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ABSTRACT. We present an example of a subshift whose associated C™*-alge-
bra is simple, purely infinite and not isomorphic to any Cuntz-Krieger algebra
and Cuntz algebra. The subshift is called the context free shift. We will
compute the topological entropy for the subshift and show that the KMS-
state for the gauge action on the associated C*-algebra exists if and only if

the inverse temperature is log(1 + v/1 + v/3) = 2.652... = the topological
entropy for the subshift, and the corresponding KMS-state is unique.
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1. INTRODUCTION

In [19], the author has constructed and studied the C*-algebra O, from a general
(two-sided) subshift A keeping in mind that the class of the topological Markov
shifts is a subclass of the class of the subshifts. In his studies, many structural
properties of the Cuntz-Krieger algebras have been generalized to the C*-algebras
O, associated with subshifts (cf. [19], [20], [21], [22]). In particular, the simplicity
argument for the Cuntz-Krieger algebras has been generalized to the C*-algebras
associated with subshifts. In [22], the notion of Condition (I), irreducibility and
aperiodicity have been extendedly considered for general subshifts. Suppose that
the corresponding one-sided subshift X for A satisfies Condition (I). The following
theorem has been proved:
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THEOREM A. ([19], [22]) For a subshift A, the C*-algebra Oy is simple if and

only if the corresponding one-sided subshift X, is irreducible in past equivalence.

Although the Cuntz-Krieger’s simplicity argument has been generalized to
general subshifts, an example of a subshift for which the associated C*-algebra is
simple, purely infinite and not isomorphic to any Cuntz-Krieger algebra and Cuntz
algebra has not been found yet. As seen in recent development of classification
theory of simple nuclear C*-algebras ([10], [16], [25], [27], [28], ... etc.), it seems
to be interesting to construct and study a new concrete simple C*-algebra related
to some topological dynamical system. If a subshift belongs to the class of the
sofic subshifts which strictly contains the class of the topological Markov shifts,
its associated C*-algebra has the same K-theory as a Cuntz-Krieger algebra.

In this paper, we first present an example of a subshift whose associated C*-
algebra is simple, purely infinite and not stably isomorphic to any Cuntz-Krieger
algebra. The subshift is called the context free shift, which is denoted by Z. It
is motivated by the theory of context free languages related to automata theory
(cf. [2]). We first show:

THEOREM 1.1. (Corollary 4.7 and Theorem 4.10) The C*-algebra Oz asso-
ciated with the context free shift Z is simple and purely infinite. It is the universal
concrete C*-algebra generated by two isometries S1, Sy and one partial isometry

Ss satisfying the following relations:

3
() X 5,8 =1;
_7:

00 k
(11) S;:S?) =1- Z Z 527"1’9*7”351;m1k—m3
k=1 m=0, k#2m
where Somk-ms3 denotes So--- Sy Sy---S51.53. The infinite sum of the right hand
—_—— ——

mtimes k—m times
side of the relation (ii) is taken under strong operator topology on a Hilbert space.
The C*-algebra Oz is unital, simple, purely infinite, nuclear and satisfies
the universal coefficient theorem for K-theory. Hence it is classifiable in terms of
K-theory by a classification theorem of Kirchberg and Phillips ([16], [25]). We will
compute K-theory for Oz and determine its isomorphism class in the following
way:

THEOREM 1.2. (Theorem 5.7 and Corollary 5.8) The K-theory for the C*-

algebra Oy is as follows:

KQ(OZ) =7 and K1(Oz) =0.
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The position of the unit 1 in Ko(Oz) = Z is 0. Hence the C*-algebra Oz is not
stably isomorphic to any Cuntz-Krieger algebra and not isomorphic to the Cuntz

algebra Oy .

In studying a topological dynamical system, the topological entropy is a very
important number to measure “complexity” for the topological dynamical system.
In [11], it was shown that the topological entropy for irreducible Markov shifts
appear as the inverse temperature admitting KMS-state for the gauge action on
the corresponding Cuntz-Krieger algebras. This result has been generalized to
more general subshifts in [23] (cf. [15]). We define the gauge action o on Oy
as an action of the group R of all real numbers by «;(S;) = e\EtSj7 t € R
Corresponding to these results, we will compute the topological entropy for Z and

prove the following:

THEOREM 1.3. (Theorem 6.8) There is a KMS-state for the gauge action on
the C*-algebra Oz if and only if the inverse temperature is log(1 4+ /14 /3) =
the topological entropy for the context free shift Z. The admitted KMS-state is

unique.

We will finally mention an application of our discussions to the theory of
symbolic dynamics. For each real number S > 1, there is a subshift called the
B-shift whose topological entropy is log 3 (cf. [26], [24]). For 3 =1+ 1+ /3
the B-shift is not sofic and has the same topological entropy as the context free
shift. We will however know that the (-shift is not conjugate to the context free
shift as a one-sided subshift (Proposition 7.2).

In [17], Kumjian-Pask-Raeburn-Renault have generalized the class of the
Cuntz-Krieger algebras from a graph theoretical view point. The presented C*-

algebras from subshifts in our paper are different from their ones.

2. NOTATION AND SUBSHIFTS

In this section, we will treat subshifts in general. We fix a finite set ©={1,2,...,n}
o0 oo

for n > 2. Let ¥Z, ¥N be the infinite product spaces [[ 3, [ ¥i where &; = %,
i=—00 i=1

endowed with the product topology respectively. The transformation ¢ on £%, &N
given by (o(x)); = 41, ¢ € Z,Nis called the (full) shift. Let A be a shift invariant
closed subset of Y2 i.e. o(A) = A. The topological dynamical system (A, o|A) is
called a subshift. We denote o|A by o for simplicity. We denote by X, the set
of all right-infinite sequences that appear in A. The dynamical system (X, o) is
called the one-sided subshift for A.
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A finite sequence p = (1, ..., pr) of elements p; € ¥ is called a block or a
word. We denote by || the length k of p. A block p = (u1,...,ux) is said to
occur or appear in x = (x;) € X% if T, = fi1, ..., Tonpk_1 = px for some m € Z.
For a subshift (A, o) and a number k € N, let A* be the set of all words of length

l e}
k in X% occurring in some z € A. Put A; = (J A¥,A* = |J A* where A° denotes

k=0 k=0
the empty word . Set

A(z)={pe A |preXp} forzeX, lelN

We define a nested sequence of equivalence relations in the space X,. For [ € N,
two points z,y € X, are said to be l-past equivalent if Aj(x) = Ai(y) ([22]). We
write this equivalence as x ~; y. We denote by ; = X,/ ~; the I-past equivalence
classes of X,.

LEMMA 2.1. Forxz,y € X and pu € A,
(1) if © ~; y, we have T ~p, y for m <I;

(i) if © ~; y and px € Xa, we have py € Xp and px ~j—g py for 1 > k.

By the first statement of the above lemma, the identity map on X, induces the

following sequence of surjections:
(21) Ql<—QQ<—-~-<—QlHQl+1(_....

We easily see that a subshift (A, o) is a Markov subshift if and only if Q; =
for all I € N, and that (A, o) is a sofic subshift if and only if ; = €, for some
leN.

In [22], the author introduced the following dynamical properties for the one-
sided subshifts. They are: Condition (I), irreducibility and aperiodicity in some
sense. If a subshift is a topological Markov shift A 4 determined by a matrix A with
entries in {0, 1}, their properties coincide with those of the matrix (Condition (I)
in the sense of Cuntz-Krieger (cf. [7]), irreducibility and aperiodicity) respectively.

DEFINITION 2.2. (i) A subshift (X,, o) satisfies Condition (I) if for any | € N
and x € Xy, there exists y € X, such that y # z and y ~; z.

(ii) A subshift (Xa,0) is irreducible in past equivalence if for any | € N,
y € X and a sequence (l‘k)keK of X with z* ~j, 21, there exist a number N
and a word p € AN in a sequence of X, such that y ~; pz!+.

(iii) A subshift (X4, o) is aperiodic in past equivalence if for any | € N, there
exists a number N € N such that for any pair =,y € X, there exists a word p of
length N in a sequence of X such that y ~; pz.
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We know that if a subshift (X, o) is aperiodic in past equivalence or irre-
ducible in past equivalence with an aperiodic point, then it satisfies Condition (I)
(122)).

For a fixed [ € N, let F!, i = 1,2,...,m(l) denote the l-past equivalence
classes of X,. Hence X, is a disjoint union of the sets F!, i = 1,2,...,m(l). For
heXandi=1,2,....m(),j=12,...,m(+1), we know hx € F! for some
T FJHI if and only if hy € F} for all y € FjHl by Lemma 2.1. Let A;;11(i,7)
be the number of the set {h € ¥ | ha € F! for some = € F;H}. Hence we have a

. od=1,2,...om(I+1
sequence {[Al,lJrl(ZvJ)B:lQ ..... ::Z((l;— )}

in non-negative integers. The sequence

of m(l) x m(l + 1)-matrices with entries
N

. oai=1,2,...om(l+1
{[Al,l-i-l(laJ)]g=172,__47m((1) )}leN

of matrices is said to be aperiodic if for any | € N, there exists a number N € N
such that all the entries of the product A;;y1 - Ai41,442 - Aiyn—1,4+n of the
matrices are strictly positive (cf. [14]). We then easily have:

LEMMA 2.3. (Xa,0) is aperiodic in past equivalence if and only if the se-

quence {[Al’lﬂ(i,j)]g:ll’g""’g((llﬁl)}l . of matrices is aperiodic.
250y c

3. THE C*-ALGEBRAS ASSOCIATED WITH SUBSHIFTS

We will review the construction of the C*-algebras associated with subshifts along
[19]. Fix an orthonormal basis {e1, ..., e, } of the n-dimensional Hilbert space C™.
Set:

F = Ce (e : vacuum vector);

F]{ = the Hilbert space spanned by the vectors e, = e,, ® --- ® e, for
p= (g, ) € AF;

Fy = é F¥ (Hilbert space direct sum).

k=0

We denote by T,,, (v € A*) the creation operator on Fj of e,,v € A* (v # ()
defined by
e, ey, (vp € AY),

T,eo=e€, and Tye,= {0 !
else;

which is a partial isometry. We put T, = 1 for v = (. Let Py be the rank one
n
projection onto the vacuum vector eg. It immediately follows that > T;T;+ Py =

i=1
1. We then easily see that for u,v € A*, the operator T,,PoT, is the rank one
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partial isometry from the vector e, to e,. Hence, the C*-algebra generated by the
elements of the form T,PoT,, p,v € A* is the C*-algebra KC(F,) of all compact
operators on Fj. Let 75 be the C*-algebra on F generated by the elements T,,,
ve M.

DEFINITION 3.1. ([19]) The C*-algebra O, associated with subshift (A, o)
is defined as the quotient C*-algebra Ty /K(Fy) of Ty by K(Fy).

We denote by S;,5, the quotient image of the operator T;, ¢ € ¥, T},
€ A*. Hence Oy is generated by n partial isometries Si, ..., .S, with relation
Zn: S;Sf = 1.1f (A, 0) is a topological Markov shift, the C*-algebra O is nothing
{o_ult the Cuntz-Krieger algebra associated with the topological Markov shift (cf.
(7], [11], [13)).

We will present the notation and the basic facts for studying the C*-algebra
Op. Put a, = S;S,, p € A*. Since 5,57 commutes with S}S,,, u,v € A*, the
following identities hold

(3.1) apSy, = Sy, p,ve AN
We notice that for u,v € A* with |u| = |v|,
S5, #0 if and only if  p=w.
We will use the following notation. Let k,! be natural numbers with k < [.

A; = the C*-subalgebra of O, generated by elements a,, p € A;.

Ap = the C*-subalgebra of O generated by elements a,,, 1 € A™.

FL = the C*-subalgebra of O, generated by elements S,aSy, p,v € A ae A
Fi° = the C*-subalgebra of O generated by elements S,,aS;, u,v € AF a e Ay,
Fa = the C*-subalgebra of O generated by elements S, a5},

wv € N |p| = v|, a € Ax.

The projections {S;S, | p € A*} mutually commute so the C*-algebras
Aj, I € N are commutative. Thus, we easily see the following lemma (cf. [19],
Section 3).

LEMMA 3.2. (i) A; is finite dimensional and commutative.

(ii) A; is naturally embedded into A;1 so that Ay = lim A; is a commutative
AF-algebra. -

(iii) Each element 0]”.7-"}C s a finite linear combination of elements of the form
SpaSy, n,v e A¥, a € A;. Hence ]-",i is finite dimensional.
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(iv) There are two embeddings in {F} }r<i:
(iv)—(a) 4 : FL C Fyt through the embedding Ay C Ajy1 and
(iv)—(b) nx : FL C f,iill through the identity

SuaSy = 5,;8;a8;8;;, v e acA.

j=1
(v) Both Fp° = llim Floand Fp = klim Fye are AF-algebras.

In the preceding Hilbert space Fj, the transformation e, — zkeu, e A
z €T = {z € C||z| = 1} on each basis ¢, yields a unitary representation which
leaves KC(F)) invariant. Thus it gives rise to an action « of T on the C*-algebra
Oy, which is called the gauge action and satisfies a,(S;) = 2S5;, 1 =1,2,...,n.

Each element X of the x-subalgebra of O, algebraically generated by S,,, S},
w, v € A* is written as a finite sum

X=> XS +Xo+ Y SuX, forsomeX_,,Xo,X,€Fy
vI>1 |ul>1

because of the relation (3.1). The map E(X) = [ «a.(X)dz, X € Oy defines a
z€T
projection of norm one onto the fixed point algebra Of under o. We then have

(cf. [19], Proposition 3.11):

LEmMA 3.3. Fp = OF.

Let D5 be the C*-subalgebra of F) generated by 5,5}, u € A*, which is
isomorphic to the C*-algebra C'(X,) of all complex valued continuous functions

on the space Xj. Put ¢(X) = > ;X S7 for X € D5 which corresponds to the
j=1
shift ¢ on X,. Consider the following condition called (I,) in [19]:
(Ip) For any I,k € N with [ > k, there exists a projection ¢} in D, such that
(i) ¢La # 0 for any nonzero a € Aj;
(ii) qpéX' (a,) =0, 1 <m < k.

We define the operator Ay on the algebra Ay by
M(X) =) "SrXS;  for X € Ay.
j=1

It is said to be irreducible if there exists no non-trivial ideal of A, invariant under
Aa. It is also said to be aperiodic if for any number [, there exists N € N such
that Ay (p) > 1 for any minimal projection p € A;.
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LEMMA 3.4. ([19]) If the C*-algebra Oy satisfies Condition (1n) and Ap is
irreducible on Ay, then Oy is simple. In addition, if Ay is aperiodic, then Oy is
purely infinite.

Since it is easy to see that A; is isomorphic to the algebra C(£2;) of all
continuous functions on ; for each | € N and A, is isomorphic to C(2y), we
have (cf. [22]):

LeMMA 3.5. ([22]) (i) For a subshift A, Condition (1) is equivalent to Con-
dition (In).

(i) (X, 0) is irreducible in past equivalence if and only if Ay is irreducible
on Aj.

(i) (Xa,0) is aperiodic in past equivalence if and only if Ap is aperiodic
on Ap.

4. THE CONTEXT FREE SHIFT AND THE C*-ALGEBRA

In this section, we will study the C*-algebra associated with a certain subshift

called the context free shift. Let X be the set of symbols {1,2,3}. The context free

shift is defined to be the subshift Z over ¥ whose forbidden words are {32™1%3 |

m # k} where the word 32™1%3 means 3 2---2 1---1 3 (cf. [18]). It is not a sofic
—

m times ktimes

subshift and hence not a Markov subshift.

Let Oz be the C*-algebra associated with it. Let S7,.S2, .53 be the canonical
generating partial isometries of Oz corresponding to the symbols {1, 2, 3} respec-
tively. We then have:

LEMMA 4.1. For any word p € Z*, we have:
(i) 858, = 83,83, for p = y3v with v € Z*. In particular, S;;S,, = S353

for p=~3;
(ii) if p does not contain the symbol “3”, S} S, = 1; hence, S7S1 = S35, =1.

In particular, we have:

COROLLARY 4.2.
Ay =CS383 © C(1 — 5553).
Hence we have dim(A;) = 2.

For studying the structure of the C*-algebra A;, we will consider its character
space €); for [ > 2. Define some sequences of subsets of Xz in the following way:

Py={172® |k >0}u{2"1m™2yc Xz [k >0,m>1,y € Xz}
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and for n,7 =0,1,...,
E; ={V3ye Xy |ye Xz},
j>n
Fj={2m1m"3y e Xz |m>1,y€ Xz},
R,={2"1"3ye X; |m=>1,k>0,m+j#kforj=0,1,...,n}.

LEMMA 4.3. For eachl € N, the space Xz is decomposed as a disjoint union:

-1 -1
Xz=P|JEUQ-1|JFUR. .
=0 j=0

This decomposition of Xz into 21 + 3-components corresponds to the l-past equiv-

alence classes of X 7.

The projection a,, for u = g - - - us, € A* is identified with the characteristic
function on Xz corresponding to the set ak(Uu) C Xz where U, is the cylinder
set {(2;)ieny € Xz | @1 = p1,..., 25 = i} Hence a projection P in the algebra
A; corresponds to a subset of X that we denote by supp(P). Then we see:

LEMMA 4.4. (i) supp(S;,;S32i) = E; U F; U By for j =0,1,2,...;

n

(ii) supp(S5;531) = U Fj UR, U Py for alln € N;
j=0

(111) supp(S§53 . S§1531 . S§2532) = PO.

Hence we know the structure of A; as folows:

COROLLARY 4.5. For each |l € N, the decomposition of Xz of 21 4+ 3-compo-

nents:
-1

-1
Xz=PF U E;uQi— U F; UR

j=0 j=0
corresponds to the direct sum decomposition of the C*-algebra A; as the set of all

minimal projections in A;. Hence we obtain dim(A;) = 2l + 3 for 1l > 2.
LEMMA 4.6. The context free shift Z is aperiodic in past equivalence.

Proof. For any natural number I, set N = [ + 4. For a word v € Z!*2 put
u=v12 € ZN. Then we have for v € X
px € Ey if v=1F3"F2  k=0,1,...,1—-1;
pr € Qi if v =112
ux € Fy, if v=21F13-%k Ek=0,1,...,1—-1;
pr € R_, if v =2%213"1;
ur € By if v=121H1



360 KENGO MATSUMOTO

Since the family Fy, Fy, E1, F1, ..., E_1,F;_1,Q;-1, Rj_1, Py represents the set of
all [-past equivalence classes, the subshift 7 is aperiodic in past equivalence. 1

As aperiodicity in past equivalence implies Condition (I) and irreducibility
in past equivalence, we conclude by Lemma 3.4 and Lemma 3.5 that

COROLLARY 4.7. The C*-algebra Oz is simple and purely infinite.

The C*-algebra Oz is generated by three operators: S1,S; and S3. As in
Lemma 4.1 both operators S; and S are isometries and S3 is a partial isometry.
We will realize Oz as a universal C*-algebra subject to some opeator relations
among S1,S2 and S3. It has been proved in [21] that for a subshift A in general,
the associated C*-algebra Op can be realized as a universal C*-algebra in the
following way:

LEMMA 4.8. ([21]) For a subshift A over ¥ = {1,2,...,n}, the C*-algebra
O\ associated with A is the universal concrete C*-algebra generated by n partial

isometries S;, i = 1,2,...,n subject to the following relations:
() 3 §,8; = 1;
Jj=1
(ii) S;Si=1-= 3> > S5,
k=1 ueLf

where LF = {vy---vp € A* | vy ---vp_y € AF vy ---vp_11, does not belong to
A*}. The infinite sum of the right hand side of the relation (ii) is taken under
strong operator topology on a Hilbert space.

The above theorem means that there exists a representation of Oy as opera-
tors on a Hilbert space such that the canonical generators satisfy the relations (i)
and (ii). Conversely, if there exist n partial isometries on a Hilbert space satisfying
the above relations, then there exists a canonical surjective homomorphism from
Op to the C*-algebra generated by them.

We apply Lemma 4.8 to our C*-algebra Oyz. The following lemma is clear.

LEMMA 4.9. LE={2m13 |m+1l=k—1,m#1} fork=2,3,....
Thus we obtain:

THEOREM 4.10. The C*-algebra Oy associated with the context free shift Z
is simple and purely infinite. It is the universal concrete C*-algebra generated by
two isometries S1,Sa and one partial isometry Ss satisfying the following relations:

3
() 3 8;8; =1
=

00 k
(11) 5553 =1- Z Z SQ’”lk*mSS;mlk—mg;
k=1 m=0,k#2m
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where Symqk-ms denotes Sy --- Sy S1---51 S3. The infinite sum of the right hand
—_—— ——

mtimes k—m times
side of the relation (ii) is taken under strong operator topology on a Hilbert space.

5. THE K-THEORY FOR O

In this section, we compute K-groups for Oz. The main tool is the following K-
theory formulae proved in [20]. The formulae hold for the C*-algebras associated

with subshifts in general.

LeMmMA 5.1. ([20]) (i) Ko(Oz) = hi)n(KO(-Al)/()\l—l —1-1):Ko(A1—1), tx);
(11) Kl(OZ) = ligH)l(kGI‘()\l_l — Ll—l)* m KO(A[), Ll*),‘
where \j_1 is defined to be the map Ay from A1 to A; and v;_1 is the natural

inclusion from Aj_1 to A.

We represent the homomorphisms A\, and ¢, as rectangular matrices. The
homomorphism Ay is nothing but the transpose Aj ;, | of the matrix A;;,, defined
in Section 2. Recall that dim(A;) = 20 + 3 for | > 2. Let po, eq, fo, €1, f1,---,€i-1,
fi—1,q1—1,7—1 be the set of all minimal projections in A; corresponding to the
set of all [-past equivalence classes Py, Fo, Fo, B, Fy,...,Ej_1,F;_1,Q;_1,R;_1

respectively. Then we can represent the induced matrices on the Kg-groups
Li(= M), [i(= ) : Ko(Ay) = 27 — Ko(Apg) = 270

of the operator \; and the inclusion ¢; from A; to A; 41 as follows:

Ty 1 -
1 1 1
1 1 1
1 1
1 1
1 1
1 1
1
L= ! ! )
1
1 1
1
1 1
1
1 1
_1 1_
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L= 1

along the following ordered basis

p07603f07617f15"

Sei—1, fic1, =1, T1—1

KENGO MATSUMOTO

where in the above matrices blanks denote zeros. Since we know

L —L=|"

1

we easily see that
LEMMA 5.2. ker(L; —I;) =0 for 2 <l eN.
Thus we have by Lemma 5.1,
PROPOSITION 5.3.

Kl(OZ) = 0.

We next compute Ko(Oz).
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21
LEMMA 5.4. Fizl=2,3,.... For z = € 7243 put
221+3
T1 = 22043,
T2 = 21 — 221+3,
T3 =21 — 23 + 22142,
Ty = 22 — 22142,
Tom—1 = 22143 + Tam—3 — Z2m—1 for3<m<Il—1,
Tom = Zom—2 — Tom—3 + Tom—o for3<m <Il—1,
T21—1 = =21,
Top = Zg1—2 — T21—3 + T21-2,
T2l+1 = 221+2
and
801([21]121;{3) = Z91-1 — T1 — T—3 + X1,
¢l([21]12l;§3) = Zoi41 — T1 — Tay—1 + Tay1.
Then we have
-0 7 -0 7
2 1 0 0
= (L1 —1I11) : + i) + 0
0 0
221+3 T20+1 0 Di(2)
0 0
U L 0 |

LEMMA 5.5. The map & : [(2:)75%] € Z2*3 — (¢1(2),¥1(2)) € Z? induces
an isomorphism 7273 /(Ly_y — I_1)Z*+! = 72

LEMMA 5.6. The following diagram is commutative:

ZQH—B/(Ll_l _ Il_l)ZQH—l i) ZZZ+5/(Ll _ Il)Z2l+3

le fl-&-ll

72 — 72

here M= | - *
wnere —00

Therefore we conclude
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THEOREM 5.7. (i) Ko(Oz) = Z;
(iil) [S5S3 - S51951 - 555532 generates Ko(Oz) = Z.

Proof. (i) By Lemma 5.1, it follows that
Ko(Oz) = lim(Ko (A1) /(Ai-1 = -1)«Ko(Ai-1), tix)
= lim (2?3 /(L — I,_1)Z%F, ) = 1im(Z%, M) = Z.

(ii) The class of the unit 1 in Ko(A;) corresponds to the vector [1,...,1] €
7213, Since oy(1) = (1) = 0, we see &(1) = (0,0). Thus the projection 1
represents 0 in Z = Ko(Oyz).

(iii) It is easy to see that the sequence [—1,0,...,0] € Z2*3 | = 1,2,...
of vectors generates the group Ko(Oz) = Um(Z**3/(L;_y — I,_1)Z3+1, 1)) Tt
corresponds to the characteristic function onﬁle subset Py which is expressed as
the class of the projection [S5.S3 - 55,531 - S55552]. 1

By [6], we know that the K-groups for the Cuntz algebra O, of infinite order
are Ko(Ox) = Z, K1(Os) = 0 and that the position of 1 in Ko(Ox ) corresponds
to 1in Z. By the classification theorem of purely infinite simple C'*-algebras proved
by Kirchberg ([16]) and Phillips ([25]), we have:

COROLLARY 5.8. The C*-algebra Oz is not isomorphic to any Cuntz-Krieger
algebra as well as to the Cuntz algebra Oy of infinite order, but it is stably iso-
morphic to O . In fact, Oz is isomorphic to ((’)oo)l_sls; where Oy, is generated
by a sequence s;, i = 1,2,... of isometries with mutually orthogonal ranges.

6. KMS-STATES FOR GAUGE ACTION AND TOPOLOGICAL ENTROPY

In this section, we study KMS-state for the gauge action on Oz and topological
entropy for the context free shift. In studying KMS-state for the gauge action on
the C*-algebras associated with subshifts, the lemma bellow proved in [23] plays
a crucial role.

LEMMA 6.1. ([23]) For a subshift A, if a state ¢ on Oy is a KMS-state for
the gauge action on Oy at the inverse temperature log (3, it satisfies the condition
podp = By on Ap. Conversely, a state p on Ap satisfying the condition po Ay =
By can be uniquely extended to a KMS-state for the gauge action on Oy.

We will apply this lemma to our C*-algebra Oz for the context free shift
Z. We will find a state on Az satisfying the condition ¢ o Az = By for some real
number 3.
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Let po, €9, J?o,é\h fl, ..., €l fl, q1,7; be real numbers for [ = 2,3,... satisfying

the condition l

Z/)\O+Z(€j+fj>+{]\l+?l:1.
=0

We consider the following equations:
t ~ ~ n ~ N ~ N ~ N ~ N ~ o~ t
Ll+3 [pan()vaael,flveQa f27 e aelfl,flflaelafl,qlarl}

—~ ~ —~ ~ t
= /B[p[)anvauelvflveQanv'"7el717fl717q1717/’1l71i|

and the equations
a+q=q-1, fH+r="r_1.

These equations can be uniquely solved in the following way by straightforward

calculation.
LEMMA 6.2.

N 1
Po = (ﬂ — 1)2,
—~ 6—2
En = gn+l>
s_B-DE-2) 1

(61) 0= ﬂ (5_1)27
Fa=B"fo— (B" e+ B 20+ -+ B 1 + ),
~ 8—2

"= )
Po= (82— (fot+ fit-+fa), n=01,2....
LEMMA 6.3. Suppose that 3 > 2. Then fn >0 foralln=0,1,..., if and
only if
(62 =B -1*(B—2)—2(F° - 6+1) > 0.
If this is the case, we have ﬁL >0 foralln=0,1,....

Proof. Since we have

Fo= 8o~ " e

Weseefn>Oforalln:071,...ifandonlyif
1

7o (B-2)(B-1).

(B -DE-1*B-2)-28-F+1) > -

Hence we get the assertion. 11
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LEMMA 6.4. Suppose that 3 > 2. Then 7, > 0 for alln =0,1,..., if and
only if
(B2 =1)(B-1)*B-2)-2(62-B+1) <0.

If this is the case, we have T, >0 for alln =0,1,....

Proof. Since we have

. B2
Th= s
(B-1)?
n+1 N B—-2 B=2 B=2 B=2 B—2
_A=B"A-B)o+ gEEn ) — g+ 75+ BGID ~ G
(B-1)? 7
we see 7, > 0 for all n =0,1,... if and only if
~ B2
(1*5)f0+m = 0.

This implies that

(B-DE-12B-2) -2 -6+1)<0.
Therefore we have

COROLLARY 6.5. Suppose that 3 > 2. Then fn,?n >0 foralln=0,1,...,
if and only if B = 1+ \/1++/3. If this is the case, we have J:";L,?n > 0 for all
n=0,1,....

Let po, eo, fo, €1, f1,---,€1-1, f1-1,q—1,71—1 be the basis of A; considered in

the previous section. By putting
So(t) = %\ for t = Do, €o, f07 €1, flv s €11, fl717q1717711717

we know that to give a state ¢ on Az such that ¢ o Ay = Py is equivalent to

find non-negative real numbers Py, €o, fo, €1, J/c\l, e @11, fio1,Qi—1, 711 satisfying
Equations (6.1) for all [ = 2,3,.... By non-negative condition for €, and ﬁ) in

(6.1), we have 3 > 2.

Hence we get:
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PROPOSITION 6.6. A state ¢ on Ay satisfies the condition ¢ o Az = By for

some real number B if and only if 3 = 1+ \/1++/3. Moreover a state ¢ that
satisfies the above condition is unique.

For # = 14+1/1 + /3, the concrete values of the above state ¢ at the support
projections a, of the partial isometries S,,, p € Z* are easily determined by the

vectors Po, €0, f0, €1, f1s- -+ €n, frnsGn, 'n- We know, for instance, that

@(a3)=ﬁo+é\o+ﬁ)=ﬁ—27

@(a32)=ﬁo+€1+ﬁz(ﬁ—1)(g_2)_ﬁ,
¢(agyr) = Po + & + [
_ npk-1 _ 9\ _ ﬁk _/6—2 k-2, #
=# (5 1)(ﬂ 2) (ﬁ_2)2 =1 (5 + +/6+1)+(ﬁ_1)2,
<F’(a31):<,0((131k):1?04_]/%_;_}\1_|_;:1:ﬁ7
W(a32k1)=ﬁo—|—é\k_1—|—f0+ﬁ+?1:ﬁ_kﬂﬁ—?’

olagior) =1, k=1,2,....

The values of ¢ at the range projections 5,5}, are determined by the formulae:
¢(8uS)) = giela,) as in [23].

The topological entropy for the irreducible topological Markov shift A 4 de-
termined by a matrix A with entries in {0,1} and for (-shift with a real number
B> 1 are logr(A) and log 8 respectively where r(A) denotes the spectral radius of
the matrix A. Their topological entropy have appeared as the inverse temperature
of the admitted KMS-state for the gauge action on the associated C*-algebras
(112, [15))-

For a subshift (A,0) over ¥ = {1,2,...,n} and a natural number k, let
0. (A) be the cardinality of the words of length k appearing in A*. The topological
entropy hiop(A) for the subshift (A, o) is given by

hiop(A) = kllrrgoé log 0, (A)  (cf. [8], [18]).

For the context free shift Z we have:

LEMMA 6.7. If there exists a log 8 KMS-state on Oy for the gauge action
for some 1 < 3 € R, we have

log 8 =logr(A\z) = htop(Z)
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where (A7) denotes the spectral radius of the operator Az on Az.

Proof. A word p in {1,2,...,n} appears in the subshift Z if and only if
Sy # 0. Let ¢ be a log 8 KMS-state on Oz for the gauge action. For k € N, it
follows that

B =o( 32 Si8n) < || D2 Susi]| = NI < X 1538l = 0u(2).
neZk neZk pezk

As A% is a completely positive map on the unital C*-algebra Az, we have || A\5(1)|| =

A%l so that we see
(6.2) B <IN < 0k(2).

On the other hand, by the inequality 8% > 0,(2) mizrk ©(a,), we obtain
HE

~ t0,(Z)F < B<OL(D)F.
:Ieuzr}cw(au) K(Z)F < B<0r(2)

Now we have a,, > Py for any word p € Z*. It follows that

3
wlay) = (Po) = (5—11)2 = \fQ ! for pe z*.

Hence we obtain

1
lim min p(a,)* =1
k—oo uezk QO( ,u)

and klim 01(Z)* = 3. Thus we get the desired equalities from (6.2). 1

(We have more general results in [23]).

Therefore we conclude

THEOREM 6.8. (i) For a real number (3, there exists a log 8 KMS-state for
the gauge action on Oz if and only if =1+ /1 + /3 =2.652891. ...

(ii) The above KMS-state is unique.

(iii) log(1 4+ V1 +V3) = hiop(Z), the topological entropy for the context free
shift Z.
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7. REMARK

We will finally apply our discussions to settle a conjugacy result in symbolic dy-
namics. We note the following fact:

LEMMA 7.1. ([19], Proposition 5.8) Let (A1,0) and (As, o) be subshifts such
that both the corresponding one-sided subshifts Xx, and X, satisfy the Condi-
tion (I). If they are conjugate as one-sided subshifts, we have an isomorphism
between the C*-algebras Oy, and Oy, .

For # =1+ v/1+ /3 the (-shift is not sofic and has the same topological
entropy as the context free shift. Hence it might be possible that the context free
shift is conjugate to the [-shift. We will however see:

PROPOSITION 7.2. The context free shift is not conjugate to any (-shift for
1 < B €R as a one-sided subshift.

Proof. Since topological entropy is a conjugacy invariant and the entropy
for the f-shift is log 3, it is enough to consider the case 3 = 1+ v/1++/3. By
[15], we know that the S-shift for 3 =1+ /1 + +/3 is aperiodic in our sense and
the corresponding C*-algebra is isomorphic to the Cuntz algebra O.,. Hence the
context free shift is not conjugate to the S-shift by Corollary 5.8 and Lemma 7.1. &

Acknowledgements. The author would like to thank Yasuo Watatani for his conver-
sations and encouragements and to the referee for many helpful suggestions and advices.

NOTE. Some part of the results in this paper were announced by the author at the
International Conference on Operator Algebras and Operator Theory, Shanghai, July 3
— July 9, 1997. But in the announced results, there was an error in the computation of
the K-groups for the C*-algebra Q.
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