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ON THE EXISTENCE OF INVARIANT SUBSPACES FOR
SOME CONTRACTIONS WITH SPECTRUM DOMINATING
AN ARC ON THE UNIT CIRCLE

ANDREI HALANAY

1, INTRODUCTION

For 3¢ a scp'arab!c, infinite dimensional Hilbert space £ (s#) denote the algebra
of linear bounded operators on J¢. If A € L(HA’), we denote by a(4) the spectrum of
A and by a1(A4) the left essential spectrum of 4. An operator 4 € Z(o#) is called a
contraction if JAl] € 1. For various properties of contractions on Hilbert spaces
our standard reference is {11]. For dual algebras and related topics see {1].

In [4], S. Brown, B. Chevreau and C. Pearcy proved that the contractions whose
spectrum dominate the unit circle have nontrivial invariant subspaces. The same
problem is still open for the contractions whose spectrum dominate an arc on the
unit circle.

In the present paper we prove a theorem of cxistence of nontrivial invariant
subspaces for these contractions under an additional hypothesis.

Let D denote the open unit disc and T the unit circle. Recall from [8] the fol-
lowing theorem, the form in which we use the techniques devcloped in [4].

THEOREM 1.1. Let A be an absolutely coniinuous contraction (see Chapter 1V
in [11) in Z(3#). We make the standard assumptions \A| = 1, A€ C,. (that is
A" converges strongly 10 0 as n — 00 ) o(A4) = o1(A4) and (A N D # O.

Denote by @ the canonical homomorphisin @: H® — L(H), P(h) = h(A).

Let & ¢ H® be a weak*-closed subspace with the property:

(1.1) Ifllo < M sup () for every fin &
: 4)nD

IE€w

( /l(’ll’l’. T is the analytic extension of f to B ). Then (&) is weak*-closed in £(H) and
has property (AN.,) (see {1] for the definition of the property (ANO) ).
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We apply this theorem to contractions A € £(#) for which o(4) n D domi-
nates an arc y < T with 1 € y. (A subset S of D is dominating for a subset 7 of T
if almost every point of y is a nontangential limit point of S.)

Our approach consists in constructing a subspace & of H>®, weak*-closed and
with the property (1.1). By Theorem 1.1, for every 4 € D there exist nonzero x and
¥ in o such that (f(A)x, ¥) = f(2) for every fe §.

Let U be the minimal unitary dilation of 4, E(-) its spectral measure and ¢,
the density of the scalar measure g, (6) = (E(0)x, »), x and y in # (the existence
of ¢, ,follows by Theorem 6.4 in Chapter 1I, § 6 of [11]). Our main result is Theo-
rem 3.4 asserting that if there exists A € D such that there exist x and y in #.
x # 0,y # 0 with [x ® y] = [C,] in the predual of $(&) and 0 is a Lebesgue point
for ¢, (¢, is defined on (—m=, n1]) then A has a nontrivial invariant subspace.

2. e-SUPPORTED SUBSPACES

Let I < (—n, =] be an interval. We denote by 7, the arc corresponding to I
on the unit circle, so y, = {e"|rel}.

DeriNtTION 2.1. Let I < (—n, =] be an interval, § < H* a linear subspace,
&> 0. We say & is e-supported on I (equivalently on v,) if and only if

sup [f(2) < eliflw for every fin &.
zeT\7;

fe€ H®is e-supported on T if span{f} is e-supported on I.

From now on a function in H* and its analytic extension to D will be denoted
by the same symbol.

DerFNITION 2.2. The operators Q,: H*® — H*® and S,: H® — H* are defined
for # > 1, ne N by

ik 2rmik

@)D = - S e e ")

1 n ;fzil:
(S, )2)=--% fle " 2)
118
for ail z e D.

We will need the following result from [12] (Lemma 2).

ProrosITION 2.3. (3) S, . Q, are projections of norm one on H*. The images of
these projectios, RanQ,, RanS, are isomorphic as Banach spaces with the whole
space;
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) Q,(1) =0 for everyn 2 2; S,(1) = 1 for every n 2 1;
2ni 2ni
(c) feRanQ, implies fle"z) = ¢ f(z), z€ D,
(d) For fe RanQ,, Fe H® we have Q (F:f) = S(F)f;
(e) Let h € H®, such that h is O-supported on an interval I and 2n|n <
< |I| < n/4. Then

1S, 1o < (5 L ) lh]eo
19

10,1l < (6 + '-’1) iloo
T

where by |I] we denote the length of the interval I.

ProposITION 2.4. For every ¢ €(0, 1/2) cnd every interval I < (—m, n) there
exists a weak*-closed subspace & of H®, e-supported on I, isomorphic with Ran Q,
as Banach spaces.

Progf. This is essentially Proposition 2 from [12] but since the construction
of ¢ is important for the next steps we give its proof in full detail.

Let J; < (~m, n) be an interval with |J;| < &. We construct a function F ana-
Iytic in D, continuous in D such that

1Fllee = 1
(2.1) \F(z) — 1] < ; Il — Fll,  for every z e T\y,
(2.2) 1F@) < ;’ for every z €,

with J, < J; a properly chosen interval.

Consider f(z) = 1/(z + 2)* with k € N chosen such that |f(z)] < &3 for every
z¢Ad={zeD||z+ 1 <n}, n being a small positive number conveniently
chosen.

By observing that {iflle, = 1, f(=1) == 1, fis continuous, we infer that there
exists an arc y, centered at —I1, y; < 4 such that

1) - 1} < —Z~Hf~ Il for every z €y,
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For ¢: D — D a conformal mapping we also denote by ¢ its continuous exten-
sion to D.
Let then ¢:D — D be a conformal mapping such that o(T\y,) = y,,
1

implying ¢(y, ) = T\,

Let Yy, = “HTN(4 n'T)). Then (p(;zje) c TNy, = (,7(','J1) and this is equi-
valent to Vo, S Vs that is J, € J;. The function we need will be F = fo¢.
Indeed ||Floo = 1; if = e’l‘\le then t = ¢(z) € y, and we have

FE) =1 = (foo)a)— 1] = () —1! < ;'iif— 1l = Z iF = 1o

(the composition operator f+> f = ¢ is isometric on H%).
If zey, then ¢(z) ¢ 4 such that

F2) = flo@) < - -

Let n € N be such that 2n/n < |J,i. (2.1) implies F—1 is (¢/8)-supported
on J; such that from Proposition 2.3 (b) and (e) we deduce

1S,F— Dllo = LSu(F) — e < ( S 84)!1F— e <

T
(2.3)

= Y [1 - S,(F)F isin

. E-0

and this implies S,(F)(z) # O for every ze D and
A with

2.49) h

k:

k,,_»o 1—e

Let &; = F-Ran Q,. We prove first that &, is s-supported on T\y,z.
Let z €y, and fe RanQ,. By Proposition 2.3 (a), (d) and relations (2.2)
and (2.4), we have

FQFEN < -l = -

SF)

1
3(1_ [1£f o < &l Ef {1 fome_(o,_z_).
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We show now that &, is w¥*-closed.
Let (F-f,)% .1 be a sequence in &, fp,eRanQ,, ||F- f.llo < 1 for every

m > 1, and F~fm———>h with 2 € H*.
Nt=co
.

It is easy to see that @, is w*-continuous so that Q. (F-f,) -L»Qn(h) or
*
equivalently S,,(F)fm—’-t——>Q,,(h) and ||S,(F)fulle < 1 for every m > 1.

1 1
By (2.4), lifulleo < IISi(F) funlloo® < for every m > 1 such
y (24, lfulleo < ISW(F) ful 7] TR ry

that there exists ( f"'k)">1 a subsequence of (f,,)ms1 such that

*

w
fmk k-roco f:

But f,,,k e RanQ, for every k > 1. Q, is a w*-continuous projection such that Ran Q,
*

is a w*-closed subspace in H®. It results that f€ RanQ, and; F-f,,,k —k—w—> F-f.

™
But F’f;,,k—;-—ﬁ'h so /i =F'f€g1.

We show now that &, is isomorphic with RanQ, by the operator Q, ] & .

For feRanQ,, Q. (F- f ) = f- S(F) = g with g e RanQ, and the injectivity
of Q, l &, rtesults.

We prove the surjectivity of Q,|&;.

Let ge RanQ,. We have to find f € Ran @, such that Q,(Ff) = g or equi-

valently f = g. So it must be proved that for g« RangQ,,

n

1 (e
= = 1 - S.(F)*
I= 55 (kgot (F)] )g

is in RanQ,, that is Q,(f) = f. We have
o k
Qn(f) = Z Z (—l)jC{JQn[Sn(F)j'gl
k=0 j=0

But Q,(S,(F)g) = S,(S,(F)g = S,(F)g and it follows that Q,[S,(F)g] 1
= S,(F)'g, implying Q,(f) = f.
Lct feImQ)H g’_Qn(F f)= n(F)'f'
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By (2.4) and ||Flle = 1,

1 1
F’ 0 = .F. < { ”oo :
1771 “g o
and we infer that (Q, | &,) ! exists and [|(Q, | )7 < !
' —

In the end consider ¢,: D -~ D a conformal mapping such that ¢(y,) =
=T\y s, and the operator J,, : H® — H*®, Jo (f)= fop,- J, is an isometric iso-
morphism and a w*-homeomorphism. Let § = Jo (61). & satisfies the requirements
of the proposition and the proof is completed.

REMARK 2.5. It can also be proved (see [12]) that & is the image of a w#-conti-
nuous projection on H*, namely P = J, (Q, ! &y) ‘IQ,,J,;:.
In the next lemma we colect some easy to prove facts about Q, .

LEMMA 2.6. For n > 2:
Q (k") = K+ -1 for cvery k > 0
0.(z=") =0 forecvery mé {(k + m—1 k > 0}
RanQ, o {z""¥(z") 'f e H*}.

The next proposition presents the construction of a larger space once we
have a sequence of mutually disjoint intervals and the spaces given by Proposition
2.4.

Prorosttion 2.7. Let (L)1 be a sequence of mutually disjoint intervals in
(—m, ) and let (¢,)n51 be a sequence of positive numbers such that

-5}

Ve =<l
=1

For every n > 1 let &, be a w*-closed subspace &,-supported on I, and let

& = spanv’{&,), that is the weak*-closed subspace generated by {&,},.
Then & is in a natural way isomorphic to

()3 é’,,) = {(x)a | %, €8, for n > 1, suplix,}j < oo}
n=1 [=2] n .
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and

2.5) (1 = 9soplix < | %,

n=1

< (1 + g)supllx,||.

(=]
Proof. We show first that for a series y = ¥, x, with x, € 6, forevery n > |,
r==1
w*-convergence is equivalent with bounded almost everywhere convergence on T.

o
Let y = ¥} x, be a series w¥-convergent with x, € &, for every n > 1. Then
ED S

W.

Xy ———> 0, so there exists M > 0 such that |x,|| < M for every n > 1. Let

et eT. If eite 7, ‘then ei*¢y, for all n# n, and it results Y x, (") <
"o " n=1
< ]x,,o(e"')l + Y anllxalle < M + MY &, = M(1 +¢). If ei* ¢ v for every n>1

n>l n=1
n#n,

then ¥ Ix,(e")] < eM < M(I + o).

"S:c: the series converges almost everywhere on T and the partial sums are
bounded by (1 + &)M.

Let peir) = i x,(e") for t € (—n, n).

By Lebcsgug:;)ominated Convergence Theorem

]

. N . 1 —r2 ‘
lim ['Z x,,(e")] - dt =
N-co o 1 4+ 7?2 — 2rcos(t—0)

dt for every r €0, 1), 0 € (—nr, 7}

Bl —r)
1 + r2— 2rcos(t — 0)

o0

and it results J(2) = ¥, x,(A) = p(4) for 2 eD (see [7]). The proof above

n=:1
shows that bounded almost everywhere convergence on T implies w*-convergen-
ce for sequences.

The second inequality in (2.5) is already proved so we prove now the first one.

o X .
Let %, x, be a w*-convefgent series.
ne=l



58 ANDRE! HALANAY

Let m < N be fixed and e¥ €y, . Then ¢ ¢y, for n # m and
m n

2 xu(c”) — Z xn(eil) <
D n -1 I
nFn

[Xa(e¥)) =

N

oo
3 X + g(supfix,|)).
n

|
!

+( > c,,)(supnx,,n) <

oo
3, %
ln -1

n==1 154 m
But
!:xmﬁeo = sup Exm(e“)l
cirey
m
such that
oo |I
Xmlleo < ('S5 x,,ii+ gsuplix,l) for every m > 1.
1 a
Then
o
supl, | < | % x| + esupliz,y
n»l Ineal n

and the first inequality in (2.5) is proved.
We prove now that & is identical to the space § = {§ x,,?x,, €&, for all.

n=1

Jfi > 1 and the series is w"’-convergent}-

Then &, < & < & for every n > 1so all we have to prove is that & is w¥-closed

oo ~ \V‘
Let y, = ¥, x5 bein &, {j,)| < 1 for every & > 1 and y, — .
ji= —~00

e 1
By (2.5), fixkjie <
1—c¢
> 1 there exists (p, ;»1 @ subsequence in N such that

for every j, & > 1 and this implies that for every

xiki 2 x; €6, for k — co.
We choose the sequence (p;, j)x>15uch that (p; ;41)i»118 2 subsequence of (py Ji>1

| 1 RPN o
for all j > 1. Then [x;|| < T for every j > 1 so there exists J = Y, x; and
: — j=1

~ -~

We prove that y(1) = y(1) for every 2 e D,



EXISTENCE OF INVARIANT SUBSPACES 59

Let . = rei® be fixed in D; then

c . 1 —r?
I = | \ xi(e™ dry <
@ (e") 1 + r2—2rcos(t—0)
\ xll(e”) 1 — dt +
1 + r2—2rcos(t —0)
i
(2.6)
__ p2
+ xk(eity Lor dt
1+ rt — 2rcos(t—0)
{—malN\J,
1 :
< I+r[,,1+—ﬁ"~~ foreveryk > 1,
1 —¢1- 1—¢
We used - — b < _ for all ¢, 0e[<n, n] and

v 1+ % — 2rcos(t —0) (A —ry

IxkE)] < &, fx4l 0 < —1~8—"—— for every n, k > 1 and every te[—m, n]\I,

Let n > 0. Since Yea=:<1, fj |1} < 2m, by (2.6) there exists N(y7) such

n=l n.al
that
o0
Y jx¥(D] < n for every N > N(n) and every k > 1
J=N+1
Then

N
Q.7 !yk().) - ¥ x5 <n forevery N > N(n) and every k > 1
j=1

Let now N > N(#) be fixed. By the choice of the sequences (p; ;);»1 we infer
that .

x5V - xy(%)
2.8) : as k —»co

xnEN() = xy(3)

and also Yo, () - y(4) as k - oo.
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N
From (2.7) and (2.8), ‘ ¥y —Y xj().)’ < nforevery N > N(y) and it follows

j=1

that y(4) = Y x;(A) = ¥(2), the proof of the proposition being thereby accomplished.

je=1
PROPOSITICN 2.8. Let (I),51 be a sequence of disjoint intervals in (—n, n) and

oo
(en)n»1 a sequence of positive numbers such that '2 g, =¢<1{3. For every n > 1,

n-.1

let X, be a weak*-closed subspace ¢,-supported on I,, and let (f)n»1 be a sequence

*
of inner functions. Let &, = f,X, and & = span” {&€,)¢.
Then &, is weak*-closed and e,-supported on I, for every n > 1 and & is 1]2 -

-supported on \ ) 1,.

n=1
Proof. The assertion about &, is obvious. For & we use Proposition 2.7. Let

oo o0 [~
1= Z JSuwXs bein &, x, € X, for all n > 1. Lett ¢ \ J1,. Then | f(e¥)] < Za,,j]x,,'jé
a==l n--1

n=1

e W PO o
< g(supilx, ) = esupjifx,i < T ifil< 12y
n n —

3. AN INVARIANT SUBSPACE THEOREM

We consider 4 a completely nonunitary contraction in Z(H#), 4V =1,
a(A) = 01(A4), A €C,.

LEMMA 3.1, Let & be a weak*-closed subspace of H®, ¢-supported on an interval
Iwith 0 < ¢ < 1. If 6(A) n D dominates yy then (1.1) holds.

Proof. Let ei' ¢ y; and fe &. Then

e < &lflleo < lifiles

Il = sup | f(e¥) = sup f(z)] for every fe&
ei‘e:f, zeo(4) D
a nd condition (1.1) is fulfilled. The lemma is proved.

Let us suppose now that o(4) n D dominates an arc 3 <« T. For simplicity
we suppose 1 € 9.
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Forn > 4, let I, = (a,, f,) be such that

“ly e B = 1 1
"E{VI" Vs n = 32n s Uy = 32"+i—

(if necessary we may take n>n, to insure | _J vy, < y). Let g, = 1/3"~* for n>4.
n>"0 n

By a specific use of the construction from Proposition 2.4 we get a certain
weak*-closed subspace X, c H*, ¢,-supported on J, and such that we can select from

every X, a certain function g, such that the sequence (g,), converges to 1 almost
everywhere on T.

Let f(z) = 1/(z + 2), J§ = (—1/3%, 1/3"). Then [J§| = 2/3" <¢,. f(—=1)"=1
implies that there exists an arc y, centered at —1 such that

3.0 i — £z < -‘% It = f"llo for overy ze, .

Let ¢,: D - D be a conformal mapping, ¢,(1) =1 and .:,b,,(T\yJ{,) =7,

(for the existence of ¥, see, for example, Theorem 6 from § 3, Chapter Il in [7]).
By (3.1)

(3.2) I — (fo,)'(2)] < fg"— = fllo = '; I = (fovr)lo

for every z e T\"/,i,.

We have also

(3.3) oDl = = < 3.

There exists then an interval J§ < (—1/3%", 1/3%) < J{ such that

(3.9 |(fo¥n)"(2)] <&,/3 for every ze 7y,
and )
(3.5 11 =y, (2l < ;n— for every z € Tog

Let F,(z) = (f¥,)"(2) = 1/[¥,(z) + 21". Then by (3.2), (3.4)

(3.6) [F(2) <&,/3 for every z€ym
and

W= F,(2) < Eé’ Il - F,ll forevery:ze T\yl,ly.
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Let p,e N be such that 2n/p < (J7 = 2/3". Then p, > =n-3". We choose
P, = 304

From the proof of Proposition 2.4 we see that the space F,- Ran Qs is
¢ ,~supported on TNy e

Let ¢,: D - D be a conformal mapping such that ¢ ,,,(,1) = T™ N Then

(37) )(“ — (E' B (P")[(Hm QS,;.A 2):~,(pn]

is the desired subspace of H*, g,-supported on [,

Lemma 3.2. With o, as before

. 152 N
limo, (3" 1 =1 jorereryzeT

B0
and
lim 3%(F,: ¢,) (z) = Jor crvery ze T.
n=30d
Proof. let —eT. o ¢ V1, for every » > n(z) such that
0,2 €7 = @u(2) = ¢ with 1 <
Then <pn(")3"'2‘1 = e("" g y(— 1,3", 13" for every n > n(z) and this
‘mplies Eme,(2) 1 = 1.

H—=>00

For the second limit let again ze€ T and #(z)e N be such that ¢y, for

every » > n(2).
Let {, = o z) € 7o for n = n(z).

By (3.5), (&) =1 — 4, with {4, < 13" Then 2 + () =3 -4, >3 —
— 7, >3- 13" such that 3”2 + ¢ ({,) < 3/(3 — 1,;3% < 2. This implies

n--1

3 | Y, ) + 2
PR Q)E) = L= o = @
'rl//n(gn) + 7] ] [‘lln(Sn) + 2]11

N

| B 3 k 1 »
< '1 - n(‘:n }' ° * ( T T ) < .1 - !/In(;\.(n): LT ' 2k =

1 ) 2 2\l
= :1 - ¥n Vn I N 2(2'7 - J) < .1 - U/n(Cn)E' -2 g < ‘) ’
(G 3 3

where we used (3.5) again. The Icmma is proved.
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[+
Let N = |_J N, where N, = {P,.,kI'I > 1} for k > 0 are infinite, mutual dis-
k--.0

joint subsets of N. -

For 1 e N, let f(z) = z*. (f,,).,l>1 is a scquence of inner functions and we define
6, = [+ X, where X, is the subspace defined in (3.7). &, is then weak*-closed and
¢,~supported on 1.

Let ¢ = §paiv'{#,}©°. We have
PrOPGSITION 3.3. For every 2 € D there exist x aid y in I such that
3.7 (f(x, ¥y = f(A) for every fe 6.

Proof. We apply Lemma 3.1 and Theorem 1.1 to conclude that ¢(&) has pro-
perty (ANO)' Consider the e¢lements [C;] in the predual of ®(&) such that {[C;],
HA)Y = f(2) for every fe & (see the proof of Theorem 2.2 from [8]). We find
(see [1], Chapter 1X for [C,]) nonzero x and y in # such that [x ® y] = [C;] and
this vields (3.7). The proposition is proved.

Let U be the minimal unitary dilation of 4 and E(o) its spectral measure
defined on the Borel sets of T. Then by Theorem 6.4 in § 6, Chapter 11 of [11] the
scalar measures p, (o) = (E(o)x, y) are absolutely continuous with respect to the

d
Lcbesgue measure. Let us denote by @, (1) = —d -(£,x, ¥) the density of g, ,.
t

THEeOREM 3.4, If there exists A e I such that there exist x and y in ., x # 0,
v 0, with [x ® y] = [C,]in the predual of P(&) and O is a Lebesgue point for ¢, ,,
then A has a nontrivial invariant subspace.

Proof. By Lemma 3.2 the sequence {3"(i},!wcp,,)q)?,"“"l},, converges almost
everywhere on T to the function 1. We show now that the convergence is dominated
relative to the measure g, ,.

For this, consider the system of sets K == (—1/3%", 1/32") converging to 0
in (---7, ).

Since f, — o, = 2/3**+} > (1/4) (2/3%") = (1/4)K,] for n > 4 we conclude
by [10], p. 206, that, in the hypothesis that 0 is a Lcbesgue point for ¢, |,

Sl(p,\y(r):dt

7
"

lim ]—""“ = @, (O

n-c0 B

Then there exists A > 0 such that

32"+18|%'y(t)idt < M for every 1 > 4.

III
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This implies

1
3”S|(px,y(t)| dt < M- ey for every n > 4
In
and then
(-8) X 3"8‘1(px'y(t)| dr is finite.
n=3

Ill

Let us define
1 for ze TNUy,
(39) g(z) —_ n»4 n
3n forzey,,n;4.

Then, by (3.8), S g(e')lo ,(#); dt is finite and since for z ¢ 7, we have ¢,(z)e

€7,n such that

1
!Fn((pn(z))l < _3"' and IEl((pli(z))E < 1 for every z € T)

it results
[3"F,,[(p,,(z)](p,,(z)3"+2—1! < g(z) for every zeT and n > 4,

Then, by the Lebesgue Dominated Convergence Theorem

n=0o

4 pn’ +‘.‘_
limgei“Fpn,k[wp 3k, @™ e, (0 =

-n

= S e*p, (t)dt ' for every k > 0.

This is equivalent to

. pn.k‘H}_
lim (A*F,, lp, (A3, (47" ~'x,5) = (4, y)

H—=00

for every & > 0. But since [x®})] = [C;], the last equality becomes

pn. +2_
(3.10) lim2*3%4F, o, (e, (@) 2 4Ry, y)
s nk mk

n—=-o0

for every &k > 0.
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We remark that the function g defined in (3.9) is also integrable with respect

. d 1 P

to the measure defined by the density —&/—‘- = —ll—-_ — Indeed, if . = re?,
. t — Jef? .

Iy

e dr < < —— .
L+ = 2rcost—0) (1P 31— )

Therefore we apply again the Dominated Convergence Theorem to conclude
that: lim3"F,[o,(M)]e,(A)*" =1 = 1. Then

n-o0

. Pt
Gy - Liinmzkp,,mk[<ppmk(;.)](ppm().)3 o gk
for every k 2> 0.
(3.10) and (3.11) yield (4*x, y) = 2k for every k > O such that we have
(x,y)=1land o
(4 — D*x, y) =0 for every k > L.

Then eitherjl is an eigenvalue of 4 or V' (4 — 2)**+1x, the closed linear subspace

k20
generated by {(4 — 2)¢*+x i k > 0} in # is a nontrivial invariant subspace fo
A—Ail But A—4l and A have the same invariant subspaces so we conclude that in

either case 4 has a nontrivial invariant subspace. The theorem is proved.
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