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ABSTRACT. Let B = B(2") be an N-dimensional real multi-sequence of de-
gree 2n, with associated moment matrix M (n) = M(n)(B), and let r :=
rank M (n). We prove that if M (n) is positive semidefinite and admits a rank-
preserving moment matrix extension M (n + 1), then M (n + 1) has a unique
representing measure j, which is r-atomic, with supp y equal to V(M (n +1)),
the algebraic variety of M (n + 1). Further,  has an r-atomic (minimal) repre-
senting measure supported in a semi-algebraic set Ko subordinate to a family
Q = {4} € R[t,...,ty] if and only if M(n) is positive semidefinite and
admits a rank-preserving extension M (n + 1) for which the associated localiz-
ing matrices M, (n + [%]) are positive semidefinite, 1 < i < m; in this
case, it (as above) satisfies supp € Kg, and y has precisely rank M (n) —
rank M, (n + [71+dzegq,-}) atomsin Z(q;) = {t e RN : q;(t) =0}, 1 <i < m.
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1. INTRODUCTION

Given a finite real multisequence 8 = B = { 51‘}1‘625 lil<2n” and a closed

set K C RN, the truncated K-moment problem for B entails determining whether
there exists a positive Borel measure y on RN such that

(1.1) pi= [ tfdn, iz, il <am,
Rl\l

and

(1.2) suppp C K;
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a measure y satisfying (1.1) is a representing measure for B; u is a K-representing
measure if it satisfies (1.1) and (1.2).

In the sequel, we characterize the existence of a finitely atomic K-represen-
ting measure having the fewest possible atoms, in the case when K is semi-alge-
braic. This is the case where Q = {g;}"";, C RN[f] = R[#,...,ty]and K = Kg :=
{(ty,...,tn) € RN . gi(t1,...,tn) =2 0,1 < i < m}. Our existence condition (The-
orem 1.1 below) is expressed in terms of positivity and extension properties of the
moment matrix M(n) = MN (n)(B) associated to f, and in terms of positivity of
the localizing matrix M, corresponding to each g; (see below for terminology and
notation). In Theorem 1.2 we provide a procedure for computing the atoms and
densities of a minimal representing measure in any truncated moment problem
(independent of K).

If p is a representing measure for § (or, as we often say, a representing
measure for M(n)), then cardsuppu > rank M(n); moreover, there exists a
rank M (n)-atomic (minimal) representing measure for § if and only if M (n) is
positive semidefinite, M (n) > 0, and M (n) admits a rank-preserving (or flat) ex-
tension to a moment matrix M (n + 1); in this case, M (n + 1) admits unique suc-
cessive flat moment matrix extensions M(n +2), M(n +3),... (Theorem 2.19).
For 1 < i < m, suppose degq; = 2k; or 2k; — 1; relative to M (n + k;) we have the
localizing matrix Mg, (n + k;) (cf. Section 3).

Our two main results, which follow, characterize the existence of rank M(n)-
atomic (minimal) Kg-representing measures for  and show how to compute the
atoms and densities of such measures.

THEOREM 1.1. An N-dimensional real sequence p = B has a rank M (n)-
atomic representing measure supported in Ko if and only if M(n) > 0 and M (n)
admits a flat extension M (n + 1) such that Mg, (n +k;) > 0,1 <i < m. In this case,
M(n + 1) admits a unique representing measure y, which is a rank M (n)-atomic (min-
imal) K g-representing measure for B, and y has precisely rank M (n) — rank M, (n +
k;)atomsin Z(g;) = {t e RN : q;(t) =0}, 1 <i < m.

The uniqueness statement in Theorem 1.1 actually depends on our next re-
sult, which provides a concrete procedure for computing the measure y. As de-
scribed in Section 2, the rows and columns of M (n) are indexed by the lexico-
graphic ordering of the monomials t fori e Zl}r’, li| < n, and are denoted by
T', |i| < n; a dependence relation in the columns of M (1) may thus be expressed
as p(T) = 0 for a suitable p € RN[t] with degp < n. We define the variety of
M(n) by V(M(n)) := N Z(p), where Z(p) := {t € RN : p(t) = 0}.

peRN[t],deg p<n
p(T)=0
Let r := rank M(n) and let B = {T%}]_, denote a maximal linearly independent
set of columns of M (n). For V = {v]-}]’.:1 C RN, let Wg), denote the r x r matrix

whose entry in row k, column j is v;", 1<k j<r.
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THEOREM 1.2. If M(n) = MN(n) > 0 admits a flat extension M(n + 1), then
V= V(M(n+1)) satisfies cardV = r (= rank M(n)), and V = {v] i1 forms the
support of the unique representing measure y for M(n +1). If B = {T'}}_, is a max-
imal linearly independent subset of columns of M(n), then Wg y, is invertible, and y =

,
i§1 pj0v;, where p = (p1,.. ., pr) is uniquely determined by p* = Wg,%}(ﬁil,. Bt

Theorem 1.2 describes y in terms of V(M (n + 1)). To compute the variety
of any moment matrix M (n), we may rely on the following general result. Given
n > 1, write | = J(n) := {j € ZY : |j| < n}. Clearly, size M(n) = card J(n) =
(NI = dim{p € RN[] : deg p < n}.

PROPOSITION 1.3. Let M(n) = MN (n) be a real moment matrix, with columns
T/ indexed by j € ], let r := rank M (n), and let B = {T'};c1 be a maximal linearly
independent set of columns of M(n), where I C ] satisfies card I = r. For each index
j € I\ L, let qj denote the unique polynomial in lin.span{t'} | such that T/ = q;(T),
and let 1i(t) = t— qi(t). Then V(M(n)) is precisely the set of common zeros of
{rj} jeJ\ I-

Cases are known where $(2") has no rank M (n)-atomic Kg-representing
measure, but does have a finitely atomic Kg-representing measure (cf. [12], [14],
[19]). It follows from Theorem 1.1 that ﬁ(Z”) has a finitely atomic representing
measure supported in Ko if and only if M (n)(B) admits some positive moment
matrix extension M (n + j), which in turn admits a flat extension M(n +j + 1)
for which the unique successive flat extensions M (n + j + k) satisfy My, (n +j +
ki) > 0,1 < i < m. We may estimate the minimum size of j as follows.

COROLLARY 1.4. The N-dimensional real sequence B'*") has a finitely atomic
representing measure supported in Kg if and only if M(n)(B) admits some positive
moment matrix extension M(n + j), with j < 2(2”;;]\] ) — n, which in turn admits a flat

extension M(n + j + 1) for which My, (n+j+k;) > 0,1 <i <m.

If the conditions of Corollary 1.4 hold, then the atoms and densities of a
finitely atomic Kg-representing measure for B may be computed by applying
Theorem 1.2 and Proposition 1.3 to the flat extension M (n + j + 1). It is an open
problem whether the existence of a representing measure y for §(2") implies the
existence of a finitely atomic representing measure; such is the case, for example,
if y has convergent moments of degree 2n + 1 (cf. Theorem 1.4 of [11] and [37],
[52]).

We view Theorem 1.1 as our main result concerning existence of minimal
Kg-representing measures, and Theorem 1.2 primarily as a tool for computing
such measures (cf. Example 1.5 below). Note that Theorem 1.2 applies to arbi-
trary moment problems, not just the K-moment problem. Although Theorem 1.2
can also be regarded as an existence result, it may be very difficult to utilize it
in this way in specific examples. To explain this viewpoint, we recall a result of
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[16]. Let w denote the restriction of planar Lebesgue measure to the closed unit
disk D and consider p = B®)[w] and M = M (3)(B); then rank M = 10. Flat
extensions M (4) of M exist in abundance and correspond to 10-atomic (mini-
mal) cubature rules v of degree 6 for w. In [16] it is proved that no such rule
v is “inside,” i.e., with suppv C D. The proof in [16] first characterizes the flat
extensions M (4) in terms of algebraic relations among the “new moments” of de-
gree 7 that appear in such extensions. These relations lead to inequalities which
ultimately imply that, in Theorem 1.1, M (4) cannot be positive semi-definite,
where p(x,y) := 1 — x?> — y?. One could also try to establish the nonexistence
of 10-atomic inside rules directly from Theorem 1.2, without recourse to Theo-
rem 1.1. In this approach one would first compute general formulas for the new
moments of degree 7 in a flat extension M (4), use these moments to compute
the general form of V(M (4)), and then show that V(M (4)) cannot be contained
in D. As a practical matter, however, this plan cannot be carried out; the new
moments comprise the solution of a system of 6 quadratic equations in 8 real
variables, and at present a program such as Mathematica seems unable to solve
this system in a tractable form. For a problem such as this, Theorem 1.1 seems
indispensable. We illustrate the interplay between Theorem 1.1, Theorem 1.2 and
Proposition 1.3 in Example 1.5 below.

For measures in the plane (N = 2), Theorem 1.1 is equivalent to Theorem 1.6
of [10], which characterizes the existence of minimal K-representing measures in
the semi-algebraic case of the truncated complex K-moment problem (with moments
relative to monomials of the form Z'z/). In [10] we remarked that Theorem 1.6 of
[10] extended to truncated moment problems in any number of real or complex
variables. In [25], Lasserre developed applications of Theorem 1.6 in [10] to op-
timization problems in the plane. These applications also extend to RN, N > 2
(cf. [25], [27], [26]), but they require the above mentioned generalization of Theo-
rem 1.6 in [10] that we provide in Theorem 1.1. Lasserre’s work motivated us to
revisit our assertion in [10]; we then realized that there were unforeseen difficul-
ties with the generalization, particularly for the case when N is odd. The purpose
of Theorem 1.1 is to provide the desired generalization.

The proofs of Theorem 1.1 and Corollary 1.4 appear in Section 5. In Theo-
rem 5.1 we characterize the existence of minimal K-representing measures in the
semi-algebraic case of the truncated complex K-moment problem for measures on
C™. The equivalence of this result to the “even” case of Theorem 1.1 (N = 2d) is
given in the first part of the proof of Theorem 5.2; this is based on the equivalence
of the truncated moment problem for C? with the truncated real moment prob-
lem for R (cf. Propositions 2.15, 2.16, 2.17 and 2.18). The proof of Theorem 1.1
for N = 2d — 1, given in the second part of the proof of Theorem 5.2, requires an
additional argument, based on the equivalence of a truncated moment problem
for R?*~1 with an associated moment problem for R
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We prove Theorem 1.2 and Proposition 1.3 in Section 2. Theorem 1.2 is new
even for N = 2. Previously, for N = 2 we knew that the measure y of Theo-
rems 1.1 and 1.2 could be computed with supp u = V(M(r)) ([6], p. 33), where
r := rank M (n) satisfies r < w ; but for r > n + 1 this entails iteratively
generating the extensions M(n +2),..., M(r). For N > 2, we previously had
no method for computing y. In order to prove Theorem 1.2 we first obtain some
results concerning truncated complex moment problems on C?. Let M(n) =
M (1)(7y) denote the moment matrix for a d-dimensional complex multisequence
v of degree 21, and let V(M(n)) denote the corresponding algebraic variety. In
Theorem 2.4 we prove that if M(n) > 0 admits a flat extension M(n + 1), then
the unique successive flat moment matrix extensions M (n +2), M(n+3),... (cf.
Theorem 2.2) satisfy V(M (n +1)) = V(M(n+2)) = --- . This result is used to
prove Theorem 2.3, which is the analogue of Theorem 1.2 for the complex mo-
ment problem. The proof of Theorem 1.2 is then given in Theorem 2.21, using
Theorem 2.3 and the “equivalence” results cited above.

In Section 3 we study the localizing matrix Mg(n) corresponding to a com-
plex moment matrix M?(n) and a polynomial p € C4 [z,z]; Theorem 3.2 pro-
vides a computational formula for M‘;, (n) as a linear combination of certain com-
pressions of M?(n) corresponding to the monomial terms of p; an analogous for-
mula holds as well for real localizing matrices (cf. Theorem 3.6). In Section 4, we
show that a flat extension M (n + 1) of M?(n) > 0 induces flat extensions of pos-
itive localizing matrices. Indeed, the flat extension M“(n + 1) has unique succes-
sive flat extensions M?(n +2), M4 (n 4 3), ..., and in Theorem 4.1, for p € C%|z,Z],
deg p = 2k or 2k — 1, we prove that if Mg(n +k) >0, then M‘pi(n +k+1)isaflat,
positive extension of M‘z (n+k). In proving Theorem 4.1 we follow the same gen-
eral plan as in the proof of Theorem 1.6 in [10] (for moment problems on C), but
we have streamlined the argument somewhat, placing more emphasis on the ab-
stract properties of flat extensions and less emphasis on detailed calculations of
the extensions; such calculations unnecessarily complicated the argument given
in [10]. Theorem 4.1 is the main technical result that we need to prove Theo-
rem 1.1.

In the following example, we show the interaction of Theorem 1.1, Theo-
rem 1.2 and Proposition 1.3 in a 3-dimensional cubature problem.

EXAMPLE 1.5. We consider the cubature problem of degree 2 for volume
measure i = pps on the closed unit ball B? in R? (cf. [49]). Thus g = g =

[ ik gy _ 4 _
{Bijjo Yijh=0, ivjrk<a Where B i == [ X'yz" dp, ie., Booo) = 5 Boo) =
B3

Bo10) = Boo1) = 0 Broo = B2 = Pooz = 15 Baie = Baol) =
B11) = 0. The moment matrix M?3(1)(B) has rows and columns indexed
by 1, X, Y, Z fori = (i1,iz,d3), j = (1, joj3) € Z3 with |i|,|j| < 1, the

~ i1yia 7i WY 70
entry in row X"Y2Z", column XNY2Z5, is B(; i i, 4)pis4j;)- Lhus we have
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M = M3(1)(B) = diag (*F, 3%, 3%, 3%). We will use Theorem 1.1 to con-
struct a rank M-atomic representing measure for § supported in K = B3. A
moment matrix extension M (2) of M admits a block decomposition M(2) =

M B(2)
( B2t C(2)
a moment matrix block of degree 4; the rows and columns of M(2) are indexed
by1,X,Y,Z, X% YX, ZX, Y?, ZY, Z? (see Section 2 below). Clearly, M is posi-
tive definite and invertible, so a flat extension M 2) is determined by a choice of
moments of degree 3 such that B(2)! M ~15(2) has the form of a moment matrix
block C(2) (cf. the remarks following Theorem 2.3). Due to its complexity, we are
unable to compute the general solution B(2) to

(1.3) C(2) = B(2)!M™1B(2).

Instead, we specify certain moments of degree 3 as follows:

), where B(2) includes “new moments” of degree 3 and C(2) is

(1.4) B201) = B21,0) = Pa) = Boz1) = B2 =0,
8 _ 1125/5%1,2,0) — 167 B — _L
(300) 11258150~ "0 11256150

(Observe that we have left (1 50), B(o3,0) and B(3) free.) With these choices,
B(2)!M~1B(2) is a moment matrix block of degree 4, and

M(2) = M(2){B1,20), B(03,0) B0,03)}

(defined by (1.3)) is a flat extension of M. To show that f admits a 4-atomic K-
representing measure, we consider p(x,y,z) =1 — (x> + y* + z%), so that K = K,
(where by K, we mean Kg with @ = {p}). Since degp = 2, in Theorem 1.1
we have n = k = 1; it thus suffices to show that the flat extension M (2) cor-
responding to (1.4) satisfies M,(2) > 0. As we describe in Section 3 below,
Mp(2) = M1(2) = (My2(2) + M 2(2) + M2(2)), where M1 (2) = M, M,2(2)
is the compression of M(2) to rows and columns indexed by X, X2, YX, ZX,
M 2(2) is the compression of M(2) to rows and columns indexed by Y, YX, Y?,
ZY,and M, (2) is the compression of M (2) to rows and columns indexed by Z,
ZX, ZY, Z%. From these observations, and using (1.3)—(1.4), it is straightforward
to verify that

8

15 —2B(3,0,0) —B(03,0) —B0,03)
156120 P03, 470 oy,
—2B:3,0,0) f(Bao) —w ﬁ
M,y(2) =
' — _ BBu20Poso 0
B0,30) 4 8(B1,20)B030))

4np
—B(0,03) % 0 h(B1,20) B0,3))
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where
Fr) = — (1125r% — 30077 + 1671%) (112572 + 30077 + 1671%)
' 1687507172 ’
g(rs) = 22507 4 1125s% — 6477
o 3007 ’
Wi t) = — —7200070%r% + 5127 4 12656251212
’ 3375007712 ’

and that M(2) is positive semi-definite if B(o30) = B(o,03) = 0 and 12—5\/% T <

B(120) < %\/g rt. Under these conditions, Theorem 1.1 now implies the exis-
tence of a unique 4-atomic (minimal) representing measure { for M (2), each of
whose atoms lies in the closed unit ball. Theorem 1.2 implies that supp { = V :=
V(M (2)). To compute the atoms of { via Proposition 1.3, observe that in the col-
umn space of M(2) we have the following linear dependence relations: X% =

1125;3 —1672 15/5 15/5
1 (1,2,0) 120 2 1 120

YZ =0, and 72 = 11— /3 X thus, Y is determmed by the polynomlals

corresponding to these relatlons A calculation shows that V = {P;}3 +_o» Where
P; = (x;,y;,z;) satisfies

b (1513(1,2,0) s 0) b _ (15/3(1,2,0) s 0)
0 477 7 4\/\§77/'/ 7 1 47T /4\/§7T/ 7

47 S 47 S
P2 - - /Or - 7 P3 - - /O/ ’
( 75B(1,2,0) 75B(12,0) ) ( 756(120)  75B(1,2,0) )

withs := \/1125,32 )+ 167t2. The measure { is thus of the form { = Z p;op. To

1,2,0

compute the densities p; using Theorem 1.2, consider the basis B := {1 XY, Z}
for Cpq(q) and let

1 1 1 1
W= | Y f1 ¥ X3
Yo Y1 Y2 U3

z0 zZ1 22 23

Following Theorem 1.2, p = (po, p1, 02, 03) is uniquely determined by
t
ot =W (B000) P00y B0 Boor) =W (4771,0, 0, 0) ,and thus

3273 750B%) 0)7T

00T P T (11252, 0+ 16m2) TP T 11252, e
For a concrete numerical example we can take B1o0) = 14—5\/E 7, and obtain

o= i = fmana = (E-y20). B = (VB30).
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b, = (— \/%,0,—\/%),and P; = (— \E,O, \/%) Note that

8 _4 /2 4
My2) = ( & e ) s (i),

so rank M (1) — rank M,(2) = 2, and (as Theorem 1.1 predicts) there are two
points, Py and Pj, that lie on the unit sphere.

We pause to locate Theorem 1.1 within the extensive literature on the K-
moment problem (cf. [1], [3], [4], [21], [23], [39], [43], [48]). A classical theorem of
M. Riesz ([40], Section 5) provides a solution to the full K-moment problem on R,
as follows. Given a real sequence = {;}?°, and a closed set K C R, there exists
a positive Borel measure # on R such that 8; = [t du,i > 0 and suppu C K

N .
if and only if each polynomial p € C[t], p(t) = ¥ a;t', with p|x > 0, satisfies
i=0

N
Y a;B; = 0. For a general closed set K C R there is no concrete description of
i=0

the case p|x = 0, so it may be very difficult to verify the Riesz hypothesis for a
particular .

In [22], Haviland extended Riesz’s theorem to RN, N > 1, and also showed
that for several semi-algebraic sets K, the Riesz hypothesis can be checked by
concrete positivity tests. Indeed, by combining the generalized Riesz hypothesis
with concrete descriptions of non-negative polynomials on R, [0, 4], [a,b], or
the unit circle, Haviland recovered classical solutions to the full moment prob-
lems of Hamburger, Stieltjes, Hausdorff, and Herglotz [22]. More recently, for
the case of the closed unit disk, Atzmon [2] found a concrete solution to the full
K-moment problem using subnormal operator theory, and Putinar [35] subse-
quently presented an alternate solution using hyponormal operator theory.

In [50] and [51], Szafraniec found necessary and sufficient conditions for the
moment problem on more general compact sets. In [5], Cassier developed an al-
ternate approach to the K-moment problem for K a compact subset of RN with
nonempty interior, using Hahn-Banach techniques. For the case when K is com-
pact and semi-algebraic, Schmiidgen [42] used real algebraic geometry to solve
the full K-moment problem in terms of concrete positivity tests. Using infinite
moment matrices, we may paraphrase Schmiidgen’s theorem as follows: a full
multi-sequence g = (@) = { ﬁi}iezﬁj has a representing measure supported in a

compact semi-algebraic set Kg if and only if MN (c0)(8) > 0and Mé\](oo) (B)=0
for every polynomial q that is a product of distinct g;. Schmiidgen’s approach, us-
ing real algebra, is to concretely describe the polynomials nonnegative on K¢ (as
above) and to then apply the Riesz-Haviland criterion. Putinar and Vasilescu [38]
subsequently provided a reduced set of testing polynomials g (see also [15]). Re-
cently, Powers and Scheiderer [33] characterized the non-compact semi-algebraic
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sets Kg for which a generalized Schmiidgen-type theorem is valid. Indeed, recent
advances in real algebra make it possible to concretely describe the polynomials
nonnegative on certain noncompact semi-algebraic sets [24], [31], [32], [33], [34],
[36], [41], so as to establish moment theorems via the previously intractable Riesz-
Haviland approach.

There is at present no viable analogue of the Riesz-Haviland criterion for
truncated moment problems. Theorem 1.1 is motivated by the above results for
the full K-moment problem and also by a recent result of J. Stochel [46] which
shows that the truncated K-moment problem is actually more general than the
full K-moment problem. Stochel’s result in [46] is stated for the complex mul-
tidimensional moment problem, but we may paraphrase it for the real moment
problem as follows.

THEOREM 1.6 (cf. [46]). Let K be a closed subset of RN,N > 1. A real multi-
sequence p = B(*) = {:Bi}iezﬁ_] has a K-representing measure if, and only if, for each

n>0, ,3(2”) = {:Bi}iezﬁ, li|<2n has a K-representing measure.

For the semi-algebraic case (K = Kg), Theorem 1.1 addresses the existence
of finitely atomic K-representing measures for (") with the fewest atoms pos-
sible. Concerning the existence of a flat extension M~ (1 + 1) in Theorem 1.1,
there is at present no satisfactory general test available, so in this sense Theo-
rem 1.1 is “abstract.” However, in certain special cases, concrete solutions to the
flat extension problem have been found [7], [8]. For example, consider the case
of the parabolic moment problem, where g(x,y) = 0 represents a parabola in R?.
Theorem 1.1 implies that ﬁ(Z”) has a rank M?(n)-atomic representing measure
supported in Z(q) if and only if M?(n)(B) is positive and admits a flat extension
M?(n 4 1) for which MZ(n + 1) = 0. In [13] we obtained the following concrete
characterization of this case.

THEOREM 1.7 ([13], Theorem 2.2). Let q(x,y) = 0 denote a parabola in R?. The
following statements are equivalent for p = p2):
(i) B has a representing measure supported in Z(q);
(i) B has a (minimal) rank M?(n)(B)-atomic representing measure supported in
Z(q) (cf. Theorem 1.1);
(iii) M?(n)(B) is positive and recursively generated (cf. Section 2), there is a column
dependence relation q(X,Y) = 0, and card V(M?(n)(B)) > rank M?(n)(B).

Analogues of Theorem 1.7 for all other curves of degree 2 appear in [9], [12],
[14], [19]. The full moment problem on a curve of degree 2 had previously been
concretely solved in [45] (cf. [47]); an alternate solution appears in [33]. In [47] the
authors solve the full moment problem for certain families of curves of arbitrary
degree (e.g., curves with a dominating coefficient).
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2. MOMENT MATRICES

Let C?[z,z] denote the space of polynomials with complex coefficients in the
indeterminates z = (z1,...,24) and Z = (Zy,...,Z4), with total degree at most r;
thus dim(C‘,i[z,Z]lz 17(11 r) = (H'zd) Fori = (i1,...,i3) € Z‘i,let li| :=i1+---+
igand let z/ := zi' - -z, Given a complex sequence 7 = 7 = {’Yz]}ljezd , | | +
lj| < s, the truncated complex moment problem for <y entails determmmg necessary

and sufficient conditions for the existence of a positive Borel measure v on C*
such that

(2.1) Yij = /Zizj dv (= /Z? . z;’i n ~~~z{; dv(z1,...,24,21,-.-,24)),

for |i| 4 |j| < s. A measure v as in (2.1) is a representing measure for v5); if K C C*
is a closed set and supp v C K, then v is a K-representing measure for (%),

In the sequel we focus on the case when s is even, say s = 2n. In this case, the
moment data (2" determine the moment matrix M(n) = Md(n) (77) that we next

. . . ) NI
describe. The size of M(n) is 7(d, n), with rows and columns {Z Zj}i,jezi,\ilﬂﬂgnf

indexed by the lexicographic ordering of the monomials in C% [z, z]; ford = 2,n =
2 this orderlng 1S 1 Zl, Zz, Z1, Zz, Zl’ Z1Z2, 21Z1, ZzZ1, ZZ’ lez, ZzZz, Zl/ lez,
Zz The entry of M(n) in row Z'Z/, column Z'ztis Yitokrj for [il +|jl, [k[ + €] <
n). By a representing measure for M(n) we mean a representing measure for +.
For p € Cl[z,2], p(z,2) = Y ays2'z°, we set p 1= (as); p is the
1,5€ZY || +s|<n
coefficient vector of p relative to the basis for C% |z, Z] consisting of the monomials
{z'2/ }i,jeZd Jil+ljl<n in lexicographic order. We recall the Riesz functional A = A, :
(an [z,z] — C, defined by A( Y brSZ’zS) = Y bys7yrs. The
r,seZi,\r\-&-\s\an r,seZi,\r\-&-\sKZn

matrix M?(n)(7) is uniquely determined by

(2.2) (MY (n)(7)f,8) == A\ (f3), f.g€Cilz3].

If v has a representing measure v, then A, (fg) = [ fg dv; in particular,
(MU)(DFF) = [ IR dv >

so M?(n)(+y) is positive semidefinite in this case.

Corresponding to p € (Cﬁ [z,Z], p(z,2) = ¥ a,sz'z° (as above), we may define
an element in Cpy(,), the column space of M(n), by p(Z,Z) := Y a,sZ 75; the
following result will be used in the sequel to locate the support of a representing
measure.
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PROPOSITION 2.1 ([6], (7.4)). Suppose v is a representing measure for 2", let
p € Cllz,z], and let Z(p) := {z € C%: p(z,Z) = 0}. Then suppv C Z(p) if and
onlyif p(Z,Z) = 0.

It follows from Proposition 2.1 that if o/(2") has a representing measure, then
M (1) () is recursively generated in the following sense:

(2.3) p.q,p7 € Cilz,2,p(Z,Z) =0 = (pg)(Z,Z)=0.

We define the variety of M(n) by V(M(n)) = N Z(p); we
peCl(z2),p(2,Z)=0
sometimes refer to V(M(n)) as V(7). Proposition 2.1 implies that if v is a repre-
senting measure for 7(2”), then supp v C V() and, moreover, that

(2.4) card V(7) > card supp v > rank M?(n)(7y) (cf. (7.6) of [6]).

The following result characterizes the existence of “minimal”, that is,
rank M (n)-atomic, representing measures.

THEOREM 2.2 ([6], Corollary 7.9, Theorem 7.10). (") has a rank M?(n)(7y)-
atomic representing measure if and only if M(n) = M%(n)(vy) is positive semidefinite
and M(n) admits an extension to a moment matrix M(n +1) = M (n 4 1)(7) satis-
fying rank M(n 4+ 1) = rank M(n). In this case, M(n + 1) admits unique successive
rank-preserving positive moment matrix extensions M(n +2), M(n + 3), ..., and there
exists a rank M (n)-atomic representing measure for M(co).

Various concrete sufficient conditions are known for the existence of the
rank-preserving extension M(n + 1) described in Theorem 2.2, particularly when
d = 1 (moment problems in the plane) [6], [7], [8], [9], [12], [13], [14]; for general
d, an important sufficient condition is that M?(n) () is positive semidefinite and
flat, i.e., rank M?(n)(y) = rank M%(n — 1) () ([6], Theorem 7.8).

We now present the complex version of Theorem 1.2.

THEOREM 2.3. If M(n) = M%(n) > 0 admits a rank-preserving extension
M(n+1), then V := V(M(n + 1)) satisfies cardV = r (= rankM(n)), and V =
{wj}]f:1 forms the support of the unique representing measure v for M(n + 1). If
B = {Zik Zik}r_ is a maximal linearly independent subset of columns of M(n), then

the r x r matrix W,y (whose entry in row m, column k is @;" w{(’” ) is invertible, and v =

.
]El Pj0w;, wherep = (p1, ..., py) is uniquely determined by pt = Wg}, Yijir- - Yinj) )t

Toward the proof of Theorem 2.3, we begin with some remarks concerning
A
B*
Smul’jan [44] shows that A > 0ifand only if A > 0 and there exists a matrix W
such that B = AW and C > W*AW. In this case, W*AW is independent of W

positive matrix extensions. Let A = ( g ) be a block matrix. A result of
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A B
B* W*AW
satisfies rank[A; B] = rank A; conversely, any rank-preserving positive extension
A of A is of this form. We refer to such a rank-preserving extension as a flat
extension of A. Now, a moment matrix M? (1 + 1) admits a block decomposition
M(n)  B(n+1)
M(n +1) = ( B(n+1)* C(n+1)
admits a flat (positive) moment matrix extension M(n + 1) if and only if there
is a choice of moments of degree 2n + 1 and a matrix W such that B(n + 1) =
M(n)W and W*M(n)W has the form of a moment matrix block C(n + 1), i.e.,
[M(n); B(n +1)] is a moment matrix.
Consider again a positive extension Aof A (as above). The Extension Princi-
ple ([6], Proposition 3.9, [17], Proposition 2.4) implies that each linear dependence

satisfying B = AW, and the matrix [A; B| := < > is positive and

) ; thus a positive moment matrix M(n)

relation in the columns of A extends to the columns of ( ; ) in A. In the case

when M(n + 1) is a positive extension of M(n), it follows that V(M(n + 1)) C
V(M(n)); we will use this relation frequently in the sequel, without further refer-
ence.

Now recall from Theorem 2.2 that if M(n) > 0 admits a flat extension
M(n+ 1), then M(n + 1) admits a unique flat extension M(n +2). Indeed, ev-
ery column of M(n + 1) of total degree n + 1 is a linear combination of columns
corresponding to monomials of total degree at most n; we can write this as
1

(2.5) 27 =pi(Z2,Z) pijeCllzz); li|+]|j| =n+1.

Then the unique flat extension M(n + 2) is given by

26) 7'7i = (f[pi/jfg(g))(Z,Z) %f ]:g > 1 for some (=1,...,d,
(ZkPi—ek)0)(Z,Z) ifj=0and i, > 1forsomek=1,...,d,

(li| + |j| = n+2), where e(¢) := (0, .. .,O,{,O,. ..,0). (Z'ZJ is independent of the
choice of j, or i; cf. Theorem 7.8 of [6].)

Suppose M(n) > 0 admits a flat extension M(n + 1); the following result
implies that the unique rank-preserving extensions M(n +2), M(n + 3),..., are
also variety-preserving; this is a key ingredient in the proof of Theorem 1.2 and
may be of independent interest.

THEOREM 2.4. Assume that M(n) = M%(n) > 0 admits a flat extension M(n +
1). Then V(M(n+2)) = V(M(n +1)).

Proof. Recall that V(M(n +2)) € V(M(n + 1)); to prove the reverse inclu-
sion, it suffices to show that if w € V(M(n+ 1)), and f € C4 422, Z] satisfies
f(z,Z)=0inC M(n+2), then f(w,@) = 0. As discussed above, the flat extension
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M(n + 2) admits a decomposition

B M(n+1) M(n+1)W
M(n+2) = ( WM(n+1) W*Mn+1)W )
Write f = ¢+ h, whereg € C?,[z,Z],and h(z,2) = ¥ hi,]-Zizf . Recall that

|i]+j|=n-+2
f e C1@dn+2) and g € €7@+ denote the coefficient vectors of f and g rela-
tive to the bases of monomials in lexicographic order. Let i € C7(@n+2)=1(dn+1)
denote the coefficient vector of h relative to the monomials of degree n 4 2 in

~

lexicographic order; thus]?: ( % ) Now,
- > M(n+1)g+ M(n+1)Wh
2,7) =M(n+2)f = g ~ ],
f(2,2) = M(n+2)f ( W*M(n +1)§ + W*M(n + 1) Wh
so f(Z,Z) = 0 implies
2.7) M(n +1)(g+ Wh) = 0.
We seek to associate g + Wh with the coefficient vector § of some polynomial
q € C4_,[z,z], and to this end we first describe an explicit formula for W.
Recall that M(n + 1)W = B(n + 2), and that the columns of B(n + 2) are
associated with the monomials z'z/, |i| + |j| = n + 2. For (i,j) € Z% x Z% with
li| + |j| = n+2, the (i, j)-th column of B(n + 2) is, on one hand M(n + 1)Wz'z/,

while it equals [(z¢p;;¢(0))(Z, Z)]y(an11) OF [(ZxPi—e(k),0)(Z, Z)y(a,n11), bY (2:6),
on the other hand. Since the polynomials zyp;; ;) and Zxp;_¢(x)0 belong to

ct +1(2,Z], we can write
[(zePij—e(0)(Z, D) yanr1y) = M+ 1)(2epi j—e(0))
and

[(ZkPi—e(),0)(Z, 2)]yanr1) = M(n+ 1) (Zipiepe 0)
It follows at once that W can be given by

— (zepii—eny)” ifjp=1forsomel =1,...,d,
lyj — (Pijj—e(l) g
28)  Wzz { (ZePiep)” ifj = Oand iy > 1 for somek = 1,...,d,

(|li| + |j| = n +2). We now consider Wh. Since h = Y h,-,]-Zizf, it follows
li|+]|j|=n+2
from (2.8) that
Wh = )y hij(zepijery) + Y Mio(Epie)0)”
[i[+1j|=n+2,j#0 li|=n+2

— { 2 hi,]‘zfpi,jfg(é) + 2 hi,OZkPi—e(k),o] .
il +[jl=n+2,j#0 li|=n+2
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Now we set

q9(z,z) == g(z,z) + Y. hij(zepij—e(0))(2,2)
i+l =20

+ Y hig(Epiew)0)(z.2) € Chiilz 2]
li|=n+2

Observe that in CM(HH),

=M(n+1)7
M

(n+1)g+M(n+1) { Z ]’li,]‘zépi,jfg(é) + Z hi,OZkPifg(k),o}
li|+]jl=n+2,j#0 li|=n+2

=Mmn+1)g+Mn+1)Wh=M(n+1)(§+Wh) =0 (by (2.7)).

Thus, q € CZH [z,z] and q(Z,Z) = 0. Since w € V(M(n + 1)), we must have

g(w,@) = 0. Therefore,

0=glww)+ Yo hijwepjen(w, @)
[il+jl=n+2,j#0

(2.9) + Z hi,owkpifs(k)/o (w,@).
li|=n+2

Letr;j(z,Z) :=2'z) — p;j(z,2),|i| + |j| = n + 1. Clearly eachr;; € C%_,[z,2] and

1ij(Z,Z) = 0by (2.5), so 1j j(w, @) = 0,|i| + |j| = n + 1. Multiplying r; (w, @) =
0 by either wy or wy, it follows that

{ Wwl = (zePij—ee))(w,@) il +|j| =n+2, j, > 1forsomel=1,...,d,

|
W' = (ZkPi—e(i),0) (W, @) i|l=n+2,j=0,i>1forsomek=1,...,d.

Now (2.9) becomes
0= g(w,@) + Z hi,jwiwf + 2 hilowi
[i|+]|j|=n+2,j#0 li|=n+2
=¢(w, @)+ h(w,w) = f(w,©).

Thus, f(w,@) = 0, as desired. 1

LEMMA 2.5. Assume that M(n) = M?(n) > 0 admits an r-atomic representing

measure v, where r := rank M(n), and let V := suppv. If B = {Zi"ij},r<=1 is a
maximal linearly independent subset of columns of M(n), then Wpy is invertible (cf.
Theorem 2.3).

Proof. Let Ry, ..., R, denote the rows of Wy ), and assume that Wy, is sin-
gular. Then there exists scalars cy, ..., ¢, € C, not all zero, such that c;Ry + -+ - +
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Ry = 0. Let p(z,2) := 122N 4 - 4 2T Clearly, p|suppv = 0, so Propo-

sition 2.1 implies that p(Z,Z) = 0. Then ¢;Z1Z" + - +cZ¥*Z" = 0in Ch(n),
contradicting the fact that B is linearly independent. 1

Proof of Theorem 2.3. Let r := rank M(n); we first show that V = V(M(n +
1)) satisfies cardV = r. Theorem 2.2 implies that M(n + 1) admits a unique
flat extension M(oo) and that M(co) admits an r-atomic representing measure

. Write supp{ = {wy,...,w,}, and define p € C4 [z,Z] by p(z,2) := ]1[ Iz —
i=1

d
w;l|* (where, for z = (zy,...,24), ||lz[|* := ¥ Zjzj € Ci[zZ]). Clearly, Z(p) =
j=1

supp ¢, and since { is a representing measure for M(2r), Proposition 2.1 im-
plies p(Z,Z) = 0in Cpypy. Thus V(M(2r)) € Z(p) and card V(M(2r)) <
card Z(p) = r. To show that card V = r, we consider two cases. If 2r < n
then, since ( is a representing measure for M(n + 1), suppl € V(M(n+1)) C
V(M(n)) CV(M(2r)) C Z(p) = supp {, whence suppl = V and card V = r. I
2r > n + 1, repeated application of Theorem 2.4 implies that V = V(M(n +1)) =
V(M(n+2)) = --- = V(M(2r)), and since { is a representing measure for
M(n+1), (2.4) implies

~

-

(2.10) r=rankM(n+1) <cardV(M(n+1)) = --- = card V(M(2r)).

Now, from above, card V(M(2r)) < r, so (2.10) implies that card V = r in this
case too.

Now let v be a representing measure for M(n + 1). Then r = rank M(n +
1) < cardsuppv < cardV = r, and since suppv C V, it follows that suppv =

r
V, whence v = ) p;éy,, for some densities py,...,p,. Since v is a representing
i=1

measure for M(n), p = (p1, ..., 0r) satisfies Wz yp' = (7i,j,,- - -, 7i,;,)", and since
Wg y is invertible by Lemma 2.5, p is uniquely determined. Thus v is the unique
representing measure for M(n +1). 1

In Theorem 7.7 of [6] we proved that a finite rank positive infinite moment
matrix M = M“(c0) has a rank M-atomic representing measure; for d = 1 we
established uniqueness in Theorem 4.7 of [6]. We can now establish uniqueness
for arbitrary d.

COROLLARY 2.6. A finite rank positive moment matrix M = M“(c0) has a
unique representing measure v, and card supp v = rank M.

Proof. Following Theorem 7.7 of [6], let { be a rank M-atomic representing
measure for M. Let j be the smallest integer such that rank M(j) = rank M(j + 1).
Theorem 2.3 implies that M(j + 1) has a unique representing measure v, whence
¢ =vand cardsuppv = rank M. I
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REMARK 2.7. The measure v in Corollary 2.6 may be computed using The-
orem 2.3; indeed, suppv = V(M(j +1)).

In order to study moment problems on RY, we next introduce real moment
matrices. Let CN[t] = CJ[t, ..., ty] denote the space of complex polynomials in
N real variables, and let C[t] denote the polynomials of degree at most s; then
dimCN[t] = (N“) Fort = (t1,...,ty) € RN andi = (i1,...,in) € ZY, we set
to= tll1 -, Given a real sequence = Bl = {ﬁi}iezi’,h‘\gw the truncated
moment problem for B concerns conditions for the existence of a positive Borel
measure y on RV satisfying

@.11) B = /ti dpu(t) /tll.. BY du(ty, ... b)), il <.

A measure yu satisfying (2.11) is a representing measure for f; if, in addition, K C
RN is closed and supp p C K, then y is a K-representing measure for B.

Let 7 = 2n; in this case §(2") corresponds to a real moment matrix M(n) =
MPN (1) (B), defined as follows. Let B = {ti}iezf,\i\gn denote the basis of mono-
mials in CN[t], ordered lexicographically; e.g., for N = 3, n = 2, this ordering is
1,t, by, t3, 12, tita, trts, 13, tats, £3. The size of M(n) is dim CN[t] (= (V1")), with
rows and columns indexed as {Ti}i ez Jil<n’ following the same lexicographic or-
der as above. The entry of M (n) in row T, column T/ is B j, i,j € ZY, |i| +|j| <
2n. Note that for N = 1, MN(n)(p) is the Hankel matrix (B, ;) associated with
the classical Hamburger moment problem (K = R) (cf. [1]).

Forp € CN[t], p(t) = ¥ a;it\, welet p := (a;) denote the coefficient
i€zl il<n

vector of p relative to B. The Riesz functional Ag : CY[t] — C is defined by
Ag(Lbyt") := L byBy. Thus, MN(n)(B) is uniquely determined by

(2.12) (MN(n)(B)f,8) == Ap(f3) f.g€CY[].

If (") has a representing measure j, then Ap(fg) = [ fg du, so MN(n)(B) is
positive semidefinite.

Forp= ¥  a’, we define an element in C 4, (the column space of
rezl |r|<n
M(n)) by p(T) = Y  aT. Let V(M(n)) := N Z(p) denote
reZl |r|<n pECH[t],p(T)=0

the variety of M (n); we also denote this variety by V(B). Let ] = J(n) := {j €
ZY :|j| < n}; thus card ] (n) = size M(n). Lets := size M (n) — rank M (n); the
following result, which proves Proposition 1.3, identifies s polynomials in R} [¢]
whose common zeros comprise V(M (n)).

PROPOSITION 2.8. Let M(n) be a real moment matrix, with columns T/ indexed
byj €], letr:=rank M(n), and let B = {T"};c be a maximal linearly independent
set of columns of M(n), where I C ] satisfies card I = r. For each index j € | \ I,
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let q; denote the unique polynomial in lin.span{t'};c; such that T/ = q;(T), and let
ri(t) = t— q;(t). Then V(M(n)) is precisely the set of common zeros of {rj}icy\ 1.

Proof. Clearly V = V(M(n)) € N Z(rj). For the reverse inclusion, set
j€T

RN[t] := {p € RN[t] : degp < n} and let @ : RY[t] — C(n) denote the map
p +— p(Z,Z). @ is linear and surjective, so dim ker & = dim RY[¢] — dim Crn) =
card ] — card I. Observe now that for j € J \ I, since T/ = g;(T) we have
rj € ker®. Moreover, for j € ] \ I, the monomial # only appears in r;, so
it is straightforward to verify that {r;};c;\ 1 is a linearly independent subset of
RN[t]. It follows at once that {rj}tjes\ 1 is a basis for ker @, whence N Z(r;) C

jel
N Zp=V. 1
pEker @

REMARK 2.9. Proposition 2.8 admits an exact analogue for complex mo-
ment matrices.

We omit the proofs of the following results, which are analogous to the cor-
responding proofs for M? (1) ().

PROPOSITION 2.10. Suppose y is a representing measure for p2"). For p €
CN[t], suppu C Z(p) := {t € RN : p(t) = 0} ifand only if p(T) = 0.

COROLLARY 2.11. If B") has a representing measure, then MN (n)(p) is recur-
sively generated, i.e., if p,q, pq € CN[t] and p(T) = 0, then (pq)(T) = 0.

COROLLARY 2.12. If y is a representing measure for B{2"), then supp u C V(B)
and card V(B) > card supp u > rank MN (n)(B).

We devote the remainder of this section to describing an equivalence be-
tween truncated moment problems on R2? and C4. In the sequel, C (") denotes
the ordered basis for (Cfl z,Z] consisting of the monomials, ordered lexicograph-
ically by degree. We denote the coefficient vector of p € C%[z,Z] relative to C(")
by 7; thus K := {p : p € Cl[z,z]} = C" = C[z,z]. For 0 < j < n, let K;

denote the subspace of (") spanned by elements Z/’; with |r| + [s| = j; thus
KW =KD @, =Ko®...® Ky, and dim K; = (7)729),0 < j < n.

Next, let C2[t] = Cy[ty,...,t] denote the vector space over C of poly-
nomials in real indeterminates t1,...,f,; with total degree at most n. For i =
(i1,...,104) € sz, li| < m,lett :=t] - t24; thus g € C2[t] may be expressed
asq(t) = ¥ b;t'. Note that dim C24[t] = 5(d, n). In the sequel, B(") denotes the

li|l<n
ordered basis for C27[t] consisting of the monomials, ordered lexicographically by
degree; ford = n = 2, thisordering is 1, t, ta, t3, ta, 12, t1to, tits, trta, 3, tots, tota, 13,
tsts, t2. Now we set x; :=t;,1 <i < d,and y; := t; 14,1 <i < d, so that C2[t] =
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cd [x,y] :== Cyulx1,...,x45Y1,...,y4); with this notation, for d = n = 2 the basis
B(?) assumes the form 1, x1, X2, Y1, Y2, X2, X1X2, Yy1X1, Y2X1, X3, Y1X2, Y2 X2, Y3, Y12, 3.
We denote the coefficient vector of g € Cf[x, ] relative to B by §; thus H(") :=
{G:qc¢€ cé [x,y]} =2 CT (C%d[t]. For 0 < j < n, let H; denote the subspace of
H(") spanned by elements yffvxs‘with 7| +|s| = j; thus HW = HO-D g H, =
Ho® - @ Hy,and dimH; = (15;779),0<j< n.

For 0 < j < n, we define a linear map L; : ICj — H; by L]'(Zkzé) =
[ — i) (x4 1) T, K| + 0] = /- Since (x — i) (x + iy)’ = (x1 — iy - (xy -

iy)k (xg +iy) - - - (x4 + iy4), the Binomial Theorem shows that Lj(Zkzé ) is in-
deed an element of H;. We now define L = Lt KM — HM by L= 679 Ly (=
k=0

L1 g Ly).Ford = n =2, we have

10 1 0
01 0 1
L=, Li=|, 0 —-i 0 |’
0 i 0 —i
1 0 1 0 0 00 1 0 0
o 1.0 1 0 1 0 0 1 0
2i 0 00 0 0 0 -2 0 O
0 i 0 —i 0 i 0 0 —i o0
L _| 0 000 1 01 0 o0 1
2“1 0o i 0 i 0 —-i0 0 —-i o0 |’
0 0 0 0 2 0 0 0 0 -2
-1 0 1. 0 0 0 0 -1 0 O
0O -10 1 0 1 0 0 -1 0
O 0 0 0 -1 0 1 0 0 -1

and L) = Ly @ L; @ Ly = LM @ Ly. To clarify the properties of L we introduce
the map ¢ : R? x RY — C? x C? defined by ¢(x,y) := (z,Z), where z = x + iy,
Z = x — iy € C% Clearly ¢ is injective, and we let T : Rany — R? x R? denote
the inverse map, 7(z,z) := (%%, %%).
LEMMA 2.13. (i) Lp:= po ¢, p € Ci[z,7].
(ii) L is invertible, with L~1(§) = (g o T)".

Proof. (i) For p € Cl[z,z], write p(z,Z) = ¥ axz'z’. Then
[k|+[e|<n
Lp) = Y aul@)= Y aullx—iy)(x+iy)]
[k|+[e|<n [k|+|¢|<n

= ) age[Z¥2l o] = [( Y akﬁkzé) olp}~ = p/(;T/J.

[k|+1el<n k| +]El<n
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(ii) A calculation shows that R; := L;l : Hj — K, is given by R]-(erxS) =
(57 (5] = (B (Bt (52 o (B3]’ thus L1 10
— K satisfies L~1(§) = (g0 1) 1

Our next goal is to associate to a complex sequence

— ~(2n) _
Y= 'Y( ") = {'YVS}r,seZi,erISKZH’

with ygp > 0 and s = 7,, an “equivalent” real sequence

p=p = {Bi}jeza jjj<ans

with Bg = 9. We require the following lemma.

LEMMA 2.14. Let p = Y a,52'2° € (an z,Z] and assume that p is real-valued.
Then A (p) is real.

Proof. Recall that Ay (p) = L arsyrs. Then Ay (p) = LarsY,s = LlrsYsr =
Ay(p) = Ay(p), 50 Ay(p) isteal. 1

For j € 22, |j| < 2n, set 7tx(j) = (j1,-- -, ja) and 7y (j) = (jas1,- - oa)-
For 1 as above, we now set ; := Ay(y”y(])x”xm), where, for z € C%, x := %
and y := Z%. Since the operand of A, is real-valued (as an element of Cd [z,2)),

Lemma 2.14 implies B; € R. We now set R(7y) := f; note that
o i — 7ty (j) 2 () ) — z =2\ sz +7Z\ =)
@13) By =Agt) = Ay = A, ((F5) 7T (55) ).
PROPOSITION 2.15. M (n)(R(v)) = L* *M(n)(y)L~"
Proof. Tt suffices to show that for k,¢,7,s € Z%, with |[k| + |¢],|r| + |s| < n,

and for = R (7), we have (M (n)(B)y*x, y7x*) = (L*~\M(n) (y) L'yl y7s).
Now,

(LT M(n) (7) L~ ykal, y7xs)
= (M(n)(7)L ™ "ykxt, L yrxs)
Z—Z\k/z+Z\O . 1/2—2Z\"/Z2+Z\5].
214 = (M [(57) () PG G5 T)

(by Lemma 2.13)

7z —Z k+r z4+Z l+s
=a((5) (557) )
Choosing j € Z*? so that 71,(j) = ¢ + s and 7, (j) = k +r, we have [j| = (|k| +
[2]) + (|r] +|s|) < 2n, so (2.13) shows that the expression in (2.14) is equal to

Ag(yFrxt+s) = (M(n) (B)y*xl,yx5), as desired.
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Next, we define an inverse to R. Given a real sequence f = p2n)

{Bj} jez? |jl<2n” with By > 0, we will associate to f a complex sequence 7 = (2.
Fork, ¢ € Z4, |k| + |¢] < 2n, let

Tee == Ag((x —iy)*(x + iy)")
= Ap((ty —itg1)fr - (tg —itog) M (B +itgg)T -+ (tg +itpg) ).

Clearly, y00 = Ag(1) = Bo > 0, and yg = 7yp- We set S(B) := 7; we omit the
proof of the following result, which is dual to that in Proposition 2.15.

PROPOSITION 2.16. M(n)(S(B)) = L* M (n)(B)L.

Taken together, Propositions 2.15 and 2.16 show that (R o S)() = B and
(SoR)(y) = 7. We are now in position to formulate the equivalence between
the real and complex truncated moment problems, as expressed in the following
two results.

PROPOSITION 2.17. Given y = v, let p = B := R(y).
() M(n)(B) = L*"1M(n) (7)L
(i) M(n)(B) > 0 & M(n)(7) > 0.
(iii) rank M (n)(B) = rank M(n) (7).
(iv) M (n)(B) is positive and admits a flat extension M(n + 1) ifand only if M(n)(~y)
is positive and admits a flat extension M(n + 1).
(V) Forq € Culx,y), 9(X,Y) = L* Y ((qgo1)(Z,2)).
(vi) For g € Culx,y], Ag(q) = Aqy(q0 7).
(vii) If v is a representing measure for <y, then y := v o ¢ is a representing measure for
B, of the same measure class and cardinality of support; moreover, supp u = T(supp v).
Proof. (i) This is Proposition 2.15.
(if) This follows from (i) and the invertibility of L (Lemma 2.13).
(iii) This also follows from (i) and the invertibility of L.
(iv) Suppose M(n)(y) is positive and admits a flat extension

~ _ [ M(n)(y) B(n+1)
M(n+1)(7) = ( Bin+1)* Cln+1) )
Proposition 2.15 (for n + 1) implies that M := (LU D*)=1M (1 4-1)(7) (L("+Y)
is of the form M(n +1)(R(7)), while (i) and the direct sum structure of (L("+1))
show that

M:((L(")*)lM(”)(W)(L(”))1 :):<M<n>in<v>> )

*

-1
-1

Since rank M = rank M(n + 1)(y) = rank M(n)(y) = rank M (n)(p), it follows
that M is a flat extension of M (n)(B) (> 0). The converse is proved similarly,
using Proposition 2.16; we omit the details.
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(v) We have

9(X,Y) = M(n)(B)g = L 'M(n)(y)L™'F (by (i)
= L*'M(n)(y)dot (by Lemma 2.13)

— 1" (g0 1)(2,2).

(vi) Straightforward from (2.13).
(vii) For j € 72, |j| < 2n

/ tdp = / y”ﬂf')x”’f”) d(vow)(x,y)

B z—z Z+Z)
z

e

=pj (by (2.13);

thus, p is a representing measure for 8, and the other properties of y are clear.

We omit the proof of the following result, which is dual to Proposition 2.17.

PROPOSITION 2.18. Given p = B, let v = 4(21) := S(B).
(i) M(n)(y) = L*M(n)(B)L.
(i) M(n)(7) > 0 M(n)(B) > 0.
(iii) rank M (n) () = rank M (n)(B).
(iv) M(n)(7y) is positive and admits a flat extension M (n + 1) if and only if M(n)(p)
is positive and admits a flat extension M(n + 1).
(v) For p € Cu[z, ], p(2,Z) = L*((p o 9)(X, ).
(vi) For p € Cy[z,z], Ay(p) = Aﬁ(p o).
(vii) If p is a representing measure for B, then v := y o T is a representing measure for
7, of the same measure class and cardinality of support; moreover, supp v = {(supp i).

Throughout the sequel, whenever we have equivalent sequences y and j
(as described by the preceding results), the context always indicates whether we
have g = R(7) or v = S(B), so we do not explicitly refer to R or S.

We next present an analogue of Theorem 2.2 for truncated moment prob-
lems on RV,

THEOREM 2.19. Let B = B and let r := rank MN (n)(B). If u is an r-
atomic representing measure for B, then MN (n + 1)[u] is a flat (positive) extension of
M(n) = MN(n)(B). Conversely, if M(n) is positive semidefinite and admits a flat
extension M(n+1) = MN(n + 1)(ﬁ) then M(n + 1) admits unique flat positive
moment matrix extensions MM (n +2)(B ) MN (1 +3)(B),..., and there exists an -
atomic representing measure for MN (c0)(B) (ie., a representing measure for B(*))
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Proof. Suppose y is an r-atomic representing measure for 8, i.e., MY (n)(B)
= MN(n)[u]. Since u is also a representing measure for MY (n + 1)[u], Corol-
lary 2.12 implies that r = card supp u > rank MM (n 4 1) [u] > rank MN (n)[u] =
7,50 MN(n 4 1)[y] is a flat (positive) extension of M (n).

For the converse, we assume that MY (1)(B) is positive and admits a flat
extension MN (1 4 1)(B). We consider first the case when N is even, say N = 2d.
In this case, let v = 7(#") = S(B). Proposition 2.18 implies that M?(n)(7) is
positive and admits a flat extension M?(n + 1)(F). Theorem 2.2 now implies
that M%(n 4+ 1)(7) admits unique successive flat (positive) extensions M (n +
2)(F), M? (1 +3)(7), ..., and that () admits an r-atomic representing measure
v. Proposition 2.17 (and the direct sum structure of L("+),j > 0) now imply that
M2 (1 +1)(B) admits unique successive flat extensions { M2 (1 +j)(B)} j>2, de-
fined by M2 (n 4 j)(B) := (LU*)=M?(n + j)(7) (L)) 1. Proposition 2.17
further implies that v corresponds to an r-atomic representing measure y for ()

We now consider the case N = 2d — 1. For xeR¥1 teRic Zid*l,j IS
Z.,weset¥:= (x,t) € R¥and7:= (i,j) € Z3, so that ¥ = x't/. Corresponding
to p = B! (2n) = ={Bi }ZEZZd 1] < 2n, defmeasequence/% [3 (2n) = = {B; }lezzd 1j<2n
as follows:

. [ Bi ifj=0,

For M = M?~1(n)(B) we define the moment matrix M = M??(n)(f). Since M
is unitarily equivalent to a matrix of the form M @ 0, we have rank M = rank M,
and M > 0 if and only if M > 0. Suppose M = M?~1(n)(B) > 0 and suppose
M(n+1) = M2 1(n 4 1)(B) is a flat extension of M. We claim that M (n +
1) = [M(n +1)]" is a flat extension of M. Since M (n +1) > 0, then M(n +1) >
0, and rank M(n +1) = rank M(n 4+ 1) = rank M(n) = rank M(n). Let us
denote M (n+1) as M?¥(n+1)(A), for some sequence A. To show that M (1 +1)
is an extension of M (n), it suffices to show that if 7 satisfies |{| < 21, then A; = f;.
Indeed, if T = (i,j) and j = 0, then A; = B; = B; = fr, while if j > 0, then

Ay =0 = By. Thus M(n + 1) is a flat (positive) extension of M (n).
Since M(n +1) = M (n +1)(A), the “even” case (above) implies that
M (n 4 1) has unique successive flat moment matrix extensions M2 (1 4 j)(A),
j > 2, and that A(®) admits a rank M-atomic representing measure v.  For
j>=2andi € ZZd Uwith |i] < 2(n + j), we set B; := /\(1,0) Then M2 (n +
2)(B), M2~V (1n +3)(B), ..., define the unique successive flat moment matrix ex-
tensions of M2~ (n +1)(B) (indeed, [M?*~1(n +1)(B)]” = M*(n +])( )i =

r
1). Finally, ifv = Y 056y, 1) (Withxs € R*71 t5 € R, ps > 0), then u := 2 s,
s=1 ‘

is an r-atomic representing measure for [3 .
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REMARK 2.20. We note the following for future reference. In M(n + 1) =
M (n41)(A), since Ay = 0 whenever |i| < 2(n+ 1) and j > 0, each column that
is indexed by a multiple of ¢ is identically 0. Further, since A(*®) has a representing
measure, each of the successive flat extensions M4 (n + j)(A,j > 2, is recursively
generated; hence, in M2 (1 4 j)(A), each column indexed by a multiple of ¢ is
identically 0, whence 7\(1-,]') = 0 whenever j > 0.

We can now give a proof of Theorem 1.2, which we restate here for the
reader’s convenience.

THEOREM 2.21. If M(n) = MN(n)(B) > 0 admits a flat extension M(n + 1),
then V := V(M (n + 1)) satisfies cardV = r (= rank M(n)), and V = {tj};zl -

RN forms the support of the unique representing measure y for M(n +1). If B =
{T%};_, is a maximal linearly independent subset of columns of M(n), then Wpg) is

invertible, and y = i pj0t, where p = (p1,...,pr) is uniquely determined by et =
i=1

Wy (B Bi,)"

Proof. We first consider the support of a representing measure y for M (n +
1) (cf. Theorem 2.19). For N = 24, let ¢ be the equivalent complex sequence
associated to B via Proposition 2.18; Propositions 2.17(v) and 2.18(v) imply that
V(M(n+1)(B)) and V(M(n + 1)(vy)) are identical when regarded as subsets
of R?". The conclusion that cardV = r and suppy = V thus follows by a
straightforward application of Theorem 2.3 and Propositions 2.17 and 2.18. For
N = 2d — 1, one needs to argue as in the proof of Theorem 2.19, to convert
the initial moment problem for § into an equivalent one for B in R? (using
(2.15)), and to then appeal to the result for N = 24d. We omit the details of
this argument, except to note that in the notation of the proof of Theorem 2.19,
VM(n+1)(B)) x {0} = V(M(n+1)(A)). As for the uniqueness of i and the
calculation of the densities using Wpg ), the proof is very similar to the argument
establishing the uniqueness of v in Theorem 2.3; for this we use an analogue of
Lemma 2.5 for the invertibility of Wp ), in the case of real moment matrices. 1

REMARK 2.22. Theorem 2.4 and Corollary 2.6 admit exact analogues for real
moment matrices.

3. LOCALIZING MATRICES

Let1 < k < nandlet p = p(z,%Z) € C¥zz], degp = 2k or 2k — 1. We
next define the localizing matrix M;’(n) = M;l(n)(y) whose positivity is directly

related to the existence of a representing measure for ¢ = (2") with support in

Ky, = {z € C%: p(z,z) > 0}. Note that dim(CZ_k[z,Z] =n=n(dn—k) =
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(") thus C1 = {f : f € C_,[z,z]}. We define the 77 x 7 matrix Mg(n) by

(3.1) (M3(n)f,8) = Ay(pf3) f.g € Ci_lz2].

If 7y has a representing measure v supported in KCp, then

(My(0)f, ) = Ay (plf?) = [ plfPav >0,
whence M’;,l(n) > 0. Note also the following consequences of (3.1):
(3.2) M (n)* = M(n);
if p = p; + po withdegp; < degp,i =1,2, then
(33) My (n) = My, (m)ly + [My, (n)];-

The main result of this section (Theorem 3.2 below) provides a concrete de-
scription of Mg (1) as a linear combination of certain compressions of M (1) cor-
responding to the monomial terms of p. In order to state this result, we require a
preliminary lemma and some additional notation.

LEMMA 3.1. Forr,s € Z% with |r| + |s| < 2k, there exist i,j € Z% such that
725 =277 27T and il +|j|,|r—i| +|s—j| <k

Proof. Case (i): |r|,|s| < k; leti = r, j = 0. Case (ii): k < |r|. We have
r=(r1,...,rg) with |[r| =+ +r4 > k. Choose r' = (r/,...,7,) € Z% so that
0<r<rid<i<dand|’|=7r]+ --+7, =k Withi =7+, j =0, wehave
[r—il+ls—jl = [r=r[+ls| = (n—r) +-- -+ (ra—ry) +Is| = [r| +[s| = |[r'] <
2k — k = k. Case (iii): k < |s|; similar to Case (ii).

For p(z,Zz) as above (with § = degp = 2k or 2k — 1), we write p(z,Z)

Y ays2'z°. Lemma 3.1 shows that for each r,s € Z% with |r| + |s| < J,
r,s€Z, |r|+]s|<6

there are tuples i = i(r,s,k), j = j(r,s,k), t = t(r,s,k), u = u(r,s, k) izn Z‘i, such
thati+t=r,j+u=s,|i|+|j], |t| + |u| < k. In the sequel, [Z”Z';l,;;]M (n)[iizfﬂ,q]
denotes the compression of M“(n) to the first 57 rows that are indexed by multi-
ples of Z"Z! and to the first 7 columns that are indexed by multiples of Z'Z/.
THEOREM 3.2. Mj(n) = Y

d
a_ M*(n) i .. .
rs[Z"Zt1, L.
r,seZ‘i, [r|+]s|<o ! y (2 Z11.0]

For the proof of Theorem 3.2, we require several preliminary results. Let
0 < k <nandletr,s € Z%, with |r| + |s| < 2k. From Lemma 3.1, we have
i,j € Z4 with |i| + |j|, |[r —i| + |s — j| < k.

LEMMA 3.3. For f,g € C?_,[z,Z],

(Mg (), 8) = (M (n) (22 ), (22 Tg)").
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Proof. Let |r|+|s| =2l or 2] —1;if I < k, MY

z'z8
case we regard C?_, [z,Z] as embedded in C_,[z,Z] and take coefficient vectors

(n) has size (d, n — 1); in this

j?, I3 gelgtive to (Cﬁ_l‘[z, Z] ; in any case, Ziz f and 2 —izs—i ¢ are elements of C,[z,z],
so (Z'Z/f)" and (z'~'z°/g)" are computed relative to C,|z,z]. We have

(M .(F,§) = AEFZ )
= A f - (27 g))
— (M (n) @2 f), (F T2 ig)).

PROPOSITION 3.4. Let 0 < k < n. Letr,s, t,u,q,v € Z‘i satisfy |r| + |s| < 2k,
[t + |ul, |g] + 0| < n— k. Then

(M2 (n)Z72°,224) = Yriqiustort.

Proof. From Lemma 3.1, we havei,j € Z4 such that |i| + ||, [r —i| +[s — j| <
k. Lemma 3.3 implies that

(M, (13720, 3t z0)

z'z8

M (n)(Z212120)", (2775 Tzt 2
Md(i’l) (zi—«—qzj—«—v)f\, (Zs—&-t—jzr—i-u—i)f\ >

Y(i+q)+(r+u—i),(j+0)+(s+t—f) = Vat+rtusto+t- 1

=
=

LEMMA 3.5. Let 0 < k < nand let = 5(d,n — k). Suppose p,q,1,m € Z-.
satisfy |p| + |q, 1| + |m| < k and set

— d
M ‘_[Z"'Z’;l,;y] M (n)[zpzq;lﬂﬂ.

Then M = [M?

=P 407 (n)]y, the compression of M?

Tpoaglym L0 its first 1 rows and

an
columns.

Proof. The columns of M are indexed by 7' zai, i,jeZq, il +j| <n—k,
and the rows are indexed by Z" " Z!*t, 4,b € 74, |a| + |b| < n — k. The entry in

row Z" " 71+t column 7P 7441 of M is thus
d =p+i I\~ (= [+b\~
(M (n) (ZP12900), (Z"20)) = Yprivisbgtjtmta:

The corresponding entry of M? (n), in row Z°Z", column Z'Z/, has value

ZP 0.2l zm

—

<M§Pzﬂ-z’zm (n)z'z],2°2b), which equals Yp-+iti+bg-+j+m-+as DY Proposition 3.4. u

Proof of Theorem 3.2. We have 1 < k < nand

p= p(Z,f) = Z apsZ' 2%,

rs€Z4, |r|+|s|<o
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with § = degp (= 2k or 2k — 1). The size of Mg(n) is thus # x n, where n =
1(d,n — k). By (3.3) and the uniqueness of Mf,(n), we have
(3.4) Mz(n) = Z Ays [ngzs(n)]q.
r,s€Z, |r|+]s|<6
From Lemma 3.1, for each 7,s € Zi with |r| + [s| < J, we have i = i(r,s,k),j =

j(r,s,k),t = t(r,s,k),u = u(r,s,k) € Z4 withi+t =r, j+u =s, |i| + |j|, |t| +
|u| < k. Lemma 3.5 implies that for each r, s,

[Mg"zs (7’1)]77 = [M;izf-itz“ (1’1)];7

. Ay
_[Z Zt}lxﬂ] M (n)[jlzj;l,?]]’

so the result follows from (3.4). 1
We conclude this section with an analogue of Theorem 3.2 for real moment

matrices. Given a real moment matrix MN(n) = MN(n)(B), let k < n, and let
p € C[ty,...,tn], with deg p = 2k or 2k — 1. The localizing matrix M]I;I(n) has size

T=1(N,n—k):= ("_f\,J”N) and is uniquely determined by

(3.5) (MY ()F.8) = Ap(pf2)  f.8 € CYLIH;
if B has a representing measure supported in K, := {t € RN : p(t) > 0}, then
clearly MPN (n) > 0. Write p(t) = Y a;t!. For each i, there exist (non-

i€zl |i|<degp

unique) r = (i), s = s(i) in Z" such thatr +s = i and |r|,|s| < k; thus p(t) =

Y ait" D0 Let [Tr,.l,T]MN (1) [15;1,7) denote the compression of MN(n)
i€Z i|l<degp
to the first T rows that are indexed by multiples of T" and to the first T columns
that are indexed by multiples of T°.

THEOREM 3.6. MY (n) = Y 4 g MY () s,

icZh |i|<degp

The proof of Theorem 3.6 follows by formal repetition of the proof of Theo-
rem 3.2; we omit the details. Example 1.5 illustrates Theorem 3.6 with N = 3,n =
1,degp = 2.

4. FLAT EXTENSIONS OF POSITIVE LOCALIZING MATRICES

In this section we present a flat extension theorem for positive localizing ma-
trices, which provides the main tool for proving Theorem 1.1. Suppose M?(1)(7)
is positive and admits a flat extension M?(n 4 1); thus, there is a matrix W such
that M“(n + 1) admits a block decomposition of the form

M4(n) B (n+1) ) ,

(1) Mi(n+1) = ( Bi(n+1)* Cl(n+1)
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where BY(n +1) = M?(n)W and C%(n + 1) = W*M?(n)W. It follows from The-
orem 2.2 that M“(n + 1) admits a unique positive flat extension M?(co) and that
M (c0) admits a representing measure v. In particular, M?(n +1) = M4 (n+1)[v]
is positive and recursively generated, and M?(n + 1) admits unique successive
positive, flat moment matrix extensions M? (1 4 2) = M%(n +2)[v], M*(n +3) =
M4 (n+3)[v],.... Thus, if p € C%[z,Z] and k := [1+d+gp] < 1, we may consider
Mg (n+k) and M (n +k+1).

THEOREM 4.1. Suppose M%(n)(v) = 0 admits a flat extension
M (n) M (n)W

d —

Mi(n+1) = ( WEMA () WM ()W

Let p € C%z,Z], with deg p = 2k or 2k — 1. IfMg(n +k) >0, then

Mi(n+k)  Mi(n+bW
4.2) MZ(n+k+1)—<W*]CIg(n+k) w*z\p/fg(nJrk)W ’

in particular, M‘;(n +k +1) is a flat, positive extension of Mp(n + k).

REMARK 4.2. In Theorem 4.1, we are not assuming that Mg(n + k) is a mo-
ment matrix; rather, in Section 5 we will prove that under the hypotheses of The-
orem 4.1, both Mg(n + k) and Mg(n + k + 1) are indeed moment matrices.

The proof of Theorem 4.1 is essentially based on a computational descrip-
tion of Mg(n +k+1), and to derive this we require some additional notation.
For m > 0, let A be a matrix of size 1(d, m) with rows and columns given
by {Z"Z%} abET, a|+]b]<m? ordered lexicographically. Suppose i,j € Z%, with
li| +|j| < m, and suppose there are at least  columns of A that are indexed by
multiples of Z'Z/. Suppose u,t € Z4, with |u| 4 |t| < m, and suppose there
are at least v rows of A that are indexed by multiples of Z"Z!. For « < g and

p <, let z* Zf,p,v]A[Zi 2] denote the compression of A to the a-th through S-th

consecutive columns indexed by multiples of Z'7) and to the p-th through v-th

consecutive rows indexed by multiples of Z" Z. We omit the proof of the follow-
ing elementary result.

1 * = 1 * U
LEMMA 4.3. <[7”Zf;p/v]A[Z’zf;a,ﬁ}) T [Z'Z;n,B) (4 )[Z Zhp,0"
(Here, the convention is that rows and columns of A* are indexed in the
same way as the rows and columns of A, as {Zuzh}a,hezi, la|+[b]<m”)
To prove Theorem 4.1, we will first obtain analogues of (4.2) for each mono-

mial term of p. To this end, let § = degp (= 2k or 2k — 1); write p as p(z,2z) =
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Y a,sZ' z°. Recall from Section 3 that
r,s€Z, |r|+]s|<é

= sizeMz(n +k4+1)=n(d (n+k+1)—k) =y(d,n+1) = size M*(n +1)
and

m= sizeMz(n +k) =5, (n+k) —k) =n(d,n) = size M (n).

Let pys = z'z%; from Lemma 3.1, we have z'z° = Zi(rsk) 7j(r,s k) -Zt(”sfk)z“(’fsfk),
where i = i(r,s,k),j = j(r,s,k),t = t(r,s,k), and u = u(r,s, k) € Z‘i satisfy
r=i+t,s=j+u,li|+]j|,|t| + |u| < k. Lemma 3.5 (applied with n replaced by
n + k + 1) shows that

d — d .
49 ML Dl =g MO D
similarly,
d — d .
(4.4) (M, (n+ k)], =2z, M (n+k) Z 2z’

We next use (4.3) and (4.4) to relate [MgrS (n+k+1)],to [ngs (n+k)]y, via
a block decomposition of [Mgrs (n 4k +1)]y,. From (4.3) note that the columns
of [Mgrs (n+ k + 1)],, are compressions of the first 77, columns of M%(n + k + 1)

that are indexed by multiples of Z'ZJ; note that these monomials are ordered
as {Z' 1ziti }Zil, where {7qu‘7}22: , is the lexicographic ordering of the first
172 monomials in C%[z,z]. In particular, from (4.4) we see that the first 77; of
these monomials also index the columns of [Mg (n+4k)]y,. Similarly, the rows

rs

of [Mgrs(n + k +1)],, are compressions of rows of M?(n + k + 1) that are in-

dexed by the sequence {7u+ith+7q };72: 1» and the first 777 of these also index the
rows of [Mgrs (n +k)];,. Further, from (4.1) and the above remarks, it is clear that
[Mgrs (n+k+1)]y, = [Mgrs (n+k)]y,. It now follows from the preceding obser-

vations that [M% (n+ k + 1)],, admits a block decomposition of the form

Prs
M; k BY k+1
(45) Mirs(n_'—k—"_l)’h:( [ prs<n+ )]771 ZVS(n+ N ) ),
Prs

DI (n+k+1) C4 (n+k+1)
where
J d

(4.6) [My, (1 + )Ly =021 ) M A K) g5
4.7) By (n+k+1) =iz, Mtk +1) iy
(4.8) Dzrs (n+k+1) =2 2t 41,00 Md(n +k+ 1)[71'2/';1,,71]'

p B d .
(4:9) Cprs (7’1 =+ k + 1) _[Z”Zt;?]ﬁ-l,ﬂz] M (7’1 + k + 1)[712/.;7]1*1/772]'
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The following lemma is the first step toward proving an analogue of Theo-
rem 4.1 for pys.

LEMMA 4.4. Foreachr,s € Z2 with |r| + |s| < 6,

( (M4 (n+ k)], )W: ( B (n+k+1) )

Di (n+k+1) Cl (n+k+1)

S

Bi(n+1) .
Proof. For1 < m < 12 — 1, the m-th column of ( Cdgn 4 1; ) is the (71 +

m)-th column of M(n + 1), and is thus of the form Z°Z/ € Ch(n+1), With le] +
lfl=n+1.1f (“%))a,bezi, la|-+]b|<n denotes the m-th column of W, then we have
e =4 b

(4.10) Z7 = ¥ W72
|a|+|b|<n
Let {V,5(7,5) }|a|+|p|<n denote the lexicographic ordering of the columns of

( [ME (1 + k)], )
D4 (n+k+1)

Prs
and let Uy, (r, s) denote the m-th column of

( BI (n+k+1) )

Cl (n+k+1)
It suffices to show that

(4.11) Up(r,s) = ) a%)Vu,b(r,s).

|a|+|b|<n
Since M?(n 4 k 4 1) is a flat, hence positive, extension of M?(n + 1), (4.10) also
holds in Cpa (4 4 1)- Now Up (7, 5) is the (171 4+ m)-th quumn of [Mgrs(n +k+1)y,,
and is thus indexed by the (777 + m)-th multiple of 70 7i50); thus Up(1,s)
is indexed by Z°Th) Zf+j(rsk) | Since M?(n + k + 1) is recursively generated,
(4.10) implies that in CMd(n+k+1) we have

(412) Z‘H'i(r/s/k) Zf+j(r,s,k) _ Z wg”;)za+i(rrslk)Zb+j(r,s,k)

7!

|a|+|b|<n
thus, via compression of these columns to rows indexed by the first 77, multiples
of Z"Z!, it follows that the relation in (4.12) holds as well in the column space of
[Md (n+k+1)],,. Since the compression of ZeHwsK) g f4irsh) i Uy (r,s) and

Prs
. —a+i(r,s5,k i
the compression of Ze k) Zbej(rsk)

follows. 1

is V,;(r,s), we obtain (4.11), so the result
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LEMMA 4.5. For eachr,s € Z2 with |r| + |s| <,
Dhm+k+lﬁz%Jn+k+D*:MﬁwﬁAn+MMr
Proof. Applying Lemma 4.4to p,, (= Z°7"), we have
B (n+k+1)=[M§ (n+k)],W
= M} _(n+K)*],, W (by (3.2))
=M} (n+K)]; W,

whence B%rs(n +k+1)*=W* [Mgrs(n + k)], - Now

D (n+k+1)*
=2 zim] M (n+k+ 1);‘72%171“”72] (Lemma 4.3)
=g MOk g0z, 0, (since M (n+k+1) > 0)
= B%MZLZ@. (n+k+1) (by(47)applied to Z’Z")
= B%rs(n +k+1);

thus ng (n+k+1)= B%y (n+k+1)* and the proof is complete. 1

S

Proof of Theorem 4.1. By the uniqueness of Mg (n + k) and of Mg(n +k+1),

it follows from (4.5)—(4.9) that M‘; (n+k+ 1) admits a block decomposition of the
form
Mi(n+k) Bin+k+1)
Mi(n+k+1) = P p ,
plntk+1) < Dé(n+k+1) Cl(n+k+1)
where
Myn+k)= Y as[Mp (n+Kk)y,
[rl+1s|<é
By(n+k+1)= Y B (n+k+1),
7] +|s] <o
Din+k+1)= Y D} (n+k+1),
|rl+1s|<d
Chn+k+1)= Y aCh (n+k+1).
7] +|s| <o
Lemma 4.4 implies Bg(n +k+1) = Mg (n + k)W, and similarly Lemma 4.5 im-
plies Dg(n +k+1) = W*Mg(n + k). Now Lemma 4.4 and Lemma 4.5 imply
that Cg(n +k+1) = Dg(n +k+1)W = W*M;,l(n + k)W, whence (4.2) holds.
Since Mg (n + k) is positive, (4.2) implies that M‘;(n + k + 1) is positive and that
rank Mg(n +k+1) = rankMg(n +k) (cf.[10]).
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5. EXISTENCE OF MINIMAL REPRESENTING MEASURES SUPPORTED IN
SEMI-ALGEBRAIC SETS

We begin with the analogue of Theorem 1.1 for the truncated complex mul-
tivariable K-moment problem. Recall that if M%(n)(v) (> 0) has a flat exten-
sion M?(n + 1), then M?(n + 1) admits unique recursive flat (positive) extensions
M4 (n+2),M4(n+3),... (Theorem 2.2).

THEOREM 5.1. Let v = (1) = {7i}ieZi, li|<2n be a complex sequence and let
P = {p;}", C Clz,z] with deg p; = 2k; or 2k; — 1,1 <i < m. Let M = M (n)(7)
and let r := rank M. There exists a (minimal) r-atomic representing measure for vy
supported in Kp if and only if M > 0 and M admits a flat extension M? (n + 1) for which
Mgi(n +ki) =0, 1 < i< m. Inthis case, M?(n + 1) admits a unique representing
measure v, which is an r-atomic (minimal) Kp-representing measure for «y; moreover, v
has precisely r — rank Mzi (n+k;) atomsin Z(p;),1 <i<m.

Proof. Suppose M (n)() is positive and admits a flat extension M?(n + 1)
for which Mgi (n+kj) >0, 1 <i< m. Corollary 7.9 of [6] and Theorem 7.7 of
[6] imply that M?(n + 1) admits a unique flat (positive) extension M“(co), and

r
that M?(c0) admits an r-atomic representing measure v = ];1 Pjdw;, with p; >0
and w; € C%,1 < j < r. Theorem 1.2 implies that v is the unique representing
measure for M¥(n + 1). We will show that suppv C Kp. Fix i, 1 < i < m. Since
Mgi (n+k;) > 0, repeated application of Theorem 4.1 shows that Mgl, (o0) is a flat,
positive extension of Mgi (n + k;); moreover,

1) (M}, ()f,2) = [ pif3dv, fgeCzzl.
Fixj,1<j<r and let
floz) = Iz =il llz = wjma|Pllz — wpn [P - |z — wr|?
P lwj = |- flwj = wi-1 [P lw; = wjga 2+ lw; — w2

(where, for z = (z1,...,24), ||z|? := L Zizi € C¥z,7z]). Now f; € C%z,%], so by
(6.1),

0.< (M5, ()fy ) = [ pilfiPdv

picpi(wr, @) | fj(wr, @) |2
P

= pjpi(wj, @;).
Since p; > 0, then pi(w]-,w]-) > 0. Repeating the preceding argument for 1 < i <
mand 1 < j < r, we conclude that suppv C Kp.
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We now count the atoms of v that lie in Z(p;). Equations (5.1) and (2.2)
show that Mgi (00) is the moment matrix corresponding to the measure p; dv, i.e.,

Mzi (00) = M“(c0)[p; dv]. Thus, Proposition 7.6 of [6] implies that
card supp(p;dv) = rank Mgi(oo) = rank Mgi (n+k;).
We have
A; := rank M%(n)(7y) — rank M%i (n+k;)
= card supp v — card supp(p;dv)
= card(suppv N Z(p;)),

whence v has precisely A; atoms in Z(p;),1 < i < m.

For the converse direction, suppose v is an r-atomic representing measure
for v with supp v C Kp. Since v is a representing measure for M(co) = M%(o0)[v],
Proposition 7.6 of [6] implies that

r = card supp v = rank M (o)
> rank M (n + 1)[v] > rank M(n)[v] = rank M (n)(y) = r.

In particular, M?(n +1)[v] is a flat extension of M4 (n)(7), asis M (n+k;)[v],1 <
i < m; since v is also a representing measure for M?(n + k;)[v] and suppv C K,,,
then (3.1) implies Mgi (n+k)v] >20,1<i<m.

We next prove Theorem 1.1, the analogue of Theorem 5.1 for moment prob-
lems on RN. We consider a real N-dimensional sequence of degree 2n, f =
ICORE {,Bi}ieZQ,\iIéZn’ and its moment matrix M = MN(n)(B). Recall from
Theorem 2.19 that  admits a rank M-atomic (minimal) representing measure if
and only if M > 0 and M admits a flat moment matrix extension MN (1 + 1),
which in turn admits unique successive flat extensions MN(n + 2), MN(n +
3),.... For the reader’s convenience, we restate Theorem 1.1, as follows.

THEOREM 5.2. Let p = ) = {‘Bi}ieZﬂfJiKZn be an N-dimensional real se-
quence, and let @ = {q;}"", C CN[t], with degq; = 2k; or 2k; —1, 1 < i < m.
Let M = MN(n)(B) and let r := rank M. There exists a (minimal) r-atomic
representing measure for M supported in Ko if and only if M = 0 and M admits
a flat extension M(n + 1) such that Mgy, (n +k;) > 0,1 < i < m. In this case,
M(n + 1) admits a unique representing measure y, which is an r-atomic (minimal) K o-
representing measure for B; moreover, u has precisely r — rank Mg, (n + k;) atoms in
Z(g)={teRN:q;(t) =0}, 1<i<m

Proof. Suppose y is a rank M-atomic representing measure for g with supp u
C Kg. Exactly as in the proof of Theorem 2.19 (or of Theorem 5.1), M (n + 1)[u] is

a flat extension of M (= MM (n)[u] > 0), with unique successive flat extensions
MN(n+2)[u], MN(n+3)[u],... Since suppu C Kg, for each f € CN[t], we
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have (MY (n+k)[ulf, f) = [ ailf* du > 0, whence MY (n+k;)[u] >0, 1 <
i< m.

For the converse and the location of the atoms, we first consider the case
when N is even, say N = 2d. Suppose M = M?>¥(n)(p) is positive and has
a flat extension M24(n + 1)(B) for which M?f(n +k)(B) =0, 1 <i<mi(ct
Theorem 2.19). Using Proposition 2.18 (and as in the proof of the “even” case
of Theorem 2.19), M corresponds to a complex moment matrix M?(n)(7y) (=
LW* ML), and the successive flat extensions M2 (1 + j)(B) of M correspond
to successive flat moment matrix extensions of M“(n)(y) defined by M (n +
() := LU M2 (4 j)(B)L"+1), j > 1, (cf. Proposition 2.18).

We will show that M‘;i(n +k;)(7) = 0, where p; := gjoT € (Cgki [z,Z],1 <
i < m. To this end, recall from Lemma 2.13 that 7(z,z) = (x,y), so that q; =
pioy,1 < i < m; further Proposition 2.18(vi) implies that

(5.2) A;(p) = AB(P oY), pe€ (Cd[z,f].

We assert that

(5.3) M (n+k)(7) = L M2 (n+ k) (LM 1<i<m.
Indeed, for f, g € (Cﬁ [z,Z] and 1 < i < m, we have

(MJ(n+k)(7)f. ) = A5(pif7)
= Ag((pifg) o) (by (5.2)
= (MP(n+k)(B)f oy, g0 9)
= <./\/l$]d(n + k) (B)L™MF,LMG)  (by Lemma 2.13)
= (LW M2 (n +k;) (B)L™F,3),

whence (5.3) follows. Since M%:i(n +k)(B) = 0, (5.3) implies M‘;l_ (n+k)(7) =
0,1<i<m.

Theorem 5.1 now implies that  has a rank M“ (1) (-y)-atomic representing
measure w, supported in Kp, and Proposition 2.17 shows that w corresponds
to a rank M-atomic representing measure for g supported in Kg. Theorem 5.1
also implies that M“(n + 1)(7) admits a unique representing measure v, which
is a rank M“(n)-atomic Kp-representing measure for v having rank M%(n)(7y) —
rank M’;i(n +k;)(7) atoms in Z(p;),1 < i < m. From Proposition 2.17, v corre-
sponds to a unique representing measure y := v o ¢ for M?¥(n +1)(B). Since,
from Proposition 2.17, supp v = ¢(supp 1), Z(p;) = ¢ o Z(g;), and rank M? (n)(y)
= rank M, and since (5.3) implies rank M‘;,l, (n+k;)(7) = rank M%f(n + k) (B),
we get that supp 4 C Kg and that y has precisely rank M — rank Mé\l] (n+k)(B)
atoms in Z(g;),1 < i < m. The proof of the “even” case is now complete.
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We now consider the case N = 24 — 1. Suppose M = M?=1(n)(B) is posi-
tive and has a flat extension M?*~1 (1 + 1)(B), with unique successive flat exten-
sions M2~V (n 4 j)(B),j = 2, (cf. Theorem 2.19); we are assuming M%?’l(n +
kl)(g) >0, 1 < i< m. Asin the proof of the “odd” case of Theorem 2.19, M
corresponds to the positive moment matrix M~ = M?%(n)(f), which has a se-
quence of successive flat extensions MZd(n +/)(A) satisfying M2d(n +/)A) =
M¥=1( 4 j)(B),j = 1; the moments of B are related to those of A as in (2.15).

Fix £,1 < £ < m; for gy = Y byt° € CN[t] we let §, € CNTL[t, u] be given
by d,(t,u) := q,(t) with t € R*~1,4 € R. We claim that Mé?(n +ko)(A) > 0.
To this end, for i € Z**1,j € Z., recall that 7 := (i,j) € Z2, and for t € R%~1,
u€ R, F:=(tu) € R¥, so ¥ = tul. Wedenote f € Cylt,u] by f() = ¥ aiF,

[11<n
and we define [f] € C,[t] by [f](t) := ¥  ast'. Now, for f € Cylt,u],

|t|<n,j=0
2d I\F A 5 2
MG (n+k) (M), f) = Az (Gl f17)
= Z bf,safﬁi’)‘(s+i+i’,j+j’)
|s|<deg gy, [1],|7"|<n
= 2 by sana /‘BS+1+Z/ (by Remark 2.20)
|s|<deg g, 1],[7'|<m,j=j'=0

= Ag(qel[f117) = (MG + k) (B)IFL [F]) > 0.

Since /\/lz”l(n +k;)(A) > 0,1 < £ < m, by the “even” case (and its proof, above),

M (1 41)(A) admits a unique representing measure y, which is a rank M ~-
atomic K- -representing measure for M~ (where @~ := {§1,...,§m}), with
prec1se1y rank M~ — rank MZd(n +k;)(A) atoms in Z(ql) 1<i<m. Write i =

Z 0504, it follows that i := Z 0504, is a representing measure for M2~ (n +

s=1 s=1

1)(B), with supp ¢ C Kg and card(supp () Z(g;)) = rank M — rank Mflf(n +
ki)(B),1 < i < m. That p is the unique representing measure for M2~ (n +1)(p)
follows from Theorem 2.21. &

Proof of Corollary 1.4. Suppose M (n) admits a positive extension M (n + j)
which in turn has a flat extension M(n + j + 1) satisfying Mg, (n +j+k;) >
0, 1 < i < m. We can apply Theorem 1.1 to M (n + j) to obtain a finitely atomic
Kg-representing measure for M (n + j), and hence for M(n). For the converse,
suppose M (n) has a finitely atomic representing measure y with supp y C Kg.
We will estimate the minimum value of j necessary to obtain a positive exten-
sion M (n + j) having a flat extension M (n + j+ 1) (with a corresponding Kgo-
representing measure). Since y is finitely atomic, it has convergent moments of
degree 21 4- 1. Thus, Theorem 1.4 of [11] implies that y has an inside cubature rule
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{ of degree 21, with s := cardsupp{ < 1+dimRY [t] = 1+ (*FN); in partic-
ular, { is a representing measure for M(n) and V := supp C suppp (C Kg).
Since card V = s, Lagrange interpolation implies that every real-valued function
on V agrees on V with a polynomial in Ré\és—l) [t]. Indeed, if V = {vy,...,vs}, let
T [lt=oilf?
L i=L.siAl N : .
fo(t) :== = € RZ(sfl)[t] for 1 < ¢ <s. Then any function f : V — R

i=1,...,s;i#L

S
satisfies f = Y f(v;)f;) In particular, if i € ZY with [i| = 2s — 1, there ex-
(=1

ists p; € Rg{s_l)[t] such that t' — p;(t)|y = 0. By Proposition 2.1, T' = p;(T) in
Cm(2s—1)[¢), and since deg p; < [il, it follows that M (2s — 1)[¢] is a flat extension
of M(2s —2)[¢]. Theorem 2.19 implies that M(2s — 1)[¢] has unique succes-
sive flat moment matrix extensions, and it is clear from the preceding argument
that these extensions are M (2s)[Z], M(2s 4+ 1)[], ... . Since V C Ky, it follows
immediately that M, (2s —2+k;)[¢] > 0,1 < i < m. If n < 2(s — 1), then

j:=2(s — 1) — n satisfies our requirements, and j < Z(Z”EN) —n.Ifn>2(s—1),
then M(n) = M(2s —1)[{] or M(n) is one of the successive extensions of

M(2s — 1)[¢] listed above, and in this case we can take j := 0. 1

REMARK 5.3. (i) In the case N = 2,n > 2, the estimate for j with j <
4n? + 51 + 2, can be improved to j < 2n% + 61 + 6 (cf. Theorem 1.5 of [8]). We
also note that in several examples that we have studied which require j > 0, the
flat extension M (n + j + 1) can be realized with j = 1, cf. [13], [14], [18], [20].
In particular, if Kg is a degenerate hyperbola and M (1) has a Kg-representing
measure, M (n) might not have a flat extension, but in this case there is always a
positive extension M (1 + 1) that has a flat extension M (n + 2) [14].

(ii) Corollary 1.4 implies an exact analogue for complex moment sequences.
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ADDED IN PROOFS. After completing this paper we learned of recent related pa-
pers of Professor Monique Laurent [29], [28], [30]. In Theorem 1.2 of [30], Laurent gives an
alternate proof of Corollary 2.6, using algebraic techniques (e.g., Nullstellensatz) to prove
the existence of a unique, r-atomic, representing measure corresponding to a rank r posi-
tive infinite moment matrix. Using this result and Theorem 2.19, Laurent then provides a
short proof of Theorem 1.1 ([30], Theorem 1.6). This proof is based on general properties of
localizing matrices, and circumvents our explicit calculations of localizing matrices in Sec-
tion 4. For applications, to explicitly compute representing measures, it is still necessary
to use the computational formula of Theorem 3.2.



