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1. INTRODUCTION

Recently the operator-norm convergence and the error bound estimates were ob-
tained for the Trotter and the Trotter-Kato product formulae in the abstract
context of semigroups in a Hilbert space with self-adjoint generators ([12], [7], [9],
[10]), as well as for the Schrödinger semigroups ([3], [4], [5], [6]).

Let A and B be non-negative self-adjoint operators on the Hilbert space H.
Then some of these abstract results can be formulated as follows (cf. [9]): if B is
A-bounded with a relative bound a < 1 and A > I, then for the Trotter formula
one gets the operator-norm estimate

(1.1)
∥∥(e−tA/ne−tB/n)n − e−t(A+B)

∥∥ 6 C
lnn

n

uniformly in t for any bounded interval [0, T ].
The aim of the present note is to extend the class of semigroups for which

we have the operator-norm convergence of the Trotter product formula. This
extension is accomplished in two directions: we show that under certain conditions
on the generators −A and −B the operator-norm convergence takes place in a
Banach space, which was the initial context for the Trotter formula ([16]). As
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a consequence we obtain a generalization of the results [7], [9], [10] in Hilbert
space to some class of non-self-adjoint generators: −A generates a holomorphic
semigroup, and −B is A-small with a relative bound equal to zero (cf. [7]).

For these results the properties of holomorphic semigroups are essential. So
we begin with some preliminaries concerning bounded, holomorphic semigroups,
and fractional powers of generators.

2. PRELIMINARIES

2.1. Bounded semigroups. As a starting point we recall the definition of a one-
parameter strongly continuous semigroup (or simply semigroup), then we state
some of its properties.

Definition 2.1. A family Q(t)t>0 of bounded linear operators on a Banach
space B is called a one-parameter strongly continuous semigroup if it satisfies the
conditions:

(i) Q(0) = I;
(ii) Q(s + t) = Q(s)Q(t) for all s, t > 0;
(iii)lim

t→0
Q(t)x = x for all x ∈ B.

The immediate consequences of this definition are (see e.g. [13], Section 13.34):
• There are constants CA > 1 and γA ∈ R, depending on the generator of

the semigroup, such that ‖Q(t)‖ 6 CAeγAt for all t > 0.
• t 7→ Q(t) is a strongly continuous function from [0,+∞) onto the algebra

of bounded linear operators on B.
• There exists a closed densely defined linear operator −A on B with domain

D(A), called the generator of the semigroup, such that lim
t→0

(Q(t)x − x)/t = −Ax

for any x ∈ D(A), i.e. by convention Q(t) = e−tA.
• The resolvent of the generator satisfies the estimate ‖R−λ(A)‖ = ‖(A +

λ)−1‖ 6 CA/(Re(λ) − γA) for all λ with Re(λ) > γA, thus the open half plane
with Re(z) < −γA is contained into the resolvent set of A, defined as ρ(A) = {z ∈
C : ‖Rz(A)‖ < +∞}.

Remark 2.2. If γA 6 0, Q(t) is called a bounded semigroup (otherwise, Q(t)
is called a quasi-bounded semigroup of type γA > 0). For any strongly continuous
semigroup, we can construct a bounded semigroup by adding some constant η > γA

to its generator. Let Ã = A + η, then for the semigroup Q̃(t) generated by Ã, one
has ‖Q̃(t)‖ 6 CA, t > 0, and the open half-plane Re(λ) < η − γA is included into
the resolvent set ρ(Ã) of Ã. So it is not restrictive to suppose that the considered
semigroup Q(t) is bounded and that {z ∈ C: Re(z) 6 0} ⊆ ρ(A).

Remark 2.3. If ‖Q(t)‖ 6 1, t > 0, the semigroup is called a contraction
semigroup. It is clear that the method of the preceding remark does not permit
to construct a contraction semigroup from a bounded semigroup in general, since
the constant CA does not change. Below we need a characterization of generators
of contraction semigroups (see e.g. [2], Theorem 2.24). We note by B∗ the dual
space of the Banach space B.
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Definition 2.4. Let A be an operator in a Banach space B. A is said to
be accretive if for all pairs {u, ϕ} ∈ D(A)×B∗ with ‖u‖ = 1, ‖ϕ‖ = 1, (u, ϕ) = 1,
one has Re(Au, ϕ) > 0.

Proposition 2.5. An operator −A with dense domain in a Banach space
B is the generator of a contraction semigroup if and only if A is accretive and the
range of λ + A equals B for some λ > 0.

The following observations will be useful for the sequel, see Section 3.

Lemma 2.6. Let Q(t) be a bounded semigroup with boundedly invertible gen-
erator −A; then for all t > 0, and for any n ∈ N, we have:(

Q(t)−
n∑

k=0

(−tA)k

k!

)
A−n−1 = −

t∫
0

(
Q(τ)−

n−1∑
k=0

(−τA)k

k!

)
A−n dτ,(2.1)

∥∥∥∥(
Q(t)−

n∑
k=0

(−tA)k

k!

)
A−n−1

∥∥∥∥ 6 CA
tn+1

(n + 1)!
.(2.2)

Proof. We proceed by induction, and we first prove (cf. [13]):

(2.3) (Q(t)− I)x = −
t∫

0

Q(τ)Axdτ, ∀x ∈ D(A).

By virtue of semigroup properties one has for ε > 0
t∫

0

Q(s)
Q(ε)− I

ε
ds =

t∫
0

Q(s + ε)−Q(s)
ε

ds =

t+ε∫
t

Q(s)
ε

ds−
ε∫

0

Q(s)
ε

ds

= (Q(t)− I)
1
ε

ε∫
0

Q(s) ds.

Moreover we have:

lim
ε→0

1
ε

ε∫
0

Q(s)xds = x, ∀x ∈ B,

lim
ε→0

Q(ε)− I
ε x = −Ax, ∀x ∈ D(A).

This proves (2.3), and since A is boundedly invertible, we obtain (2.1) for n = 0.
Furthermore, since Q(t) is bounded by CA, we obtain the estimate (2.2) for n = 0.

Suppose that (2.1) and (2.2) are true for some n, then a simple calculation
leads to (2.1) for n + 1. Hence, using the representation (2.1) and (2.2) for n to
estimate the integrand, we obtain (2.2) for n + 1. This completes the proof by
induction.

Similarly, we obtain a representation for a restricted development of
(I + A)−1.
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Lemma 2.7 Let A be as in Lemma 2.6. Then for any n > 0:

(2.4) (I + A)−1A−n−1 =
( n∑

k=0

(−A)k

)
A−n−1 + (−1)n+1(I + A)−1.

Proof. For n = 0, the representation (2.4) follows from the resolvent formula:

(2.5) (I + A)−1 −A−1 = −(I + A)−1A−1.

Suppose that (2.4) holds for an integer n; then:

(2.6) (I + A)−1A−n−2 =
( n∑

k=0

(−A)k

)
A−n−2 + (−1)n+1(I + A)−1A−1.

Applying (2.5) to the last term of (2.6) we get the representation (2.4) for n + 1,
and thus for any n by induction.

Lemma 2.8. If Q(t) is a bounded semigroup with boundedly invertible gen-
erator −A then:

(2.7)
∥∥∥∥ 1

t2
(
(I + tA)−1 −Q(t)

)
A−2

∥∥∥∥ 6
3CA

2
, ∀t > 0.

Proof. By Lemma 2.6 one gets

(2.8)
∥∥∥∥(Q(t)− I + tA)

1
t2

A−2

∥∥∥∥ 6
CA

2
.

On the other hand by Lemma 2.7, we have

(2.9)
∥∥∥∥((I + tA)−1 − I + tA)

1
t2

A−2

∥∥∥∥ = ‖(I + tA)−1‖ 6 CA.

Here the last estimate follows from (I + tA)−1 = (1/t)R−1/t(A) and ‖R−λ(A)‖ 6
CA/(λ + δ), δ > 0, for bounded semigroups with boundedly invertible generators
(see Remark 2.2). Hence (2.7) follows from (2.8) and (2.9).

2.2. Holomorphic semigroups. Now let U(z) be a family of operators with z
taking values in the sector of the complex plane:

(2.10) Sω = {z ∈ C : z 6= 0 and | arg(z)| < ω}
where 0 < ω 6 π/2.

Definition 2.9. (cf. [2]) We define a bounded holomorphic semigroup of
angle ω on a Banach space B to be a family of bounded operators U(z) where
z ∈ Sω, and satisfying the following conditions:

(i) U(z1)U(z2) = U(z1 + z2) for all z1, z2 ∈ Sω.
(ii) If 0 < ε < ω, then ‖U(z)‖ 6 Mε for all z ∈ Sω−ε and some Mε < ∞.
(iii) U(z) is an analytic function of z ∈ Sω.
(iv) If x ∈ B, and 0 < ε < ω, then lim

z→0
U(z)x = x provided z ∈ Sω−ε.

Let σ(A) = C \ ρ(A) denote the spectrum of A. We mention the follow-
ing characterization of generators of holomorphic semigroups (see e.g. [2], Theo-
rems 2.33 and 2.34):
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Proposition 2.10. The operator −A in a Banach space B is the generator
of a bounded holomorphic semigroup of angle ω 6 π/2 if and only if A is a closed
operator with a dense domain D(A) such that:

(2.11) ∃ 0 < ω 6
π

2
, σ(A) ⊆

{
w ∈ C : | arg(w)| 6 π

2
− ω

}
and

(2.12) ∀ ε > 0, ∃Nε > 0, ∀w ∈ Sω−ε+π/2, ‖(w + A)−1‖ 6 Nε|w|−1.

We shall use below the following property which is an alternative characteri-
zation of these semigroups (see e.g. [2], Theorems 2.38, 2.39, and [8], Chapter IX,
Remark 1.20):

Proposition 2.11. If U(z) is a bounded holomorphic semigroup of angle ω
with generator −A, then for all z ∈ Sω, n ∈ N, U(z)B ⊆ D(An), and there are
positive constants C ′A, C

(n)
A such that:

(2.13)
∥∥∥∥dU(t)

dt

∥∥∥∥ = ‖AU(t)‖ 6
C ′A
t

and
∥∥∥∥dnU(t)

dtn

∥∥∥∥ = ‖AnU(t)‖ 6
C

(n)
A

tn
.

In fact, these estimates are valid for complex values of t in any sector Sθ for
0 < θ < ω with constants depending on θ.

Remark 2.12. Similarly to strongly continuous semigroups, a family U(z),
z ∈ Sω is called a quasi-bounded holomorphic semigroup of angle ω if there exists
a constant γ > 0 such that e−γzU(z) is a bounded holomorphic semigroup of
angle ω.

Finally, the class of semigroups we shall consider below is:

Definition 2.13. We say that U(z), z ∈ Sω, is a holomorphic contraction
semigroup of angle ω if it is a bounded holomorphic semigroup of angle ω, and its
restriction on R+ is a contraction semigroup.

Notice that this class of semigroups is not empty:
(i) Let U(t), t ∈ R, be a contraction semigroup with generator −A on a

Banach space B, such that U(t)B ⊆ D(A) for t > 0. If ‖AU(t)‖ 6 ct−1 for some
c > 0 and all t > 0, then there exists ω > 0 such that U(t) may be analytically
continued to a bounded holomorphic semigroup of angle ω; see [2], Theorem 2.39.

(ii) Let A be a sectorial operator on a Hilbert space H, i.e. its numerical
range {(u, Au) : u ∈ D(A) and ‖u‖ = 1} ⊆ Sπ/2−ω, 0 < ω 6 π/2. If −A is closed,
then it is the generator of a holomorphic contraction semigroup of angle ω; see [8],
Chapter IX, Theorem 1.24.

(iii) Let −A be the generator of a holomorphic semigroup on a Banach space,
if A is accretive, then −A generates a holomorphic contraction semigroup.

2.3. Fractional powers of generators. For generators of bounded semi-
groups, it is possible to define fractional powers (see e.g. [17], Chapter IX, Section
11). We need below some properties of these operators.
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Following [17], we define the fractional power 0 < α < 1 of the generator A
of a bounded semigroup Q(t) by the integral (when it is well defined)

(2.14) Aαx =
1

Γ(−α)

∞∫
0

λ−α−1(Q(λ)− I)xdλ,

where λα is chosen to be positive for λ > 0. Notice that for any x ∈ D(A), the
integral (2.14) is convergent, thus D(A) ⊆ D(Aα). We set also A0 = I and for any
α > 0, if [α] denotes the integer part of α, we put Aα = Aα−[α]A[α].

Proposition 2.14. For each α ∈ [0, 1], there exists a constant Cα, depend-
ing only on CA and α, such that, for all µ > 0,

(2.15)
∥∥Aα(A + µ)−1

∥∥ 6
Cα

µ1−α
.

Proof. For α = 0 or α = 1, the result follows directly from the estimate of the
resolvent. Let 0 < α < 1 and x ∈ B (notice that Ran(A+µ)−1 = D(A) ⊆ D(Aα)),
then

(2.16) Aα(A + µ)−1x =
1

Γ(−α)

∞∫
0

λ−α−1(Q(λ)− I)(A + µ)−1xdλ.

We divide the integral (2.16) in two parts: 0 < λ 6 µ−1 and λ > µ−1, and use the
representation (2.3):

Aα(A + µ)−1x =
1

Γ(−α)

µ−1∫
0

λ−α−1

λ∫
0

−Q(t)(I − µ(A + µ)−1)xdt dλ

+
1

Γ(−α)

∞∫
µ−1

λ−α−1(Q(λ)− I)(A + µ)−1xdλ.

Now by the estimate of the resolvent ‖(A + µ)−1‖ 6 CA/µ for all µ > 0 one
obtains:

‖Aα(A + µ)−1x‖ 6
CA(1 + CA)‖x‖

Γ(−α)

( µ−1∫
0

λ−α dλ +
1
µ

∞∫
µ−1

λ−α−1 dλ

)

6
CA(1 + CA)µα−1

Γ(−α)α(1− α)
‖x‖.

Setting Cα = CA(1 + CA)/(αΓ(−α)(1− α)) we get the estimate (2.15).

Proposition 2.15. ([15], Lemma 2.3.5) D((A+ δ)α) = D(Aα) for all δ > 0
and 0 < α < 1.

Proposition 2.16. Let U(t) be a bounded holomorphic semigroup with gen-
erator −A; then for any real α > 0, we have

(2.17) sup
t>0

‖tαAαU(t)‖ = Mα < ∞.
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Proof. Let 0 < α < 1: by D(A) ⊆ D(Aα) one gets D(AαU(t)) = B. Hence
by (2.14) we have

(2.18) AαU(t) =
1

Γ(−α)

∞∫
0

λ−α−1(U(t + λ)− U(t)) dλ.

Now we split the integral (2.18) in two parts: 0 < λ < t and λ > t, and we use the
estimate of the derivative of the holomorphic semigroup (see Proposition 2.11) to
obtain

(2.19) ‖U(t + λ)− U(t)‖ 6 λ sup
t6τ6t+λ

‖U ′(τ)‖ 6 λ
C ′A
t

.

This leads to the estimate

‖AαU(t)‖ 6
1

Γ(−α)

( t∫
0

λ−α C ′A
t

dλ +

∞∫
t

2CAλ−α−1 dλ

)

6
t−α

Γ(−α)

(
C ′A

1− α
+

2CA

α

)
.

Therefore we get (2.17) for 0 < α < 1 by setting Mα = Γ(−α)−1(C ′A/(1− α) +
2CA/α).

For integer powers α, (2.17) follows directly from Proposition 2.11. Notice
that by Proposition 2.11, Ran(U(t)) ⊆ D(An) for t > 0. Then result (2.17) follows
for any non-integer α > 1, from D(Aα = Aα−[α]A[α]) ⊃ D(A[α]+1), representation
(2.18), and the estimate (2.13) of derivatives of order [α] + 1.

3. TROTTER PRODUCT FORMULA

3.1. In a Banach space. The aim of this section is to prove the operator-
norm convergence of the Trotter product formula for holomorphic contraction
semigroups in a Banach space. We require that the operator −A generates a
holomorphic contraction semigroup, and that:

(H1) −B is the generator of a contraction semigroup;
(H2) there is a real α ∈ [ 0, 1) such that D(Aα) ⊆ D(B) and D(A∗) ⊆ D(B∗).

Notice that we can suppose A boundedly invertible; if it is not the case, let
consider A + η for some η > 0, and we have D((A + η)α) = D(Aα) ⊆ D(B) by
Proposition 2.15.

Remark 3.1. We note that the last assumption (introduced by Ichinose and
Tamura in [7]) implies that B is relatively bounded with respect to A with the
relative bound equals to zero. Indeed, for η > 0 by D(A + η) ⊆ D(Aα) ⊆ D(B)
and by Proposition 2.14 one gets (A is supposed boundedly invertible):

(3.1) ‖B(A + η)−1‖ 6 ‖BA−α‖ ‖Aα(A + η)−1‖ 6
Cα

η1−α
‖BA−α‖.
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Since the operators Aα and B are closed, the inclusions (H2) are equivalent to
Aα-boundedness of B and the A∗-boundedness of B∗. In particular, ‖BA−α‖ 6 d
and ‖B∗A∗−1‖ 6 d′ for some d, d′ > 0. Therefore for any x ∈ D(A) ⊆ D(B), we
have the estimate

(3.2) ‖Bx‖ 6
Cα‖BA−α‖

η1−α
‖Ax‖+ ηαCα‖BA−α‖ ‖x‖

and the relative bound in (3.2) can be chosen arbitrarily small by the shift η > 0.
For such perturbations we can prove the following result (cf. [8], Chapter IX,
Corollary 2.5):

Lemma 3.2. Let e−tA be a holomorphic contraction semigroup of angle ω on
B, and suppose B satisfies (H1) and (H2). Then the algebraic sum −(A+B) with
D(A + B) = D(A) is the generator of a holomorphic contraction semigroup.

Proof. First we verify the conditions of Proposition 2.10. Let ε > 0; by (3.2)
we have for | arg(z)| < ω + π/2− ε

(3.3) ‖B(A + z)−1‖ 6
Cα‖BA−α‖

η1−α
‖A(A + z)−1‖+ ηαCα‖BA−α‖ ‖(A + z)−1‖,

which leads to

(3.4) ‖B(A + z)−1‖ 6
Cα‖BA−α‖

η1−α
(1 + Nε) + ηαCα‖BA−α‖Nε

|z|
.

Therefore the Neumann series for (A + B + z)−1 converges if the right hand side
of (3.4) is smaller than 1. Thus we can choose η such that the first term in the
estimate (3.4) becomes smaller than 1. Then we obtain:

(3.5) ‖(A + B + z)−1‖ 6
M

|z − γ|

for | arg(z)| < ω+π/2−ε, where M and γ are some positive constants. By Propo-
sition 2.10 we conclude that −(A + B) generates a quasi-bounded holomorphic
semigroup of angle ω − ε.

On the other hand, A and B are accretive, thus A + B is accretive. But for
x < 0, |x| sufficiently large (|x| > γ), x is in the resolvent set of A + B, hence we
conclude that −(A+B) generates a contraction semigroup, by Proposition 2.5.

The proof of the main theorem of this section involves three technical lem-
mata. For the two first we suppose only that B and B∗ are A-bounded, i.e. there
are positive constants a and b such that:

∀x ∈ D(A) ⊆ D(B), ‖Bx‖ 6 a‖Ax‖+ b‖x‖,(3.6)

∀ϕ ∈ D(A∗) ⊆ D(B∗), ‖B∗ϕ‖ 6 a‖A∗ϕ‖+ b‖ϕ‖.(3.7)

If A is boundedly invertible, then we can set b = 0 with the relative bound a +
b‖A−1‖ instead of a.
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Lemma 3.3. Let −A, boundedly invertible, and −B be generators of bounded
semigroups. Let B and B∗ be A-bounded as in (3.6), (3.7) and suppose that the
operator −H = −(A+B) with D(H) = D(A) is the boundedly invertible generator
of a bounded semigroup. Then there exists a constant L1 such that for all τ > 0:∥∥A−1(e−τBe−τA − e−τ(A+B))

∥∥ 6 L1τ,(3.8) ∥∥(e−τBe−τA − e−τ(A+B))A−1
∥∥ 6 L1τ.(3.9)

Proof. By virtue of the identity

A−1(e−τBe−τA − e−τ(A+B)) = A−1(e−τB − I)e−τA + A−1(e−τA − I)

+ A−1HH−1(I − e−τH)

and Lemma 2.6 we get (3.8):

‖A−1(e−τBe−τA − e−τH)‖ 6

∥∥∥∥
τ∫

0

dsA−1Be−sB

∥∥∥∥ +
∥∥A−1

(
e−τA − I

)∥∥
+ ‖A−1H‖ ‖H−1(I − e−τH)‖

6 ‖A−1B‖CBτ + CAτ + ‖A−1H‖CHτ.

Finally, we remark that (3.7) implies the boundedness of the closed operator
A−1B, and that ‖A−1H‖ 6 ‖I + A−1B‖ 6 1 + a + b‖A−1‖. To prove (3.9) one
has to use (3.6), and the same line of reasoning as above to put finally L1 =
CBa′ + CA + CH(1 + a′) where a′ = a + b‖A−1‖.

Lemma 3.4. Let A,B and H = A + B be the same as in Lemma 3.3. Then
there exists a constant L2 such that for all τ > 0:∥∥A−1(e−τBe−τA − e−τ(A+B))A−1

∥∥ 6 L2τ
2,(3.10) ∥∥A−1(e−τAe−τB − e−τ(A+B))A−1

∥∥ 6 L2τ
2.(3.11)

Proof. By virtue of

e−τBe−τA − e−τH =
(
I − e−τB

) (
I − e−τA

)
+

(
e−τA − (I + τA)−1

)
+

(
e−τB − (I + τB)−1

)
+

(
(I + τH)−1 − e−τH

)
+ τH(I + τH)−1 − τA(I + τA)−1 − τB(I + τB)−1

and the identity

A−1
(
τH(I + τH)−1 − τA(I + τA)−1 − τB(I + τB)−1

)
A−1

= τ2
(
(I + τA)−1 + A−1B(I + τB)−1BA−1 −A−1H(I + τH)−1HA−1

)
,

we get the representation

A−1(e−τBe−τA − e−τH)A−1 = A−1(I − e−τB)(I − e−τA)A−1

+
(
e−τA − (I + τA)−1

)
A−2 + A−1

(
e−τB − (I + τB)−1

)
A−1

+ A−1H
(
(I + τH)−1 − e−τH

)
H−2HA−1 + τ2(I + τA)−1

+ τ2A−1B(I + τB)−1BA−1 − τ2A−1H(I + τH)−1HA−1,
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which gives the following estimate:

1
τ2
‖A−1(e−τBe−τA − e−τH)A−1‖ 6

1
τ
‖A−1B‖

∥∥∥∥
τ∫

0

dse−sB

∥∥∥∥1
τ
‖(I − e−τA)A−1‖

+
1
τ2
‖(e−τA − (I + τA)−1)A−2‖

+
1
τ2
‖A−1B‖

∥∥∥∥
τ∫

0

ds1

s1∫
0

ds2e−s2B − τ2(I + τB)−1

∥∥∥∥ ‖BA−1‖

+
1
τ2
‖A−1H‖ ‖((I + τH)−1 − e−τH)H−2‖ ‖HA−1‖

+ 1 + ‖A−1B‖ ‖BA−1‖+ ‖A−1H‖ ‖HA−1‖.

Now Lemmata 2.6 and 2.8 together with (3.6), (3.7) imply (3.10): we can
take L2 = a′CACB + 3CA/2 + 3CBa′2/2 + 3CH(1 + a′)2/2 + 1 + a′2 + (1 + a′)2

with a′ = a + b‖A−1‖. Similarly one gets (3.11).

In the next lemma we need the Ichinose-Tamura condition (H2) and contrac-
tion semigroups.

Lemma 3.5. Let −A be the boundedly invertible generator of a holomorphic
contraction semigroup. If −B is the generator of a contraction semigroup and
there exists α ∈ [0, 1) such that D(Aα) ⊆ D(B), then for any k > 1 and τ > 0:

‖(e−τBe−τA)kA‖ 6
L3

τα
+

C ′A
kτ

, α > 0,(3.12)

‖(e−τBe−τA)kA‖ 6 L̃3(1 + ln k) +
C ′A
kτ

, α = 0.(3.13)

Proof.∥∥(e−τBe−τA)kA
∥∥ 6

∥∥(
(e−τBe−τA)k − e−kτA

)
A

∥∥ +
∥∥e−kτAA

∥∥
6

∥∥∥∥ k−1∑
j=0

(
e−τBe−τA

)k−1−j (
e−τB − I

)
e−τAe−jτAA

∥∥∥∥ +
∥∥e−kτAA

∥∥
6

k−1∑
j=0

∥∥∥∥
τ∫

0

ds e−sBBA−α

∥∥∥∥ ‖Aαe−(j+1)τAA‖+ ‖e−kτAA‖.

Notice that the second inequality is in particular due to contractiveness of e−tA and
e−tB , and to equation (2.3) of Lemma 2.6. From the hypothesis D(Aα) ⊆ D(B)
we deduce (cf. Remark 3.1) that ‖BA−α‖ 6 d. By Propositions 2.11 and 2.16 we
get respectively:

‖e−kτAA‖ 6
C ′A
kτ

and ‖A1+αe−(j+1)τA‖ 6
Mα

((j + 1)τ)1+α
.
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Therefore, we conclude that:

∥∥(e−τBe−τA)kA
∥∥ 6

Mαd

τα

k−1∑
j=0

1
(j + 1)1+α

+
C ′A
kτ

.

Since α > 0, this gives the annonced result (3.12) with

L3 = dMα

∞∑
j=1

(1/j)1+α,

and (3.13) for α = 0 with L̃3 = ‖B‖C ′A.

Since D(Aα) ⊆ D(B) implies D(Aα′) ⊆ D(B) for α′ > α, the estimate (3.12)
is valid in fact for any α′ > α.

Theorem 3.6. Let e−tA be a holomorphic contraction semigroup. If −B
is the generator of a contraction semigroup, and there exists α ∈ [0, 1) such that
D(Aα) ⊆ D(B) and D(A∗) ⊆ D(B∗), then there are constants M1,M2, M̃2, η > 0,
such that for any t > 0 and n > 2:∥∥(e−tB/ne−tA/n)n − e−t(A+B)

∥∥ 6 (M1 + M2t
1−α)eηt lnn

n1−α
, α > 0,(3.14) ∥∥(e−tB/ne−tA/n)n − e−t(A+B)

∥∥ 6 (M1 + M̃2t)eηt 2(lnn)2

n
, α = 0.(3.15)

Proof. Since B satisfies (H1) and (H2), by Lemma 3.2 the operator −H =
−(A + B) is generator of a holomorphic contraction semigroup. If the operator
A has no bounded inverse, let Ã = A + η and H̃ = Ã + B for some η > 0
(see Remark 2.2). Then they are boundedly invertible. As we indicated at the
beginning of the section, these changes of generators do not modify the domain
inclusions. If we want to obtain ‖BÃ−1‖ < 1 then by the estimate (3.1) we
have to choose a sufficiently large shift η. This gives us the estimate ‖ÃH̃−1‖ =
‖(I + BÃ−1)−1‖ 6 1/(1− a) where we set a = ‖BÃ−1‖.

Now we put τ = t/n, Ũ(t) = e−tH̃ , and T̃ (τ) = e−τBe−τÃ. To estimate the
left-hand side of (3.14) we use

(e−tB/ne−tA/n)n − e−t(A+B) = (T̃n(τ)− Ũn(τ))etη

and the identity:

T̃ (τ)n−Ũ(τ)n =
n−1∑
m=0

T̃ (τ)n−m−1(T̃ (τ)− Ũ(τ))Ũ(τ)m

= T̃ (τ)n−1ÃÃ−1(T̃ (τ)− Ũ(τ)) + (T̃ (τ)− Ũ(τ))Ã−1ÃH̃−1H̃Ũ(τ)n−1

+
n−2∑
m=1

T̃ (τ)n−m−1ÃÃ−1(T̃ (τ)− Ũ(τ))Ã−1ÃH̃−1H̃Ũ(τ)m,
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which implies:∥∥T̃ (τ)n − Ũ(τ)n
∥∥

6‖T̃ (τ)n−1Ã‖ ‖Ã−1(T̃ (τ)−Ũ(τ))‖+‖(T̃ (τ)−Ũ(τ))Ã−1‖ ‖ÃH̃−1‖ ‖H̃Ũ(τ)n−1‖

+
n−2∑
m=1

‖T̃ (τ)n−m−1Ã‖ ‖Ã−1(T̃ (τ)− Ũ(τ))Ã−1‖ ‖ÃH̃−1‖ ‖H̃Ũ(τ)m‖.

Hence by Lemmata 3.3, 3.4, and 3.5 (it is at this point that we use the hypothesis
of contractiveness), and Proposition 2.11 we obtain the estimate :

(3.16)

‖T̃ (τ)n−Ũ(τ)n‖ 6

(
L3

τα
+

C ′A
(n− 1)τ

)
L1τ +

L1

1− a

C ′H
n− 1

+
n−2∑
m=1

(
L3τ

1−α +
C ′A

n−m− 1

)
L2

1− a

C ′H
m

6 L3L1
t1−α

n1−α
+

L1

n− 1

(
C ′A +

C ′H
1− a

)
+

L3L2C
′
H

1− a

t1−α

n1−α

n−2∑
m=1

1
m

+
L2C

′
HC ′A

1− a

n−2∑
m=1

1
n−m− 1

· 1
m

6 L3L1
t1−α

n1−α
+

L1

n− 1

(
C ′A +

C ′H
1− a

)
+ 2

L3L2C
′
H

1− a
t1−α lnn

n1−α
+ 4

L2C
′
HC ′A

1− a

lnn

n
.

Here we used:
n−1∑
m=1

1
(n−m)m

=
2
n

n−1∑
m=1

1
m

6
2
n

(1 + ln(n− 1)) 6 4
lnn

n
.

The estimate (3.16) implies the announced result (3.14) for α > 0, with M1 =
4L1

(
C ′A + C′

H

1−a

)
+ 4L2C′

HC′
A

1−a and M2 = 2L3L1 + 2L3L2C′
H

1−a . In a similar way for
α = 0 one gets:

‖T̃ (τ)n − Ũ(τ)n‖ 6 L̃3(1 + ln(n− 1))L1
t

n
+

L1C
′
A

n− 1
+

L1C
′
H

1− a

1
n− 1

+
n−2∑
m=1

(
L̃3

t

n
(1 + ln(n−m− 1)) +

C ′A
n−m− 1

)
L2

1− a

C ′H
m

.

This estimate gives (3.15) with M̃2 = 2L̃3L1 + 2 L̃3L2C′
H

1−a .

Corollary 3.7. Let e−tA be a holomorphic contraction semigroup. If −B
is the generator of a contraction semigroup, and there exists α ∈ [0, 1) such that
D((Aα)∗) ⊆ D(B∗) and D(A) ⊆ D(B) (and D(A∗) ⊆ D(B∗) if B is not reflexive),
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then there are constants M3,M4, M̃4, η > 0, such that for any t > 0 and n > 2:∥∥(e−tA/ne−tB/n)n − e−t(A+B)
∥∥ 6 (M3 + M4t

1−α)eηt lnn

n1−α
, α > 0,(3.17) ∥∥(e−tA/ne−tB/n)n − e−t(A+B)

∥∥ 6 (M3 + M̃4t)eηt 2(lnn)2

n
, α = 0.(3.18)

Proof. Let F̃ (τ) = e−τÃe−τB . Then by the same arguments as in the proof
of Theorem 3.6, one gets:

Ũ(τ)n−F̃ (τ)n =
n−1∑
m=0

Ũ(τ)n−m−1(Ũ(τ)− F̃ (τ))F̃ (τ)m

= Ũ(τ)n−1H̃H̃−1ÃÃ−1(Ũ(τ)− F̃ (τ)) + (Ũ(τ)− F̃ (τ))Ã−1ÃF̃ (τ)n−1

+
n−2∑
m=1

Ũ(τ)n−m−1H̃H̃−1ÃÃ−1(Ũ(τ)− F̃ (τ))Ã−1ÃF̃ (τ)m.

Notice that Lemmata 3.3 and 3.4 hold for F̃ (τ). By a simple modification of
Lemma 3.5, where one uses ‖Ã−αB‖ = ‖B∗(Ã−α)∗‖ < ∞, we get:∥∥Ã(e−τÃe−τB)k

∥∥ 6
L4

τα
+

C ′A
kτ

, α > 0,∥∥Ã(e−τÃe−τB)k
∥∥ 6 L̃4(1 + ln k) +

C ′A
kτ

, α = 0.

These ingredients ensure the estimates (3.17) and (3.18).

Corollary 3.8. Under the same conditions as in Theorem 3.6, we have
the operator-norm convergence of a symmetrized Trotter formula, i.e. there exist
M5,M6, M̃6, η > 0, such that for any t > 0 and n > 2:∥∥(e−tA/2ne−tB/ne−tA/2n)n−e−t(A+B)

∥∥6(M5+M6t
1−α)eηt lnn

n1−α
, α > 0(3.19) ∥∥(e−tA/2ne−tB/ne−tA/2n

)n−e−t(A+B)
∥∥6(M5+M̃6t)eηt 2(lnn)2

n
, α = 0.(3.20)

Proof. Since Lemmata 3.3, 3.4, and 3.5 can be easily extend to the sym-
metrized product e−τA/2e−τBe−τA/2, the proof of the Theorem 3.6 carries through
verbatim to obtain (3.19) and (3.20).

3.2. In a Hilbert space. Up to our knowledge, all preceding results concern-
ing operator-norm convergence of the Trotter or Trotter-Kato product formulae
require semibounded self-adjoint generators −A and −B in a Hilbert space ([3]–
[7], [9]–[12]). The results of Section 3.1 are evidently valid in a Hilbert space
B = H. This permits to compare them with the above results concerning the
operator-norm convergence of the Trotter formula.

In the case of a Hilbert space, we have generalized the operator-norm conver-
gence to non-self-adjoint (moreover non-normal) semigroups. This indicates that
normality is not indispensable for the operator-norm convergence of the Trotter
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formula. In fact, the evident advantage is technical: one uses the spectral theo-
rem, which is widely exploited in [5]–[7], [9]–[12]. On the other hand notice that
non-negative self-adjoint operators generate holomorphic semigroups of angle π/2,
contractive on the entire half-plane (moreover these holomorphic semigroups have
a strong continuous extension on iR, which is a unitary group). Since they are
continuous in the operator-norm topology for t > 0, the holomorphic contraction
semigroups seem to be the natural generalization of the self-adjoint ones, in order
to prove the operator-norm convergence of the Trotter formula.

Notice that our generalization to the non-self-adjoint semigroups is obtained
under Ichinose-Tamura hypothesis (H1) and (H2). They are stronger than those
of [9] where, instead of 0, B has relative bound less than 1 with respect to A. In
[10], these conditions are extended to D(Aα) ⊆ D(Bα) for some 1/2 < α < 1,
which does not imply that B is relatively bounded by A nor A by B. Hiroshi
Tamura ([14]) has recently shown that the error bound in [10] is optimal, and that
operator-norm convergence cannot be extended to α 6 1/2 without supplementary
conditions ([11]).

Finally, we note that the error bounds we found are less optimal than those
of [9] and [10].

4. CONCLUSION

We generalize the Trotter-Chernoff results ([16], [1]) to the operator-norm conver-
gence in a Banach space assuming B with zero A-bound and e−tA holomorphic.
This shows that the hypothesis of self-adjointness in the case of a Hilbert space
has only a technical importance. On the other hand the operator-norm topology is
“natural” for holomorphic semigroups, which leads to think that it is an essential
hypothesis. We would like also to remark that the contractiveness assumption is
not as superfluous as one could suppose. For demonstration we address the reader
to an instructive example by Trotter ([16]) where it is called “the norm condition”.

Our results could find applications in quantum mechanics and in the theory
of Schrödinger semigroups ([3]–[5], [7]). Let H = L2(Rd) be the Hilbert space of
square integrable functions on Rd, H = −∆ + λV where ∆ denotes the Laplace
operator and V a real potential with a complex coupling constant λ. If V is
relatively bounded with respect to (−∆)α for some α ∈ [0, 1), then these operators
satisfy the hypothesis of the Theorem 3.6. However, for real coupling constants λ
the results of [3]–[7] or [9]–[10] are more efficient.

Acknowledgements. We would like to thank Professor Hiroshi Tamura for sending
us the paper [14] prior publication. We thank the referee for valuable remarks.
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