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PRESERVATION OF ESSENTIAL MATRIX RANGES
BY COMPACT PERTURBATIONS

VERN 1. PAULSEN

1. INTRODUCTION

In [12], it was shown that if T is a bounded operator on a separabie Hilbert
space, then for any positive integer s, there exists a compact operator K such
that the first » matrix ranges of 7 - K are the same as the first » essential matrix
ranges of 7. They then asked if for every T there exists a compact operator K
such that all the matrix ranges of T - K are the same as all the essential matrix
ranges of T. In this paper we obtain several partial results concerning this question.

We prove that to answer the above question it is sufficient to assume that T
is block-diagonal (Corollary 3.5). For a block-diagonal operator we give a complete
characterization of whether of not such a compact perturbation exists in terms of
a distance formula (Theorem 3.13). These results allow us to give a somewhatdifferent
proof of the result of [12] referred to above (Theorem 3.12).

For a general operator we attempt to show that the existence of such a compact
operator is completely determined by the essential matrix ranges of the operator.
We find a formula involving the essential matrix ranges which implies the existence
of the desired compact (Theorem 3.15). In the converse direction we only succeed
in showing that if the essential matrix ranges of some operator fail to satisfy this
formula, then there exists an operator for which no such compact perturbation can
be found (Theorem 3.16).

Finally, we show that the original question can be re-formulated strictly in
terms of sets of finite matrices (Corollary 3.19).

2. BLOCK DIAGONALIZATIONS
Let # denote a separable, complex Hilbert space, £(#°) the bounded linear
operators on #, # () the ideal of compact operators, and Q(s#’) the quotient

(Calkin) algebra. For T in Z(5), we shall use T to denote its image in Q(s). We
shall use M, to denote the C*-algebra of n X n matrices.
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If o/ and & are C*-algebras, then a linear map ¢: &/ — %4 is called completely
positive provided the maps ¢ ® 1,: 7/ @ M, > B ® M, are positive for every
integer n.

We shall call a map 6: & — L(H#) block diagonal, if there is a sequence {#',}
of finite dimensional subspaces of # with

<o

H = Z @H,
n=—1
and maps
0, S - L(H)
such that
0= Z @ 5;2

In [4] it was shown that every operator is almost a compression of a block
diagonal operator. The following is a summary of those results.

TreoreEM 2.1. {4, Proposition 3] Let o7 be a separable, unital C*-subalgebra
of L(H) containing K (), let Te of and let ¢ > Q be given. Then there is a separ-
able, Hilbert space #’, a pair of unital, completely positive maps,

§: L(HY - LH'), 1 L(H') - LAY

and an isometry
V:# - H#'
such that:

1. 2:0(A4) — A is compact, for every A e o,

2.1 A-T) — Tji < &,

3. & is a block diagonal map,

4. X))~ VEXV for everv X e L(H#'),

5. VV*= essentially reduces 6(.57).

We shall call a pair of maps (9, 4) satisfying 1 — 3 of the above Theorem
a localizing pair. We shall need localizing pairs with an additional property. A map

8: LAY > L(H)

will be calied compact preserving, if

O(A(H)) € A (H).
Clearly, the compact preserving maps are precisely those maps for which the map

81 Q(HY - Q)
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given by
8(T) = &(T)

is well defined. A localizing pair (5, A) will be called compact preserving provided
both maps are compact preserving.

THEOREM 2.2. The maps 6 and A of Theorem 2.1 can be constructed to be
compact preserving.

Proof. Since isometric compressions of compact operators are compact,
A is necessarily compact preserving by [4].

The key ingredient to the proof of Theorem 2.1 is the construction of the
map 6 from a countable, quasi-central approximate unit [4, p. 329] for 4 ()
in o7 consisting of finite rank operators. It will suffice to show that by a perspicuous
choice of the quasi-central approximate unit, the construction of Theorem 2.1
will yield a map & which is compact preserving. In the construction of § [4, p. 334},
given an appropriate increasing, countable, quasi-central approximate unit, {F,}
of finite rank operators, one sets

En == (En - F“_1)1/‘_’ s
defines d, to be the compression of £(#°) to the space,

H, == E,H

and sets

b= @5,

n=1

We claim that if the sequence {F,} is chosen such that, in addition, the range
projections of the E.’s converge to 0 in the strong operator topology, then § will
be compact preserving. Indeed, if this is so, then for any K e A4 (), we have that
§6.(K})| will tend to 0. Thus, since 5,(K) is finite rank for all n, we have

3(K) = Y, @ 8,(K)
ne ol

is compact.

To construct {F,} with this additional property, we return to the proof of
the existence of a quasi-central approximate unit in {4, Theorem 1]). We let {e,}
be an orthogonal basis for 7, let {4,} be dense in &, let {K,} be dense in A (#),
and let Q; be the projection onto the span of {e;, ..., ¢;}. We have that {Q} is an
approximate unit for 2 (3#) and that its convex hull, A, with the usual ordering
on positive operators is a convex approximate unit for S (o) [4, p. 330].
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Hence, there exists F; € A; such that

PRK--K <L
and
WFA, - AFY <102,
4, Lemma 1]. Inductively,
A, ={Fed:F>F,, F>Q,)}

is a convex approximate unit for J#°(#°), since it is a cofinal subset of A, and hence
14, p. 331] there exists F,,,e A, such that

(E1 K — Kl < 1fn+ 1
and

(Fiqd; — AF, i < ln-1 for 1 <i<ntl

Note that since F,,, = O, the sequence |F,} and any subsequence of it, will
have the desired property that the range projections of E, =: (F, - - F,._;}** tend
strongly to 0.

A careful reading of [4, p. 333] shows that if this guasi-central approximute
unit is used in the proof of [4, Theorem 2] then the block diagonal map of 14,
Proposiiion 3] will be compact preserving. 7

P

REMARK 2.3. We note that in the above construction, if one sets
Ap::{Fed FzP,, F>0,}

where P, is the range projection of F,, then E,-E, =0 for jn — k' > 2. This
guarantees that J, is orthogonal to # for n — k! 2 2, which means that the map 4
of Theorem 2.1 is tri-block diagonal. Hence, the composition 2§ will map 7
into a tri-block diagonal subspace. Such maps appear in [12], {13] and [!4]. Other
variations are also possible by a suitable choice of the A,’s.

We recall that, if o7 is a unital C*-algebra and T e «, then the ia-th matrix
renge of T is the set

WHTy:-{Le M, L: ¢(T)forsome unital, completely positive map, ¢: & -+ M,

ate

Since completely positive maps into M, can always be extended to larger C*-algebras
{2, Theorem 1.2.3] the definition of W(T) is independent of the particular C*-algebra
that T belongs to. If T e L(#), then the n-th essential matrix range of Tis defined
to be W*T). The n-th matrix range of T is a compact, convex set bounded by i T7.
These sets enjoy an additional property referred to variously as matricial convexity
{6, p. 753] or C*-convexity [9]. A subset ¥ = M, is C*-comvex, if for A;, ..., A

m
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in M, with
Y, AF4;=:1,

j=1
and Xy, ..., X, in &% we have that

J

A;I:XiAj
=1

belongs to &.

The following will allow us to reduce many questions concerning matrix
ranges to the case of a block diagonal operator.

ProprosITION 2.4. Let o/ be a separable C*-subalgebra of L(H#) containing
H () and let (5, A) be a compact preserving, localizing pair for . Then for any
Ae A,

Wn(S(A)) = W(A)
and
Wr(S(A)) <= Wr(A).

Proof. This follows from the fact that compositions of completely positive
maps are completely positive, and the identities, Ao8(A) == A, §0A(5(A)): - 5(4). 7

3. THE MATRIX RANGE PRESERVATION PROPERTY

In this section we study the problem of finding compact perturbations of an
operator whose matrix ranges are equal to the essential matrix ranges of the operator.
By using the block diagonalization techniques of the previous section, we are able
to characterize this problem in terms of some distance formulas. We are also able
to give a new proof of one of the results of [12].

DeriNITION 3.1. Let Te () and let j > 1 be a positive integer. We
shall say that T has the j-th matrix range preservation property (j-MRPP), provided
that there exists a compact operator K such that

W'T + K) - WT),
for all n < j. If there exists a compact operator K such that,
WXT 4 K): = W(T),

for all i, then we say that T has the matrix range preservation property (MRPP).
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We note that if
WIT + K): - WHT),
then
WHT + Ky = wiT)

for any n < j, since any completely positive map into M, will factor through M.
In[12, § 5] it was shown that every operator has the /-MRPP and they asked
whether every operator has the MRPP. It was also noted there that the MRPP
is cquivalent to the existence of a certain type of lifting of T, [13,§1].
Let & and 4 be unital C*-algebras, & < .o/ a self-adjoint subspace containing
the identity. A unital linear map ¢: & — 4 is completely isometric if

P, @M, > % QM,

is isometric for all n. Completely isometric maps are necessarily completely positive
{2, Proposition 1.2.8]. By [3, Theorem 2.4.2], if & is the span of 1, S, and $%,
then ¢ is completely isometric if and only if

W(@(S)) = W(S)

for all Se &. Thus, if & is the span of 1, T', and T% in Q(3#), then T has the
MRPP if and only if & has a unital, completely isometric lifting of the quotient
map. Also, it is not difficult to show that if & is a 3-dimensional, self-adjoint
subspace of Q(#) containing the unit, then & is the span of 1, T, and T for
some 7. Thus, every operator has the MRPP if and only if every 3-dimensional,
sclf-adjoint subspace of Q(5#) containing the unit has a unital completely isometric
lifting of the quotient map.

We shall now show that there exists a 5-dimensional, self-adjoint subspace
of (J(3) containing the unit, which has no unital completely iscmetric lifting of
the quotient map. In spite of this result, based on some other results of this section.
we conjecture that all operators have the MRPP.

The following is perhaps well known.

LeMMA 3.2, Let & be a unital C*-algebra, and let (p o — of be a unital,
wmpletely positive map. Then {a|¢(a) —=a, ¢(a“a)--a"a, ¢(aa*)~:aa*} is a
“.subalgebra of 7.

Proof. The above set is clearly norm-closed and =-closed. Since
p(a‘a) = (a*) p(a)

if and only if
o(ba) == p(b) ()

for all b € & [7], we can easily see that the set is also closed under products. 7
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THeOREM 3.3. There exists a S-dimensional self-adjoint subspace of Q(3#),
containing the unit, which does not have a unmital, completely isometric lifting of
the quotient map.

Proof. In [1], an example is given of a unital, C*-subalgebra & of Q(¥),
which does not have a unital, completely positive lifting of the quotient map. Further-
more, & is generated by two unitaries and a projection, and so by [10, Theorem 1],
o ® M, is singly generated. Let a be this generator.

We claim that the span, &, of 1, q, a¥, a*a, and aa* does not have a com-
pletely isometric lifting of the quotient map from L(#) ®@ M. to Q(H) ® M,.
Assuming the contrary, by [2, Theorem 1.2.3] this completely isometric lifting
counld be extended to a completely positive map ¢ from Q(#) @ M,t0o L(H) ® M,.
Since the composition of ¢ with the quotient map is completely positive and the
identity on &, by Lemma 3.1, this composition must be the identity on all of
o ® M, i.e., ¢ i1s a completely positive lifting of the quotient map on & ® M,.

But the map which sends a to the compression of (p(; 0) to the (1, D-entry,
a

yields a completely positive lifting of the quotient map on /. This contradiction
completes the proof of the theorem.

The following result essentially allows us to reduce the study of the MRPP
and j-MRPP to block diagonal operators.

PROPOSITION 3.4. Let o be a unital, separable C*-subalgebra of L(H)
containing K (), let (0, X) be a compact preserving, localizing pair for o, and let
Tesf. Then T has the j-MRPP (respectively, MRPP) if and only if (T) has the
J-MRPP (respectively, MRPP).

Proof. If there exists a compact K such that

WHT)y = WYT + K), for1<n<j,
then

Wn(S(T)) < WO(T + K)) € WHT + K) = W (T) = WS(T))

by Proposition 2.4, and so 6(K) is a compact which works for §(T).
The converse and the proof for the MRPP follows similarly. %,

CorOLLARY 3.5. Every operator has the j-MRPP (respectively, MRPP) if
and only if every block diagonal operator has the j-MRPP (respectively, MRPP).

In the remainder of this section we shall give some partial characterizations
of these preservation properties in terms of some asymptotic distance formulas.
For a metric space (X, d), xe X, and Y < X, we define

d(x, ¥) = inf{d(x, y) [y Y}.
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If W < X, then we set
d(W, Y) == sup{d(w, Y) ' we W}.

We now definc some new objects, which in some sense measure, for an
operator T, how much the set W*(T) is determined by W/(T).

DerFNirioN 3.6. For T an element of a C*-algebra <7, and strictly positive
integers » and j, we set,

gyn,j(T) = {A € Mn . WJ(A) = WJ(T)} .
The following Proposition summarizes some of the structure of these sets.
Lemma 3.7. Let
oo
B = 2 @ AI.'
k=1
acting on

H =Y @ H
k=3

If for some T and some j, Wi(A;) < WA(T) for all k, then W/(B) < Wi(T).
Proof. Let A;, be the direct sum of j copies of 4, acting on the direct sum of ;

copies of #',, #. and let

B =Y @A
k-1

Since the C#-algebras generated by B’ and B are =-isomorphic, W/(B) - W/(B')
and it will suffice to show that W7(B') = WY(T). Let

ViCs# ¥ @K
o1

be an isometry and let P, be the projection from #” to . Since dim.J#} > j,
we may use polar decomposition to write P,V -= VR, , where R, e M, is positive and

V,: C - #;,
is an isometry, and

oo
“RY:.

«d

-1

£
E2e]
[

We have that,
VEALV, € W/(A}) = W/(A) s W(T).
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Set

L, =VFAV,,
then

VEBYV = ¥ RLR,
k=1
which belongs to W/(T) by [9, Remark 10]. Since
VBV e WH(T)

for all isometries ¥, an application of [6, Theorem 3.5] yields the result. %

ProposiTION 3.8. For all strictly positive integers n and j, the sets &, (T)
are compact, C*-convex and contained in the closed balls of radius 2||T|| for j =1
and \|T| for j = 2. Furthermore,

wnT) e &, (T)
with equality when j = n.
Proof. It is easy to see that the above sets are all closed. By [15, Theorem 2.2]
for any operator A4, and any j > 2,
sup{|LIl| Le W/(4)} = || A].

Hence, if j > 2 and A€ &, (T), then
Al < sup{liL|l| Le W/(T)} =TI\

The corresponding statement for j = 1, follows similarly by using the inequalities
(8, p. 114],

1
-2—IIA|| < sup{lil| A e WA} < || 4].

This also establishes compactness.

If A e W"(T), then necessarily, W/(A) < W/(T) since compositions of completely
positive maps are completely positive, and so W"(T)= <, (T). Equality is clear
ifn-=j,s0letj>nand set k=j—n If Ae &, (T) and L is any element of
W¥4(A), then

(A®L) e Wi(A)s W(T).
Since compressions are completely positive maps, and compositions ‘of completely
positive maps are completely positive, 4 e W*(T).

Finally, to see that &, (T) is C*-convex, let A, Be ¥, (T) andlet X, Ye M,
with X*X 4 Y*Y == 1. By Lemma 3.7,

Wi(4 @ B)ysW/(T)

8§-2324
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and since X*4X -+ Y*BY is the image of A @ B under a unital, completely positive
map,

W/(X“AX + Y*BY) € W/(4 @ B) < W/(T)
and hence,
X*AX + Y*BYe &, (T).

By [9, Theorem 15] this is sufficient to insure that &, (T) is C*-convex. %
We are now in a position to give a somewhat different proof of the result of [12]
which says that every operator has the j-MRPP.

LeMMA 3.9. Let
(o]
BV:Z@"’&» AkEMnk
Ko
be a block diagonal operator acting on

o
H =Y ® Hy,
k-=1

and let j be a fixed positive integer. Then B has the j-MRPP if and only if

lim d(Ay, &, ;(B)) = 0.

k=3+00

Proof. Let K be a compact operator on #, such that
W™B -+ K)==W"(B) forl <n<j

Let P; be the projection from # to 4, and let
d: L(H) - LK)
be defined by

oc
8(X) =y, PXP,.
k1
Then ¢ is compact preserving, completely positive, and d(B) = B. Setting
. <o
T-=8K)=Y, ®T,
k=1
with T e Mﬂk we obtain a block diagonal compact operator and so | 7,;] = 0 as

k — -1 oco. Since

Wi(A, - T) = WIB + T) = W/(3(B + K)) € W/(B -+ K) == W(B),
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we have that

A+ Tie Ly (B).
Hence,

d(Ay, &,,,4B) < (i Tl

from which it follows that the limit is 0.
Conversely, if

d(4,, y,,k,j(g)) -0 ask- 4 o

then there exists T, e M, such that || T;|| - 0 as k — - co and

A+ Tie S, #(B).

Setting
(o]
K:: Z ('D Tf»‘
k=1

Srields a compact operator and since
Wi, -+ T,) < Wi(B)
we have that
W/(B + K) < Wi(B)
from which equality follows. Finally, as remarked at the beginning of the section

equality of the j-th matrix ranges implies equality of the n-th matrix ranges for
any a < j.

The following lemma is essentially contained in {12, Theorem 4.6] and [15,
Theorem 4.2].

Lemua 3.10. Let WXT) contain the closed umit disc, then W™(T) contains
the closed unit ball.

Proof. Clearly, W*(T) contains all scalar matrices of modulus less than or
equal to [. Now let F,, ..., E, be pairwise orthogonal, rank 1 projections and let
A1y« -5 Ay e scalars of modulus 1. By C*-convexity,

Iy j=1

belongs to WH(T), and hence W"(T) contains all unitary matrices. But the closed
convex hull of the unitaries is the unit ball of M, [11, Proposition 1.1.12} and W*(T)
is convex, hence the unit ball must be contained in W"(T). %
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Lemwma 3.11. Let
o0
B = Z @ Ak y
=1

then for any j,
lim d(W/(4,), W/(B))=0.

k> +00

Proof. Suppose not, then for some &> 0, there exists a sequence

L,eWi4,),
with
d(L,,, Wi(B)) > e
Let L be a limit point of this sequence, then
d(L, W/(B)) > e,
but by [6, Theorem 3.1], L e Wj(B). This contradiction proves the lemma. 7

TaeoreMm 3.12. [12,§5] For any positive integer j, every operator has the
J-MRPP.

Proof. By Corollary 3.5, it is sufficient to prove it for the case of a block
diagonal operator. So let

(o]
B=Y ®A, AeM,
k=1

be block diagonal. As in [12] we must consider two cases.

First, we assume that WI(B) has no interior, so that it must be contained in
a line segment. Translating B by a scalar and multiplying by a non-zero scalar
changes neither the hypotheses nor the conclusions. Thus we may and do assume

that Wi(B) is the interval [0, 1]. In this case Bis self-adjoint, the spectrum of B

is contained in [0, 1], by and [3, Proposition 2.4.1], W/(B)=={P 0 < P < 1}.
Dcfining,

0 forr<O
(=31 foro<t<i
I forl <t

we have

f(Re(B))= B.
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Hence, if we set
7. = f(Re(4,)),

then || 7, — A,]l >0 as k —» -+ oo, and

T=Yy &7,
k:=1

will be a compact perturbation of B. Since each T is self-adjoint with spectrum
contained in [0, 1], by [9, Corollary 20],
Wi(T,) = {P10 < P <1} = Wi(B).

Thus, by Lemma 3.7,

W/(T) cW/(B),
which implies

W(T) = W*(B)
for all n < ;.

Thus, we may assume that WJ(B) contains the closed unit disc. By Lemma 3.10,

Wi(B) contains the closed unit bail.
Given g > 0, by Lemma 3.11, we may choose k; such that for k > k,
we have

dW(4), WiB) < e

Let
p: M,,k - M;
be any unital, completely positive map and let
LeW/(B),
such that
1L — @l <.

Since Wi(B) is convex and contains the unit ball, a little geometry shows that
Ka%NE
(1 +e)
belongs to WY(B). Indeed, setting
t = (o(4) — LIl + 1)1,
we have that
o4y — L

tL+(1 —1 .
( ) Ho(Ay) — Lij
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is in W/(B), but this last quantity is equal to fp(4,) and ¢ > (1 - &)~*. Finally,
since ¢ was arbitrary, we have that

Wf( A )ng(B),

(149
so that
c
d-(AIc_ ). ynk ,](B)) S-- “Alc” s
14-¢

and hence

limd(dy, &,, , (B)) = 0.

k-»00
The Theorem now follows by applying Lemma 3.9, %)

We note that,
I T)) = sup{|L}l| L e W¥T)}.

Thus, if K is the compact operator obtained in the above construction with j:= 2,

then || T + K|| = || T|l. A careful reading of Theorem 2.2 combined with the above
construction yields the explicit form of K.

We now turn our attention to the MRPP. We begin with the case of a block
diagonal operator.

THiOREM 3.13. Let
B ¥, @A, A M,
k=1
be a block diagonal operator, acting on

H = ¥ @A,
k=1

where dims¥, == n, . Then B has the MRPP if and only if
lim d(4,, W"(B)) = 0.

k=tco

Proof. Suppose that B has the MRPP, then there exists a compact operator K
such that .

W™(B + K) = W"(B).

Let P, be the projection from # onto #; , and define
81 L(H) - L ()
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by
T) = 2 P.TP,.
k=1

Notice that ¢ is completely positive, compact preserving, and 5(B) - B. Hence,

Wi(B) € W(B -+ 8(K)) = W'(8(B + K)) € W*(B + K) = W*(B),
for all »n. Writing

IK)==Y @K, with Ke M, ,
k-1

we have that
lim}| K; || == C,
k—oo

since d(K) is compact. Furthermore, since
Ay + K, € W(B -+ 8(K)) = W's(B),
we have
(4, W'(B)) < (Kl
and so,

lim d(4, , W™(B)) -= 0.

k=400

Conversely, assuming that this limit is 0, then we may choose a sequence
K.e M, , such that

A+ K e Wnk(B)

and
lim || K, == 0.
k- 400
Setting
oo
K = Z @ Kk ’
k=1

we claim yields the desired compact operator. Indeed, since

A, + K, e W(B) for all k,
there exists completely positive maps,
0 Q) - L(#,) with @ (B) == A, + K,.
Defining

0:Q) > L) byo=3 @

k=1
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yields a completely positive map with (p(E) = B - K, and hence for any n,
W'(B) € W'(B -+ K) = WXo(B)) = W(B),
from which the equality,
W"(B) == W"(B -+ K)
follows. %

We can now give a partial characterization of the MRPP in terms of the
matrix ranges for an arbitrary operator.

PROPOSITION 3.14. Let Te o for some C*-algebra s, then the collection
of numbers,

{d(&Z,, (D), W'D}

nyd=1
is bounded above, monotone increasing in n, and monotone decreasing in j. Hence,

limsupd(&Z,  (T), WT))

j=00 n

exists for any operator T.

Proof. By Proposition 3.8, since &, (T) and W"(T) are always contained
in the ball of radius 2|| T'}j, we see that the collection of numbers is bounded.

For jfixed, let m > n,let Ae &, (T), let Be W"(T), and let V:C" - C”
be an isometry, then V*4AV e &, (T) and V*BV e W"(T). Hence,

14 — B|l > [ V¥(4 — BV||>d(V*AV, W(T)),
so that
AL, (T), W(T)) = sup{d(V*AV, W'(T)) | Ae &, (T)}-
But we claim that
(V*AV | A e &y, (T)} = &, (T),

from which it follows that the numbers are monotone increasing in n. To establish

this last claim, let U: C”"~" — C™ be an isometry whose range is orthogonal to the
range of V. If Ce &, (T)and De W™ "(T), then it is easily checked that

(Vvev* + UDU* e &, (T).
Furthermore,
VXVCV* 4 UDU¥V = C
from which the claim follows.
If K > jand A € M, with WX(4) < W), then Wi(4) € W/(T).
Hence,
S, lT) = Ly, (T)
from which it follows that the distances are monotone decreasing in j.
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THroREM 3.15. Let Te L(K), if
limsupd(F,, (T), W*(T)) =- 0,

j=»00 n
then T has the MRPP.

Proof. Let &/ be a separable, unital C*-algebra containing T and #(#), and
let (J, A} be a compact preserving, localizing pair for . Let

(o]
&T) - B:= Y, @ A, with AkeM,,k.
k-1

By Lemma 3.9 and Theorem 3.12, we have that,

lim d(4,, & j(B)) = Q.

k— -t 00 "k,
Since, by Proposition 2.4, W"(B) = WT), it follows that V,,,j(B) QSf’,,’J(T)_
From the inequality,
d(A WHB) < dlAy, &, [(B) + &S, (B), WK(B)),
one sees that

lim d(4,, W(B) -~ 0.

k- cc

Hence, by Theorem 3.13, B has the MRPP, and so, by Proposition 3.4, T has the
MRPP. Z

We do not know if the converse of the above theorem is true. However, we
do have the following partial converse.

THEOREM 3.16. If for some T e L(HK),
limsup d(&, . (T), W(T)) # 0,
i n
then there is a bounded, block diagonal operator which does not have the MRPP.

Proof. Since, by Proposition 3.14, the terms in the above limit are monotone
decreasing in j, for some ¢ > 0, we may choose for each j an integer »;, such that

d(&,,, (T), WHT) > &
fet A;je ,V,Jin_,-(T) be chosen such that

d(4; W'i(T)) = ¢,
and set

j=1
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Note that B is bounded by Proposition 3.8. Since W/(4,) = W/(T), for any I < j,
we will have W/(4;) = W(T). By Lemma 3.7, if

’Bl: 2 ®AJ9
jo

then W!(B) < W!(T) and hence W!(B,)) = W'(T). But by [6, Theorem 3.1}, W/(B)) =
—W!(B), so that W/(B) < W!(T). But now

d(4;, W"i(B)) = d(A;, W'(T)) > ¢
and so by Theorem 3.13, B does not have the MRPP. 2
CoroLLARY 3.17. Every bounded operator has the MRPP if and only if

limsupd(&, (T), W(T)) = 0
i n

n,J
for every Te L(H).

Corollary 3.17 shows that the question of whether or not every operator has
the MRPP is essentially a question about sequences of compact, C*-convex sets
of matrices, which satisfy a coherence condition. We make this more precise in
what follows.

Recall [9, Proposition 31], that a set W" <= M, is compact and C*-convex if
and only if there exists a bounded operator T with W"(T) = W". Fora set W/ = M,

we define , ' .
y"(W/) == {A € Mn : WJ(A) = WI}

We shall call a sequence {W"} of compact, C*-convex sets, with W* < M,’, coherent,
provided that W" < &,(W’) for all n and j (see also [3, p. 301]).

PROPOSITION 3.18. Let {W"} be a sequence of compact, C*-convex sets, with
W" < M, . There exists a bounded operator B, with W*(B) = W" if and only if the
sequence is coherent.

Proof. Assume that {W"} is a coherent sequence. For each n, choose a coun-
table dense subset of W" and let {4,} be an enumeration of the union of these coun-
table sets. It is easy to verify that for

B- Y @4,
one has W"(B)=W". o %
The converse is trivial.
COROLLARY 3.19. Every bounded operator has the MRPP if and only if
lirjnslxllp d(&, W), W =0

Jor all coherent sequences {W"} of compact, C*-convex sets.
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¢ close with four questions. We note that an affirmative answer to any of
these questions implies an affirmative answer to the latter questions.

1. Does there exist constants {c, ;} with limsupe,; -= 0, such that if {W"}
i n

is a coherent sequence of compact, C*-convex sets, each of which is contained in

the unit ball, then )
d(.y"(W/), W") < Ca,i ?

2. Does every operator have the MRPP ?

3. [s the converse of Theorem 3.15 truc?

A, If Wo(T) - = W(S) for all n, then does S have the MRPP if and only if T
has the MRPP?
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