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DUAL OPERATOR ALGEBRAS AND THE CLASSES A, I

IL BONG JUNG

1. INTRODUCTION

Let H be a complex Hilbert space and let £(H) be the algebra of all bounded
linear operators on H. A dual algebra is a subalgebra of L(H) that contains 1y and is
closed in the weak* topology on £(H). Dual algebras were introduced by S. Brown [8§],
where he proved that every subnormal operator has a nontrivial invariant subspace.
In the past ten years, many functional analysts have made contributions to the theory
of dual algebras that have been applied to the topics of invariant subspaces, dilation
theory, and reflexivity. Bercovici-Chevreau-Foiag—Pearcy [3], [4] studied the problem
of solving systems of simultaneous equations in the predual of a dual algebra; that
problem is also the main topic of this paper. The theory of dual algebras is deeply
related to the study of the classes A and A,,,, (m and n are any cardinal numbers
with 1 € m, n < Rg) to be defined below.

This paper consists of six sections. In Section 2 we introduce some fundamental
notation and terminology concerning dual algebras. In Section 3 we establish a dila-
tion theorem for operators in the classes Ay, n, which provides an important tool in
many situations. In Section 4 we study the Jordan model of a C'¢-contraction opera-
tor in some class A, 1 and what we learn is applied in the later sections. In Section 5
we show that if S(*)(= S@ ---@ S) is the unilateral shift of multiplicity n, where n

n
is a positive integer and A G(C)o with dg. < 00, then S™ @ A € Ay x,(1)\Ant1,1- In
the last section, using this result, we distinguish the classes An, ,, one from another,
in the sense that A, n # Apq if and only if m # por n # q.

This paper and its sequel are portions of a dissertation submitted in partial
fulfillment of the degree requirements of the University of Michigan. The author owes
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a debt of gratitude to his adviscr, Professor Carl Pearcy. Also the author wishes to

thank Professor Hari Bercovici for helpful discussions.

2. NOTATION AND PRELIMINARIES

The notation and terminology employed agree with those in [1], [5], [6" and [18].
Throughout this paper we denote by M a separable, infinite dimensional, complex
Hilbert space and denote by £{H) the algebra of all bounded linear operators on H.
It follows from [12, p. 42] that £(?) is the dual space of the class C1(H), where C1(H)
is the Banach space of trace-class operators on 7 ofquipped with the trace norm || ||;.
The duality is defined by (T, L) = tr(TL) = Y (TLe;,e:), T € L(H),L € Ci(H),

t=1
where {€;}$2, is any orthonormal basis for %. Let A be a dual algebra. Then it

follows from [9] that A can be idertified with the dual space of Q4 = C1(H)/, where
A is the preannihilator in Cy(H) of A, under the pairing (T, [L]4) = tr(TL), T €
€ A, [L]a € Q4. The Banach space Q4 is called a predual of A. We write [L] for
[L]4 when there is no possibility of confusion. If z and y are vectors in H, and if we
define (z @ y)(u) = (u,y)z for all u in H, then the rank one operator z ® y belongs
to C:(M) and satisfies tr (® y) = (2, y) and ||z @ yil1 = |z @ y]| = ||z}l||7]|- As noted
above, we write [z ® y] for [z ® yj4 when there is no possibility of confusion.

DEFINITION 2.1 {cf. [3]). Suppose m and » are cardinal numbers such that
1< m, n < Wo. A dual algebra A will be said to have property (Am ) if every m x n

system of simultaneous equations of the form
(2.1) [zi®y]=[Lg], 0<i<m, 0<j<mn,

where {{L .,]}o<.<m is an arbitrary m x » array from Q4, has a solution {z:}ogi<m,
0<i<n
{y; }ogj<n consisting of a pair of sequences of vectors from H. Furthermore, if m and

n are positive integers and » is a fixed real number satisfying r 2> 1, a dual algebra A

(with property (R n)) is said to have property (R (7)) if for every s > r and every

m xn array {{Li;]} ogi<m from Q4, there exist sequences {Z; }ogicm, {¥j}ogj<n that
0g

<i<n
satisfy (2.1) and also satisfy the following conditions:

(2.22) e <s S Lo, 0<i<m,
0<ji<n

and

(2.2b) lil? <s Y Lyl 0<ji<n

Ogs<m
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Finally, a dual algebra A C L(H) has property (A xo(r)) (for some real number

r > 1) if for every s > r and every array {[L;j]} ogi<cm from Q4 with summable rows,
0<j <00 ,
there exist sequences {2;}ogi<m and {y; Jogj<oo Of vectors from H that satisfy (2.1)

and (2.2a,b) with the replacement of n by Ro. Properties (Ax, m(r)) and (Rg, xo(r))
are defined similarly.

For a brief notation, we shall denote (A, ,,) by (R,). We write D for the open unit
disc in the complex plane € and T for the boundary of B. A contraction T € L(H)
(i.e., [|T|} < 1) is absolutely continuous if in the canonical decomposition T' = T} § T3,
where T is a unitary operator and T: is a completely nonunitary contraction, Ty is
either absolutely continuous or acts on the space (0). The space L = LP(T),1 <
£ p & oo, is the usual Lebesgue function space relative to normalized Lebesgue
measure m on T. The space H? = H?(T), 1 < p < 00, is the Hardy function space.
It is well known (cf. [14]) that H* is a weak*-closed subspace of L*® and +(H®) is

2w
the subspace H} = {f eL! :/ f(e)e™dt = 0, for n =0, 1,2,...}. The space
0
H® i the dual space of L!/H}, and the duality is given by the pairing

(f.la]) = /T fodm, feH™, [g] € L'/H}.

We denote by Az the dual algebra generated by T. The following Foiag~Sz.-Nagy
functional calculus provides a relationship between the function space H* and a dual
algebra Ar.

THEOREM 2.2 [5, Theorem 4.1]. Let T be an absolutely continuous contraction
in L(H). Then there is an algebra homomorphism &r : H® — Ar defined by
o7 (f) = f(T) that has the following properties:

(a) &r(1) =1n, 97(¢) =T,

® Nler(H € 1flleo, f € H,

(c) @ is continuous if both H*® and Ar are given their weak* topologies,

(d) the range of & is weak*-dense in Ar,

() there exists a bounded, linear, one-to-one map ¢ : Qr — L1 /H} such that
¢7 == @r, and

" (f) if &r is an isometry, then ®r is a weak* homeomorphism of H® onto Ar
and ¢r is an isometry of Qr onto L1/H}.

We denote by A = A(H) the class of all absolutely continuous contractions 7 in
L(H) for which the Foiag—Sz.-Nagy functional calculus &r : H*® — A7 is an isometry.
Furthermore, if m and n are any cardinal numbers such that 1 < m, n < Ng, we
denote by Amn = Amn(H) the set of all T in A(H) such that the singly generated



312 L BONG JUNG

dual algebra Az has property (Rm ) (cf. [4].[5]). It is easy to see that if @r is an
invertible operator, then &r is aa isometry. A subset 4 of D is said to be dominating
for T if almost every point of T is a nontangential limit of 2 sequernce from A. It follows
from (7} that A C D is dominating for T if and only if ?\22 iFO) = i filoo, F € ™,

where f is the analytic extension of § to M. For T € LX), the subspace M of M
is said to be a semi-invariant subspace for T if there exist M, Ny € Lat(T) with
M D N3 such that M = N © Aa(= N NN5). The operator Ty = P TiM, where
Py is the orthogonal projection from H onto M, is called the compression of T to
M, and T is called a dilation of Th4. Now we recall some notation and terminology
from [17], [18], {19} and [20]. Ar operator X & L(H.H’) is called an injection if it
is one-to-one (or ker X = (0)). A family {X,} of injections in L(H,H') is called
complete if VXM = H'. Suppose T € L(H) and 7" € L(H'). The operator T is
said to be ingected into 7" if there is an injection X : % — H' such that T'X = XT
and we write T » T, (or T 1"). The operator T is said to be completely injected
into 7" if there exists a complete family {Xa} of injections in L{H,H') such that
T'Xa = X,T for each a, and we write T’ c';'T (or TZT ). The operator T is said
to be a quasi-affine transform of I” if there exists a quasi-affinity X : H --» H’ (i.e.,
X is one-to-one and has a dense range) such that "X = XT, and we write T' > T
(or T < T"). The operator T is said to be quasi-similar to TV if T < T" and 7" < T,
and we write T~ T" in this case.

For the unilateral shift § of multiplicity one, we recall that the function S(9)
defined by S(9) = (S*|{(H? 3 611%))*, for an inner function # is called a Jordan block.
Recall (cf. [19]) that any operator of the form S(6;)@S(82)® - - -© S(8;)® S, where
6:,02,...,60r are nonconstant (scalar valued) inner functions, each of which is a divisor
of its predccessor, and 0 < k < oo, 0 € I € oo, is called 2 Jorda}n operator. Sz.-Nagy
[17] showed that if 7' € Co(H)} with dr < oc, where dp = dim{(7 - T+T)%H}, then
there exists a uniquely determined Jordan operaior Jp = S(8:)®- - - ®S5(6:)© S such
that Jp LT < J7. Moreover, we have k < dr and { = dp« — dr. The operator Jr is
called the Jordan model of T. Let K; be a Hilbert space and let 73 € £(Kg), ¢ = 1,2.
‘Throughout this paper we shall write T3 = T, if 7} is unitarily equivalent to 7%,

3. A DILATION THEOREM FOR OPERATORS IN Amn

We recall that a set {es}egien of vectors in a Kilbert space K is an n-cyelic set
for an operator A in £(K) if K is the smallest invariant subspace for A containing
{es}agicn. X is a (unbounded) lincar transformation, we write D(X) for the domaia
of X and R(X) for the renge of X. The following dilation theorem will be a good
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tool in many situations.

THEOREM 3.1. Suppose T € Am (M) for some positive integers m and n. Let
A be any absolutely continuous contraction on a Hilbert space K. If A possesses an
m-cyclic set {ey,...,em} of vectors in K and its adjoint operator A* has an n-cyclic
set {fi,..., fa} of vectors in K, then there exist M, N € Lat(T) with M D N and a

closed one-to-one linear transformation
X:D(X)->MoN

such that .
(a) the linear manifold D(X) is dense in K and contains {ey,...,em},
(b) the range R(X) of X is dense in M © N, and
(¢) AD(X) € D(X) and Tmon X2z = X Az for all z in D(X).

Proof. The idea of this proof comes from Hari Bercovici and that of [5, Theorem
5.3]. For each pair 1 € i € m and 1 € j £ n, we have [L;j]r € Qr such that
éa(le; ® fi]a) = é7([Lij]lr). Then, by the hypothesis, there exist sequences {z;}[2,
and {yj};‘zl of vectors in H such that {Lijlr = [z:; Qyjlr, 1 <i<m, 1L j<n
Thus we have (4*e;, f;) = (T*zi,y;), 1<i<m, 1<j<n k=012.. We
define m

M= V{p,'(T):c,- : p; is any polynomial, 1 i m}

i=1

and n
M, = V{q_,-(T*)yj : ¢gj is any polynomial,1 £ j < n}.

ji=1
If we write N' = M © M., then obviously we have M, N € Lat(T) and N' C M. Let
z; = z; + w;, where z; E MON, w; € N. Since T*"y,- € M, for all j and k, we have
(TFws, y;) = (wi, T**y;) =0, 1 i< m, 1<j<n, k=0,1,2,.... Therefore we
have (AFe;, f;) = (T*zi,y;5) = (T 2z,y;), 1<i<m, 1<j<n, k=0,1,2,.... fwe
write T for the compression Taqgr, then we have (A¥e;, f;) = (T% 2, y;) + (vik, y5) =
= (T"z;,yj), 1€ig<m,1<5<n k£=0,1,2,.... Now we consider the correspon-
dence m m

Xo: Y pi(A)e; — Y pi(D)z,
i=1 §=1

where p;(A), 1 < ¢ < m , are any polynomials. We shall show the closure of Xj is
the required map. First, to show that X is a well-defined linear transformation, let

pi(A), 1 < i< m be polynomials such that

Zpi(A)e,; =0.
i=1
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Then for any polynomials, ¢;(}), 1 < j < », we have

78 n
Dows(Aes, Y 4 (AN | =0.
gzl j=1

For any polynomial ¢;(A), 1< j < », this is equivalent to

k £ 73
NN i A)es, ai(A%355) = 0,

§=1 §=1
m 7
ie.. ZZ(@(A)&(A)% f;)=0, where §(A)==g; \/\),
ir=1 §=1
n i)
e D Y AHDp{Thas, ;) =0,
§:=1 f=1

KE Pa(F)@usZ%U‘ Jus b =0,

" 7
ie, | P p( D) s +w), )T | =0,
3 j=1

fw oa
Q\L w2, Y (T § =9,
\ {=1 ji=1

which is equivalent to

ZP&(F)“A = 0.

=1

Thus Xg is a well-defined onc-to-one linear transformation. Second, to show Xj is

closable, we shall claim that if

LPQ”(A)e — ¢ (k — 00)

§=1

and

My
DBy = # (k= oo)

i=1

then we have ¢/ == 0 if and only if 2/ = 0. To show this, a similar method fo the

n
above proof is used. Indeed, ¢’ = 0 if and only if | ¢, qu(A‘) f; 1 =0, for any
i=t
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polynornials g;(A),

my n
ie., lilzn (Zp,(-k)(A)eg,E qj(A*)fj) =0, for any polynomials g;(}),
=1 i=1

my n
ie., li;n (z; pgk)(T):cg, Z g; (T*)yj) =0, for any polynomials ¢;(}),
1=

j=1
n .
ie, |2, qu(T"')yj =0, for any polynomials g;(A).
ji=1

This means 2’ = 0. Therefore X is closable and its closure X is one-to-one. Since
R(Xo) is dense in M © N, R(X) is dense in M & N. Finally, for any polynomials
pi(}), 1 < i < m, we have

m m m

TXO (E p,-(A)e;) = T (Zp.'('f)zi) = XoA (Ep,-(A)e.-) .
i=1 i=1 =1

Hence we have XAz = T'Xz for all z in D(X). The theorem is proved. |

- REMARK 3.2. The preceding proof also implies that this theorem is valid when
n= No.

4. OPERATORS IN Am,n WITH APPLICATIONS TO JORDAN MODELS

We recall (cf. [18, Theorem I. 4.1]) that for every contraction T on a Hilbert
space H there exists an isometric dilation Br on some Hilbert space K(D H), where
o«
K= \/ B3}H. Moreover, if B’ is another isometric dilation of T, it follows from the
n=0

proof of [18, Theorem I. 4.1] that B’ is unitarily equivalent to an extension of Br.

LEMMA 4.1. Suppose'T is a contraction operator on H and T € C.y. Let

T =

S O
o M o#
*  * ¥

relative to some decomposition H = H,; & Ha & Hs. Then we have dj. < dps.

Proof. By the previous remark, there exists a minimal isometric dilation Br €

€ E(K) of T such that
( )
0T ’
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relative to the decomposition K = H+ @M. Since T € C.g, it follows from [1, Corollary
1.2.11] that Br is the unilateral shift of multiplicity dr-. Moreover, since By has a
matrix

Bp=| e
0 : 0 T «

\ 00 */
relative to the decomposition K = H+ & H; ® Ha ® Hs, it is obvious that By is an
isometric dilation of 7. On the other hand, if we write By for the minimal isometric
dilation of T, then By is the urilateral shift of multiplicity d7.. According to the
minimality, since By is an extension of By, it is obvious that dp. > dj.. Hence the

proof is complete. |

The following lemma, which comes from [20, Theorem 2.3] is a useful tool for
finding the Jordan models of operators in Ay, , N Clo.

LEMMA 4.2. Let Ty and T be contractions in C.o(M) with dr; < oo and dr, < occ.
KTy < T3, then we have Jp, = Jrp,.

It is well known that if T is a C.; contraction, then dr < dp.. Note that the
linear transformation X in Theorem 3.1 was not necessarily bounded.

LEMMA 4.3. In Theorem 3.1, if we denote T = Tmeon and define B = (A @
®T)G(X), where G(X) is the graph of X, then B € L(G(X)) and satisfies B < A
and B<T.

Proof. The technique of this proof comes from H. Bercovici (cf. {1, p.64]). Since
X is closed, G(X) is closed in K @ (M © N). So B is a bounded operator acting on
G(X). To show B maps G(X) into itself, i.e., that B € L(G(X)), let z® y € G(X)
so that y = Xz. Then B(z @ y) = (A® T)(z ® Xz) = Az ® T Xz. Moreover, since
TXz = XAz for every z € D(X), we have B(z®y) = Az® X(Az). Hence B(z®y) €
€ G(X) and B € £L(G(X)). Now we define Y; = P1|G(X) and Y2 = P,|G(X), where
P, is the projection of K&(MEN) onto K and P, is the projection of C&(MEON) onto
MG N. Since X is one-to-one, it is obvious that the operators Y; € £L(G(X),K) and
Y2 € L(G(X), MON) are one-to-one. It follows from (a) and (b) in Theorem 3.1 that
Y1G(X) = K and Y2G(X) = M ©N. Hence it is sufficient to show that AY; =Y, B
and T'Y, = Y2B. To do so, let z® Xz € G(X) for z € D(X). Then (AY))(z® Xz) =
= Az = Y1(Az ® X(Az)) = Y1(4Az & TXz) = Yi(A@ T)(z ® Xz) = V1 B(z ® Xx)
and (TY2)(z® Xz) = TXz = Ya(Az @ TX2) = Y2(A T)(2® Xz) = Yo B(z ® Xz).
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Therefore B < A and B < T. The lemma is proved. ]

PROPOSITION 4.4. Suppose T' € C.g N A, 1(H), for some positive integer n and
dr. < 0o. If A € C(K) has an n-cyclic set of vectors, A* has a cyclic vector, and
da+ < o0, then there exist M, N € Lat(T) with M D N such that J4 = Jj, where

T= Tron -

Proof. Since A is completely nonunitary contraction, it follows from Theorem
3.1 that there exist M, N € Lat(T) with M O N and a one-to-one closed linear
transfermation X : D(X) — M © N such that D(X) = K, Range(X) = Mo
ON, AD(X) C D(X), and Tmen Xz = XAz for all z in D(X). If we define B =
= (A © T)|G(X), it follows from Lemma 4.3 that B < A and B < T. To show T' €
€ C.o(MON), let £ € MO N. Then since T*" has a matrix of the form

* 0 0
« T* 0
T

relative to the decomposition H = Hy ® Hz ® Hs, for all positive integer k, and since
|IT**2|| — 0 (k — c0), it follows from a simple calculation that ||7**|| — 0. Hence
T €Cy. Moreover, since A € C.o, and since A@ T is an extension of B, we can show
easily that B € C.o. Now, to apply Lemma 4.2, to show that Jg = J4 and Jp = Jjf,
we shall show that the defect indices of 7" and B are finite. But according to Lemma
4.1, we have dj < dp. < dp» < 00 and dp- < d(Am-q). < dagr)s < 0. So the proof
is complete. a

Now we address the problem of the Jordan models of operators in C.o N Ay 1.

THEOREM 4.5. Suppose T' € C.o N A, 1(H) for some positive integer n and
satisfies dp+ < oo. Then there exists a positive integer r with n < r + dr such that
O k<drandJr =56,)d---®S6)® S(*), in the sense that if k = 0, then
Jr = S,

Proof. Since T € C., we know that T has a Jordan model Jr. Let Jp =
=S5(6,)®-- -@S(ak)GBS(’) be the Jordan model of T with 0 < k < dr, r = dp+ —d7.
Let us consider the unilateral shift S(®)(= A) of multiplicity n. It follows from [13, p.
281] that A has an n cyclic set and A* has a cyclic vector. Moreover since dg» = n,
according to Proposition 4.4, there exist M, N € Lat(T) with M D N such that
Ji = Jgm = S™). where T = Tmeown - Hence n = dj. —dy, and according to Lemma
4.1 we have 0  dj = dj. —n < drs —n=r+dr —n. So n < r+dr, and the proof
is complete. |
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The following corollary gives good information about the defect indices of oper-
s :

ators in <n An,l(’H)) N C.o.

n=1

e o]
COROLLARY 4.6. If T € (n A,,,l(’}i)) N C., then dp. = Rg.

n=1
Proof. Suppose dr+ < 0o. Then there exists ng € N such that dpr. < ng and
T € A,,,1. By Theorem 4.5, therc exists a positive integer r such that ng < r+ dr
and dpe —dr = r. Therefore we have dp +r = dr. < ng € r+dr. This contradiction
proves the corollary. n

The following proposition is a generalization of [16, Proposition 2.4].

PROPOSITION 4.7. Suppose that for 0 < i < n, T; € Al,m(r,:) for some real

number r; 2 1 and some cardinal number m satisfying 1 < m £ ®o. Then:
(a) if n < Rg, then @ T: € Ay m(r), where r = max r;, and
0<i<n
0gi<n
(b) if n = Ro, then P T € Ax,(1).
0gi<n
Proof. Assume n < Rg. Let s > I?a&x r; and let {[Li;]7} ogi<n C @, Where
0gi<m
T= @ T;. Let us consider the usual isometric isomorphic weak® homeomorphism

0gi<n
éi from Q4 onto Qr; (cf. [5,p. 34]). Since ¢.([L.,]T) e Qr; and s > r; for any ¢ with

0 € i < n, by definition there exist vectors z; and ? ) in M, 0<i<n, 0<j<m,
such that
$il(Lisls) = [2:® 4 Iz,
el <s D Ll
0gsi<m
and
llgs 1 < slilZijlzll-
Now 1if we set o
-~ ”\ .
Zi =00 ---000z; 800 --- 00, 0<i<n
™

and
=y oy e. eay,)ea oy"™, 0<i<m,
RS
then we have ¢;([%; ® §;]7) = [z: ® y; ¢ )] = ¢i([Lijl7), 0<i<n, 0<j<m. Sowe
get
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&N = lled? <s Y, NLilpll, 0<i<n,
0gi<m

and
1P = 3 171 <o 3 Lalall
0gi<n 0gi<n
Therefore ' € A, (7). Next if n = Ry, according to [5, Proposition 5.8], we have Te
€ Ay,. Moreover since Ax, = Rx,(1) (cf. [5, Theorem 6.3]), we have this proposition.
]

H. Bercovici, C. Foiag and C. Pearcy (cf. [4]) showed that if we write S(®) for
the unilateral shift of multiplicity » and S() = S, then we have S(*) € A, \ Ap41.
The following corollary is a generalization.

JOROLLARY 4.8. For any n € N, we have:
(a) S € Anxe(1) \ Apy1,1, and
(b) S("). G ARO:”(]') \Al)n+1.

Proof. 1t is easy to show that S € Ay x,(1) (cf. [11, Theorem 6.2]). Hence by
Proposition 4.7 we have S( € A, x,(1). To show S(®) ¢ A,4;;, we suppose S()
belongs to An41,1. Since S(") satisfies all conditions in Theorem 4.5 and dg(n) = 0,
there exists » € N with n + 1 < r such that Jgm) = S(). This contradiction proves
that S() & Ap41 1. Furthermore, since (b) is the dual of (a), obviously we have (b).
Hence the proof is complete. |

This corollary will be used as a lemma for Theorem 5.3.

5. JORDAN OPERATORS AND MEMBERSHIP IN Am n

Let T be a C.p contraction with dp < oo and let

T— (T1 *)
T\0 Ty
Coo *

0 Cho
S(6,)®---®S(8:)®SW, then the Jordan models of T and T are S(61)®- - -® S(6)

and SO, respectively (cf. [20, Lemma 2.7]). We obtain immediately the following

lemina. .

be its (unique) triangular form of type ( ) If the Jordan model of T is

LEMMA 5.1. Let T € A, 1(H) N C.o with dp+ < co. Then T € C)o if and only if
there exists r € N with n < r + dr such that Jp = S,
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FProof. Assume T € Cyg. By the previous remark, there exists 7 € N such that
Jr = S). Furthermore, according to Theorem 4.5 we have n < r + dr. Conversely,

let Jp = S() and let
T, A
T =
( 0 Tz)

Coo * . )
. Then it is sufficient to show that
0 ¢Cho

Ty = 0 on (0). To do so, let us consider any nontrivial Jordan block S(#) and set

be its unique triangular form of type (

S 0 : =«

G o T i

T=11 .. i =21
" oA :

0 : 0 T 0 : Ty

Coo .
0 Cm)' Since J; = Js(pyor =

=Js@ey® Jr = S(0) ® S() by the previous remark, we have Jse)er, = S(f) and
Jss) @ Jr, = S(6) ® Jr,. Hence Jp, = 0 on (0) and 71 = 0 on (0). The lemma is
proved. |

Then this matrix has the triangular form of type (

LemMa 5.2. If T € A, 1(H)NC.e with dpe < oo, then there exist M, N € Lat(T)
with M D N such that dim(ker T*) = n and Jp = S} where T = Tmen-

Proof. Let us consider A = $). It follows from Proposition 4.4 that there exist
M, N € Lat(T) with M D N such that J; = S and dj. —ds = n. By Lemma
5.1, we have T € Cio. Now applying [15, Lemma 8], we obtain dim(ker ) =n. ®

Now we are ready to establish new elements in Ay, 5.

THEOREM 5.3. If B is an operator of class Cy (i.e., there exists u € H®, u# 0,
such that u(B) = 0) acting on a separable Hilbert space with dp. < oo, then we have
$™ @ B € Anxo(1)\ Ansr1, n EN.

Proof. Without loss of generality, we can assume that B is nontrivial (otherwise,
this is exactly Corollary 4.8). Let us denote T = S(™) @ B. Since T € Aj x,(1)
obviously, it is sufficient to show that T & R,41,;. Suppose T € Rgy1,1. Since
dre = n+dg+ < 00, it follows from Lemma 5.2 that there exist M, N € Lat(T) with
M D N such that dim(ker 7*) = n + 1 and J7 = S*+1), where T = Tamgnr- Let us
say

~

il
o o I
(=
* ¥ ¥
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relative to the appropriate decomposition of the Hilbert space of T. If we denote

Ty = T\M, we have
(o 7)
Tl - ~
0T

and T} € C.;. Since B is a nontrivial operator of class Cy acting on a separable Hilbert
space, it follows from [1, Theorem 5.1, p. 56] that there exists the Jordan operator
Jg=56)& -- (B S(Gk) k € N, such that B ~ Jpg (1e B < Jg and B > Jp).
Then we have Jrp, -< Ty T = s ® B < Jswmen PR ®B < SMgJg =
= S aS5(6,)®- - -®S(fk). Now according to [19, Theorem 4], there exist nonnegative
integers n’, &’ with n’ < n, k¥’ < k (at least one of n’ and &’ is positive) and non-
constant (scalar valued) inner functions 8}, i < k', such that 6! is a divisor of 6;
and

(5.1) Jr, =S @S- & S6,).

o= (5 1)
T\ 0 Es

C
(;)o C:o). Then we say

Note that E € C.g. Let

be its (unique) triangular form of type (

(E *) Ey *  *
T = PO I
0o T
0 E2 *
0 0o T
Let us denote 5
~ 2 *
E = LK
(T 7)ecw

Since J; = S+ by Lemma 5.1, we have T € C1o. Now we shall claim E € Cy,.
Let z =z ®y € K with 2# 0, and let

i _(Eg Rn

En = 0 f‘”)’ vn eN.

Then we have ||E"2||? = ||[Ejz + Rnyl|®> + ||T"y||> for alln € N. If y = 0 and z # 0,
we have ||Efz|| /4 0. If y # 0, then ||T™y|| # 0. Hence ||Ez|| 4 0 and E € Cio. So

T-(El *)
“\o £
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*

Cio
and dz. —dg = n'. Applying [15, Lemma 8], we obtain dim(ker E*) = n/ < n. Recall
that dim(ker 7*) = n + 1. Then the relation

= (E2 0
"“(:s w)

induces a contradiction, and the proof is complete. |

is the triangular form of type (Cgo ) By (5.1), we get Jz = s ogn <n,

We now can obtain immediatcly the following corollary, whick is an improvement
of Corollary 4.8.

CoRroLLARY 5.4. Let J be the Jordan operator of the form S(6:) & - &
®S(0:)® S, 6K k< oo, 1 <n<oo. Then we get J € Ao xo(1)\Arsa1.

6. THE CLASSES Am n ARE DISTINCT

H. Bercovici, C. Foiag and C. Pearcy [4] showed that A; 2R2 2 --- 2 Ax,. Fur-
thermore, H. Bercovici (¢f. [23]) and B. Chevreau (cf. [10]) showed independently
that A = A;(1). If p,g,m,n € N with p > m, ¢ > n, then obviously we have
Ay 4 C Am,n. We recall from the previous section that st») ¢ Ay o \ Ant1,1 for each
positive integer n. Using this result, we shall distinguish the classes Ay, , one from

another as follows:

THEOREM 6.1. Supposc m,n,p and ¢ are cardinal numbers such that 1 <
< m,n,p,¢< R, Then Ay # Ay if and only if m # p or n # q. Furthermore, we
have Ay C Ay g ifandonlyifm 2 pandn 2 q.

Proof. Assume that m # p or n # q. If m # p, without loss of generality,
we can assume m < p. Since SC™) € A, x,, we have Stm) ¢ A, ». But since
A, C Api NAptrr and since ™ ¢ Apyyp, we have S(™ ¢ A, ;. Therefore
A # Ap . On the other hand, if we assume n # g and n < g, since S®*)° € Ay g,
we have S(7)° ¢ Ay, . Moreover, since Sn)” & A1,n+1 and since Ay, C Ay ¢NAY nya,
we have S(7)° ¢ Apq. Thus A, » # Ry ,. For the second part, if m 2 pand n 2 ¢,
then we know that Ay, C Ap 4. Conversely, suppose m < p or n < g. Without loss
of generality we can assume m < p. Based on an examination of the above arguments,
we obtain S(™) € A, \ Ap g, 50 that A, n cannot be contained in Ap 4. Therefore

the proof is complete. n
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