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ABSTRACT. Let E be a Banach function space based on a Maharam measure
u. For each ¢ € L°(u), the linear operator M, of multiplication by ¢
is continuous on E. Let i be a subalgebra of L* (). We make a detailed
study of the relationship between Mg (U) = {M,, : ¢ € U}, the weak operator

closed algebra Mg ()™ it generates, the bicommutant algebra MM g (41)°°, and
the algebra Mg (U*), where U is the weak-* closure of 4 in L°°(u). When
FE is fully symmetric it is shown that

Mp(U) CMpE)™ € Mp()* C Mp () C Me(L™ (1))
The inclusion Mg (L) C Me(U*) may fail if F is not fully symmetric.
KEYWORDS: Fully symmetric Banach function space, multiplication operator,

bicommutant.
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1. INTRODUCTION

Let (Q,3, 1) be a Maharam measure space (i.e. p is localizable and has the finite
subset property). Let E denote anyone of the Banach spaces L?(p),1 < p < oo.
For a unital, norm-closed subalgebra 4 C L*(u) let Mg (Y) denote the algebra
of all multiplication operators in E by elements from (. For the moment i is
assumed to be conjugate closed. There are four natural commutative subalgebras
of the space L(E) of all bounded operators on E which are of interest. There is
M (L) itself, the strong (resp. weak) operator closed subalgebra Mg (L) (resp.

Mp()™) of L(E) generated by Mp (), the bicommutant Mg (4)C of Mg (L),
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and the algebra Mg (U*) C L(E) of all multiplication operators by elements from
the weak-star closure {* C L°(u) of {f. What are the connections between these
algebras? For 1 < p < oo it is shown in [18] that

(1.1) QﬁLp(H)(il) - thp(M)(ﬂ)W = SJTL,)(M)(LL)CC = WLp(M)(E).

Of course, the case p = 2 is well-known and corresponds to a particular version of
von Neumann’s bicommutant theorem.

The case p = oo is distinctly different. It turns out that
(12) mLx(“)(u>cc == imLoo(#)(i)‘i(il))

where 2R(4l) is the Dedekind closure of 4, formed in the Dedekind complete Riesz
space L (u); see [18] for the details. For instance, if p is Lebesgue measure in
Q = [0,1] and 4 = C([0,1]), then U* = L>([0,1]) whereas R(4) is the space
of all (bounded) Riemann integrable functions on [0,1]. It is routine to check
that the operator norm and strong operator topologies of £(L*(u)) coincide on
M 100 () (U) and hence, Moo () (U) = Moo () (U)5. Furthermore, it is immediate
from the definition of Dedekind closure that 4 C 2R(4) and it is not difficult to
check that R(U) C U*; see Section 2. So, for E = LP(u),1 < p < oo, we see
immediately that

(1.3) Mp(U) C Mp()Y C Me (W)™ C MpEF) € Me(L (1)),

Of course, for 1 < p < oo the second and third containments are actually equalities
(cf. (1.1)). For p = oo the first containment is an equality. However, the example
mentioned above shows that the second and third containments may be strict in
the L°°-setting.

The aim of this article is to investigate further the possibility of (1.3) being
satisfied for a class of Banach spaces E which is larger than just the LP-spaces,
thereby developing further and extending the results of [18]. A natural class of
spaces F to consider in this context is the class of Banach function spaces, firstly
because algebras of multiplication operators by elements from a unital, norm-closed
subalgebra 4 C L*°(u), where FE is based on (€, 3, ), are defined in such spaces
and secondly (as for LP-spaces), the algebra Mg (L (1)) is maximal abelian in
L(E), ie. Me(L>(un))° = Mg(L>®(n)); see Proposition 2.2. It was noted above
that always U C (L) C U* C L>(p) and so

(1.4 (a)) Mp (L) CMe(RWU) CMeEF) CMe(LP(n).
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It is shown in Section 2 that the additional containments

(1.4 (b)) Me(U) € Me)™ € Me(U)* € Mp(L (1))
and
(1.4 () Mp (L)Y C Mp (L)

are also satisfied in any Banach function space E. Moreover, if E has order
continuous norm, then (1.4 (c)) is an equality.

An examination of (1.4 (a))—(1.4 (c)) shows that they do “not quite” imply
(1.3). There is good reason for this since the inclusion Mz (U)¢ C Mp (L) fails
in general. Indeed, in Section 3 we exhibit a Banach function space E (based on
a finite measure p) and a unital, weak-star closed subalgebra §f C L*°(u) such
that Mp(U) = Me(LU*) is a proper subalgebra of M (). So, the class of all
Banach function spaces is too large to accomodate (1.3). However, it is shown in
Section 3 that the subclass of fully symmetric Banach function spaces (i.e. the

exact (L', L°°)-interpolation spaces) has the property that

(1.5) Mp (L) C Mp(U*).

Combining this with (1.4 (b)) shows that (1.3) is indeed satisfied for all fully
symmetric Banach function spaces E. We note that all spaces L?(u),1 < p < o0,
are fully symmetric Banach function spaces. Moreover, if 1 < p < oo, then LP(p)
has order continuous norm and so it follows from (1.3) and the remark immediately
after (1.4 (c)) that Mz () (L)Y = Mpw () (1) = Mpo () (UF), ie. we recover (1.1)
as a special case.

The final section deals with the special spaces (L' + L*)(u) and (L' N
L*)(u). The aim is to exhibit conditions on the subalgebra ${ C L (y) which can
be used to determine when the various inclusions in (1.3) are actually equalities
(or are strict) and which can also be used to determine explicitly the various
subalgebras M (L)W, Mz (U)°°, Me(R(Y)) and Mg (U*) for specific measures
and subalgebras $1.
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2. PRELIMINARIES

In this section we establish some terminology and collect some facts which will
be used throughout the paper. It is always assumed that (2, %, i) is a Maharam
measure space (in the sense of [7]), i.e., the associated measure algebra is a complete
Boolean algebra (so  is localizable) and for every A € ¥ with p(A) > 0 there exists
B € ¥ such that B C A and 0 < u(B) < oo (i.e., 4 has the finite subset property).
By L°(u) we denote the space of all (equivalence classes of) u-a.e. finitely-valued
measurable functions on 2. If it is necessary to distinguish explicitly between C or
R-valued functions we will denote the corresponding spaces by L2(u) and L (1),
respectively.

A linear subspace E of L°(u), equipped with a norm ||-|| z, is called a Banach
function space if (E, || - |g) is a Banach space and whenever g € E and f € L°(u)
satisfy |f| < |g| it follows that f € E and ||f||g < ||g]|z; so E is an order ideal
in L%(u) and (E,| - ||g) is a Banach lattice. Without loss of generality it may
be assumed that for any A € 3 with p(A) > 0, there exists B € ¥ such that
B C A,0 < u(B) < oo and xp € F; this can be established by an exhaustion type
argument along the lines of §67 of [20]. Examples of Banach functions spaces are
of course the classical spaces LP(u),1 < p < oo. Other examples are the spaces
(L' N L>)(p) and (L' + L*>)(p) equipped with the norms

[fllz1ape = max ([|f][1, [| flloc)
and
[ fllL sz = inf{llglls + Al : g € L' (1), h € L®(n), f = g+ h},

respectively. For computational purposes it is sometimes useful to have available
the following alternative description for elements of (L! + L>) (). Recall that for
f € L%(u) the decreasing rearrangement f* : (0,00) — [0, oc] of |f| is defined by

@) =inf{A>0: p({w e Q:|f(w)| >A}) >t}, t>0.
¢
Then a function f € L°(u) belongs to (L' + L>)(u) if and only if / f(s)ds < o0
0

1
for all (equivalently, for some) ¢ > 0, in which case || f|| 14 = /f* (s)ds. These
0

statements and notions can be found in [2] and [13], for example; for more general
measure spaces we refer to [7].
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Most of the Banach function spaces E considered in this paper will be ezact
(LY, L*>)-interpolation spaces and so, in particular, (L' N L>)(u) € E C (L' +
L) () for some Maharam measure p. Such exact (L', L°°)-interpolation spaces
are characterized by the property that whenever f € L%(u) and g € E satisfy
f =< g, then f € E and || f|lg < ||g||g; here f << g means that f is submajorized
by g in the sense of Hardy-Littlewood-Polya, i.e.,

¢ ¢
[ (s)ds < [ g*(s)ds, ¢t>0
[roms]

(see e.g. [2], [6], [13]). Function spaces E with this latter property will also be
called fully symmetric Banach function spaces. Note that Orlicz spaces, Lorentz
spaces and Marcinkiewicz spaces are all examples of fully symmetric Banach func-
tion spaces.

Assume that E is a Banach function space. The space of all bounded linear
operators on E is denoted by L(E). If ¢ € L (1), then the multiplication operator
M,, defined by M,f = ¢f for all f € E, satisfies M, € L(E) and ||M,|| =
l¢lloo (if we need to specify the space E on which the multiplication operator is
considered to be acting, then we will denote this operator by M 5 ). For a subalgebra
U CL>®(u) let

Mp () = {M7 € L(E) : o € U},

which is a commutative subalgebra of L(E). In most cases i is assumed to be
unital and norm-closed in which case Mg(Ll) is also unital and operator norm-
closed in L(E). As usual, the commutant and bicommutant of Mg (L) in L(E)
are denoted by Mg ()¢ and Mg (L), respectively.

The following lemma, which for the case that E = L?(u) is essentially the
Fuglede theorem for normal operators in Hilbert space, enables us to restrict our
attention to the case of R-valued functions only. The present proof, based on
Rosenblum’s proof of Fuglede’s theorem (see [5], Theorem 7.21), was pointed out
to us by Anton Schep.

LEMMA 2.1. Let E C L%(p) be a Banach function space. If ¢ € L¥(n) and
T € L(E) satisfy M,T = TM,, then MzT = T Mz (where @ denotes the function
defined by p(w) = p(w), for w € Q).

Proof. Suppose that ¢ € L*°(u). If p is a complex polynomial, then it
is clear that Myey = p(My) and hence exp(My) = Meypy). Now assume that
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¢ € L*(n) and T' € L(E) are such that M,T = TM,. Define the analytic
function f: C — L(FE) by

f(2) = exp(—2zMz)T exp(zMz), ze€C.

Since M, and T commute we have exp(ZM,)T = Texp(zM,), ie, T =
exp(ZM,)T exp(—zM,) for all z € C. Hence,

f(2) = exp(ZM, — 2Mgz)T exp(zMgz —ZM,), =z € C.

By the above observation exp(ZM, — zMz) is the operator of multiplication by
exp(Zyp — zp). Since the function Z¢ — 2@ assumes only purely imaginary values it
follows that

| exp(zM, — 2M3) || 2 (k) = || exp(Zp — 28)[loo = 1
for all z € C. Similarly
| exp(zMg —ZMy)l|c(m) = 1

for all z € C. Consequently, | f(2)|| < |7 for all z € C and so f is constant. In
particular, f'(0) = 0 which yields TMgz = MzT. 1

As already mentioned, in virtue of the above lemma we may restrict ourselves
to considering only real function spaces. All results in this paper extend easily,
with the appropriate modifications, to spaces E of C-valued functions (see [18] for
more details). Therefore, from now on, all Banach function spaces considered will
consist of R-valued functions.

Let 4 be a unital norm-closed subalgebra of L (u), in which case i is also
a sublattice of L®(u). The o(L>, L')-closure of 4 is also a unital subalgebra
and sublattice and is denoted by U*. We recall the definition of the Dedekind
closure (see Section 46 of [11], or [18] for more information). For ¢ € L*(u)
define elements ¢! and ¢! of L>(u) by

ol =sup{y e U: 9 <} and ot =inf{y € U: o <P},

where the supremum and infimum are taken in the Dedekind complete vector
lattice L°°(u); of course, ¢! and ¢! depend on the algebra 4. It is clear that
ol < o < @l The Dedekind closure (L) of U in L>(u) is defined by

R ={pe L= (n): p' = '}
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Then 4 C R(U) and R(L) is a norm-closed unital subalgebra and sublattice of
L (u). The weak-star topology o(L>,L') is generated by the family of semi-

norms ¢ — pg(¢) = ’ / wgdu‘ as ¢ varies through the non-negative elements
Q

of L*(u). These semi-norms have the property that py(¢s) T p,(¥) for each
0 < g € L'(u), whenever {1} is an upwards directed net in L°(u) satisfying
0 <o T € L®(u) (ie., ¢ is the supremum of {1, } in the vector lattice L>(u)).
These observations show that ! € U* for all ¢ € L°(u), and consequently that
MR(LU) C U*. Hence, for any unital norm-closed subalgebra il of L>(u) we have the
inclusions

(2.1) U C R C U C L>®(p).

In particular, if 4 is weak-star closed, then (L) = L.

Next we collect some facts concerning the algebras Mg () of multiplica-
tion operators acting on a Banach function space E. A basic result which will
be used throughout the paper is that Mg (L (p)) is maximal abelian in £(E),
ie, Me(L>(un))® = Me(L>(u)). For special cases this result can be found in
the literature. However, for the general setting of this paper we were not able
to find an explicit reference. For convenience of the reader we include a proof,
actually of a slightly more general result (cf. Proposition 2.2 below) which will
be useful in the sequel. It is possible to give a quick proof of this result by an
appeal to some rather deep theorems, due to Yu. Abramovich, A.I. Veksler and
A.V. Koldunov, concerning band preserving operators on Banach lattices (see e.g.
[1], Theorem 15.4 and [17], Theorem 3.1.12), but we prefer to present a proof via

more elementary methods.

PROPOSITION 2.2. Let E be a Banach function space on the Maharam mea-
sure space (2,5, ). Suppose that ¥g C X is a family of sets with the property that
for any B € ¥ with u(B) > 0 there exists A € ¥g such that A C B and p(A) > 0.
If T € L(E) satisfies TM,,, = M, ,T for all A € g, then T € Mp(L>®(n)). In
particular, Me (L= () = Me(L>(u)).

Proof. For f,g € E we write f L g if f and g are disjointly supported (i.e.,
|fIAlg] = 0in E). First we show that if T' is as in the statement of the proposition,
then f L g in E implies that Tf L g. Suppose, on the contrary, that |T'f|A|g| > 0.
Then there exists B € ¥ and ¢ > 0 such that u(B) > 0 and [T f| A|g| > exa.
Take A € ¥ such that A C B and p(A4) > 0. Since |g| > |Tf| A lg| = ex = €xa
and |f| A |g] = 0 it follows that x4f = 0, and so xaTf = T(xaf) = 0, which is
clearly a contradiction.
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We note that the property of 1" just established is equivalent to TM, , =
M, ,T for all A € ¥. Since the linear span of {x4 : A € X} is norm dense in
L>(p), it follows that TM, = M,T for all ¢ € L>®(u), i.e., T € Me(L>(n))°.

Given h € LO(u) let C(h) = {w € Q : h(w) # 0}. It was just established that
T commutes (in particular) with multiplication by x¢(n) and so C(T'h) € C(h) for
all h € E. If ¢, = Xc(n) - (Th/h), then it is clear that ¢, € L°(u) is the unique
function satisfying Th = @h and C(py) C C(h). For any f,g € E we claim that
wr = g on C(f) N C(g). Indeed, let u = |f| V |g]. Since |f| < u there exists
¢ € L>®(p) such that f = pu. Hence T'f = oTu = pp,u = ¢, f and so ¢; = ¢,
on C(f). Similarly ¢4 = ¢, on C(g) and so ¢ = ¢, on C(f) N C(g). It follows
from this property that |pf| < ||T||1 for all f € E, where 1 denotes the function
constantly equal to 1 on Q. Using the fact that L>°(u) is a Dedekind complete
vector lattice (as (€, %, u) is Maharam), it follows via a standard argument that
there exists ¢ € L (u) such that o9 = ¢ on C(f) forall f € E. Then T'f = o f
for all f € E and we conclude that T'= M, € Me(L>(n)). 1

Let 4 be a unital norm-closed subalgebra of L>(u). Then Mg (L>(u)) C
Mg (L) and so, by the above proposition, Mg (L)°¢ C M (L (1)). Consequently,
M (L) = Mp(UEZ) for some unital norm-closed subalgebra 42 of L>(u).

For any subset D C L(E) we denote the closure of D with respect to the
strong (respectively, weak) operator topology 7y (respectively, 7,) by D (respec-
tively, D%). Recall that convex subsets (in particular, linear subspaces) of L(E)
have the same closures for 75 and 7. Since the commutant of any subset of L(E)
is always Ty-closed, it follows from Proposition 2.2 that g (L>°(u)) is Ty-closed
in L(FE). In particular, for any unital norm-closed subalgebra 4 C L (u) we have
Mp(U)s = Me(U)Y C Mp(L>®(1)) and so we can write Mp (L)Y = Mg (UE) for
some unital norm-closed subalgebra {Z C L>°(y). Since Mg (84)°° is 7-closed, it

is clear that 42 C UE . Hence, for any unital norm-closed subalgebra il of L°°(u)

we have the inclusions
(2.2) UCUT CUT C L™ ().

Via the vector space isomorphism ¢ < M, between L (1) and Mg (L (1))
we can transfer 7, and 75 to locally convex Hausdorfl topologies on L™ (). We
denote these corresponding topologies on L (u) by 7Z and 7, respectively (note
that convex subsets of L>(u) have the same closures for 72 and 7). It is clear
that U2 is the 7F-closure of 4 in L>°(u). The next lemma gives the relation

between the topologies o(L>, L') and 7£ on L°°(u). First we recall some facts
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concerning the Banach space dual E* of a Banach function space E. The associate
space E' of E is defined by

E = {9 € LO(M) : /|fg\d,u < oo for all f € E}
Q

Any g € E’ defines a linear functional £, € E* via

(2.3) () = / fodu, feE.
Q

p+, it turns out that (E,
|| - ||g) is also a Banach function space. A linear functional £ € E* can be

Equipped with the norm || - ||z given by |lg|lzr = [|&,]

represented as & = &, for some g € E’ if and only if £ is order continuous, i.e.,
(fu, &) =% 0 whenever {f,} is a downwards directed net in F satisfying f, | 0. If
the norm on E is order continuous (i.e., fo | 0 in E implies that || f||g | 0), then
every £ € E* satisfies this last condition and hence § = ¢, for some g € E’ (so, in
this case, we may identify E* with E’). The above facts can be found in [6]; [7];
[20], for example.

LEMMA 2.3. (i) For any Banach function space E, the topology T is stronger
than the o(L>°, L*)-topology.

(ii) If E has order continuous norm, then the o(L>, L')-topology coincides
with TE.

Proof. The topology 7 is generated by the family of seminorms {pre:0<

[ € E.0<¢e EY, where pre(p) = [(¢f,€)] for ¢ € L(n). The o(L>®, L)-
topology is generated by the family of seminorms {q, : 0 < h € L'(u)}, where

an(p) = /cphdu’ for ¢ € L>(n). We claim that {q, : 0 < h € LY(p)} =

{pfygg : 0 2 fe€EQOLge FE}. Indeed, if 0 < f € Fand 0 < g € E', then
Pre, = qrg With 0 < fg € L'(p). Conversely if 0 < h € L*(u), then by a theorem
of Lozanovskii (see [8], [15], [19]) h can be factorized as h = fg with 0 < f € F
and 0 < g € E’. Accordingly, g5 = py.¢,. From this claim and the remarks prior
to the lemma the statements (i) and (ii) follow. 1

For later reference we state explicitly the following consequence of the above

lemma.

COROLLARY 2.4. (i) If h C L*(u) is a norm-closed unital subalgebra and
E C L°(u) is any Banach function space, then U* is 7Z-closed and UE C 31+,
(i) If E has order continuous norm, then UE = §I*.
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REMARK 2.5. An alternative description of 9z ()™ is possible. Given a
Banach space X and an algebra of operators B C L£(X) we denote by Lat(B)
the collection of all closed subspaces Y C X satisfying BY C Y for every B €
B. Then AlgLat(B) denotes the subalgebra {T' € L(X) : TY C Y forallY €
Lat(B)} of L(X).

Let E be a Banach function space on the Maharam measure space (€, %, )
and ¢ C L>°(u) be a unital norm-closed subalgebra. The claim is that 9z (L)W =
AlgLat(Mp(Lh)). Indeed, by Gelfand theory (over R; §17 of [3]) or Kakutani’s
theorem there is a compact Hausdorff space K and a bounded unital isomorphism
m of C(K) into L(E) such that m(C(K)) = Mg(Ll). The conclusion then follows
from Theorem 7 of [9]. 1

Finally, we formulate an extension theorem for lattice homomorphisms on
vector lattices (sharpening the Luxemburg-Schep extension theorem) which is
needed later on. Suppose that L and M are (Archimedean) vector lattices. A
linear mapping T : L — M is called a lattice homomorphism if |Tz| = T|x| for
all x € L. As is well known, if T is a linear mapping from L% (u) into itself with
T1 =1, then T is a lattice homomorphism if and only if 7" is an algebra homomor-
phism. Now assume that M is Dedekind complete and K C L is a vector sublattice
which is majorizing (i.e., for every & € L there exists y € K such that < y). The
Luxemburg-Schep extension theorem ([16]) states that whenever Ty : K — M is a
lattice homomorphism there exists a lattice homomorphism 7' : L. — M such that
T|K =T,. For x € L define

z},
y}

(2.4) Oe(z) =sup{Toy :y € K,y <
' Ou(z) =inf{Toy :y € K,z <

It is clear that any lattice homomorphism 7" : L — M which extends 7 must
satisfy 0p(z) < Ta < 6,(x) for all © € L. The proof of the following result, as
pointed out to us by Anton Schep, follows from a close inspection of the proof
(due to Z. Lipecki ([14])) of the Luxemburg-Schep extension theorem in the book
[17], Section 1.5. We leave the details to the reader.

PROPOSITION 2.6. Let L and M be vector lattices with M being Dedekind
complete and let K C L be a majorizing vector sublattice. Let Ty : K — M be a
lattice homomorphism and define 0y : L — M and 0, : L — M by (2.4). Then,
given any xg € L and yog € M satisfying 0¢(xo) < yo < 0u(xo) there exists a lattice
homomorphism T : L — M such that T|K = Ty and Tzo = yp.
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3. SOME GENERAL RESULTS

As before, E denotes a Banach function space on a Maharam measure space
(©Q,%, ). Let 4 be a unital norm-closed subalgebra of L°°(p). In this section
we will prove a number of results concerning the relationship between the algebras
in (2.1) and (2.2).

THEOREM 3.1. ]f E is a fully symmetric Banach function space, then
cc = .

Proof. The statement of the theorem is equivalent to the condition UE = U
for any o(L°°, L')-closed unital subalgebra $f of L>°(u). So assume that &4 C
L (1) is actually o (L, L1)-closed.

First consider the case when g is a finite measure. Since i is closed for p-
a.e. pointwise convergence of bounded sequences (by the dominated convergence
theorem and the fact that {* = 4l) it is known that there exists a o-subalgebra
Yo € X such that 4 = L>(3g, u); see e.g. [10], Chapter II. Let £( - |Xo) be
the conditional expectation operator with respect to 3. Since FE is fully symmet-
ric (or equivalently, an exact (L', L°°)-interpolation space), £( - |$g) acts as a
bounded linear operator in F. Since each ¢ € il is ¥g-measurable, it follows that
E(pf|Z0) = @E(f]X0) for all f € E and ¢ € i showing that E( - |Xo) € Mg (H)°.
Now take 1 € UEZ. Then M, commutes, in particular, with ( - [%o), i.e.,
EWf|Z0) = YE(f|Xo) for all f € E. Noting that f = 1 € L®(u) C E yields
E(Y|Bg) = . Hence ¢ € L=(Zp, ) = 4.

The extension to an arbitrary Maharam measure space is obtained by the
same method of proof as that of Proposition 3.4 in [18], to which we refer the

reader for the details. &
In view of Theorem 3.1, if F is a fully symmetric Banach function space and
L C L () is a unital norm-closed subalgebra, then

(3.1) UCUP Cc Ul Cux C L®(p).

CcC —

In combination with Corollary 2.4 this yields immediately the following result.

COROLLARY 3.2. If E is a fully symmetric Banach function space with order

continuous norm, then UE = UE = i+, In particular, Mp ()™ = Me (L)<, that
is, the bicommutant theorem holds.

We note, in particular, that reflexive Banach function spaces have order
continuous norm (see e.g. Theorem 2.4.15 of [17] and Theorem 114.8 of [21]) as
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do the spaces L'(u). In particular, if E = LP(u),1 < p < oo, then Corollary 3.2
contains Theorem 1.1 of [18] as a special case.

The assumption that E is fully symmetric cannot be omitted in the above
results, as is illustrated by the following example. This example is essentially due
to J. Dieudonné ([4]), and was constructed for a different but related purpose.

ExAMPLE 3.3. ([4]) As the underlying measure space we take the interval
[0, 2] equipped with Lebesgue measure A. Let w; and ws be two decreasing positive

1 1 1
functions on [0, 1] satisfying /w%d/\ = /w%d)\ = oo and /wlwgd/\ < oo (see [4]
0 0 0

for an explicit construction of such a pair of functions). For any fixed 1 < p < 00
define the function norm p on L°([0,2]) by
1 1

p(f) = (/{(fX[O,l])*}pwld)\)l/p + (/{(fx[l,g])*}l’wgd/\)l/p,

0 0

and let E = {f € L°([0,2]) : p(f) < oo}. Then E is a Banach function space when
equipped with the norm p (but not fully symmetric). Clearly p is order continuous
and if 1 < p < oo, then E is even reflexive. Define the unital o(L®°, L!)-closed
(proper) subalgebra & C L*°([0,2]) by

U={p e L>(0,2]): p(t) = p(t —1) for 1 <t < 2}.

It is shown in [4] that Mg (U)° = ME(L>([0,2])) and so UE = L>°(]0,2]). Hence,
the conclusion of both Theorem 3.1 and Corollary 3.2 fail in this case. 1

The next result is more special. As shown in [18], if E = L*°(u) and $4 C
L°°(p) is any unital norm-closed subalgebra, then UZ = SR(4), the Dedekind
closure of 4. As noted in the Introduction the choice E = LP([0,1]),1 < p <
oo, and § = C([0,1]) shows that this result does not hold in general. However,
for certain spaces E and for algebras i with special properties it turns out that
the inclusion UEZ C R() is valid. In the next section we will discuss examples
where these conditions are satisfied, and also exhibit examples showing that the
assumptions in the theorem below cannot be omitted in general.

THEOREM 3.4. Let E be a Banach function space such that L>°(u) C E C
(LY 4+ L>°)(u). Suppose that s C L>°(p) is a unital norm-closed subalgebra satis-
fying 4N L' () = {0}.
(i) The topology TF restricted to ik coincides with the norm topology of
L (1) restricted to 4. In particular, UE = sL.
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(i) |’(U) N L (u) = {0}
(ii)) UE C R(LL).

Proof. First observe that the inbeddings L>®(u) € E C (L' + L*°)(u) are
necessarily continuous (by the closed graph theorem, for example).

(i) Note that 4N L (u) = {0} implies that u({w € Q : |p(w)| > 0}) = oo for
all 0 # ¢ € Y. We claim, for each ¢ € i, that ¢*(t) = ||¢||eo for all t > 0. Indeed,
take p € $\ {0} and let 0 < A < [|¢|loc. Then 0 < (J¢| — AL)" € U and hence,
w{w € Q : |p(w)| > A}) = co. This implies that ¢*(¢) > A for all ¢ > 0, from

1

which the claim follows. Since ||| pi1pe = /go*(t)dt, it follows, in particular,

0
that [|¢|lLiire = ||¢lleo for all ¢ € 4. Let {@n} be a net in $ which converges
to ¢ € L>(u) with respect to 7F, i.e., M, —— M, with respect to 7 in L(E).

Then ¢ = M,,,

the norm of (L' + L°°)(u). Since ||pa — @l|11 41>~ = |[¢a — ¢[|o, this implies that

(1) = M, (1) = ¢ with respect to | - ||z and hence, ¢, — ¢ in

9o —  for the norm in L>(u). This shows that 4 is 7Z-closed in L>°(p) and
the topologies 7F and || - || coincide on L.

(i) Fix 0 < o € L>®(p) N LY (). If0 < ¢ < p and ¢ € 4, then 0 < ¢ €
N LY(p) and so ¢ = 0. Hence, ¢! = 0. This shows that R(L) N L () = {0}.

(iii) Define the linear subspace K of L>(u) by K = 4@ (L' N L*>)(u). Each
f € K has a unique decomposition f = fi + f> with f; € S and fo € (L'NL>¥) ().
Define Ty : K — L*(u) by Tof = f1. The claim is that K is a vector sublattice
of L>°(u) and that Ty : K — L () is a lattice homomorphism. To see this take
f € K and write f = f; + fo as above. Then

(3-2) [f1 = [fal+ (FL = [A2D)

with [fi] € Y. Also ||f| - |f1|’ <|f = fil = |f2l € (L' NL®)(p) and so | f| —|f1] €
(L' N L*°)(pn). Hence, |f] € K and so (3.2) is the unique decomposition of |f].
Accordingly, To|f| = |f1] = [Tof]|, which proves the claim.

For f € L>(u), let

Oe(f) =sup{Tog : g € K,g9 < f},
0u(f) =inf{Tog: g € K, f < g}.

Fix fo € L*(p) and suppose that hg € L (p) satisfies 0¢(fo) < ho < 64(fo). By
Proposition 2.6 there exists a lattice homomorphism 77 : L () — L% (p) such
that T1|K = Ty and T3 fo = ho.

Now take f € E and write f = f1 + foo with f; € L1(u) and foo € L®().
We define T : E — E by Tf = Ty fo. Since T} = 0 on L*(u) N L>(p), it is easy

(3.3)
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to see that T is well defined and, via a similar argument as in the beginning of the
proof of part (iii), it follows that T is a lattice homomorphism. In particular, as T
is positivity preserving it is norm bounded on E. The claim is that T' € Mg (L0)°.
Indeed, since T7 : L (u) — L*(p) is a lattice homomorphism with 711 = 1, it
follows that 77 is multiplicative. Take ¢ € L and f € E. Writing f = f1 + f as
above we have that ¢ f = ¢f1 +¢foo With of; € L' () and ¢fs € L (). Hence,
T(ef) =Ti(¢fso) =T Ti foo = ¢T1 foo = @T f. This shows that TM, = M,T
for all p € Y, ie., T € Me(H)°.

Suppose now that fo € UZ. Then TMy, = My, T and so, in particular,
TMys1 = My T1, ie. Tfy = fo. Hence fo = hg which shows that 6,(fy) =
0u(fo) = fo. Since Tpg € U for all g € K, it follows from (3.3) that 6,(fp) is a
supremum of elements in 4 and hence 6,(fo)! = 0,(fo). Similarly 6, (fo)' = 0.(fo)-
Since fy satisfies fo = 0¢(fo) = 0.(fo), we have fy = fOT = f& and so fo € R(W).
We have thus shown that UZ C 9R(U). The proof of the theorem is thereby

complete. I

Observe that any fully symmetric Banach function space containing 1 auto-

matically satisfies the assumptions on E required by Theorem 3.4.

In the setting of Theorem 3.4 above the algebra {4 is in some sense “small”.

There are also situations in which one can conclude that U2 is “large”.

PROPOSITION 3.5. Let E be a Banach function space on (2, %, 1) and let
4 C L*®(p) be a norm-closed unital subalgebra. Suppose there is a collection
Yo C ¥ such that whenever B € ¥ satisfies u(B) > 0 there exists A € ¥ such
that A C B and u(A) > 0. If xa € UE for each A € 3y, then UE = L>°(p).

Proof. Since UE C UZ it follows from Proposition 2.2 that Mg (U)¢ =

cco

Mp(L>®(1)). Accordingly, UE = L>°(u). o

Note that the above result applies, in particular, if L*(u) N L% (u) C UE.
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4. THE SPACES (L' + L®)(u) AND (L' N L®)(u)

The aim of this final section is to consider the particular fully symmetric Banach
function spaces (L' 4+ L*°)(p) and (L' N L*)(u) and specific subalgebras $f C
L>*(p). The examples are chosen to be new and non-trivial, to illustrate the
variety of the phenomena of significance that can typically occur, and to show
the applicability of the general results developed in earlier sections to concrete
situations. Along the way we also establish some general results of interest in
their own right.

When p is Lebesgue measure on the Lebesgue measurable subsets of R we will
denote (L' + L) () and (LN L>)(x) simply by (L' +L%°)(R) and (L' NL>)(R),

respectively. Lebesgue measure itself will always be denoted by m.

EXAMPLE 4.1. Let E = (L' + L*°)(R) and 4 = C,(R) be the algebra of
all bounded continuous functions on R. We first determine the algebra UZ. i.e.
the closure of {4 with respect to 7Z. Recall that 4 is also the closure of 4 with
respect to 7, where 7F is the topology generated by the family of semi-norms
o |leflle as f varies in (L' + L°°)(R). We will require the following result.

PROPOSITION 4.1.1. Let (2,3, i) be a Maharam measure space, 4 C L ()
be a unital norm-closed subalgebra and E = (L' + L*°)(u). Then

A = L) N elp(4),

where clg () denotes the norm closure of i in E.

Proof. Fix ¢ € 42 and choose a net {p,} in 4 such that ¢, — ¢ with
respect to 7. By the definition of 7.7 this implies, in particular, that ||¢q —
©llp14r0e — 0. Hence, ¢ € clg(U) which shows that UE C L>®(u) Nclp(Y).

Now choose ¢ € L () Nclg(4h). Then there exists a sequence {p,}o2; in U
such that ||¢, — ¢|lL14 — 0 as n — oo. By replacing ¢,, with (¢, A [|¢]el) V
(= |l¢lloo ), if necessary, we may assume that |p,| < ||¢]|eol for n =1,2,.... Now
write o — = 1), +15// where ¢/, € L1() and v/ € L (1) satisfy |12, < |n — |
and |[¢!| < |¢n — | and have the property that || |1 — 0 and ||¢)]c — O
as n — oo. By passing to a subsequence we may further assume that ¢ — 0
pointwise p-a.e. as n — oo. Note that ¢/, € (L' N L>)(u) and |¢},| < 2[/¢]|o01 for
allm=1,2,.... Fix f € (L' + L*)(x). Then ¢/, f € L*(n) and so

[V fllLigrpoe + [0 flliyre

l(en — @) fllLrsre <
< n fll + nllooll fll 22 zoe -
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Writing f = g + h, with g € L'(u) and h € L (p), we have ||¢}, f|l1 < [[¢hgll1 +
[l7,|I1]]7||so- By the dominated convergence theorem it follows that |4}, g|ls — 0 as
n — oo. This shows that |[¢], f]l1 — 0 as n — oo and hence, that ||(¢,—¢)f]l1 — 0
as n — oo. Consequently, ¢,, — ¢ with respect to 7 as n — oo and we conclude

that o € UE.

Returning to the example, where we recall that 4 = Cp(R), let A C R be
any Lebesgue measurable set. Choose a sequence ¢, € Cp(R), for n = 1,2,...,
satisfying 0 < ¢, < 1 (n = 1,2,...) and |l¢n, — xali — 0 as n — oo. Then
ln — xallLr4re — 0 as n — oo and so x4 € clg(i). Since any ¢ € L*°(R) can
be approximated uniformly by step functions based on Lebesgue measurable sets,
it follows that L>°(R) C clg(4). This implies that clg(U) = (L' + L*°)(R). From
Proposition 4.1.1 it now follows that {Z = L°(R). The inclusions (3.1) then yield

UCUE =P =5+ = L®(R). 1

EXAMPLE 4.2. Let E = (L' + L*°)(R) and & = BUC(R) be the algebra of
all bounded uniformly continuous functions on R. In this case it is not so straight-
forward to compute U explicitly. First we show that {2 contains sufficiently
many functions to determine LICEC (via Proposition 3.5). For this purpose we re-
quire the following slightly more general result. Let C°(R) denote the space of

all compactly supported C*°-functions on R.

PROPOSITION 4.2.1. Let E = (L' + L*)(R) and suppose that 4 C L>(R)
is any unital norm-closed subalgebra containing C(R). Then xa € UZ for all
bounded Lebesgue measurable sets A C R. In particular, UE = L>°(R).

Proof. If A is a bounded Lebesgue measurable subset of R, then there exists
a sequence {152, in CX(R) such that ||¢, — xall1 — 0 as n — 0 and hence
also ||¢n — xallpisre — 0 as n — oo. This shows that x4 € clg(i) and so, by
Proposition 4.1.1, x4 € UEZ. The last statement of the lemma follows immediately

from Proposition 3.5. 1

REMARK. We note that in £ = (L' + L*)(R) the condition C2°(R) C i
actually implies that (L' N L>)(R) C UE. This follows from Proposition 4.2.1 and

a routine approximation argument. 1
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Now we return to the situation of { = BUC(R) in Example 4.2. From
Proposition 4.2.1 and (3.1) it follows that

(4.1) UC Ul c Ul =5+ = L>=(R).

It is clear that the first inclusion in (4.1) is strict. We now show that the second
inclusion is also strict. From Proposition 4.1.1 we know that 4Z = L>(R)Nclg(44).
For any function ¢ € (L' 4+ L>®)(R) and t € R define the translated function ¢,
by ¢i(z) = p(xz —t). If ¢ € Y = BUC(R), then %LH(I)H% — ¢]lo = 0 and hence
lim [[r = pl| 141 = 0. Consequently, lim [0y — |14 = 0 for all p € clp(8h).

Define the function ¢ € L>(R) by ¥ = > Xj2n,2n+1]- It is easy to see that

(r —)*(s) = 1 for all s > 0 and [t| < 7ll and hence that ||ty — ¢¥|lpiipe =1
for all [t| < 1. Accordingly, ¢ € ${£ and we conclude that the second inclusion in
(4.1) is strict.

Although we cannot provide an explicit description of 4 it is possible to
give a characterization of 4Z. In the argument above we observed that }E% IIfe —
fllzisre = 0 whenever f € clpi, < (BUC(R)). Actually, this property charac-
terizes functions in clz1 - (BUC(R)). Indeed, suppose that f € (L' + L>°)(R)
satisfies ||f; — fllpior~ — 0 as t — 0. Fix any non-negative function ¢ € C.(R)
and define ¢y, :  — ny(nx) for each n = 1,2, .... Then the convolutions fx,, be-
long to BUC(R) for alln = 1,2, . ... Using the assumption on f a routine argument
shows that ||f — (¢ * f)||1one — 0 as n — co. Hence f € clpiy 1 (BUC(R)).
In combination with Proposition 4.1.1 this implies that

U2 ={pe L®R): tlg% lo — @il prgre =0}

for the case of 4 = BUC(R) and E = (L' + L>)(R). 1

EXAMPLE 4.3. Let E = (L' + L*°)(R) and 4 = AP(R) be the real alge-
bra of all almost periodic functions on R, i.e., the norm-closure in L (R) of the
real trigonometric polynomials. First observe that 4N LY(R) = {0}; this follows
from [12], Lemma VI.5.14, for example. Therefore, the conditions of Theorem 3.4
are satisfied. Moreover, {* = L°(R) since i separates points of L!(R) by the
uniqueness theorem for Fourier transforms of L'-functions. Hence,

(4.2) U=uE Ccuf CRU) C U = L>(R),

where R(4) is the Dedekind closure of i in L>°(R). According to Theorem 3.4,
also R(U) N LY(R) = {0} and so the last inclusion in (4.2) is clearly strict. Next
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we show that the first inclusion in (4.2) is also strict by exhibiting a class of non-
continuous functions in {Z. Take any 1 € 4 = AP(R) such that m({z € R :
P(x) =0}) =0and let A= {z € R:(x) > 0}. We claim that x4 € 4Z. Indeed,
let T € Mp (). If f € (L' + L>°)(R) satisfies f L xa, then v T f =T (T f) =0
and so T'f L xa. Since R\ A ={z e R: ¢(zx) <0}U{r € R: ¢(z) = 0}
with m({z € R : ¢(z) = 0}) = 0, a similar argument shows that f L xr\a
implies T'f L xgr\a- This implies that T is reduced by the projection M,,, i.e.,
TM, , = M, ,T. The claim is thereby proved.

At the present time we do not know if the second inclusion in (4.2) is strict. 1

We now wish to concentrate on the space E = (L' N L>)(u). Before turning
our attention to specific examples we begin with a general description of {Z in
this case. First we require some notation and terminology.

Let (2,3, u) be a Maharam measure space. For any A € ¥ let L>(A, )
denote the L*-space on A with respect to the restriction of u to A. Clearly
L>(A, p) can be identified with the closed subspace of L>°(u) consisting of all
functions which vanish on Q\ A. Let ¥y = {A € ¥ : u(A) < oo}. Given a unital
norm-closed subalgebra f C L>°(u) and A € ¥ we define the unital norm-closed
subalgebra U4 = {pxa : ¢ € U} of L=(A, ). The local Dedekind closure Rioe(LL)
of & in L*°(u) is now defined by

Rioc(U) = {p € L=(1) : oxa € R(Ua) for all A€ Xy}

here PR(4h4) denotes the Dedekind closure of U4 in L>(A, u). It is easy to check
that R (L) C Rioc(M). In general this inclusion is strict (see Examples 4.7 and 4.10
below).

THEOREM 4.4. Let (€, %, ) be a Maharam measure space, E = (L' N
L) (u) and let 4 C L>(u) be a unital norm-closed subalgebra. Then UE =
ERloc(Ll)-

Proof. First we show that Ri.(4) C UZ. Take ¢ € Ripe(Uh) and T €
Me)°. For A € Xy define Ty € L(L>®(A,pn)) by Ta(f) = xaT(f) for all
[ € L=(A, p). Is is easy to verify that Ty € Mpoc(a,,)(Ua)°. By Theorem 1.2
in [18] we have that M e,y (Ua)® = Mpeo(a,u)(R(Ua)). By hypothesis pxa €
R(Ua) and so oxaTa(f) = Talexaf) for all f € L>(A,u). This shows that
xaeT(xaf) = xaT(pxaf) for all f € (L' N L*>®)(u) and all A € Xy. Using
the density in (L' N L>)(u) of all step functions based on ¢ it follows that
M,T = TM,. This shows that ¢ € UZ.

To establish that UZ C Rj..(U) let ¢ € UE. By Theorem 1.2 in [18] and
the definition of Mo (U) it suffices to show that M,y , € Myeo(a, ) (Hha) for all
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A € ¥y. To this end let A € Xy and S € Mpoo(a,,)(Ua)® be given. Define the
operator T' € L(E) by Tf = S(xaf) for all f € E. It is then routine to verify that
T € Mp(U)°. Since ¢ € UZ this implies that M,T = TM,. From the definition

cco

of T' it then follows that M, ,S = SM,, ,. This completes the proof. 1

EXAMPLE 4.5. Let E = (L' N L*>®)(R) and 4 = C,(R). It is then easy to
check that Ri.c(U) = R = R(R), where R(R) is the algebra of all bounded
Riemann measurable functions on R (cf. [18], Example 2.4). Hence, from (3.1)
and Theorem 4.4 it follows that

(4.3) UCUE C Ul = R(R) C U = L>®(p).

It remains to determine the algebra {4 for which we need the following result.

LEMMA 4.5.1. Let E = (L' N L*®°)(R). Then 7E coincides with the || - ||oo-
norm topology on Cy(R).

Proof. Recall that 7F is generated by the family of semi-norms ¢
lofllLinpe as f varies in (L' N L°°)(R). Clearly 7.F is weaker than the || - ||oo-
topology on L*°(R). It remains to show that on C},(R) the ||-||o-topology is weaker
than 7. For this purpose it suffices to show that there exists f € (L' N L>)(R)

such that

{p € Cb(R) : [lpfllLinze <1} € {p € Cb(R) : [[plloo < 1}

Let A be any open dense subset of R with 0 < m(A) < oo and suppose that
¢ € Cp(R) is a non-zero function such that ||oxa|pinre < 1. Take 0 < r < ||¢||0o-
Then {z € R : |¢(z)| > r} N A is open and non-empty and so r < |lexalloo <
llexallLinrs- Hence ||¢lloo < l@xallLinne < 1 and the proof is complete. 1

Since Cp,(R) is || - ||co-complete, the above lemma implies, in particular, that
i = Cp(R) is 7F-closed and hence that it is 7F-closed, i.e., UE = £1. So we conclude

in this case that
(4.4) U=uf cylf =RR) C U = L™(R)

with both inclusions strict. 1

EXAMPLE 4.6. Let E = (L'NL*>)(R) and 4 = BUC(R). From Lemma 4.5.1
it is clear that UE = {I. We again have that R(U) = Rjoc(U) = R(R). Therefore,
the situation is exactly as in (4.4). 1
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EXAMPLE 4.7. Let E = (L'N L*)(R) and 4 = AP(R). Again Lemma 4.5.1
implies that UE = 4. Furthermore, since the restriction to a closed bounded inter-
val in R of the almost periodic functions coincides with the space of all continuous
functions on this interval, it is clear that Ry (U) = R(R). Hence, also 4Z = R(R)
by Theorem 4.4. However, R(4) is strictly contained in Rjoc(U). Indeed, as ob-
served in Example 4.3 we have R(4) N L1 (R) = {0}. Accordingly, (4.4) is valid for
= AP(R), but now the inclusion R(i) C Ryoc(Y) is strict. 1

Examples 4.1-4.7 have been chosen to be representative in the sense that they
illustrate (non-trivially) the variety of phenomena that occur. Of course, there are
other examples of algebras acting in (L' + L*)(R) and (L' N L*)(R) which are
of interest for various reasons. For instance, the norm-closed unital subalgebra
Cy(R) consisting of the continuous functions f for which ‘ 1|1Ln f(x) exists can be
identified with (the real part of) the norm-closed unital aTgebo;a generated by the
subalgebra LY(R) = {j : g € L*(R)} and so is of interest from the viewpoint of
harmonic analysis. The same is true of J/\/[\R(R), consisting of the real part of the
norm closure in L>(R) of the algebra of all Fourier-Stieltjes transforms of finite
regular Borel measures on R. Then Cy(R) C J\?R(R) C BUC(R) with all inclusions
strict. The algebra il of all even functions in L>°(R) shows that il need not always
be translation invariant or satisfy {* = L°°(R). If A is a Lebesgue measurable
subset of R with m(A4) > 0, then the algebra consisting of all elements of L>°(R)
which are constant m-a.e. on A shows that not all algebras need have the property
that they contain x — f(—x) whenever they contain f. And so on. The interested
reader may wish to pursue the details of such additional algebras (and many more,
of course).

We should also point out that algebras like Cy(R) and Cy(R) have analogues
in the setting of (L4 L>°)(u) and (L*NL>)(u) for any regular Maharam measure
1 on the Borel sets of a o-compact, locally compact Hausdorff space, for example.
Similarly, algebras like Cy(R), M\R(R), AP(R) and BUC(R) have analogues in (L' +
L>)(p) and (L'NL>) (1) when p is Haar measure on a o-compact, locally compact
abelian group. By modifying appropriately the arguments used for m and R the
results and examples above can be carried over to these more general settings.

We end this section with some examples relevant to specific kinds of Maharam
measure spaces which, nevertheless, illustrate various points. We first collect some

elementary facts which are needed; their proofs are routine and so are omitted.
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REMARK 4.8. (i) Let (€,%,u) be a finite measure space. Then (L! +
L*>®) () = L*(p) with equivalence of norms and (L' N L) (u) = L°°(u) with
equivalence of norms.

(ii) Let © be a non-empty set, ¥ = 2% be the o-algebra of all subsets of
Q and let u be counting measure. Then (L! + L®)(u) = £>°(2) with equality of
norms and (L' N L) (u) = £*(Q) with equality of norms.

(iii) Let E = L*(u), with (2, %, 1) an arbitrary Maharam measure space,
and 4 C L*(u) be an arbitrary unital norm-closed subalgebra. Then the topology

7_E

S restricted to 4 coincides with the || - ||co-norm topology restricted to Y. In

particular, 42 = 8. n

EXAMPLE 4.9. Let © = N and p be counting measure on ¥ = 2V, Let
E = (L' + L*®)(p), i.e. E = (> (cf. Remark 4.8) and consider { = ¢, the unital
norm-closed subalgebra of £>° = L (u) consisting of all the convergent sequences.
Since 4 separates points of L (u) = ¢* it follows that {* = ¢>°. By Theorem 1.2 in
[18] we have that UE = R(8l). Also $f = UE (cf. Remark 4.8 (iii)). By Theorem 3.1
it follows that UE C U*. If T € Mg (L) then, in particular, TMy,,, = My,,T
for each n € N (since x(n} € c). Letting Xy denote the family of all singleton
subsets of N it follows from Proposition 2.2 that T € 9 g(L>(n)). So, we have
shown that Mg (L) C Mpe(L>°(n)) and hence, Mp(U)¢ = Me(L>(x)). This

implies that UZ = ¢°°. Combining all of these observations yields
c=U=uf Cc Ul = Ry = U = ¢,

where the indicated inclusion is strict. 11

EXAMPLE 4.10. Let Q = [0,1] and p be counting measure on ¥ = 2. Let
E = (L' + L>®)(u), i.e., E = £>2°(Q) (cf. Remark 4.8) and consider & = C([0, 1]),
the subalgebra of L>(u) = £°°(£2) consisting of the continuous functions on [0, 1].
Theorem 1.2 in [18] shows that UE = R(U). Also U = UE (cf. Remark 4.8(iii))
and Theorem 3.1 implies that {Z C U*. It is shown in Example 2.3 of [18] that
R(U) = Y. These facts show that

(4.5) O([0,1]) = U = UE = R(WU) = UZ c U= = ([0, 1]).

The only point still to be verified is that &4* = ¢>°([0, 1]), which follows from the

observation that C([0, 1]) separates the points of L (x) = £1(]0,1]). To see this, let

¢ € 1([0,1]) and suppose that (¢, f) = 0for all f € C([0,1]),i.e., > ¢(w)f(w) =
weA

0 for all f € C([0,1]), where the set A = {w € [0,1] : p(w) # 0} is countable. But,
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if v denotes the finite regular Borel measure given by v(E) = > ¢(w)d,(E), for
weA

each Borel set F C [0,1] (where §,, is the Dirac point measure at w), then

[ =3 pwpltw)) = 3 fw)pw) =0, < C(o.1)
Q

weEA weA

Accordingly, v is the zero measure and so p(w) = v({w}) =0, for all w € A, i.e.,
o =01n £'([0, 1]).

It was noted in Section 2 that JR(4U) = 4 whenever i is weak-star closed in
L>°(u); see (2.1). We see from (4.5) that (i) = U can also hold without 4 being
weak-star closed.

Now let F' = (L' N L>)(u), i.e., F = L*(u) = £1([0,1]). Then Corollary 3.2
implies that U = UF = 4. Accordingly,

C([0,1]) = U =R c Ul = uF = U = L>=(p).

Theorem 4.4 shows that Riee(U) = UL = L°°(u) and so we have another example
where the containment R(LU) C R (L) is strict. 1
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