover, we have in this case
the exact relation ¢’ = c2.

(i) <> (iii) The relation (2.3) can be written
lag + Thy 4+ (U — D < Hlhg + T'hy + (U — T7) Iy|?

which is equivalent, by standard properties of the isometric dilation (see [7], 11, § 1), to
(2.6) g + Thy|? + [[Drhill® < (Ao + T'hIE + || D ).

If we put in this inequality sy, = —T’'h,, relations (2.1), (2.2) follow at once
(with ¢'’ = ¢). Conversely, if (2.1), (2.2) are valid, then, since

2o + Thyll < [lho + T'hali + (T — Tl < Nlho + T'hil| + ¢"(| Dy 1y
relation (2.6) follows (with ¢% = 3¢''2).
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REMARK. The inequalities (2.1), (2.2) clearly make sense in the case T, T’
are operators from a Hilbert space #°; to another Hilbert space 5,. In [1] Zoia
Ceausescu used (2.1), (2.2) to define a preorder relation for T, T’ € £ (5#,, #,). She
proved also an analogue of the equivalence (i) <> (iii) for that case.

CorROLLARY 1. (@) If T é T’ then T* é T+,
Z o
) IfT, < T, (n=0,1,...), and A, are complex numbers such that Y 141<1,

n=0

then

W, % ¥ AT

0 n=

Ing

<

n

i

z
© If T, < T, (n=1, ..., N), then

z
Ty ... Ty <T{... Ty, where c =c, ... cy.
[4

Proof. (a) and (b) follow at once from the characterization (ii) in Lemma 1;
so does (c) if we remark that by induction it is sufficient to consider N = 2, and that

C%C%Tl, I, —T\T,= C%(C%Tll —T) T, + Tl(c§T2' — T).

COROLLARY 2. Every contraction T is Z-dominated by 0; 0 i T if and only if
1Tt < L.

z z
Proof. By Lemma 1 (i) T <0 is equivalent to | T <2 —1; 0 < T ¢
-1

2
equivalent to ||T|| < ¢

CoroLLARY 3. If T Z T then |Tr—T1 <2.

4
Proof. ¥ T<T' and T’ % T, by Lemma 1(ii) we have

@+ DT - <7 =T+ |7 = T < 22— 1)

therefore
¢2—1

02+1'

rT—7<2

z
PROPOSITION 1. If T < T, then for any |A| <1
c

1441

Z
T, <1 here d, =
Z) AW 2 CI_IM
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Proof. If U, U’ are minimal isometric dilations of T, T”, then, by [7],1,§4, U,, Uy
are minimal isometric dilations of T,, Tx respectively. Therefore

o + Usall = | — AU)™* (hy — Ahy + Ulhy — hg))|| <
< (1 — [A) kg — Ahy + Ulhy — Ihg)|| <
< el — A2 hy — Ay + U'(hy — Tho)|| =
= c(1 — |AD7I — 2U")ho + Uihy)|| <

1414
Pl K01
1 — 4]

< llhg 4 Ushy|.

COROLLARY 4. If T 2T, then b(T) Z w1 for any finite Blaschke product
b(z).
LemMMA 2. Let P, Q be orthogonal projections, and T, T’ such that

PIQZPT'Q, U~ P)TU— Q) X U~ P)T'U— O
Then
PTQ + (I — P)T(T — Q) < PT'Q + (I — P) T'(I — Q).
Proof. The lemma is a consequence of Lemma 1 (ii) and the obvious relation
IP(T —T)Q+ U — P)'T" — I)I — Q)] =

— max (|P@T" — T) 0|}, i — PYCT' — T)I — Q).

PROPOSITION 2. The Z-part (equivalence class) of T is equal to {T} if and
only if T is an isometry or a coisometry.

Proof. If T is an isometry, it follows from Lemma 1(iii) that T’ -Z< T implies
T’ = T; therefore the Z-part of T is trivial. Then, from Corollary 1(a) we can deduce
that it is trivial also for T coisometry.

Suppose T is neither isometry nor coisometry. Let T'= V|T | be the polar
decomposition of T. If | T'{ is not a projection, let E be a nontrivial spectral projection
of | T'|, such that

¢E < |T|E < (1 — ¢) E for some ¢ > 0.

Let T = T( — E). Obviously T’ # T. We claim T'=T’. Indeed, let Q = E,
P = VEV* Then we have

I-PTI—-Q=U—-P)T'I— Q)
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PTQ = TE is a strict contraction, and PT'Q = 0. By Lemma 2 and Corollary

2, it follows that T < 7.

If [T is a projection, neither the initial nor the final space of ¥ are o, since T
is neither isometry nor coisometry. Let P = VV* Q = V*V, and S an operator
such that 0 < [|S]| <1, SQ=PS=0. Then, if T"=T-+ S, we have T # T,
PTQ = PT'Q, (I — P)T(I — Q) = Oand (I — P)T'(I — Q) = S. Again by Lemma 2
and Corollary 2, it follows that T < T

§3. HARNACK DOMINATION AND Z-DOMINATION.

We have seen that Harnack domination implies Z-domination. In the sequel
we shall try to find partial converses of this implication. A basic tool is the following
femma.

LemMa 3. The following statements are equivalent:

G TZT,
(i) fo; any Al <1 we have

(I — AT — |APT*T)({I — A1) <

3.1
< (I — AT — | ART*T')I — IT')™.

Proof. (i) = (ii). For any |A| < 1, let

1+ 1z
1 —Jz

f(Z, A) =

We have Ref(z, 2) = 0 for |z| < 1, and f(z, A)is,in {|z| < 1}, a uniform limit
of polynomials with positive real part. It follows, from the definition of Harnack
domination, that

Re (T, A) < ®Ref(T", %)
which is exactly (3.1).
(ii) = (i). Suppose conversely that (3.1) is valid. Let p(z) be any analytic poly-
nomial with positive real part. Since

27 aib 2 —io
p(2) =S —S_*iz—d,u(@) + ia = S Jl_i du() + ia
o €’ —z o 1 —eioz

where u is a positive measure and a is a real constant, we have, by (3.1), for0 < r < 1,

Re p(rT) = Szn Re f(T, rel) du(®) < c? Szn Re f(T", rei®) du(@) = c? Rep(rT").
0 0
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Letting r — 1, we have
Re p(T) < ®Re p(T")
H
so T<T.

TueoreM 1. If H(T) < | and T X T', then H(T") < 1 and T < T".

Proof. Té T’ implies by Lemma 1 (iii) that for some ¢’ > 1 and all{i]| < 1,
h e A, we have

(3.2 I — 1212 T*TY"h| < 'L — | APT"*T"y"h]],
(3.3) (T — Tl < NE — 1APT*T") k|

Suppose r(T”) = 1. Then some 4, with |4y| = 1 is an approximate eigenvalue
of T': that is, there is a sequence {g,} = # such that||g,||=1and ||T’g, — Aog,|| — 0.
Since then ||T'g,|| — 1, it follows from (3.3) (with A = ) that ||Tg, — 4ug.ll = O,
which contradicts »(T) < 1.

Now for any |4| < 1 we have

(I — [APT*T)= (I — AT)™*h|| =
= [|(I — {APT*T): [ — AT)? + 2 — ID)™T — T — AT) W] <
< (I — [APT*T)(I — ZT")h|| +
+ AN — [APT*T)2 ([ — IT)™ (T — T)I — IT") 4|l <

< A = (AP T*TYR(I — A1) || + dIN(T — T — A1) h||

‘where d = 1sup I — AT)™|| < oo; the last inequality is a consequence of (3.2).
Algl

By (3.3), we have

(I~ IAPT*TYRI — IT)hi| < (L + | — [APT*T"YR (I — A1) |

N

‘which is equivalent to (3.1), with ¢ = ¢'(1 + d). Therefore, by Lemma 3, T .}é T'.

COROLLARY 5.a) If either r(T) < 1 or T is compact, then TE T implies
TR T
b) If r(T) < 1 or T is compact and 3 is infinite dimensional, the Harnack part

of T is not reduced to {T}.
Proof. For r(T') < 1, Part a) follows readily from Theorem 1. Suppose T

zZ
is compact and T ~ T’. From Lemma ] (iii) 7" and T’ must have the same eigen-
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values of modulus one and the eigenspace corresponding to these eigenvalues
reduces both T and T”. Let E be the orthogonal projection onto this eigenspace.
Then

T=Tex ® Tlu-py»

T=Tlex ® Tlu-py»

and

z
Tiew =T |gx Tly-pyrx ~ T'|a-p».

But T'|-g # has spectral radius less than 1, so T|y-g» and T'| q_p» arealso
Harnack equivalent. It follows then from the definition that T’ .

Part b) is a consequence of Part a) and Proposition 2.

COROLLARY 6. (Foias [2]). T % 0 if and only if || T|| < 1.

Proof. We have to apply Corollaries 2 and 5.

THEOREM 2. T X 0 if and only if K(T) < 1.

Proof. By Lemma 3, T 2,0 is equivalent to the existence of ¢ = 1 such that
3.4 I—APT*T < (I — AT*{I — AT).

Suppose (3.4) is valid, but r(T)=1. Assume A, (J4,| = 1) is an approximate
eigenvalue of T. Take h, € 5 such that ||A,|| = 1 and || Th, — th,,||<—1— .From(3.4)
n

it follows, with A = 4, (1 — i) , that
n

1

- ( 1 ——;—) IThIP < agh, — (1 - —n—) Th, P =

:cz’

2

dohy — Thy, + 1 Th,||
n

<

{
< 26y — Thy|l* + — | Th )
n

Since ||Th,|| < 1, we have
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or
2n <4t +1 (n=1,2,...)
which is a contradiction: Therefore (3.4) implies H(T) < 1.
Conversely, if r(T) < 1, let
o= sup [|(T — T)7Y
[21<1

Then
U —ATHUI — IT) = 671

therefore (3.4) holds with ¢2 = §.

N. Suciu remarked in [6] that T 2 0 is equivalent to T boundedly absolutely
continuous in the sense of Schreiber ([3]). Therefore Theorem 2 is a reformulation
of [3], Theorem 3.

The next theorem gives the general relation between Z-domination and Har-
nack domination. '

THEOREM 3. The following statements are equivalent:
) H
Or<r,

(i) there exists ¢ = 1 such that for any |1| < 1 we have T, i T5.

Proof. (i) = (ii). Suppose T = T". Fix 1, with |i| < 1. Then, since for any

. . — A
polynomial p(z) with Re p(z) > 0 for |z| < 1, the analytic function p (IZ 7 )
— AZ

has positive real part for [z] < 1 and is therefore a uniform limit of polynomials
having positive real part for [z| < 1, it follows that

Re p(T,) < c®Re p(T5).

. H
By von Neumann’s theorem, T, and T, are contractions, therefore T) < T3,
(4

and hence Tj é T3.

(ii) = (i).c Suppose conversely that the Z-domination holds for all || < 1.
Inequality (3.1) is equivalent to

(I — AT — AT* (I — IT)™ + ~1¥—’1E,—2 (I —T¥T) <
(3.5) ‘
<e [(1 — AT — AT™*) (I — AT + 1-"”-7»—2 d— T;*T;)] .
4
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But T -Z< T’ implies, by Lemma 1 (iii), that there exists ¢'’, such that

I — T#T, < "I — T;*T),
(T* — THTR — o) < ¢ — T'T).

1
[— A7) — (I — IT)™ = —
(= 2Ty = A= 2D =

Since

(I — T

by the obvious inequality for any 4 and B

A*A < 2[B*B + (4 — B)*(4A — B)]
we have
I — ATHWI - IT)* <
2|22

20— AT — ATyt + ————
( e T

(I* — T — Tp.

Therefore we obtain

4]

(1 — AU — AT* — IT) + 1—7 U~ TFT) <

. "o 2[A[2
<21 — AR — AT — AT') + T

(T* — TN, —T) +

+ M o)<
I — A2
3k — 1y 3(‘.”2')"'2 ! ’
L2(1 — |APDUI—AT*)(I— AT")? +~l—f~—l;l-|»2— (I — TY*T3).

Therefore (3.5) is valid with ¢2 = 3¢'2,

§ 4. HARNACK DOMINATION FOR COMMUTING
NORMAL CONTRACTIONS

THEOREM 4. Let T, T' be commuting normal contractions. Then the following
statements are equivalent:

H
OHr<1,

‘e H

(i) I" < 7,

(iii) there exists ¢’ = 1 such that

t

Lu—ry<r— 7 <ca—m,
(4

T T| < — T
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Proof. In view of the essential symmetry of (iii) with respect to T and T,
it suffices to-prove the equivalence of (i) and (iii).
(i) = (iii)) Suppose T 2 T’. By the obvious inequalities
(4

I— T <1—PT*T < 2( — |AT))
I— |AT'{ < I — PRT*T" < 2(1 — |AT"))

the inequality (3.1) is equivalent, via the commutativity, to the existence of a > 1
such that

@.1) (I — AT I — AT < a{ — |2T') i — ITE.
Since, by the normality of 7
I— AT} < I — AT
(4.1) implies
d — AT — }IT")) < a|I — ATP.
Let 1 = re!® and fix r. Then we have
I—rTHUI —rIT')) < a|I— re™® TP

Since 0 is arbitrary, we can replace, by spectral theory, e by any unitary
operator that commutes with 77 and T. Take the unitary operator V for which
T = V|T|. Then the above inequality leads to

T —riTHU — r|T") < a(l — r|T|)?
hence
4.2) I—r|T'| < a — riTY|).

From (4.2) and (4.1) we have

(I — T — IT'P < a*( — r| T — AT]
hence
U — AT < al|l— iT)|.
Then
T — T < I— 1T+ I —AT| <

<+ all—IT) = (1 + o\l — re” 7).
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Again by substituting €' by the unitary operator V, we obtain
4.3) T — T < (1 +a){I — r|T).
Letting r — 1 in (4.2) and (4.3), we have

I—|T'| < ad — |T)),

7" — TI < (1 + ) — |T).

Finally, T < T implies by (2.1) the existence of a’ > 1 such that
I—|T| <dd—|T).

The last inequalities prove (iii).

(iii) = (i) If (iii) is satisfied, then

I— T = -2+ 1+ I)J—T) < T — 12T
and
H— AT\ < I —AT|+ 1A|T" — T| <
| IT— A7)+ A — IT) < (1 + NI — 2T
Therefore we have
= 1ATHU =IT'2 < /(A + P — |AT') [1 — AT)?

which proves (i).

CoRrOLLARY 7. If T, T’ are commuting normal contractions, then T 2 T’ implies
Tk,

CoOROLLARY 8. Let T be a normal nonunitar); contraction. Then:

(a) the Harnack part of T is not reduced to {T’}.

(b) Suppose the spectral measure of each set E,={ze C|r<|z]<1}(0<r<
< 1) is not trivial. Then the Z-part of T is strictly larger than its H-part.

Proof. (a) We can suppose, by Corollary 5 (b), that || 7|| = 1. By assumption,
there exists 0 < r < 1 such that the spectral projection of T corresponding to the
disc D, = {ze C]| |z} < r} is nontrivial. Then put

1—r

o) =z+ xp (2)
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where yp, is the characteristic function of D,. Then T" = ¢(T) # T, and we can easily

check the conditions of Theorem 4 (iii) in order to obtain T 2 T".
(b) If we put

Y(2) = zllzl + i1 — 2], T = Y(T)

then again we can easily check, by Lemma 1(iii) and Theorem 4 (iii), that 7" Z T,
H
T ~ T.

We have seen that if T is either isometry or coisometry then its Harnack part
is trivial (i.e. equal to {T'}). On the other hand, if /(T) < 1 or T is compact, or nor-
mal and nonunitary, then its Harnack part is not trivial. It seems interesting to give
necessary and/or sufficient conditions for a contraction to have trivial Harnack
part.
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