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A DUALITY FOR AN A'CT’IONV OF A COUNTABLE
AMENABLE GROUP ON A HYPERFINITE II,-FACTOR

YOSHIKAZU KATAYAMA

1. INTRODUCTION

In the theory of automorphism groups of operator algebras, pioneering works
about the Galois type duality correspondence were done in [18], [19], [20] and {21}
by M. Nakamura and Z. Takeda. Their works modelled the theory of classical
simple algebras. Meanwhile, great advancements in the theory of operator algebras
were accomplished by A. Connes’ thesis [4] and by M. Takesaki’s duality theorem
[25], which gave remarkable structure theories of factors of type III. Furthermore,
the Galois type correspondence was studied in A. Connes and M. Takesaki {8]
as an application of the relative commutant theorem. In [23], J. E. Roberts gave
a characterization of crossed product with a group dual, in which several useful
methods were given for investigating automorphism groups.! A duality theory for
compact abelian automorphism groups was shown in [2] by H. Araki and A. Kishi-
moto. In {1], H. Arakij, D. Kastler, M. Takesaki and H. Haag gave an extension
of it to compact automorphism groups in general. In their work, Roberts’ idea of
“a Hilbert space in a von Neumann algebra’” played a substantial role in proving
an analogy of Tannaka’s duality theorem for a compact automorphism group.
The same type of duality theories for a compact action on a C*-algebra appeared
in [16] and [3]. On the other hand, remarkable classifications of automorphism
groups of a hyperfinite II,-factor were originated by A. Connes [5] and [6}, by
further expanding the line of ideas of D. McDuff [17]. These two Connes’ works
were extended to the classifications of the action of finite groups and countable
amenable groups by V. F. R. Jones [12] and A. Ocneanu [22]. Through Takesaki’s
duality theorem, these classifications were applied to classifications of compact
abelian automorphism groups on a hyperfinite II,-factor ([13] and {15]).

The purpose of this note is to give a certain aspect of the duality theory of

a hyperfinite II,-factor R and its automorphism group under some condition about

the asymptotic behaviour; if an automorphism 0 satisfies the asymptotic fixed point
: S .
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property, i.e.
lim [|8(x,) — x,[lz = 0

n—co

for every (x,) € £°(N; R) such that lim |z ,(x,) — x,], = 0 for all g € G, then 0

n—c0. -

must be of the form ‘
0=a, keG,

when the group G acting on is a countable amenable group.

We are motivated to introduce the asymptotic fixed point property by the
inspiring results of U. Haagerup [10]. This asymptotic duality theory holds good
only for amenable groups. In fact it is false for Bernoulli shifts of non-amenable
discrete groups. '

A part of this work was done in the Department of Mathematics of U. C. Ber-
keley and M. S. R. I. Berkeley while the author stayed there from April to June
in 1985. The author was financially supported by Shiga Prefectural Junior College
scholarship for his stay. He expresses his gratitude to Professor M. Takesaki for
guiding him to this problem and for constant encouragement. He must mention his
thanks to Professor O. Takenouchi and to the referee for several comments for
improvements of this paper.

2. NOTATIONS AND PRELIMINARIES

Let G be a countable discrete amenable group and R be a hyperfinite II,-
~factor. Let (R, G, ) be a W*-covariant system where « is an outer action of G
on R (o, are outer automorphisms for g # e) throughout this paper. For x € R,
define the norm x|, by

fixfly = o(x*x)1

where 7 is the faithful normal tracial state on R. Let o be a free ultrafilter on N
and let I, (resp. o) of £ (N; R) be the ideal defined by

{(x) € £=(N; R) ; lim [x,lly = O (resp. lim [lx,{, = O)}.

The quotient algebras £°(N; R)/1, and £*(N; R)/I, by I, and I, are denoted by
R(w) and R(co) respectively. Then R(w) becomes a II-factor with a unique trace
1,{(x,)) = lim (x,) for (x,) € R(w) and the [relative commutant R, = R’ n R(w)

n—-w

is again a II-factor. Let Aut(R) (resp. Int(R)) be the automorphism group (resp.
inner automorphism group) of R. All 0 € Aut(R) can be extended to an auto-
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morphism (denoted by the same symbol 0 without confusion) of R(co), R(w) or
R, by

0(x) = 0((xn)) = (0(x,))

for x = (x,) € R(o0), R(w) or R, . Therefore we can define fixed point algebras
for the action « of G:

R(OO)G = {(xu) € R(OO) :llm “ag(xn) - xn”Z = 0: for g€ G}:

and similarly R(w)® and RS. For further informations of ultraproduct algebras,
we refer to (5], [17] and [22].

Let (M, H, ) be a W*-covariant system with a discrete group H. We define
.one-cocycle Z}(H; U(M)) and coboundary By(H; U(M)) by

Q1)  ZYH; UM)) = {u ;u, € UM) with uB (u,) = ug, for g, h e H}

2.2) BYH; UM)) = {u € Z}(H; UM)) ; uy, = v*,(v) for some v € U(M)}
where U(M) is the unitary group of M. If Z}(H; U(M)) = By(H; U(M)), then
we say that the first cohomology vanishes for (M, H, ). A. Ocneanu showed in
[22], Proposition 7.2 that the first cohomology vanishes for the W*-covariant system
(Ry, G, o). His proof is valid even for the W*-covariant system (R(w), G, ®). We

note that when the equality u,f,(#,) = u,, in (2.1) is replaced by B,(u,)u, = u,,,
we should change u, = v*8,(v) in (2.2) as B,(v)v* = u,.

3. THE RELATIVE COMMUTANT OF ASYMPTOTIC FIXED POINT ALGEBRAS

For aeR, 6 > 0 and a finite subset F of G (denoted by F& G), we de-
fine C4la, 8, F), Cs(a) and B, by

Csa, 9, F) = conv{uau® ; u € U(R), [|ogu) —ully < 6, g € F}
Co@ = {Cola, 6, F) ; 6 > 0, F& G}
B; = {x € R ;lim |lu,xuf — x|; = 0 for u, satisfying
lim {joc, (u,) — u,lly = 0, g € G}

where conv means the closure of the convex hull in the o=weak topology.

7 ~ 2729
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LEMMA 3.1. An element a € R is contained in Bg if and only if Cg(a) = {a}.

Proof. Suppose a € B;. Then for any &> 0, there exist O(g) >0 and
Fy & G such that

ueUR); o) —ul, <6(e), gek
implies
llua — au|l; < .

Take b € Cg(a) and wecanfind u; € U(R), A; > 0,i = 1,2, ..., nsuchthat } 4; = 1
i

llezg(t) — wille < 8(e) for g € Fy with ||b— 5 Auau!], sufficiently small. Then we

have
b —all, < |b— “V__f, Awaud)ly + “2‘: dwauf — ajl, <

< ||b—- h) l,-u,-au?'“z + 3 Allwauf —all; < e
7 i

Since ¢ is arbitrary, we obtain a = b.
Conversely suppose a € B;. There exists a sequence {u,} c U(R) with

Iim i:ag(un) - un)”Z =0 fOI' g e G

lluauf —all, > ¢ > 0 for some positive constant c.
Take an accumulation point b of {u,au¥; n =1, 2, ...} in the o-weak topology.
Since b € Cg(a), we have b = a. Hence we have (if necessary, by taking a subse-

quence)
lim ||lu,auf — al}, =
n=+00

= lim 2(J|a?®||, — Re t(u,a*ura)) =

= 2(|lali — Rez(6*a)) = 2(lalf — Re(a*a)) = O,

which is a contradiction.

LeMMA 3.2. For all a € R, we have

Cs(a,8, F)nCl = @ forall 6 >0, FE G if and only if B; = Cl.
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Proof. Suppose B; = Cl. The function
Co(@) 2 x — |lx|l. = sup{c(b*a); b € R, [b]l; = 1}

is o-weakly lower semi-continuous on the g-weakly compact convex set Cg(a).
Therefore there exists a unique minimal element d € Ci(a), ie. ||dl, < ||b]l, for
all beCgya). Since

Cold, 6, F) c Cg(a,6 + v, F)
for ali y > 0, we have Cg(d) = Cgla). For all b € Cy(d), take unitaries u; and posi~

tive numbers 2; with Y} 2; = 1 such that ||} Aui*du;—b||, is sufficiently small,

and ||ee (2;) — #;|; are sufficiently small for g € F& G. Since we have

16, < ”Z li“idu}*Ha + Hb—' Z Ai”idufkl:z <
< ldll: + ”b— ; liuiduﬂiz,

we obtain ||bll, < ||d|l;- By the minimality of d, we get b = d, and Cq(d) = {d}.
By Lemma 3.1 and B = Cl, the element d is scalar. Since Cg4la, 6, F)n Cl o
5 Cs(d)nClad for all 6 >0 and F, we conclude that for each a R,
Cgla, 5, )nCl # O for 6 > 0 and FE G.

Conversely, take a € B;. Then for all &> 0, there exist d(¢) > 0 and
Fy€: G such that |, () —ull, < 6(s), g € F, implies |luau* —all, < e We
take A; > 0 with }, A; = 1, u; € U(R) and A(e) € C such that

”2{‘, Awau* — @1, < &

fog ;) — uifl, < 6(e) for all g € Fy.
Since ||}, Awaut —all, < 3, Mlwau —aly <e, we bave [a— @], <e.
i ]
Then the operator a is scalar.

PROPOSITION 3.3. The relative commutant in R of the fixed point algebra
R(c0)® is trivial, i.e. Bg = Cl.
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Proof. By Lemma 3.2, we have only to show Cgla, 4, F)n Cl # @ for all
0 >0, F¢: G. Let B be an outer action of G on R with an ergodic automorphism §

commuting with § (for example, let B, be a product action ® &, on ® R, = R
neZ

where R, = R}l and y be a shift on ® R,). By [22] 1.2 fand 1.4, for & > 0,
neZz
F & G, there exists a one-cocycle v, for o with
lo, —1ll, < /3 for geF

Adv,-a, = P, b~ for gegG,

for @ € Aut(R). As the closure Int(R) = Aut(R), we can find ¥V € R(w) with
Ad V(x) = y(x) for x € R. Since

AdV*B(V)(x) = v BB (x) =x x€R,

we have V*B,(V) € R,,, moreover V*B,(V) € Z}(G; U(R,)). By the first cohomology
vanishing theorem, we can take a unitary We R, with V*,(V) = W*B,(W) for
g €G. Then we obtain B,(VW*) = VW¥* for g €G. Let (v,) be a representative of
VW*. For g € F and 1 € Z, we have

llog(@()) — S(vp)ly <
< |Ad vy (D(v))) — (BNl + [|2(B(v7)) — 2(om)llp<
< 2oy — Uiy + [1Be(0) — vl

Hence we obtain @(v'® ~1(a)v7*) = G(v/)aP(v}*) € Cgla, 8, F) for ae R and suffi-
ciently large n. Then we get &y"P~Ya) € Czla, 4, F). Hence there exists a unique
clement d in conv{®y"®~Ya); m € Z) such that |d|l, < [b]l, for any b in
m—nv{diy"’di‘l(a); m e Z}. Since y is an ergodic automorphism, the operator d
must be scalar. Thus we obtain Cgza, §, F)nCl # @ for all § > 0 and Fe& G.

4. A DUALITY THEOREM FOR COUNTABLE DISCRETE AMENABLE GROUPS

Let (R, G, @) be as above and 0 be an automorphism of R satisfying the asym-
ptotic fixed point property throughout the rest of this paper:

“4.1) lim [18(x,) — x,ll; = 0

R0
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for cvery (x,) € £°(N; R) with lim [ja,(x,) — x,jl, = 0 for all g € G. Since the fol-
lowing lemma is easily established, we omit its proof.
LEMMA 4.1. R(w)® (resp. RS) is contained in R(w)° (resp. RY,).

Since our proof of the main Theorem 4.8 relies on P. Eymard’s and K. Saito’s
duality theorems ([9], [24]), we have to prepare some notations and definitions about
represcntations of G. A pair {n, H,} is called a representation in R(w)® (resp. R$)
if H, is a separable Hilbert subspace of LA(R(w); 7,,) (resp. L*R,; 7,)) and = is a
non-degenerate unitary representation of G on H, with n(g) € R(w)® (resp. RS)
for all g € G. A representation {l, H ,'} in RS is called regular if 7,(A(g)) = J. ¢
where J is Kronecker’s delta and e is the unit of G and H, is the closed linear spant
of {A(g) ; g € G}. Since RS is a II;-von Neumann algebra (in fact, RS is known to be
a 1l;-factor), by [22], Leruma 8.3, RY has a hyperfinite subfactor. Hence, by [22],
Proposition 4.4, we can construct a regular representation A in RS.

Let B(G) be the Fourier-Stieltjes algebra of G (see [9]). We define a subsoe
B,(G) by

B(G) = {t,(a*n(-)b) € B(G); n runs through all representations in

R(w)° and all a, b € H,}.

It is remarked that since a representation = in R(w)® is a one-cocycle for «, we can
find- a unitary v in R(w) with v*«,(v) = n(g) for g € G by the first cohomology vanish-
ing theorem.

LeMMA 4.2. Let ©t be a representation in R(w)6. For two unitaries v; € R(w)
(i =1,2) with v,a,(v}) = n(g) for all g € G, we have

Tw(a*e(v?)ag(vl)b) = a)(a*o(vi)ag(lb)b)
Jor all g € G and a, b € R(w).
Proof. Since w«,(v,0f) = vyn(g)n(g)*vf = v,vf for all geG, we obtain

O(v,v5) = v,vF by the assumption for 0. Therefore,

Ta(@*0(0})o o (0,)D) = 7,(@*O((v105 v2) Yot (D105 v,)b) =
= To(a*0(0F)0(v10F) o (v,05)2, (v)b) =
= To(@*0(0F) (0:05)*(0205)2%,(15)b) = 1,(@*0(v5)y (v)).

Lemma 4.2 means that the value of 7,(a"0(¢v*)e(v)b) is independent of the
choice of the unitary v with v*a,(v) = n(g) for g € G. We want to prove further that
T.{a*0(v*)o,,(v)b) depends only on t,(a*n(-)b) € B(G), or it is independent on the
particular choice of 7 and a, b € H,,. For this purpose, we show the following lemma,
which plays a decisive role in our work.
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LEMMA 4.3. For a representation © in R(w)®and v € R(w) with v¥a,(v) ==
= 7(g) (g €G), there exists a unique operator d in the double commutant n(G)"
of {n(g) ; g € G} = R(w)° such that

T(@¥0(v¥)a, (0)b) = 1,(a*d*v¥u,(v)b)
for all a, b € R(w).

Proof. Let (e,, G,, (K1), (L7 i K", (I)g), be a paving structure for G.
(See [22], Propositions. 3.4 and 3.5, and we use the same notations as {in
[22].) By non-abelian Rohlin theorem ([22], 6.1), there exists a partition of unity
(Eg",k)i=1,2,....1v(n).kex'; €R, such that

Nin)
YIS o BT ) — Eigl, < Sl

i=1 kleK]
[Ein;k" ag(E,'l,,l)] =0 fOI‘ au 8> is j’ ka 1

where | | means the cardinality and |x|, = 7,(x]) for x € R(w). Let N, F and 4
(which appear in [22], 5.3 — fast reindexation trick) be W*-subalgebras of R(w)
and an automorphism group generated by (E? ., 0(ETW), «.(ElL); i, k€ K7, g€ G},
{a, b, n(g) ; g € G} {o,, 0 ; g € G} respectively. Let @ stand for the normal injective
x-homomorphism ®: N —+ R(w) in [22], 5.3 and define F7, by F!; = $(E};). Then,
according to [22], Proposition 7.2, we get unitaries v € R(w) by

o™ =3 1Y n(e)*Flx

! kek?
“4.2)
o = vn(g)* a (v\M*).
Then we have
5 —1[, < 32¢¥* for g €G,.

For a, b € R(w), we have

T,(a*0(v* ) a, (v™)b) =

= 1,(@*(}] 2; OCFT n(k)a (¥, Y m(h) F" 1)b)
43) :
= ”Zk :m(a*a(ﬂ".k)ﬂ(k)n(h)"dg(F}’.:.)b) =

= Y, To(@*n(kh~)b)t,(O(E] )25 (ET 1),
L7,
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where the last equality follows from [22], 5.3. For /1 € K7 n g~'K}, we have

LYY ralatnlkh ), (0(EL (B ) — Ef.on))| <

ikeKT j.keK;!
< Zh lfm{(gfm(a*N(kh‘?)b)B(EE’.k))(ag(Ei',n) — E7 )}l <

< B Y rolan(kh=Hb)O(EL )| 1o (EF. ) — Ef gl -

B ik
Since {0(E7)}; is a partition of unity, we have

4.4) I %’Cm(a*n(kh “HB)O(ET || < el 16l
where {la||, = t,(a*a)2. |By [22], Corollary 6.1(4), we have, [for AeKIn
ngTikKy,

| Y Y ro@n(kh )by (BB ) e, (B p) — Efo))| <

LkeK? jheKT

< ”a”r”b”t 2’ I(ZS(E}";,) —Ef.ghl: <
Jsh

< 10e22|a| |Ib1l. .

Since
Y Y To{@*n(kh~1)b)t,(0(ET ) EF, gn) =
ik j,hexg'ng“lxj
=Y Y @k )r(@)b) o (0(ELDES o),
ik J.hex}n gK;'
we obtain

|3 3%, rala*nlh)Eyea( 0B 0o (Ef) —

— 3 3, wulatnh Im @) OELIELD)| <

<|Y Y tu(arnakh b)Y (L (ELY)| +

+1Y Y tu(a*nkh)n(@)b)(0(EL)ELY| +

Ik 1k¢ K'J'n 8K’}

+ 10¢;"lall.[(&]]. -
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By the same calculation as (4.4), we have

YN @ by O e B <

s N ~lon
ik J,h¢ang Kj

< lalllbll. % ro(Efw) <

JheKTn g_lK;!
< {lall ol e, + Se’®)

where the last inequality follows from [22], Corollary 6.1(5) and (g,, G,)-invariance
of K7 (lg7'K} © K7} < ¢,IK% for g € G,). Similarly, we obtain

Y Y ro(@ (@bt (OEL)EL. <

:pe 7 n il
ik j,héangI\j

< [lalldibll e, + 5e).

Therefore,
lg Y To(@ n(kh = )bYTo(O(ET Dot (ES,)) —
1, 5
“.5) - 5_; Y, tal@nlkh ) n(g)b)co(0CELDE] ). <
I, JH

< [lalldbllCoerl

where C,, is some constant (independent of a, b) and g € G,. Since {K7} can be choser:
mutually disjoint by [22], 3.5, let fi, be a probability measure on G X G obtained by
putting fi,((k, k) = (0(E})E} ). Define a probability measure p, on G by

UE) = S dji(hk, k) for E&€ G. Then,
ExXG

Z Z Tm(a*ﬂ:(kh —l)n(g)b)Tm(g(Ein,k)E},,h) =

)

= \ tol@n(ik ) n(g)b)di,(h, k) =
GxG
4.6

- Sr.,,(a*n(h*)n<g)b) d() =
G

= 1,(a*n(p,)*n(g)b),
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where n(u,) = Sn(h) du,(h). Since ||n(u,)| < de,,(h) = 1, if necessary by taking

a subsequence, we may assume that n{u,) converges to some operator d € n(G)"”
in the o-weak topology. By (4.5) we have

lim Y, %t (a¥n(kh—)n(g)b)r (0(E! ) ENs) =

neaw ik jh
= 1, (a*d*n(g)b).

‘The C*-subalgebra C of £°(N, R(w)) and the automorphism group A4, which appear
in [22], 5.5 (index selection trick), are generated by {{a},, {b},, {Fl'i}m {7()}s;
i, ke K", g € G} < L(N, R(w)) and {«,, 0; g € G} respectively. Put v = & ({t™})
where @ is the same homomorphism as in [22], 5.5. By (4.2), (4.3), (4.5), (4.6), (4.7),
and the property (1) in [22], 5.5, we have

1,(a*0(v*)2,(1)b) = lim 7, (a*0(v\y o (v(M)D) =

= 1,(a*d*n(g)b) = 1,(a*d*v*a,(v)b)

for v*a(v) = n(g) for g € G. We remark that the operator d depends only on the
partition of unity {E!,}. Therefore, we complete the proof of

7,(@*0(v*)a (v)b) = T, (a*d*v*u,(v)b)

for all @, b € R(w). The uniqueness of the operator d is clear.

The following methods are essentially borrowed from [1] and [11]. Let © be
a map of B,(G) into B(G) defined by

OW)(g) = 7.(a*0(v*)x,(v)b)

for y € B,(G) = {y(g) = 1.(a*n(g)b); some representation 7 in R(w)°, a, b e H.}
and some unitary v with v¥e (v) = n(g).

LeMMA 4.4. B(G) is a subspace of B(G) and the map O is well-defined, sur-
Jective, isometric and linear of ByG) onto B/(G).

Proof. Tt is noted that B,(G) is closed under scalar multiplication. Let
V€ B(G) with ¥ (g) = t,(af n(g)h;) for some representation =n; in R(w)® and a;,
b; € H, (i =1, 2). Since the fixed point algebra RS is a IT,-factor, we can take a
projection e € R with 7,(e) = 1/2. By the fast reindexation trick, we may assume
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that the projection ¢ commutes with n,(g), g € G and all elements in H; (i = 1, 2).
Hence we can construct a new representation by

p(g) = m(g)e + m(g)(1 —e), H,=eH, + (1 —e)H,,
4.8) )

a, = ea, + (1'—e)a,, b, =eb, 4 (1 —e)b,.
Then

Ta(aXp(g)h.) = To()Tu(a'm(g)hy) + To(l — €)tu(af my(g)bs)
=(1/2)t,(afm(g)by) + (1/2)ro(aima(g)bs),

where the first equality follows from [22], 5.3. Therefore the sum ¥, + ¥, € B,(G).
Then B,(G) is a subspace of B(G). To see that @ is well-defined, by Lemma 4.2,
we have only to prove that, if

To(af m(g)by) = 1,(army(8)by),
then
To(@F ()2, (v)by) = Tola0(vF)ag(v,)be)

for g € G and some unitaries v, with vF¥e,(v;) = n,(g) ({ = 1,2). Set a new unitary
w by w = ev; + (1 — e)v, with w¥a,(w) = p(g) for g € G. We have

1.(aXp(@)b.) = (1/2)7(afm(8)by) — (1/2),(a¥ma(g)by) = O,
for all g € G, hence
To(@X0(w*)o(W)b_) = 1,(a%d*p(g)b-) = 0,
wherz d € p(G)”’ by Lemma 4.3. Since
Tu(@200r )t (w)b_) =

= (1/2)7,(aF 0], (v)by) — (1/2)7.,(a30(v5)et,(v2)bg),
we conclude

1o(a7 0(v])otg(v1)by) = 7,,(aF0(v3)2e(v,)b5)
for all g € G. We show that @ is surjective and linear. Since
To(afp()b) = (1/2)t,(afmy(g)by) + (1/2)t,(afma(g)by),
r(a300r*)eg(w)b,) =

= (1/2)t.(a{0(o})og (7)) + (1/2)7(aF0(v7)%e(v2)by),
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the map @ is linear of B(G) into B,(G). Since v*0(v) is a unitary operator in 7(G)"’
by Lemma 4.3, the map O is isometric. Since 7,,((d*a)*0(v*)o,(v)b) = 7 (a*n(g)b), we
«conclude that O is a surjective linear map of B,(G) onto B,(G).

The subspace B,(G) is not in general a subalgebra of B(G). It follows from the
existence of the regular representation in RS that B,(G) contains the Fourier algebra
A(G) of G. (See [9] for the definition of A(G).) Therefore we restrict the map @ on
A(G).

LEMMA 4.5. The restriction of © on A(G) is a surjective and multiplicative
dincar map of A(G) onto A(G).

Proof. We have only to prove the multiplicativity of @ (the surjectivity of ©
can be proved as in Lemma 4.4). Let 1 be a regular representation in RY. For
Y, € A(G), we can take a;, b; € H; with Y, (g) = 7,(afA(g)b) for g€ G (i = 1,2).
By [22], 5.3, we take a homomorphism & satisfying

[4(8), 2(A(g)] = 0- and [v, P(v)] =0
for some unitary v € RS with v¥a,(v) = A(g) and
Yi(@Wo(g) = tu(al Ug)by)v,(aFig)by) =
= T,(af P(a7) A () P(A(2))b:1P(5,)))

for a;, b, € H; (i = 1,2). Moreover we can choose @ to satisfy

MP(A(g) = (vP(v))*a (vB(v))
and
O1¥2)(g) = To{(a1D(a2))0(vd(v)) o (vB(V))(5;P(52))} =
= T, (@ 0(v* ) ()b, (aF 0(v*)ar (v)by).

Therefore we have

9('/’1‘//2) = @(l/ﬁ)@(‘l/z)-

PROPOSITION 4.6. For a representation n in R(w)® and a unitary v € R(w) with
v*a, (v) = n(g), O(v) must be of the form

0(v) = vr(k)

for some k € G and k depends only on 6.
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Proof. 1t follows from Lemma 4.5 and [9], Théoréme 3.34 that there exists.
k € G with O®Y)(e) = Y(k~?) for all Y € A(G) where e is the unit of G. For a repre-
sentation 7 in R(w)®, applying the fast reindexation trick as in Lemma 4.5, we con-
struct a new representation {p(g) = n(g)®(X(g)), H, = H,P(H,)} where Z is a regu-
rar representation in RY and & is a homomorphism. This p is a tensor product
epresentation of # and . Since p is quasi-equivalent to a regular representation
of G, then 7,(%p(-)y) € A(G) for &, i € H,. Let w € U(R,) with w¥x,(w) = A(g)
(g € G). By [22], 5.3 (3) (4), we can chcose ® to meet the following computations.
Fora, beH,, o, b eH,,

T,(a* P{a)0(vd () a (v®(W)DV (b)) =
(4.9) = t (e 0(v)*vh)r (@ " 00w} wb') =
= 1 (@ B(v) ehyr (@' F A(k~1)b")

where the last equality follows from 7,(a'w*x,(w)b’) € A(G) and Lemma 4.5
Since 1,((aP(a))*p(g)bP (b)) € A(G), we have

O(z,((aP(a))"p(-)oP(b')))(e) =
(4.10) = 7, (@®(@))p(k~)bB(D")) =

= 7 (@ n(k~Db)r (@A ~1)b’).
Therefore by (4.9) and (4.10), we obtain

T (@*0(v)*rh) = 1 (an(k-1)b)

for all a, b € H,. Since 0(v)*v € n(G)"', we conclude 6(¢)*c = n(k~') for some
keg.

We remark that o0 satisfies the asymptotic fixed point property (4.1). We
put an automorphism 0 of R:
0 = o0,

then 8 satisfies O(r) = v for v € U(R(w)) with t¥u,(v) = n(g) and satisfies the asymp-
totic fired point property. Thus, to show the main Theorem 4.8, we have only to
prove that § is a trivial automorphism of R.

PROPOSITION 4.7. The automorphism 0 commuies with G.

Proof. By [22], Lemma 9.2 there exists a unitary representation V¥, in R(w)
satisfying
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‘the restriction Ad ¥, [ Rof Ad ¥V, on R is equal to o,

a (V) = v, for all g, h €G.

hg1

‘We note that V' is a one-cocycle by a (V))V, =V _ .y = y,,. By the first coho-
ahg z gh

mology vanishing theorem for (R(w), G, «), there exists a unitary v € R(w) such
that a,(v)v* = ¥,. Then we have

O(l,(l)* ng) = ah(v*)ah(Vg)ah(U) = v* VI:‘V VhU = p* ng

hgh -1

for all & € G. Since v*V v is a representation in R(w)®, we can take again a unitary
w € R(w) with w*a,(w) = v*¥,v. By the assumption of 0, we get H(w) = w. Since

ag(Wo™*) = o (W)a,(v*) = w*V op*VF = wo*
for g € G, we have

B(v) = B((wo*)*w) = B((wo)*)0w) = (wv*)*w = v.
Since
6(*V,v) = v*V,u, B(HOV)0(v) = v*8(V,)v,

we get V, = 8(V,) for all g € G. Therefore we conclude
g = AdVy|R = AdO(V)IR = Do, 01

‘We have already proved lemmas which are necessary to get the following main
theorem.

THEOREM 4.8. Let o be an outer action of a countable discrete amenable group
G on a hyperfinite I1,-factor R. Suppose that an automorphism 8 of R satisfies the
asymptotic fixed point property (4.1). Then 6 must be of the form

0 = (Xk
for some k €G.
Proof. Let k be as in Proposition 4.6 and let § be as above. When the auto-
morphism 8 is periodic, let p be the minimal positive integer such that 97 is trivial and

let Z, = Z/pZ. When 0 is aperiodic, the integer p is taken as zero and Z,=17.
By Proposition 4.7, we can define an action 8 of the amenable group Z,xG by

B: Z,xG>(n, g) — 0,.
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Suppose first that 8", is inner for some ne€ Z,, g € G. For a regular representation
4 in R, we take a unitary v €R, with v¥a,(v) = Ag) (g € G). Then, since §"x, is
inner, we have 0",(v) = v. But

0, (v) = 8"(vA(g)) = B"()0"(A(g)) = vA(g).

Therefore A(g) = 1 and g must be the unit ¢ € G. Then 07 is inner and the clement #
is the unit of Z, by Proposition 3.3. We thus conclude that the action B is outer.
By [22], Corollary 1.4, B is cocycle conjugate to a tensor product action ®xz on
RR:
@) = "®a, @, g) €Z,XG,
that is
Y HO@N) gV = Adu(n,8)Bin.s

for some isomorphism iy of R onto R® R and one-cocycle u(n, g) for the action f.
Since every inner automorphism acts trivially on R,, we obtain

YRS = (RORYC, (R = (RORL®,
where 1 is a trivial automorphism. Therefore we get
R,OC c (RRR = (RORL,
which implies R, < R‘f . By [6], Theorem 3.2, § is inner. Since the unitary u,

which implements 8, is in B, by Proposition 3.3, we conclude that 8 = o for
some k €G.

Finally we discuss an example given by V.F.R Jones [14]. Let H be a countable
non-amenable discrete group. Consider

R = ® MyC), [ Bernoulli shift on R.
neH
Take x = (x,) € R(co)” and suppose inf]x,—(x,)ll, > ¢>0 (if necessary,
by taking a subsequence of {x,}). Set
Y = (xn - t(xn))/“xn - T(xn)”z ’
then y, are unit vectors orthogonal to 1 € L¥(R, 1) and satisfy

lim |,(7) — 3l = 0
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for all & € H. Hence the restriction of the unitary representation § of H on the ortho-
complement of 1 € L2(R, 7) contains weakly a trivial representation. By [14], Lemma
1 and the non-amenability of H, this is a contradiction. Thus we see that we should
always have

lim||x, — ¢ (x,)|l; = 0.

Hence all automorphisms of R satisfy the property (4.1) for the Bernoulli shift j
This means that the asymptotic duality theory is false in the case of Bernoulli shift
by a countable non-amenable group. On the other hand, when f is an ergodic action
of a discrete group with property T (see [7]), we have

lim ), — (x,)l, = 0

n=00

for all bounded sequences (x,) with lim||f,(x,) — x,lls = 0 for % € H. Therefore

the asymptotic duality theory is false for an ergodic action of a countable group:
with property T as well.
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