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PSEUDO-REGULAR SPECTRAL FUNCTIONS
IN KREIN SPACES

AURELIAN GHEONDEA

1. INTRODUCTION

A pseudo-regular subspace is a subspace .# of a Krein space ¢ such that
M == A[+]ZR, where #° is the isotropic part of . and £ is a regular subspace.
If A4 is a definitizable operator then it is known [10] that 4 has an invariant maximal
non-negative subspace. On the other hand, the question “when a definitizable oper-
ator has an invariant regular maximal non-negative subspace ?°> has a neat answer
[12, Theorem 2].

This paper is concerned with the following question: “when a definitizable
operator has an invariant pseudo-regular maximal non-negative subspace?”’. Thus,
in Theorem 4.2 we prove that a sufficient condition for the existence of an invariant
pseudo-regular maximal non-negative subspace of the definitizable operator 4
is a certain condition of pseudo-regularity on the spectral function of 4 in the neigh-
bourhoods of the critical points of 4. However, in Example 4.3 it is shown that in
general this pseudo-regularity condition is not necessary in order that 4 has an
invariant pseudo-regular maximal non-negative subspace. Corollary 4.4 gives a
particular case in which the equivalence holds.

We note that concerning this pseudo-regularity condition on the spectral
function, a slightly stronger condition appeared in [6], and also that the above
considered problem can be related to [3).

The proof of the main result leans on Section 3 where the following problem is
considered: ‘‘given a commutative family 2 of selfadjoint projections decide when

V PX is a pseudo-regular subspace”.
Peca

We have presented in Section 1 some terminology from Krein space theory
(slightly different from some known papers), according to what we need.

The author expresses his gratitude to Gr. Arsene for valuable discussions on
this subject and to P. Jonas for careful reading the manuscript and pertinent remarks.
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2, REDUCTIONS BY NEUTRAL SUBSPACES

Let ¢ be a Krein space, i.e. the complex vector space # has an indefinite
inner product [-,-] and there exists an operator J on " such that J? = I and the
equality

(2]) (é:lrl).l = [Jé’ 7/]: é} ﬂ G?lf/‘

defines a positive definite inner product (-,-); with respect to which .#" is a Hilbert
space. The operator J is usually called a fundamental symmetry (f.s) of # and the
quadratic norm & > (¢|£)}* is called the J-norm.

Since different fundamental symmetries yield equivalent norms 3, Theorem V.
1.1} the norm topology on A" is any J-norm topology, for an arbitrary f.s. J of .%",
and the usual topologies on B(X") (B(A") denotes the set of bounded linear operators
on ) are considered with respect to this norm topology.

If & is a subspace of ¢ (i.e. £ isa norm closed linear submanifold of .¢)
one usually denotes the orthogonal subspace of & by L' = (¢ et | €, £1 == {0}}
and the isotropic part of & by ¥ = ¥n P The subspace & is called noxn-
-degenerate if $° = {0} (equivalently & v £ = ) and it is called regular if
R &

For two subspaces «/ and # of .#° we use the notation «/[]# whenever
[/, #] = {0} and the algebraic sum %/ 4- 4 is direct and closed. Then for a regular
subspace .& of " we can write Z[+]%*1! = # and note that & is also a Krein
space with respect to the induced indefinite inner product (see [1], [4], {8)).

A subspace & of A is called pseudo-regular if there exists a regular subspace
2 such that & == P[--]Z, equivalently if & + L4 = 2 v £ (see [3], [5), [6)).

Let .#" be a neutral subspace of ", i.e. ¥ c ™ If Jis a fs. of A let us denote
&Ly N and &y == JA. Clearly, ¥, and &, are orthogonal with respect to the
J-inner product. Let ¥, = % © (¥, @ Z,) (the symbols © and @ are used with
respect to the J-inner product). The decomposition

H =L, DL DY,

which was used in [9], will be called the J-reduction of " by the neutral subspace
A7 (cf. [14]).

Finally we recall that on #(#") one can consider the involution #, i.e. for
every T e Z(X) the equality

(T, m =& T*nl, &ned,

defines an operator 7% € Z(). Selfadjoint operators will be considered with respect
to this involution.
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3. COMMUTATIVE FAMILIES OF SELFADJOINT PROJECTIONS

Let P be a selfadjoint projection on the Krein space .#". Then I — P is also a
selfadjoint projection. A subspace £ of  is the range of a selfadjoint projection

Piff & is a regular subspace and in this case #'* = (I — P)A .

A projection P e B(A) is called positive if [P, E] = 0, & e, and negative
if [P, E]1 <0, éeA. Clearly positive (negative) projections are selfadjoint. A
projection is called definite if it is either positive or negative.

A subspace .Z of A" is the range of a positive projection iff & is regular and
non-negative (i.e. [£, &] 2 0, & € &), correspondingly a subspace & is the range of
a negative projection iff % is regular and non-positive (i.e. [€, €] < 0, ¢ e &).

Let 2 be a commutative family of selfadjoint projections on #. We say that

V P exists if the subspace V P isa regular subspace and in this case V P is
J’G:?‘ ., . . Pe.@ » . . . . “« . . . Pe.’}
by definition the associated selfadjoint projection. If, in addition, £ is finite then V P
Pey

always exists. Moreover, if 2 is an arbitrary commutative family of positive projec-

tions then the subspace V P is non-negative [10, Lemma 2.1].
Peg

If S is an arbitrary set then we denote by #(S) the class of finite subsets of .S,
partially ordered by inclusion.

3.1. LEMMA. Let 2 be a commutative family of positive projections and con-
sider the associated net of mutually commuting positive projections (Pg)xe ) »

Py =V P, KeF(P).
Pek

The following conditions are equivalent :
(1) There exists V P.

Pep

(i) (Px)kes@ is bounded.

(i) (Px)ke gz 1S so-convergent.
Moreover, in this case V¥ P = so- lim Pg.

Peap Kez(2)

The proof is an easy consequence of the Banach-Steinhaus principle. Clearly
the above lemma can be formulated with the word negative instead of the word
positive. However, the implication (i) = (it) does not extend even in a well-behaved
situation, namely when the projections considered are all definite, as the following
example proves.

3.2. ExAMPLE. Let 5 be a separable complex Hilbert space and {e;},
an orthonormal basis of #. One can organize the space 4" = # @ o as a Krein
space by

(£, ® m, ‘52@712]=(§1l§2)“('71|’12), Eisniedt.
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Let T e #(#) be defined by
J
J+1

Te;, =

J

e, JjeN

It follows that % = {¢ @ T¢ | {e#} < A is a maximal non-negative subspace
of #, non-degenerate but also non-regular (see [4, Theorem 6.3]).
Consider now, for every 1 € N, the subspace

H,=lin{e; |j=1,n}
Then dim#, = n and
HcHye ...aH,cHymc ... <H

If we put £, ={({@T¢,|éek,} and &, = (T ® | e#,} it follows that

FPrebre . ..c¥lc by ... M,

LrcYe .. .cllcllc ...,
and
V &, =, N &L, =",
neN neN
Let P, and P, be the selfadjoint projections on &, and respectively &, and

P = {Py, Py, Py, P;, ...}. Then 2 is a commutative family of definite selfadjoint
projections; since.# is non-degenerate we have V P = I but, for every f.s. Jon.#

Peyp
supl|P,ll; = sup|lP,ll; == +oo, (otherwise .# would be regular, by Lemma 3.1).
neN neN
We remark that other pathologies of this kind are exhibited in [11].
The implication (ii) = (i) from Lemma 3.1 can easily be extended to the case

when all the projections are definite (by applying the lemma to the subfamilies of
positive and negative projections), namely we have the following:

3.3. ProrosITION. Let @ be a commutative family of definite projections and
consider the net (Px)xe g of mutually commuting selfadjoint projections

Py =V P, KeF(P).
Pek

If the net (Px)xeg(p) is bounded then V P does exist.
Pep
In order to investigate the problem of pseudo-regularity of the subspace
generated by a family of regular subspaces we first record some facts.
Let A be a neutral subspace in #’, Jafs.on X and A = %, @ LD &5
the J-reduction of " by A". If P is a selfadjoint projection and 4" is P-invariant then
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clearly
Py, Py Py

3.1 P=10 Py Py, WIt. A =2L © L, ®YL;.
0 0 Py

A trivial computation now proves that P, itself is a selfadjoint projection in the
Krein space &,. Sometimes we will consider P,, as a selfadjoint projection in %
such that Py, | £54 = 0.

Suppose now that .# is a subspace of " and that P is a selfadjoint projection.
Then .# is P-invariant if and only if there exist two subspaces .#/; and .#, of ./ such
that 4y, « P, My (I — P)A and M = M [+14/5. 1t follows that if P is definite
and ./ is semi-definite of opposite sign then

(3.2) Pl =M iff P ={0).

3.4. LEMMA. Let 2 be a commutative family of positive projections in X,
Jafs. on A and put H = V PX. If N is a P-invariant neutral subspace such that

N o MO consider A = El (—B 32 @ &y the J-reduction of A" by & and suppose that
A is a pseudo-regular subspace. Then N P,, does exist.

Pecp
Conversely, if 4 = 4° and N P, exists then the subspace 4 is pseudo-regular.
Peyp

Proof. Let us suppose that & = .#°. Since .# is P-invariant it follows that
A s also 2- -invariant, hence .#° is P-invariant. It follows, by factorizing with
A% that we can assume that 4" = %, and ./ is regular (see [5, Remark 3.8]) and
now the existence of V Py, follows simply by Lemma 3.1.

Pep

Conversely, assuming the existence of V Py, let us denote by £ the regular

Peo
non-negative subspace V P, . Since 4 < A = &F1 + &, it follows that for
Peg
every Pe 2 we have (3.1) and
(3.3) PA = P = P(¥, + L)

On the other hand, for every &, € &, and &, € &, we have

P&, + &) = P&y + Piola + Pogly € M[+1R, Pe 2,
whence by (3.3) it follows
PA < HYN+]R, Pe,

ie. M < M[+]R. Since M[+]Z is a pseudo-regular non-negative subspace then
we can apply {5, Corollary 4.9] to prove that .# is a pseudo-regular subspace.
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Assume now that.# is a pseudo-regular subspace and let 4" be a P-invariant
necutral subspace such that 4 o .#% It is easy to see that one can assume
P=:(P)keg) Since & 5.4t follows J A" o L4 hence, if we put L=(N@J A )
and & = (Z° @ J4%)', then & = &. Denoting by P, the selfadjoint projeciion
on the regular subspace % and by P, the selfadjoint projection on the regular
subspace & it follows P4,P, = P4,P, = P, . Now according to Lemma 3.1 and
the above proved facts we have

sup [[PyPPyll; < -+o0,

Peco
hence
sup {iPgPPgll; = sup [|[P(PyPPy)Pys)l; < Csup |PyPP,,,
Peco Peyp Peyp
hence, again by Lemma 3.1, V P,P.% is a regular subspace. 2]

Pe®

We also record without proof the following simple fact :

3.5. LEMMA. Let Pe B(A) be such that P2 =P and P¥ =1 P. If .0/
is a semi-definite P-invarian. subspace then .4/ is aneutral subspace.

4. PSEUDO-REGULAR SPECTRAL FUNCTIONS

A selfadjoint operator A € Z(X) is called definitizable if there exists a poly-
nomial p such that [p(4)¢, &] = 0, & € . The non-real part g,(4) of the spectrum
of A is a finite set which lies symmetrically with respect to the real axis. We denote
the Riesz-Dunford projection corresponding to g,(4) by E,.

A definitizable operator A has a spectral function, i.e. there exists a finite
set c(A4) « R such that, if B(4) denotes the Boolean algebra of subsets of R generated
by the closed and open intervals whose endpoints do not belong to c(4), there
exists a homomorphism E from B(4) into a Boolean algebra of mutually
commuting selfadjoint projections in 2 such that:

(1) ER) = I — E,;

(2) AE(A) == E(4)A, 4¢<B(A4);

) c(A)EMA# < 4, A4 e B(A);

(4) E(4) is a definite projection for every 4 e B(4) with 4nc(4) - @.
The set c(A) of critical points of A can be caracterized thus

(5) o« ec(A) iff the subspace E(4)s is indefinite for all 4 € B(A) such that
e d.

Detailed proofs of the above mentioned facts can be found in [7] and [i1].

Let o be a critical point of the definitizable operator 4. If 1 and p are two
real numbers such that A < & < p and [4, p] N c(4) = {a} then one can introduce
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the following subspaces (see [11]):
Fos = V{E)A | A€ BA), 4 < [2, p), E(4) is positive},
P o =V {EA)A | 4 B(4), 4 <[4, pl, E(4) is negative}.

Concerning these subspaces it is easy to see that &, , is a non-negative
subspace, &, _ is a non-positive subspace, &, ,[1]%,_ and if one denotes

Po=E, pDH N (L s + Lo ) then &, = V ker(4 — al)" [11, Proposi-
neN

tion II. 5.1 and II. 5.2].

The spectral function F is called regular ar the critical point « if there exist
real numbers 1, p such that [4, p] N c(4) = {a} and the family {E(4) |4 < B(4),
4 = [2, p]\{o}} of selfadjoint projections is bounded, equivalently &, , and &,,_
are regular subspaces [11, Proposition II 5.6]. Correspondingly we say that the
spectral function F is pseudo-regular at the critical point o, if there exist real numbers
4, p such that [, p} nc(4) = {o} and &, and &, _ are pseudo-regular subspaces.
It is easy to see that this definition does not depend on the choice of A and p. Natu-
rally, the spectral function is called pseudo-regular if it is pseudo-regular at each
critical point.

In order to approach our main result we also need the following :

4.1. LeMMA. Let A be a definitizable operator with spectral function E and
N an A-invariant neutral subspace. If Jis a fs. on A, H = L, @ Ly ® L, is
the J-reduction of A" by A" and P, is the selfadjoint projection on the regular subspace
P, then
(i) PyA | &, is a definitizable operator,
(ii) c(PoA | Z5) <= c(A);
(iii) P,E(4) I &, is the spectral function of P,A | L, .

Proof. (i) Put Ay, = PyA | £5 € B(ZL,). Evidently Ay, is a selfadjoint operator.
If p is a definitizing polynomial of 4 then since A(¥, + %) c ¥, ® ¥, and
L. 1]1%, we have

0 < [p(A)Ez, &o) = [p(A2)En, &o), Ea€ s,

i1.e. pis also a definitizing polynomial for 4o, .

(ii) follows by the above proved fact and the caracterization of c¢(4) given
in [I1, I1.3].

(iii) If % € p(4) (the resolvent set of A) then it is easy to see that 1€ p(Ay)
and Pyd — 2D~ | Ly = (Agy — ).

Since the spectral function can be written as the strong limit of integrals over
the resolvent operator (see [11, Theorem II. 3.1]) the assertion (iii) follows. %

4.2. THEOREM. If the spectral function E of the definitizable operator A is pseudo-
-regular then A has aninvariant maximal non-negative subspace which is pseudo-regular.
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Proof. Let c(4) = {oy, &3, ..., 0,} and assume o; < &y < ... < 2,. We can
choose /7y, 25, ..., 2.1 € R such that

—fAll —1l=4 <oy <A< ... <2y <% < iy =A}+1,

and consider E; = E([4;, };,4,]), i =1, n. Then a maximal non-negative subspace
M is A-invariant iff .# can be written

M= A+ A+) - ) A,

where #;=: E./ is E;A |Ei-invariant and E;/-maximal non-negative subspace,
i = 0, n. Since by[11, Proposition I. 3.2] and Lemma 3.5 g 1s a neutral subspace
and also the pseudo-regularity of .# is equivalent to the pseudo-regularity of .#,

for any i - 1, n, it follows that we can assume 6(A) = R and c(A) consists of a
single point «.

Assuming now that the spectral function of 4 is pseudo-regular at x, we note
that %, < #9and also ¥ _ < &2 (indeed, these follow by &, ,[1]%,. - and
Lo = (P s vV Pe,-)). Considering J a fs. on A, A = £, ® L, ® ¥, the
J-reduction of ¥ by &? (which is an 4-invariant neutral subspace) and P, the self-
adjoint projection on %,, by the preceding Lemma and Lemma 3.4 it follows that
the spectral function of P4 | &, is regular. On the other hand it is clear that 4
has a pseudo-regular invariant maximal non-negative subspace iff P4 | &, has a
pseudo-regular invariant %,-maximal non-negative subspace, hence we can assume
without restricting the generality that E, the spectral function of 4, is regular. Assum-
ing this we immediately get the regularity of &, the root subspace of A corres-
ponding to «. Consider now .47, a subspace with the property that it is maximal
A-invariant and neutral (it exists by Zorn Lemma) and let # = &, @ S @ &,
be a J-reduction of # by 4. If O, denotes the selfadjoint projection on &, then
due to the maximality of 47y the definitizable operator 0,4 | &, has no invariant
neutral subspace, in particular (ker (04 | &2 — 20, | &2))° = {0}. By [13, Theo-
rem 2] Q.4 | &» has an invariant regular %»-maximal non-negative subspace, say
it is .#, hence .Z[+]#4, is a pseudo-regular A-invariant maximal non-negative
subspace, which concludes the proof.

The next example shows that in general the converse of the preceding theorem
is not true.

4.3. ExaMPLE. Let 5# be a separable complex Hilbert space and (e;)ren an
orthonormal basis of it. Denote " = # @ # @ # @ H# and consider the operator

I 000
0 —100

J = , WIt A =H QH DN DN
0 0017

0 o0or1o0
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If we put [, ] = (JE n), &, neA then (A, [-,-]) is a Krein space and J is a f.s.
on 4.
For every k € N consider the vectors

€y kek

ke
1+ k2

. €
0@ - .
Ji @ Vl e

@ @ 0,

== o — 0 - - 0, —
e @0y &

and let P, be the selfadjoint projection on Cf, and Q, be the selfadjonint projection
on Cg,. It is easy to see that P, is positive, Q, is negative and {P;, Q,}i,en is @
commutative family of operators.

Let (A)ren and (u,),en be two sequences of positive numbers such that

Z 2'k“})k”‘l < +OO, Z .u'n”Qn”J < +OO,
keN neN
and consider the compact operator

A= Z)"kpk_ ZlunQn'
keN neN

The operator A is positive, in particular it is definitizable and c(4) = 0. We also
have ¥, , = V P4 and &, = V Q,# and the fact that both &,,, and &, _
keN neN

are non-regular non-degenerate (Hence non-pseudo-regular) subspaces follows
as in the proof of [5, Proposition 4.8]. On the other hand the subspace
M= @ {0} ®H @ {0} is A-invariant, pseudo-regular and maximal non-negative.

4.4. COROLLARY. Let A be a definitizable operator such that for every o. € c(A)
the root subspace &, is regular. Then the following statements are equivalent :
(i) A has an invariant pseudo-regular maximal non-negative subspace.
(it) The spectral function of A is regular.
(iii) The spectral function of A is pseudo-regular.

Proof. (i) = (ii). We first note that one can assume 6(4) < R and c(4) = {a};
the argument is exactly as in the first part of the proof of Theorem 4.2. Now let
4/ be an A-invariant pseudo-regular maximal non-negative subspace and denote
by P, the selfadjoint projection on the regular subspace &, . Since .# is P,-invariant
(indeed, &, = () E(4)') it follows that .# = P, [+ — P,).. By (3.2) we

aEd

get Ly < (I — P)MA and &, < (I — P4 hence
U—=PYN =S o NSLy- & (I — PYM A+ (I — PYA* = (T —P)A,
hence (/ — P,)A" is a regular subspace and the same is true for (I — Pa)/Z[“. Since

these two subspaces are also definite it follows that &, , and &, _ are regular
subspaces.

(ii) = (iii) Obvious.
(iii) = (i) Follows by the preceding Theorem. %

11 .- 2294
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4.5. REMARK. Similarly as in Example 3.2 it is easy to construct a positive

operator 4 with non-trivial regular root subspace &, but with non-regular spectral
function. By the above corollary such an operator has no invariant pseudo-regular
maximal non-negative subspace.

4.6. REMARK. If A is a definitizable operator such that the condition from

the above corollary holds then one can parametrize all the invariant pseudo-regular
maximal non-negative subspaces (e.g. by means of [2]).

[
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