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ABSTRACT. We explicitly construct functions in H> ('JI‘Q)J' which determine
bounded (big) Hankel operators on H?(T?) but are not of the form P, 1 for
any i) € L>(T?). We use this construction to show that the norm of a Hankel
operator with bounded symbol is not, in general, comparable to the distance
the symbol is from H*(T?). We also characterize the vector space quotient
of symbols of bounded Hankel operators modulo those which lift to L°°(T?)
in terms of a Toeplitz completion problem on vector-valued Hardy space in
one-variable.
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1. INTRODUCTION

Let L?(T?) denote the space of Lebesgue measurable, square-integrable functions
on the torus, T2. The Hardy space, H?(T?), is the closed subspace of L?(T?)
consisting of those functions whose Fourier coefficients vanish off ZT x Z*. For
¢ € H2(T?)", the big Hankel operator with symbol ¢ is densely defined by Lof =
Py (¢f) where f € H?(T?) is a polynomial and P, : L*(T?) — Hz(’]I‘z)L is the
orthogonal projection onto HQ(TZ)J'. Note that 'y, = I'p, 4 on polynomials and
the correspondence between the operator I'y and the function P, ¢ is one-to-one.
Let Hank(T?) denote the space of functions ¢ € Hz(']IQ)J‘ for which I', extends to
a bounded operator from H?(T?) into L?(T?) equipped with the operator norm,

|l ank(r2) = ITgll-
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If ¢ € L°°(T?) then Py ¢ € Hank(T?) and || PLt)||gank(r2) < [[¢]|o- It follows
that ||PL)|lgank(r2) < [|¢ + hllo for all h € H>®(T?) and thus [P ||gank(r2) <
distoo (¢, H*(T?)). Identifying P, (L>°(T?)) with the quotient L>(T?)/H>(T?),
we have that P, (L>°(T?)) is contained contractively in Hank(T?). This, of course,
holds in the one variable case and Nehari’s Theorem says that P, (L>°(T)) =
Hank(T) and the norms are the same. However in [6], Cotlar and Sadosky proved
that the analogue of Nehari’s Theorem does not hold for Hank(T?) by showing
that P (L>°(T?)) was strictly smaller than Hank(T?). Using duality and a repre-
sentation theorem for functions in Hank(T?), the authors proved only the existence
of a function in Hank(T?) which does not lift to L>(T?).

In this note we exhibit such functions and characterize the vector space
quotient Hank(T?)/P, (L°(T?)) in terms of a certain Toeplitz completion prob-
lem. The paper is divided into two parts. In Section 2 we study the subspace
of Hank(T?) consisting of those functions which lie in the second quadrant of
L?*(T?). This allows us to transfer the Nehari problem for this subclass to a
Toeplitz completion problem on vector-valued Hardy space. The Toeplitz com-
pletion problem is then used to produce functions in this class which are not in
P (L*(T?)). The following result from Section 2 implies, in particular, that the
function ¢((y, ¢2) = log(1—C1¢o) is in Hank(T?) but ¢ # P, 4 for any ¢ € L>°(T?).

THEOREM. Let f € H2(T), £(0) =0, and let ¢((1, Go) = f(C1ée) € HA(T) @
H?(T). Then ¢ € Hank(T?) if and only if f € Hank(T) and in this case,
¢ ltank(rzy = [Ifllank(r)- Furthermore, ¢ € P (L>(T?)) if and only if f €
H>(T) and in this case || f|lso < distoo (¢, H®(T?)) < || floo-

It will follow easily from the theorem above that the quotient norm and
the Hankel norm on the space P (L>°(T?)) are not equivalent, Corollary 2.4. This
question was posed in [6]. In Section 3 we prove the following lifting theorem which
says that as a vector space the quotient Hank(T?)/P, (L>°(T?)) can be identified
with the Hankel operators whose symbols lie in the second quadrant of L2?(T?)
and are not of the form P, for any ¢ € L>°(T?). In other words, the Nehari
problem for H?(T?) is equivalent to the Toeplitz completion problem discussed in

Section 2.

THEOREM. Let ¢ € Hank(T?2). Then there exists ¢o € H2(T)" @ H2(T) such
that ¢ — ¢o € PL (L (T2)).
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DEFINITIONS AND NOTATION. Recall that the space L?(T?) is isomorphic
to L*(T) ® L*(T). If e,(2) = 2™, |2| = 1, denotes the standard orthonormal basis
for L?(T) then via the Fourier transform every function f € L?(T?) corresponds
to an element of the form

oo oo

f~ Z Umnem @ €, where |[|f]|* = Z |G|

m,n=—o0 m,n=—o0

The first sum can be split into four direct summands according to the iden-
tification Zx Z = (ZT x ZY)® (Z~ xZY)® (Z~ xZ7)® (Z* x Z™). In this way,
L?(T?) can be identified as a four quadrant space where the quadrants are labeled
as follows.

G
® H(T) H*(T) ® H2(T)

G

H2(T )"

H(T) ® H*(T

In particular, H?(T?) = H?(T) ® H*(T) and every function f € H?(T?)
corresponds to a sum of the form . e, ® f, where f, € H*(T) and ||f||*> =

n=0

[ee]

S 1 fnl?. Similarly, every ¢ € L?(T?) which lies in the quadrant Hz(’]I‘)L ® H?*(T)
n=0
can be identified with an element of the form > e_, ® a,, where a,, € H*(T) and

n=1
00
ol = 32 llanll.
n=1

For ¢ € L°(T) let Ty denote the Toeplitz operator on H?(T) defined
by Tyf = Py(vf) where Py : L*(T) — H?(T) is the orthogonal projection
onto H*(T). If a € H*(T) then T, is just multiplication by a and referred
to as the analytic Toeplitz operator with symbol a. The notation P(D?) de-
notes the space of polymonials in two variables equipped with the sup norm,

Iplloc = sup  [Ip(C1, G2)II-
[€1l=1, |¢2|=1
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2. FUNCTIONS IN Hank(T?2) \ P, (L (T?))

In this section we focus on the subclass of Hank(T?) consisting of those symbols
in H? (T)l ® H?(T). Recall that the operator-valued version of Nehari’s Theorem
states that the Hankel matrix with operator entries, (4;1;41), is bounded on the

infinite direct sum EBH 2(T) if and only if there exist operators X,, € B(£?) such
that

B(e2)

o0 o0 B
sup | 30 ¢ X+ A,
n=0 n=1

I¢l=1

Furthermore, in this case, there exists (see [9]) a sequence X,, for which

I(Aspjv)l = sup H ZC”X +Z

If we take the operators A,, to be analytic Toeplitz operators, say 4, =1, ,
then there is no reason to assume that we can find a solution of the form X,, = Tbn,
where b, € H>(T). However, by using the projection onto the Toeplitz subspace
{Ty | v € L>=(T)}, see [1], we do have that

{yn}CL>

||(Tai+j+1)|| - inf ) H Z C"Twn + Z EnTan o
n=0 n=1

The next result shows that we can find analytic functions b,, such that

| a,+]+1 H Z CnTbn + ZC Tan

o0
if and only if ¢ ~ Y e, ® a, is in P, (L>(T?)).

n=1

PROPOSITION 2.1. Let ¢ ~ > e_, ® a, be in H2(’IF)L ® H?(T). Then
n=1
IToll = sup [[(airjr1(M\)l2y. The function ¢ is in Py (L>°(T?)) if and only if
IA|=1
there exist functions b, € H*>°(T) such that

B(e2)
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Proof. Let f~ Y e, ® fn, be in H?(T?). Then
n=0

(2.1) Tof~ Y em®D aminkn
m=1 n=0
9 o) 2
Hence [Ty f|* = ansrnfn| - It follows that [|Ty| = ||(Ta,,,,, )| Iden-

k=1
tifying @ H?(T?) with the Hardy space of ¢?-valued functions on T, the oper-
1

ator (Ty,,,,,) corresponds to the analytic multiplier z — (a;4;41(2)) and thus

|(Tars; sl = ‘Slllp [ (@itj+1(M\)|lBezy- The function ¢ is in Py (L>(T?)) if and
Al=1

only if there exists a function b € H?(T?) such that ¢ +b € L>®(T?). If b ~

> en ® by, then
n=0

lé+bllee = sup I6(- N+5C Nlloo = 510 [ 5050 bh) ()

[Al=1 [A|=1
B(e2)
The proof is now complete. 1
Now if a,,,b, € H*(T?) then

bo()\) al(/\) ag()\) e Tbo Ta1 Ta2 e

bl ()\) bo()\) al ()\) e Tb1 Tbo Ta1
‘ilﬁpl b2(A)  bi(A) bo(A) N Ty, Ty, Ti,

B(e2)

Identifying the Toeplitz operator matrix on the rlght with the operator-valued
function defined on the circle by ®(¢) = Z "y, + Z ¢"T,, , it follows that

Ty, T, Tbo =1

n=0 n=1
Ty, T, .
Ty, To, Ta -
— n + nTa .
: supHZc Zc .

Thus, by Proposition 2.1, a function ¢ ~ Z e_n®a, € Hank(T?) lifts to L>°(T?)
n=1
if and only if there is an analytic solution to the Toeplitz completion problem for

the operators A, =T, .
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Therefore, to find a function ¢ € Hank(T?) which lies in the second quadrant
and which is not in P, (L>°(T?)) we need to construct a sequence a,, € H(T)

such that
al()\) CLQ(/\) a3(/\)

a9 ()\) ag(/\) CL4()\)

lilwl:pl az(A) as(A) as(A) ... < 00

B(2)
but
bo(A) a1(A) az(A)
bi(A) bo(A)  a1(N)

e aY) B b

|
8

B(¢2)
for all sequences {b,} C H*(T). The following lemma will be used in the proof
of Theorem 2.3.

LEMMA 2.2. (i) If {an} € €% then for all [N = 1, |[(cis; N2y =

I(@its)llsee)-
(ii) If {an} € €%(Z) then for all |\ =1,

(%)) 05_15\ 04_25\2 .- Qg 1 G_9
al)\ (67} 05_15\ N aq (67} a_q
as A A Qg ... - s Q1 Qg
B(e2) : : : B(e2)
Proof. To prove (i) let Hy = (a;+;A"7), [\ = 1. Then H, is the Schur
product of the Hankel matrices (\*7) and H; = (a;4;). Since |af = 1, it is

easy to see that the Schur multiplier (A\**7) acts isometrically on B(¢?). Hence
[EA]| = (1 H - N
To prove (ii) let ¥ ~ > ape, € L3(T). For [A| = 1 let ¢\ (¢) = ¥(XC).

Then o
[¥alloo = sup [W(AQ)] = [[¥[loc  for all [A] = 1.
Since Py ~ > apA"e,, (ii) now follows. &
n=-—oo

THEOREM 2.3. Let f € H?(T), f(0) = 0, and let $(¢1,(2) = f(Ci1¢2) €
Hz(’]I‘)L ®@ H*(T). Then ¢ € Hank(T?) if and only if f € Hank(T) and in this
case, ||¢|lgank(r2) = ||fllHank(r). Furthermore, ¢ € Py (L>(T?)) if and only if
f € H®(T) and in this case 3| f|loo < distoo(¢, H*(T?)) < || f]]oo-



THE NEHARI PROBLEM FOR THE HARDY SPACE ON THE TORUS 315
oo o0
Proof. Let f ~ > ape,. Then ¢ ~ > e_p, ® a,, where an(\) = ap, A" €
n=1 n=1
H*(T). By Proposition 2.1, [|Ts|| = sup ||(ai+;+1 A" T1)||. Thus by Lemma 2.2
IAl=1

and Nehari’s theorem, ||Ty|| = |[(ctiqj41)|| = [[(@55+1)| = IIf]ltank(r). Note that
if f € H®(T) then ¢ € L>=(T?) and ||§||cc = ||f|lc- Since ¢ = P, ¢ we have that

(2.2) feH>®(T)= ¢ c L=(T?) and disteo (¢, H(T?)) < || f]loo-
Now suppose that ¢ € P, (L>°(T?)) and let b ~ > e, ®b, be a function in H?(T?)

n=0
such that ¢ + b € L>(T?). Then

bo()\) 011)\ 012)\2
b1 ()\) b()()\) 041)\

O | ESE I I VI | IR
. . . ) s
By Lemma 2.2,
bo()\) Oq)\ 042/\2 e bo(/\) (5] (6%}
bl()\) bo(/\) 0&1/\ B )\bl(/\) bo(/\) a1
SR 2200 i) o) TS ] A%2(h) AbL(Y) Be(A)
' : B(e2) 3 3 NG

Now the function

bo(2) @ 2
2bi1(2)  bo(z) a1
B(z) = 22bo(2)  2b1(2) bo(2)

is an analytic B(¢?)-valued function on the unit disc with constant term equal to

b(0,0) Q Q2
0 50,00
0 0 b0,0)

Hence [|B(0)|| = [|6(0,0) + f|loo < sup ||BA)|| = ||¢ + b|loo- Thus f € H*(T) and
[Al<1

[l + blloo = inf{||w + flloo | w € C} = disteo(f,C). Since f(0) =0, dist(f,C) >
211 flls- The result now follows from (2.2) above. 1
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COROLLARY 2.4. For any & > 0 there exists ¢ € L>(T?) which lies in the
quadrant HQ(']I‘)L ® H?(T) and such that |Ty|| < e but distoo (¢, H>*(T?)) > 1.

Proof. Let f € H®(T), f(0) = 0, such that | f||cc = 1 but || f||gankm) < &
We know that such a function exists since the Hank(T) norm and the sup norm are
not equivalent for bounded functions. Let ¢(¢,\) = f({A). Then ¢ € L>°(T?) and
by Theorem 2.3, [Ty | = || f|lHank(r) < € and disto (¢, H*(T?)) = 1| fllo = 2. W

It follows by Corollary 2.4 that there does not exist a uniform constant C' > 0
such that diste (¢, H®(T?)) < C||Ty| for every ¢ € L>(T?).

3. THE QUOTIENT SPACE Hank(T?)/P, (L>°(T?))

In [5], Cotlar and Sadosky characterized the symbols of bounded Hankel opera-
tors as those functions in the so called restricted BMO class and prove that the
restricted BMO norm and the Hankel norm are equivalent. In this section we
prove an alternative lifting result which turns out to be equivalent to the lifting
part of Cotlar and Sadosky’s result. In other words, a proof of Theorem 3.1 below
can be based on the result in [5]. On the other hand, with the exception of the
statement on norms, Theorem 3.1 can in turn be used to prove the lifting part of

the result in [5]. In this sense, the two lifting results are equivalent.

THEOREM 3.1. Let ¢ € Hank(T2). Then there exists ¢o € H2(T)" @ H(T)
such that ¢ — ¢o € P, (L>°(T?)).

The proof given here is algebraic and motivated by known results on first
order Ext groups over the disk algebra. Several facts of independent interest
will be used in the proof and presented first. Throughout the operators U; €
B(L?(T?)) denote the bilateral shifts defined by U;p((1,¢2) = CGwo(Cr,Ca), i =
1,2. The space H?(T?) is invariant under both U; and U, and the restriction
operators S; = U;|H?(T?), i = 1,2, are the unilateral shifts on H?(T?). Note
that Hankel operators are completely characterized by the intertwining relations
IyS; = P UTy, i =1,2. Furthermore, if ¢ € L°°(T?) then the Toeplitz operator
Ty = Py My|H?(T?) is bounded on H?(T?) and satisfies PLU;T'y, = T, S; — SiTy,
i = 1,2. The next lemma gives the converse of this and so we have an algebraic

characterization of the functions in P, (L°°(T?)).
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LEMMA 3.2. Let ¢ € Hank(T?). Then ¢ € Py (L>(T?)) if and only if there
exists an operator Y € B(H*(T?)) such that P ULy = S;Y —YS;, i =1,2.

Proof. Suppose that Py U;I'y = S;Y —YS;, i = 1,2, for some operator
Y € B(H?*(T?)). Define A : H?(T?) — L?(T?) by Af =Tsf+Y f. Then A satisfies
AS; =U;A,i=1,2. Let ¢ = A(1) € L*(T?) where 1 denotes the constant function
1. Then for any polynomial p € P(D?), Ap = Ap(S1, S2)1 = p(Uy,Uz)A(1) = pap.
Since P(D?) is dense in H2(T?), Af = ¢f for all f € H?(T?). One way to see
that ¢ € L>°(T?) is by using the result in [3] that says that L?(T?) is injective as
a module over the bidisc algebra. This implies that the operator A = M,|H?(T?)
where M, € B(L*(T?)) is multiplication by the function ¢ € L*>(T?). Hence
Y = A(1) = M,(1) = ¢ and so ¢ € L>(T?). By definition, 'y = P; A and thus
¢ =Ty(1) = PLA(L)=Prp. 1

A proof of the following theorem appears in [7] and so will be ommitted
here. This theorem cast in a homological context is essentially a one-variable
lifting result. We are actually interested in the two-variable case in determining
when a Hankel operator I'y lifts to L*(T?). It is Theorem 3.3 that we will use
to find a function ¢g in the second quadrant of L?(T?) for which ¢ — ¢ is in
Py (L>(T?)).

THEOREM 3.3. Let S and T be isometries on Hilbert spaces H and K, re-
S X

spectively. Let X € B(K,H). If the operator (O T> is polynomially bounded

on H @ K then there exists Y € B(K, H) such that X = SY —YT.

Let T7 and T, be a pair of commuting isometries on a Hilbert space H and

let A € B(H) satistying AT> = ThA. If the operator (1(;1 ;11) is polynomially
bounded on H & H then, by Theorem 3.3, there exists an operator B € B(H) such
that A = T; B— BT;. One question is when can we find a solution B € {T»}'? The
answer is not always and in fact this problem for the operators T; = S; is essentially
the Nehari problem for H?(T?). In fact, it will follow from the proof of Theorem 3.1

together with Theorem 2.3, that there exists an operator A € {S2}’ such that

S A Sy 0
the operators ! and . are jointly polynomially bounded but
0 Sl 0 SQ

A # S51B— BS; for any B € {Sa}.
The next lemma which is a slight refinement of a result found in [8] gives us

a significant reduction in the two-variable problem.
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LEMMA 3.4. Let Ty and Ty be a pair of doubly commuting isometries on
a Hilbert space H and let A € B(H) which commutes with Ts. If the operator

T A
01 T is polynomially bounded on H ® H then there exist operators Ay, B €
1

{T»} such that
(1) A= TlB — BT1 + A() and
(ii) T Ao = 0.

T, A
Proof. If the operator ( 01 T ) is polynomially bounded then the opera-
1

N-1 o
tors Ay = 3 T ' JATY, N > 1 are uniformly bounded since

7=0
o A\Y _/mN Ay
o nn) Lo 1V
for all N > 1. As in the proof of Lemma 1 in [8], see also [4], we define an operator
B € B(H) weakly by the formula, (Bh, k) = glim{(T;™ Axh, k)}35_, where glim is
a fixed generalized Banach limit on £*°. A direct computation using the translation
invariance of glim shows that A = T'B — BTy — (I — T7T7)T} B. Furthermore,

since 77 and T> commute and 777> = T»T7, we have that BTy = T2 B. The result
now follows with Ag = —(I — TW/T7)T7B. 1

Proof. (Theorem 3.1) Let ¢ € Hank(T?). By Lemma 3.2, we need to find a
oo € HZ(']T)J' ® H?(T) such that I'y, is bounded and P U;l'y_y, = S;Y —YS;
i = 1,2 for some operator Y € B(H?(T?)). Let X; = P.U;Ty, € B(H?*(T?)),
i =1,2. We claim that the operators

S X .
T = ) :172
= <o Si) !

commute and are jointly polynomially bounded. To see this let Ay : H*(T?) @
H?(T?) — L?(T?) be the operator defined by A4(f,g) = f + I'sg. Then

(3.1) AgRi = UAg, i=1,2.

Since U1Us = UsUi, AgR1Ry = AgRoR:. It follows by comparing the (1,2)
corners that S1 X5 + X755 = S5 X7 + X557 which is the condition we need for Ry
and R to commute.

To show that R, and R, are jointly polynomially bounded, note that for
p € P(D?),
p(S1,82)  d4(p) )

p(RlaR2) = ( 0 p(Sl,SQ)
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where 64 : P(D?) — B(H?*(T?)) is a linear map (in fact, a derivation). By (3.1),
Agp(Ri, Ro) = p(Uy, Us) Ay for all polynomials p € P(D?). It follows by comparing
the (1,2) corners, that d4(p) = Pyp(Ur,U2)T'y and thus [|64(p)|| < [|Te|l |p|lec for
all p € P(D?). Hence, ||p(R1, Rz2)|| < C||p|loc where C = v2max{1,||T4][}.

By Theorem 3.3, there exists an operator Y € B(H?(T?)) such that X, =
SoY —Y'S5. Substituting this into the equation S7 X+ X152 = So X1+ X5 yields
X, — (S1Y = YS)) € {Sy}. Thus, X; = ;Y —YS; + A where A is a bounded

operator which commutes with S5. It follows that the operator (‘S(;l ;11) is
polynomially bounded on H?(T?) @ H?(T?). In fact,

<I Y) <51 Xl) B <51 A) (I Y)

0 I 0 5 0 5 0 I

and hence, the two operators are similar. By Lemma 3.4, there exists operators
Ag, B € {S2}' satistying A = 51 B — BS; + Ap and S7Ag = 0. Therefore,
32) X1=5+B)—(Y+B)S1+A4g, Xo=52(Y+B)— (Y + B)Ss.
Now S7A4p =0 and ApSy = S92 Ao implies that there exists functions a,, € H>*(T),
n > 1 such that Agf = eg® io: Qg1 fn forall f~ ioj en ® fr in H2(T?). In other

n=0 n=0
words, Ag can be identified with the operator
To, Tuy, To,

0 0 ©
o9 S A
acting on @ H%(T). By (3.2), the operator ( 01 SO
1 1

on H%(T?)® H?(T?) and thus by Theorem 3.3, A9 = S; L — LS, for some bounded
operator L. It follows that L = S7LS; so that L is unitarily equivalent to an

operator on @ H?(T) of the form
1

) is polynomially bounded

LO Ta1 Taz
Ly Lo T,

Ly L Lo

By Page’s theorem ([9]), the operator (T,

@it j+1

) is bounded on €@ H*(T). Now
1

let g ~ > e_, ® ap. Then I'y, is bounded by Proposition 2.1 and since
n=1

P+U1F¢O = AO and P+U2F¢O = O, we have by (32), P+U1F¢_¢0 = 81}/0 - Y()Sl
and P LUy, = SoYy — Yp Sy where Yo =Y + B. 1



320 SARAH H. FERGUSON

By Theorem 3.1, the quotient vector space Hank(T?)/P, (L>(T?)) can be
identified with the space of all ¢ € Hank(T?) which are analytic in the second vari-
able modulo those which lift to L>°(T?). The fact that this quotient is nontrivial
means that a certain map is not onto. More precisely, let L>(T)®H>°(T) denote
the subspace of L°(T?) consisting of those functions which are analytic in the
second variable. The projection P ® I maps L (T)®@H*>(T) into the spatial ten-
sor product P (L%°(T))®minH(T) and has kernel equal to H*(T)@H>(T) =
H®°(T?). By Theorem 3.1 and Theorem 2.3, this map is not onto P (L*°(T))®xmin
H®(T). To see this, note that every element in P, (L% (T))®minH>(T) can be
identified with a function in H2(T)* @ H2(T) of the form ¢(¢,A) = 3 ¢ an(N),

n=1
where [|§||min = sup. [6(+, Mllsank(r) = sup [[(aitj+1(A))l|(ez)- Hence, by Propo-

IA|=1

sition 2.1, ||¢||min = ||Ts||. Moreover, the function ¢ lifts to L>°(T?) if and only if
o0

there exist functions b, € H*°(T) such that the function (¢, A) = > ("b,(A) +
n=0

3 (an(N) is in L®(T)®@H>(T). In other words, if and only if there is a
n=1
Y € L®(T)®@H>(T) such that ¢ = (P, ® I).
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Note added in proof. Recently and independently, M. Bakonyi and D. Timotin
([2]), gave an alternative proof of Corollary 2.4 by showing that the quotient norms of

N _
the functions Y 2{™A™ grow like Log(N). The authors then deduced that the function
n=1
(¢, \) = log(1—CA) is in Hank(T?) but does not lift to L>°(T?). It should be pointed out
that both the Log (V) estimate and the non-lifting of ¢ follow from our results by applying
N
Theorem 2.3 to the polynomials Y 12", as well as, the function f(z) = log(1 — 2).

n=1
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