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ABSTRACT. We use the Bellman function technique to obtain new Littlewood-
Paley type estimates for classical as well as Gaussian spaces LP (R"). This is
our principal result. The rest of the paper is purely methodological: it contains
unified proofs of the known results. Namely, we present the uniform approach
to proofs of the existence of dimension free bounds for corresponding Riesz
transforms. Some of our results contain best to-date constants.
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INTRODUCTION

Recall that the Fourier transform of a function f € LY(R") is given by
Fx) = @m)72 / Fly)e o dy.

We used the notation (x, y) = x1y1 + - -+ + XuYn, where x = (x1,...,%,) and
y = (y1,...,yn) belong to R". For a test function f on R" (say, belonging to C&
or the Schwartz class §) we will denote by £ its harmonic extension to the upper
half-space R”H = R" x (0,00). Sometimes the "newly acquired" variable t will
be labeled as x,,11. We shall consider functions f = (fi,..., fm) with values in
some CM, M € N. Here f = (fi,..., fm). As usual, for 1 < p < co the Banach
space LF (R" — CM) is introduced, and the norm is given by

17 = [ 117am) " = ( D_:\fz( ) am)

R)l Rl’l

By ]f we shall mean the Jacobi matrix of f, which is defined as
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Furthermore, || - ||, will stand for the Hilbert-Schmidt norm on the space of
matrices, unless specified otherwise.

Throughout the paper, p will be a number from (1, c0), while g will stand
for its conjugate exponent. Let us denote p* = max{p,q}. We will most often
encounter the factor

« 1) p-1 p=2,
P 1_{(;1—1)—1 1<p<2.

We are ready to state our first main result.

THEOREM 0.1. Let M, N, n be arbitrary natural numbers. Take test functions
feLP(R" — CM)and g € LI(R" — CN). Then

2 [ [ 107G Iz )l tdxde < (57 = DIl gl
0 R
The proof will be presented in Section 1.

We believe this theorem displays a useful and rather general example of an
inequality of the Littlewood-Paley type. In particular, its following corollary rep-
resents an inequality for the classical Riesz transforms that does not depend on
the dimension, in other words, it represents Stein’s theorem. First, we introduce
the Riesz transforms.

Choose k € {1,...,n}. The scalar Riesz transform Ry is defined on a test
function f by

-~

(Ref)(x) = iﬁf(?é) .

For arbitrary functions f € LV = LP(R") we extend this by density.

As mentioned above, Theorem 0.1 has an immediate corollary: these op-
erators are bounded on L?(R") for p € (1,00) with norms independent of the
dimension 7.

COROLLARY 0.2. For every n € Nand every f € LP,
- 2 172 *
| (X 1rsf?) | <26 = 1A
i=1

and therefore also || R[|grry < 2(p* —1) fork=1,...,n.

As an example of how our technique can deliver results in non-standard
settings, we treat in Section 3 spaces endowed with the Gaussian measure p. We
are able to obtain the analogues to the above Littlewood-Paley type estimates,
which we formulated in Theorem 0.1. Here is our Littlewood-Paley dimension-
less estimate for Gaussian case.

THEOREM 0.3. For a function ¢ on R" let the symbol ¢ stand for its extension to
R, generated by the Ornstein-Uhlenbeck operator. There is an absolute constant C > 0
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such that for all test functions f,gand 1 < p < oo,

o)

[ I Dl2lig e Ol dn) e < € (0" =11 lgll
0 R"

Consequently, we have the corollary, the famous result of Meyer-Pisier, rep-
resenting the same effect of dimension free estimates for Riesz transforms as
Stein’s theorem (see Corollary 0.2), only now for Riesz transforms with respect
to Gaussian measure. In the next corollary R; are Gaussian Riesz transforms (see
precise definitions in Section 3).

COROLLARY 0.4.
[(S )™, < ol

for some constants Cp, > 0 that do not depend on the dimension n.

We will notice that Littlewood-Paley estimates in Theorems 0.1, 0.3 give
us estimates of Riesz transforms in Corollaries 0.2, 0.4 with "a big margin" (see
Remark 2.2). There will be a large extra positive term estimated at the same time.
But we do not know how this extra positivity can be used.

Our Littlewood-Paley dimension free theorems allow applications in cases
of other semigroup extensions. It is also demonstrated in Section 3 how closely
our original problem of estimating Riesz transforms relates to the boundedness
of particular spectral multipliers.

The result of Corollary 0.2 was also obtained by R. Bafiuelos and G. Wang
[3]. T. Iwaniec and G. Martin proved ([12], Theorem 1.5) that

©0.1) H(éIRJZ)me <V2H,(1),

where Hy(1) = ||[R; +iRy||p and Ry, Ry are planar Riesz transforms. As far as
we know, the factors H (1) have not yet been computed. However, as it was also
shown by [12],

s
02) IR¢ll, = cot (§> ,
which immediately gives
T
. < :
(0.3) H,(1) 2cot<2p*>

From (0.1) we would then get the 24/2 cot (%) estimate for the Riesz transforms
on R”, which is worse than what we have in Corollary 0.2, provided that p* is not
large (it should, roughly, be smaller than 9.225). For other p’s this is not the case.
To summarize, these bounds, i.e. 2(p* — 1) for smaller p* and 2/2 cot (%) for

n 1/2
larger p* constitute the best estimates for H ( Y IRif |2> H that we know of.
i=1 P
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Concerning the dimension free estimates of the Riesz transforms our paper
does not contain anything new, it is purely methodological. But the approach we
use can probably be extended to many other situations because its backbone, the
Bellman function technique, is essentially dimension free. So the reader should
consider the estimates of Stein and Meyer-Pisier type as the illustration of the
method. But our dimension free Littlewood-Paley type estimates seem to be new.
And, as we already mentioned, they contain a big positive extra term, which, if
tamed, can give the final sharp constants.

REMARK 0.5. When p = 1 the Riesz transforms are not bounded. Instead,
there are estimates of the weak type 1-1, but (so far) without dimension free con-
stants. The best result of this kind that we are aware of is P. Janakiraman’s [13].
He showed that the weak 1-1 constant is at most clog 7.

S.K. Pichorides [25], found the exact norm of Riesz transforms on L? in one-
dimensional case (Hilbert transform). This result was extended by T. Iwaniec and
G. Martin [12] who proved that the same statement (contained in the estimate
(0.2) above) holds for scalar Riesz transforms on arbitrary R".

The fact that the norms of vector Riesz transforms can be bounded with
estimates independent of the dimension n was first observed by E. Stein [29].
Probabilistic methods, applied by P.A. Meyer [20], were used to obtain the ini-
tial proof of this theorem in the Gaussian setting (the Ornstein-Uhlenbeck semi-
group), whereas in [26] G. Pisier found an analytic proof. Later on, N. Arcozzi
improved this result in his paper [1], where he also considered Riesz transforms
on more general structures.

The question of estimating Riesz transforms in various (and sometimes very
difficult) other situations has generated a lot of attention. We refer here to the ar-
ticles of T. Coulhon, D. Miiller and J. Zienkiewicz [7] and F. Lust-Piquard [19] for
the results on Heisenberg groups, as well as to T. Coulhon and X.T. Duong [6],
where Riesz transforms on rather general manifolds are considered. The works
[18] and [17] of E. Lust-Piquard regard certain discrete analogues of Riesz trans-
forms and Riesz transforms on Fock spaces, respectively. In [19], the same author
also introduces Riesz transforms on Schatten classes and gives their dimension
free bounds.

Our approach is different than any previous in that it uses the technique of
Bellman functions.

The Bellman function approach can be viewed as an application of certain
ideas from Bellman PDE in stochastic optimal control to harmonic analysis. By its
nature it is very well suited to give dimension free estimates. It also usually gives
estimates close to the sharp ones. However, in our application to Riesz transforms
one uses the Bellman function in a new way, which allows self-improvement of
the estimates.

The reader will observe that our approach in more general cases reduces
the proof to the question of boundedness of certain spectral multipliers on L.
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However, this appears to be the only true obstacle that we are to encounter. For
this reason we believe that our technique is transformable within several other
settings. The scope of generality will be the subject of further consideration.

We hope that the properties of the Bellman function could also be utilized
in a way to obtain dimension free estimates of the weak type 1-1. So far this has
eluded us.

Although dimensionless boundedness of Riesz transforms has been proven
several times by now, the following results give, besides a new proof, in some
cases also the best known estimates of their LP-norms.

NEW FINDINGS. (i) We prove some Littlewood-Paley type estimates which imply
dimensionless boundedness of Riesz transforms. These estimates seem to be new
both in classical as well as Gaussian setting.

(ii)) We show how the boundedness of Riesz transforms can be reduced to the
boundedness of a certain spectral multiplier.

(ii) The Bellman function can provide a unified approach to many various
Riesz transforms (provided that the corresponding spectral multiplier theorem
is available). It tends to give quite good estimates in p (depending on how well
the Bellman function is found).

(iii) There is a proof, due to D. Burkholder, of a weak type inequality for the
martingale transform which contains a sort of a "Bellman function". This gives
rise to the hope that our approach could also be useful for dimensionless weak
type estimates.

0.1. FURTHER NOTATION AND PRELIMINARIES. There is another way to describe
Riesz transforms. Let
A = —_—
Z ox2

i=1 9%
be the classical Laplace operator on R”. For any test function ¢ we have

n aZ(Pi )
(a9, 9) = [ ¥ SEgdx = - [IVel2dx,
1

where V denotes the gradient

d 0
V= (Eax)
Thus A is an unbounded symmetric operator, whose domain can be taken
to be the Schwartz class 8. One can show that A is closable and that its closure A
is a selfadjoint extension of A (it therefore being unique).
Since A was a negative operator, so is A. So there is a unique positive self-
adjoint operator A with the property A2 = —A. Symbolically, on § we have the

formula
A=+v-A.
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Then one can verify that
R; = 5% ° Al

Note that one can define Riesz transforms R; in many other situations when
we have an abstract Laplacian operator. For example, in this article we also
define the Ornstein-Uhlenbeck Riesz transforms with the help of the Ornstein-
Uhlenbeck second-order differential operator.

We will also use the operator of Poisson extension P to the upper half-plane
R" x (0,00). By P;f(x) we mean the value of the harmonic extension of f at the
point (x,t) € R" x (0,00). In short, P;f(x) = f(x,t), where f is defined on
page 167. It is well known that

b = e 4,

1. BILINEAR DIMENSIONLESS LITTLEWOOD-PALEY TYPE ESTIMATE

This section is devoted to proving the fundamental result of the paper, The-
orem 0.1. We will need a few auxiliary results, which we will explain en route, as
the need for them arises.

1.1. THE BELLMAN FUNCTION APPEARS. Take p € (1,00) and assume that M
and N are natural numbers. Define

Q={(n2ZH cCMxCNxRxR:|{]F <Z|y|T<H}.
This is a convex domain in CM x CN x Rx R=R%,d =2(M + N 4 1).

THEOREM 1.1. There is a function B : O — R, such that:
(i) 0<B(,n,Z H) < (p*— 1)Zl/PHl/‘7 everywhere on its domain;
(ii)

B(a++a7) _ B(ay) +B(a-) - ‘g+ _ngnJr _;77‘
2 2 “1 2 2
forany ay = ({+,1+,Z+,Hy) € Q.

We can add smoothness to B by paying only a small price for it.

LEMMA 1.2. If K is a compact subset of (2 and x is a positive number, smaller
than min{1, d(K,0Q)}, then there exists a smooth function B , on the neighbourhood
Q= {x € Q:d(x,00) > «} of K, such that the second estimate above still holds. In
that case, it takes the form

(ii) —d*Br(¢, 17, Z, H) > 2|dg]|dy].
The first estimate is perturbed only by the factor 1 + .

We will deliver the proof of this theorem in Section 4.
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This is our Bellman function. By the second property we mean that for any choice
of (,n,Z,H) € Qand (a,B,7,5) € CM x CN x R x R we have

(1.1) (=dB(Z,1,Z,H) [, B,7,9]", [, ,7,0]") > 2a||B].
Naturally, the Hessian d?B can be thought of as a real d x d matrix, whose upper
left 2 x 2 submatrix, for instance, equals

(2B ]

aglil)agj(l) ij=12"

where ¢ = (¢W,...,¢M))and ¢V = @gl) —I—iCél).

In general we do not know of a formula, i.e. an algebraic expression, which
would possess the properties of a Bellman function. The only exception is de-
scribed in the next lemma.

LEMMA 1.3. In case when p = 2 one possible choice for B is

B(Z,1,Z,H) = \/(Z— |Z)(H ~ 5]2).

Proof. The proof is given for the case M = N = 1. The function obviously
satisfies the first requirement. For the second one, take { = {1 + i3, 17 = 11 +in2,
Z,Hsothat ({,n,Z,H) € (2. Write

B=B(,n,ZH =\/(Z-3-3)H-n}—1).

Then
0B 0B 0B oB 0B 0B
vi-( % wm am ap oz ol
1 Cz \/* 1 \/W
- - 7 - 12 - W/ \/W/ 7 12
where
zZ—|gp?
W =
H— 2
This gives rise to the equalities:
0’B o 1 . 0’B 1
Tg?__(z_gf)ﬁ {ij} ={12}; m——Q@m,
0°B S W 0’B 14
@—*(H*%‘)f {i,j} ={12}; W—*mm?,
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PE _ & B __& ie{1,2};

00;0Z  2BW’ 9(;0H 2B T

?B B W e (12}

91,07 2B" 9yjoH 2B T
and

?B 1 B W 9B 1

972 4BW 9H? 4B 0Z0H 4B’
The expressions above enable us to form the Hessian d?B = d?B({, 4, Z, H). Note
that every denominator contains B as a factor, therefore it is convenient to con-
sider B - dB.
Take (a1, a2, B1, B2,7,0) € RO. Denote v = [y, a2, B1, B2, 7, 0]t . We can write

(=B - (d*B)v, v) = ad* + b5 +c,

where a,b,c are appropriate functions of variables other than 6. Here a > 0,

therefore
2 b?
—B-(d*B)v, v) >¢c— —.
(~B - (d2B)o, v) > c—
But it turns out that

b2
‘T &>(H = |7[*) +BI*(Z - |2*),
hence obviously
(=B -(d®B)v, v) >2|a||B|B. 1

Proof of Theorem 0.1. Choose test functions f : R" — CM and ¢ : R* — CN.
Let us introduce the notation x; for the element (x,t) € R = R" x (0,0).
Define

v: R — Q C CMxCNxRxR
(x,t) = (Pif(x), Pig(x), P fIP(x), Prlg]?(x)).

Since the Poisson extension can be expressed as an integral against the Poisson
kernel ([2], p. 6), applying Jensen’s inequality shows that v is well defined, i.e.
that it indeed maps into (2.

Furthermore, let

82
A=A+ ﬁ .

We are ready to get to the core of the proof.

Fix 0 < 6 < 1 and an arbitrary compact set M C R" x (J,00). For R >
% define Qg = (—R,R)" x (4,2R + J). Note that each Qg contains the point
01 = {0}"@ {1} € R" x (0,00). Choose such R for which M C Qg. The
set K := v(Qpg) is compact and contained in (2. Furthermore, take 0 < x <
min{1, R~!,d(K,9Q)} and let B = By . be associated to K and x as in Lemma 1.2.
If U := v~ 1(Q), then the function b := By , o v maps U — [0,00). In particular,
it is defined on Qg.
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Let Gg, be the Green function of the region Qr. The Green formula says

that

aG
/bAtGQR( 01) — /AtbGQR ,0) /b QR /GQR o) 5
Qr Qr 9Qr QR

Since G, (+,01) = 0 on dQg and since its Laplacian, multiplied by —1, acts like
the Dirac function of 07 ([8], 2.2), this implies

G
/AtbGQR( 0;) = b(0y) + /b QR
Qr QR

Note that the normal derivative of Gg, on the boundary equals the Poisson kernel
([8], 2.2), again multiplied by —1, so it is negative. Since b is always positive,
we get — f Ath G, (+,01) < b(07) . The first property of B leads to the estimate

Qr

b(01) < (1+)(p* — 1)(PLI£17(0))1/7 (P1[g]7(0))!/7 and so

(1.2) — /Atb(xt) Gog (xt,01) dxt < cn(1+x)(p* — 1)
Qr

/'f 1+Iy|2) 1+ [y D72 y)l/p(~--lg(y)lq~~)”q-

Here ¢, is the normalizing factor for the Poisson kernel, like in p. 6 of [2].
One can show that

1 Xt—5 Ys—o
Goxx:39) = e G (T )

where Q' = (—1,1)" x (0,2). We can also write Q' = %

Since the vector Og s is the center of the square Qg and thus its image under
v lies in (2, we can repeat the preceding calculation with Or s in place of 0;. In
that case, (1.2) takes the form

Xi—
— /Atb(xt) GQl (%,01)dxt
Qr

R*™YR+6 %
.(/|f(y)|p[(R+5)2~£|y_||—2](21+1)/2 dy) YL g))T -1,
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Apply the Lagrange theorem for G (+,01) along the normal vector. Use again
that this function is 0 on the boundary. We get that

Gor (F22,01) = G (F22,01) = G (T 01)

36 (+01) ()= 5
N on R/ R
Here ¢ is some value from the interval (0, t — J). Moreover, since the integrand is
positive and M C Qg, we can estimate the integral on the left from below by the
same integral, just over M instead of Qg. Thus

—/Atb(xt) M(@) (t— 6)dx,
M

on R

<a(l+x)(p" 1)

_ R%(R +9) VP Y
( R/ OV s paen @) Gl
Note that
R"(R + ) R"(R +9) B R \7
[(R+6)2+ ‘y|2](n+1)/2 < [(R +5)2](n+1)/2 - (R +5) <1

for every y € R", therefore

G 1 ('/ 01) X
_ e ] _ < *_
[ A =& () (k- ) dxe < eal+ 00" = DIfllplgly-
M
In order to proceed we need the following easy calculation. For the sake of
simplifying the formulee let us temporarily write x,, 1 instead of the variable ¢.

LEMMA 1.4. For every x; = (x,t) € U and arbitrary smooth B, harmonic u, and
b=Bou,

ntl u u
aib(e) = 1 (B3 (), 52 )

Proof. Denote 1y = u(x;). The chain rule gives
ab ou )
3, () = <VB(u0), aTcl-(xf)>Rd i=1,...,n+1;
ntl ou ou
_ 2 ou ou
Aib) = (VB(w), A(x)) + L (o) 5 (x0), 5230

So far the formulee are true for arbitrary B,u,b = Bou, x¢,ug = u(xy).
Now we use that u is composed of harmonic functions, which forces the
first term on the right to be zero. 1
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This links us to the Bellman function property (1.1). Namely,
n+1

B 2 <d2 a; §§>

However, this inequality can be strengthened, i.e. it actually self-improves,
thanks to the next useful result which will be proven in the Addendum.

n+1

2 % [ P50

LEMMA 1.5. Suppose H is a finite-dimensional real Euclidean space, H;, i = 1,2,
are two mutually orthogonal subspaces of H and P; are the corresponding orthogonal
projections. Let T be a selfadjoint operator such that

(1.3) (Th, h) = 2| Prh|||| PR

forall h € H. Then there exists T > 0, satisfying
(Th, k) > 7| Poh]* + ~ IIchH2

again for all h € H.
This lemma quickly implies the following corollary.

COROLLARY 1.6. Under the above assumptions, for any Hilbert-Schmidt operator
L, acting from any space (not necessarily finite-dimensional) into J(, we have

tr(L*TL) > 2[|PiL2[| PoL][2,

where || - || stands for the Hilbert-Schmidt norm, as usual.

By applying this corollary to T = —d?B(v) and L = Vo(x;), the latter un-
derstood as an operator R"*1 — R¥, we find such T = 7(x, t) that we even have

n+1 ~
Y (- @B (), 22 () 2 2T )l

i=1

To summarize, we proved that for fixed 6 € (0,1), fixed compact set M in
" x (§,00) and any R > 1 such that M C Qg, we have

Xy

2/HUxtMWﬂﬂWz Lol (0, 5y dr<e 140 - DI, il

It is only at this point we can send R to infinity. What remains is to persuade
3G (-0 . . .

# -() to approach ¢, in some sense while R grows. Since x was chosen to
be dominated by R™!, the factor 1+ « disappears. The term 7 will uniformly go

dG 1 (-,0
to 0, because M was bounded. But 0 lies on the boundary of Q!, where #

equals the Poisson kernel. So when R — oo, it approaches the value of the Poisson
kernel for the upper half-space R"*!, i.e. p(0,0;), which is exactly equal to c,.
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Since the resulting inequality is true for arbitrary M, we can have it with
R" x (8, 00) as the domain of integration. By dilating the variable t we get

2 [ [ WFGet+8) gt t + 8) |t dwdt < (p* = DIlf gl -
0 R"

Because ¢ can be arbitrarily small, this proves Theorem 0.1. 1

REMARK 1.7. The fact that B is, in general, not smooth everywhere on (2
caused some technical difficulties in the preceding proof and called for additional
care and few steps, such as mollification, passing to limits a few times etc., that
would otherwise not be needed.

2. CLASSICAL RIESZ TRANSFORMS. PROOF OF COROLLARY 0.2

First, let us prove the following lemma.

LEMMA 2.1. Let f and g be two test functions and let Ry, 1 < k < n, be any
Riesz transform. Then

(g Ref) =4 [ (APg, 0P f) e,
0

where d; = a‘%k.

Proof. Introduce
¢(t) = (Pig, PiRif) -

Integration by parts gives

/cp tytdt or (g, Rf) :/d—z (Prg, PRy f) tdt.
0 0

The right side is equal to

(P'q, PR f) tdt +2 / (Plg, PR f) tdt + / (Pig, PRy f) tdt.
0 0

By P/ we mean ‘g? , of course. But then P/ = —AP; and so P/’ = A2P;. Thus we

can continue the line above by

/ ((A2P,g, PiRyf) + 2(APig, APR.f) + (Pig, A2PiRy.f)) tdL.
0
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The operator A is symmetric with respect to the pairing (-, -), hence we get
4 / (APg, APRyf) tdt.
0

Since A commutes with P; and 9y, we see that AP;R; = AP0y A~! = 9;P;, which
yields the desired equality. 1

Now
I(8 ), = [ <1§|Rff|2>"/zdm]l/”

1/p
/ [(Rif, oo Rf) @) Pdm()] " = IR par

where Rf = (Rf,..., Rnf). By using duality, this is the same as sup{|(Rf, )| :
g € L1(R" — C"), |Iglly = 1} . It follows from Lemma 2.1 that

[(Rf, &) =

n

Z< ifs 8i)

i=1

= ‘4//&8~Ptf (x) AP:g;(x) dxtdt‘
0 i=1

[e9)

<of (%

fondl) (5

Finally, we use Theorem 0.1 for M =1land N =n. 1

)Uzdxtdt.

Ptgl

REMARK 2.2. At this point we can explain precisely what we meant by the
"big margin" and "positive extra term" that were mentioned in the Introduction.
Note that the inequalities we use in the very last step of the proof above, i.e.

e (L [orse)]) " < 7l

i=1

and
n

2.2) ( 2

are very rough. Namely, in the sums on the left-hand sides of (2.1) and (2.2)
there are many terms "missing” in comparison to what we have on the right-
hand sides. Explicitly, it is the 9; derivative of P;f(x) in (2.1) and for {P;g;(x) :
i =1,...,n} in (2.2) all their partial derivatives but d;. It might well be that
this "loss of information" accounts for the fact that the constant we get is not the
optimal one. On the other hand, it suggests that if one could handle these extra
terms more efficiently that would result in better norm estimates.

p) 2 1/2< _
sPe®[) < g ],
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3. ESTIMATES FOR THE ORNSTEIN-UHLENBECK SEMIGROUP (GAUSSIAN CASE)

In this section we turn R" into a probability space by endowing it with the
canonical Gaussian measure

du(x) = (2m)~"/2 e IxI?/2 gy |

It is well known that the polynomials form a dense subspace of any L”(R", u),
1 < p < oco. For reasons which will became apparent further on in this section,
this (and not CZ° as before) is going to be our family of test functions on the
Gaussian space.

Since the formal adjoint of d; now equals 97 ¢ = x;¢ — 9;g, the Laplacian A is
not symmetric anymore. Instead, its symmetric analogue on Gaussian spaces is
called Ornstein-Uhlenbeck differential operator, and is defined on polynomials as

Aoy :=A— le ail

By the same symbol we will denote its selfadjoint extension, whose domain
Dom Ay is the Gaussian Sobolev space D?? (see [14]). Since —Aqy is also a
positive operator, we can define its positive square root A, which has the space
D2 as its domain. By definition constant functions lie in the kernel of A. Smooth
functions with compact support belong to D!, see [14] again. The selfadjoint
operator A generates an operator semigroup, denoted by

Pt = e*tA .

The main goal of this section is a new inequality of the Littlewood-Paley
type. It is formulated in Theorem 0.3 and is analogous to the one that we have
already demonstrated in the standard setting (Theorem 0.1). This time F shall
mean the Agy-generated extension of function F into the upper half-space R,
ie F(x,t) = (PF)(x).

As a consequence of this inequality we will deliver Corollary 0.4, which
brings forward a new solution of the well-known problem about dimension free
bounds of Riesz transforms associated to the Ornstein—Uhlenbeck operator Apy.

Previously, Riesz transforms R; were defined by R; := a o A~L. In order

to define A~! in the Gaussian setting properly, we restrict ourselves to the or-
thogonal complement of the kernel of Agy. This is a subspace of L?(R", u) of
co-dimension 1. It consists of functions f which are orthogonal to the constants
on R" and are thus of mean zero, i.e. | fdu = 0. We denote by 7y the orthogonal

R~
projection onto this subspace and define
d
Ri = —o0 A"

ox;
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Our objective will be to estimate the vector-valued Riesz transforms, in other
words, we will try to give LP-estimates of the function

n 1/2
Rf= (L IRAP)
i=1
Thus Corollary 0.4 can be stated in more detail as follows:

If1<p<ooand f € LP(R",dpu), then
IRFlp < Cpllfllp

for some constants C, > 0 that do not depend on the dimension n. One can take C, =
cp+ C(p*—1) ||O'||LP(H)HL;7(},), Wﬁerfz the constant C = 8el/¢(1 + e~2) is the same as
in Theorem 0.3, O is a spectral multiplier associated with Aoy, and

N p=2,
Polo(p-1)7) pot

It was first proved by P.A. Meyer [20] that for some C, > 0 the inequality
above holds. This was done by applying probabilistic methods. As mentioned
in the introduction, G. Pisier [26] found an analytic proof of the same result,
while subsequently several other results and improvements followed. N. Ar-
cozzi [1] proved the inequality with C, = 2(p* — 1), whereas L. Larsson-Cohn
[16] showed that p* — 1 is also the lower bound for the magnitude of the con-
stants when p* — 1.

It is again our aim to use the Bellman function as in the previous section.
However, there are difficulties which prevent us from reaching exactly the same
result. The first of them is the non-commutativity of d; and Agy. Namely, one
easily verifies that

(3.1) [Aou, 9] = Aoudi — 9iAou = 9; .

This obstruction defies our efforts to restore a satisfactory version of Lemma 2.1,
for we are not able to mimic the last step in its proof.

One way around this is to introduce a certain auxiliary operator O.

In the classical case, Lemma 2.1 gave us

(g, Ref) = 4 / (APig, 3P.f) tdt .
0

This time we are aiming for a more general formula, namely

[e9)

(3.2) (8 Ref) = [ (APig, OPOf) y(t) i,
0

where the operator O and the function i are yet to be determined.
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SPECTRAL MULTIPLIERS. The eigenvalues of —Aqy are precisely all natural num-
bers. The eigenvectors, corresponding to the eigenvalue m € N, are the Hermite
polynomials h,, where & = (aq,...,a,) € N" is a multiindex of length m, which
means |&| := a1 + -+, = m. If n =1, then
_(cpyme 2 9 (2
hw(x) = (=1)"e* W[e 2 me NuU{0}.

One can easily see that

(3.3) = by .

n
For arbitrary n, we define h, := @ h,,. Thatis, for x = (x1,...,x,) € R" we put
i=1

ha(x) := hay (x1) - - - ha, () = ﬁhai(xi).

We shall denote by P, the orthogonal projection of L?(R",du) onto the
eigenspaces Hy, := Lin{hy : |a| = m}.

The fact that —Apy is a self-adjoint operator implies that the polynomials
hy are mutually orthogonal, but it actually turns out that they form a complete
orthogonal system in L?(R", du).

Since Aguhy = —|a| hy, it follows that:

(i) Ahy = /|a| by,
(ii)) Pih, = e_\/mt h,, and
(iii) dihy = ajhy; @ -+ @My, 1 @ - - - @ hy,,, thus

di : Hy — Hyq.

For the last equality we used (3.3).
This implies that if we test formula (3.2) for f = h,, we see that O must be a
multiplier, more precisely, of the form

0= Z 0m Pm
meN
for a certain collection of scalars o0,,;, m € N.

Suppose 0, = 1 forall m € N (i.e. O = I). One can verify, after the same
procedure of testing the formula on h,, that ¢ in this case must equal ¢(t) =
2(sint 4 sinht) . This function again does not enable us to continue the proof
with the Bellman function, which once more explains why in the Gaussian setting
(contrary to the classical one) there is no "suitable" formula of the form

(8 Rf) = /(APtg, IPef) p(t) dt
0

and similarly with the roles of f and g exchanged in the integral on the right. This
hints that the generalization (3.2) might indeed be necessary.
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It turns out that functions (t) = te

purpose. In this case computation returns

o — (Vm+vm—1+a)?
" vmym—1
Of course, this is only true if m > 2. For m = 1 we define 01 := 0, which leads to
a slight modification of formula (3.2) into

, where a > 0 is arbitrary, suit our

(9]

64 (8 Ref) = (g RP1f) + [ (AP, QROF) y(t) .

0
3.1. PROOF OF COROLLARY 0.4 BY THE USE OF THE LITTLEWOOD-PALEY ESTI-
MATE IN THEOREM 0.3. We are going to utilize (3.4). First we estimate the linear
part of the polynomial f. Write

n
:Plf = Z thej 7
j=1

where
ej = (o,...,0,1,0,...,0)

1
j-th place
Since hyi(s) = s for s € R, observe that hj(x) = x;. Therefore R;P1f(x) = ¢,
which means that ||R331f\|;27 = ¥ |cj|%. But this equals || Py f]|3, since {f, : |a| = 1}
j

are mutually orthogonal in L2(p).
Denote, as in [26],

p

vip) = ([ an)”".
R

Then
1P1flly  v(p*)
(3.5) RP: ||y = |P1flla = < .
Note that, by the Stirling formula, ¢, := % =0((p—1)""2) asp — 1.The

coefficients 7 (p) appear in a similar role also in G. Pisier’s article [26].
The more difficult part of the proof is to estimate the integral in the formula
(3.4). We would like to show that

[ 1tARg, VRO (1) dt < Gl
0

for some dimensionless constant C,. Here g is any function from the unit sphere
in L9(R" — C",du). This follows from Theorem 0.3, that is, our Littlewood-
Paley-type inequality for the Gaussian setting. For that purpose apply it with O f
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in place of f (we can do that, since O clearly maps polynomials into polynomi-
als). From here, from (3.4) and from (3.5) it follows, identically as in the classical
setting (page 179), that

IRf[lp < epll fllp +Cp™ = DIOfIp -

The coefficients o;, of our multiplier O can be written as F (m_l/ 2) if m > 2, where
F is a certain function, analytic in the neighborhood of the origin. This implies
([20], Theorem 3) dimensionless boundedness of O on LF(R",du). Hereby the
proof is wound up.

For further results and a detailed discussion of spectral multipliers and
Riesz transforms in the setting of Ornstein-Uhlenbeck semigroup we refer to the
series of articles by ]. Garcia-Cuerva, G. Mauceri, S. Meda, P. Sjogren and J.-L.
Torrea [9], [10], [11].

3.2. PROOF OF THE ORNSTEIN-UHLENBECK-GENERATED LITTLEWOOD-PALEY
ESTIMATE (THEOREM 0.3). Having prepared the ingredients, we can apply the
same Bellman function technique as in the previous section. That is, we deal with
the function

v:R" x (0,00) = O
defined by
v(x,t) = (Pif(x), Pig(x), P fIP(x), Pe[g|7(x))
and compose it with a Bellman function B (see Theorem 1.1) for
b=Bou.

REMARK 3.1. Henceforth we will assume that B is smooth everywhere on
(2. This will save us some technical complications and add clarity without chang-
ing the final outcome, for we already demonstrated how to treat the general (non-
smooth) case in the proof of Theorem 0.1.

However, in our attempt of repeating the proof we encounter a few problems:

1. We need to explain why the function v is well defined, i.e. why it really
maps into (2. For that purpose, apply Jensen’s inequality to the Mehler formula
(see [28], for instance) for the Agy-generated heat extension H; f = e®out f of f:

Hif(x) = [ fle v+ yvT—e)duty).
RI’I
We see that |H; f|P < H¢|f| for any p > 1. By p. 180 of [20], with every t > 0 there
is associated a probability measure p; on (0,00), such that Pif = [ Hsf du(s).
0

Now Hoélder’s inequality implies that v € (2, as desired.
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In addition to that, one can show by direct calculation that
. 1/}’7
1Al < ([ HilAP G ) < Il
Rn

Moreover, by applying H; to a constant function we actually see that || Ht|[g(rr ()
= 1. Consequently, if p > 1 then

6) IP:fllp < / [ Hsfllp dpe(s) / 171l dpe(s) = Il -

2. In the classical case, it were the expressions of the form

dv v
2 — —
<d B(0)55 axi>
that linked the Jacobians of P;f and Pig with ||f]|, and ||g||;- In the proof of
Lemma 1.4 we used that the components of v were harmonic functions, i.e. that
they were in the kernel of the Laplacian on the upper half-space in R"*!. In order
to mimic this reasoning in the Gaussian setting, we have to come up with an

appropriate differential operator. Since P; = e~4, it is obvious that
92
——P; = A’P
FYZL t
in the strong sense, which implies
02 02

(B soc)r= (B #)n=o.
hence the proper choice is given by
92
A/OU atz +Aou-
By "proper" we of course mean what has just been explained, i.e. that now we
have the analogue of Lemma 1.4:

it v v
7 A = 2 —, 5 )-
(3.7) oublint) = X, (dB(0) 5 ax,->
The point here is that now we can repeat the reasoning from the classical
setting without any modifications and obtain that

(3.8) —ANoub(x,t) = 2|1 f 2117212 -

The only property we used for this, apart from the equality (3.7), was the charac-
teristic estimate involving the Hessian of B.
3. The next step is to estimate the integral

(3.9) / Noub(x, ) p(t) du(x) dt

Rn+1
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from above by C(p)||f|ll/gll4, where C(p) is some positive number. Recall that
¥(t) was defined as te ' for some positive a. Eventually we want to take the
limit 2 — 0, which will obviously not affect the upper bound.

For b € Dom Ay we have

/AOUb du = (Aoub, 1) = (b, Aoul) =0,

therefore the integral (3.9) reduces to

| [ g s

Fix x € R" and write by (t) = b(x, t). We regard b, as a function of one variable.

Now, symbolically,
[ 9% Ty

Sathwtdr= [Bl(n () dr

0
(3.10) = by(c0)yp(00) — b (0)1p(0) — bx(c0)4' (00) + b2 (0)¢'(0)

We will in turn estimate the integrals | dy of each of the terms [-V.

We are going to borrow the fun]f:{tion introduced by F. Nazarov and S. Treil
in [21]. It is an intermediate but crucial step in building an explicit example of a
Bellman function which satisfies all the properties of the function from the begin-
ning of Subsection 1.1. Actually, not all the properties are attained, because their
function gives a different (bigger) constant in the estimate for the upper bound.
However, this does not seem to discomfort us too much, because we lose the
2(p* — 1) estimate in the continuation of the proof anyway. This loss happens
when we come up with the estimate for our spectral multipliers.

Let us bring up the expression. It is defined in the domain (2 from page
172 by

(3.11) Q(Z,n,Z,H) =2(Z+H) — ||V — In|"—6Q(Z, 1),

where ) )

Z\z|p Z q P q
S1 (2= 1) it when )" > Iy,
¢l 2 when [¢]” <[]

If 6 is small enough, this function satisfies:

QL n) =
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) 0< Q61,2 H) <2(Z+H),
(i) ~d?Q(Z,1,Z,H) > 52 |dC]ldy]
everywhere in its domain. The ﬁrst property is obvious, whereas the proof of the
second one is presented in [21].
We want the constant appearing in the bound for the Hessian to be exactly
2, therefore we decide to introduce

4(p—1)?
q(q—1) < p Q-
Furthermore, in order to obtain a function of {,#,Z, H, which is bounded
from above by a constant multiple of Z!/? H'/4 rather than Z + H, we will later
have to consider

inf B,((,n,Z,H),
)1‘1;0 (% )

where

BA(Z,1,Z,H) = B(AZ, A" ', APZ,A"TH) .
This B, will be our main tool for the time being. It will temporarily occupy the
place of the "true" Bellman function. Accordingly, we denote

b/\:B/\OU.

The idea is to work with the concrete b, and then minimize the estimates over all
A > 0.

The reason for dealing with these special functions is that they seem to sup-
ply us with more information about the behaviour of their gradients than just the
abstract functions, provided by the existence theorem (Theorem 1.1). We are go-
ing to need this information in order to justify some of our calculations of terms
LIV

But let us begin with the term V. Fix A > 0.

’//b,\xtdy "(t)dt| < //b,\xtdy )| ()] dt

R 0 R" 0 R»

\<\

By the first property of the function B we have
8(p—1)* -
[t trant < LI [ () dut) + 471 [ Rilglo(e) dn(e)]
p

R~ Rn Rn

The line (3.6) allows us to continue with
8(p—1) -
< S G+ A gl

Consequently,

. 12 <
| [T auto] < SRR A gl [ o) ar.
0

Ril
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Recall that ¢ was defined by (t) = te~? for some a > 0. Hence, the integral on
the right converges and is equal (independently of a) to

/|s—2|efsds:2e*2+1.
0

In order to estimate IV and III, we have to consider the integral
[ Jim by (e, 5 (8) dun(x)
—w
Rn
for w = 0 and w = co. We have just proven that

_1)2
[ dnto < HEE g+ a-vgl).
Rﬂ

The expression on the right is also the bound of our integral when w = 0 (case IV).
However, in the special case when we actually know a formula for the Bellman
function (Lemma 1.3) we have b(x,0) = 0. Thus the term IV is not the essential
part of the estimate of the integral in (3.9).

On the other hand, tlij?o Y/ (t) = 0, therefore

/mdy(x) =0.
R

Cases I and [ are about estimating integrals

ob
(3.12) lim =2 (x, )y (t)dpu(x)
t—w Ot
Rn

where w = 0 and w = oo, respectively. Since 1(w) = 0 we suspect that these
integrals might vanish as well. In order to conclude that, it suffices to know that
% is not behaving too strangely.

The proof of Lemma 1.4 gave us

() = ~(VBr(oo), o)),
BBA aBA
(313) = (G7 @) BAFG)) o+ (G 00, PAS() )
+ 2 (0p) BAIfI7 (x) + 22 (o) PLAT g (x)

for xg = (x,t) and vy = v(xg).

Observe that, since f is a polynomial, the generalized derivatives 0;| f |V exist
and are equal to p|f|P~2R(f 9;f), from where it follows that | f|? belongs to D2 =
Dom A. In other words, A|f|P and A|g|7 are well defined.
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For the sake of simplicity we will omit writing
9B _ (LB oB )
o \om" o/
Also note that aB" and aBA are constant functions, by the formula (3.11).

Thus the part of the 1ntegra1 3. 12) corresponding to the last term in (3.13), is, up
to a multiplicative constant, bounded by

lim sup ¢ (t) PtAIqu x) dp(x).

t—w

Now,

/PtA\qu(X) du(x) = (PAlgl", 1) = (P[g]T, A1) =0
R)Z
for 1 € Ker A. Of course, the same is true with | f|” in place of |g|7.
What about the other terms? The part of (3.13), corresponding to 7, gives

(3.14) limsup (¢ / o ) PrAg(x) dp(x).

t—w R

We again use (3.11) to compute partial derivatives. In this case

aQ__ q-2 _ @
oy — Tt
where )
00 _ ) (G- 1)l when |gl? >[I,
0 _
T 12 =gyl when |g]7 < [5]f.

I£]¢]7 < [y}, then

‘ ‘\2 QPP = 2= gy

Thus there is a constant M > 0, such that
oB
anl =

everywhere in (2. Therefore the absolute value of the integral in (3.14) is bounded

from above by

< M|

M [ |Pig()l11[PAg(x)| dn(x),
which in turn admits estimate from the Holder’s inequality, ie.

< M| Py Ly, IPeAgl2 < Mgl3. " 1 Aglla < oo

Here we used (3.6). Consequently, the term (3.14) equals zZero.
A similar proof works for the terms with the only remaining variable, (.
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We conclude that

[Tdn(x) = [Tdutx) =o.
J 2

SUMMARY OF THE PROOF. Combining all our estimates, starting with (3.8), (3.10)
and using the ones for the integrals I — V, we find that

2 [ WFCe Ol g 0 90 dpx) dt < — [ Aoubaxt) pl1) dp(x) d
R;fjl Rrrrl
—1)2 B
<c 2+ a-rigi)
for all A > 0, where C' = 16(1 + e 2). Taking the minimum in A, using that
(p —1)V/? < el/¢ and finally sending 2 — 0 completes the proof of Theorem 0.3.

REMARK 3.2. Instead of Agy we could run our proof on some other opera-
tors and still obtain dimensionless boundedness. From the considerations above
it emerged that the properties we require are that these operators be positive (or
negative) and of discrete spectrum {A,, : m € N}. If the growth A, m — oo, is
of "proper" pace, then Meyer’s theorem will probably work on multipliers of the

form
VA A p— 2
meN VAm\/Am—l

Namely, already the LP-boundedness of such multipliers will be sufficient to run
our Bellman function procedure.

4. THE EXISTENCE OF BELLMAN FUNCTION. PROOF OF THEOREM 1.1

First note that it suffices to consider the case when M = N. For in general,
the Bellman function on Q C CM x CN x R x R can be defined as the restriction
of the Bellman function on the domain in C™X{MN} 5 Cmax{MN} 5 R » R,

Each interval I C R gives rise to its Haar function hy, defined by

X XL
= vz’

where I and I denote the left and the right half of the interval I respectively,
and xr stands for the characteristic function of the set E, as usual. Let D de-
note the standard family of dyadic intervals on the line. It is a well-known fact
that the set {h; : I € D} forms an orthonormal basis of the space L?(R). Every
complex-valued function with zero average, continuous and supported on one
of the dyadic intervals, say on |, can be written as the sum of its Haar series:
f = XA{f, hr)h;. The summation goes over Dj := {I € D : I C J}. Consider
I
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the operator Tpf = Y oy(f, hj)h;, where ¢ = {07 : I € Dj} is any sequence of
]

unimodular complex numbers.
We can extend this notions to CM. Define, for j € {1,..., M} and any inter-

val I C R, functions h]I‘ :R — CMby

W= (0,...,0,h,0,...,0)

T
j-th place

The set {hJI : 1 € Dy, 1 < j < M} is an orthonormal basis for the space L?(] —
CcM). '

Take an arbitrary collection o = {U{ esSl:1¢ D1 <j < M}. For
f € L2(J — CM) define

T.f= Y.  olf, K.
[eD)1<j<M

The operators T, will be called martingale transforms. Note that (f, h]1> = (fj, h1),
where f = (f1,..., fm). Finally, denote

M o (f1, hp)hr
(f hihy = Y (f, )by = :

= <f M, i >h I

We aim to utilize our "model" operator T,. The logic will be the following.
First, let us find the sharp estimate of || T¢|1r(c)—1r(c), i-- the martingale trans-
form for M = 1, in terms of p. This problem was solved by Burkholder. He found
out in [5] that

(4.1) sup || Toll, = p* — 1.
o

He proved (4.1) by constructing a function of two real variables (actually another
Bellman function) with certain convexity and size properties. The reader is re-
ferred to the papers of Burkholder [5], [4] or the book of D. Stroock [30] to study
his approach. In particular, on page 344 of [30] it is written about (4.1): "Quite
recently Burkholder has discovered the right argument: (...) it is completely ele-
mentary. Unfortunately, it is also completely opaque. Indeed, his new argument
is nothing but an elementary verification that he has got the right answer; it gives
no hint about how he came to that answer". Further on: "for those who want to
know the secret behind his proof, Burkholder has written an explanation in his
article" [5]. Here is the Burkholder’s function:

x,y) = _ Ly x Tyl = (p* —1)|x
b(y) =p(1=25)" (xl+ )Pyl = (7 = D).

Actually stochastic Bellman PDE explains readily the way to write this function,
and this is made, for example, in [31].
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We want to use this Bellman function of Burkholder in solving our prob-
lem, but we are unable to do that. The reason is simple. The variables of the
Burkholder’s function stand for certain martingales, which are in his case related:
one is subordinate to the other. And subordination exists in a sense a differential
relation "of the first order". In our case we replace these variables not by martin-
gales but by functions: the first is R;f, the second is f. There is no subordination
here. The only differential relationship between these two functions is

d—  of

This is not a dominance relation, it does not say, for instance, that |[VRyf| < |V f].
That is exactly the obstacle to use Burkholder’s function.

Of course, maybe there is a way around this. But we prefer another ap-
proach. It follows the approach in [24].

Idea: we formulate Burkholder’s inequality in an equivalent (dual) form.
The resulting inequality generates another Bellman function. This will be our B
from Theorem 1.1.

We will use the following lemma due to Burkholder.

LEMMA 4.1. Let (20, F, P) be a probability space, {F, : n € N} a filtration in
F, and H a separable Hilbert space. Furthermore, let (Xn, Fn, P) and (Yy,, F,, P) be
H-valued martingales satisfying

1Yo (w) = Yu-1(w)lla < [ Xn(w) = Xy-1(w@)|H

forall n € N and almost every w € 20. Then for any p € (1,0)

1Yaller o,y < (P° = D[ Xnllrp,m) -

The constant p* — 1 is sharp.

From the lemma we can easily obtain our next theorem. We will use (f); to
1
denote Iff(x)dx.

THEOREM 4.2. Choose | € D and M € N. Then, for any functions f € LF(] —
CM)and g € L(] — CM),

LY A = O — (@) < (7 = (AP (g

4{]| 1€D,IC]

Proof. Take H = CM and let 7, be the o-algebra generated by dyadic subin-
tervals of | with length 27". For w € | define

Xp(w) = ) (f, hpyhi(w) -
IeDy,|[I]>27|]|
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Choose a sequence of numbers a{ € S! and consider
Yn(w) = 2 (71<f, ]’ZI>I’ZI(CLJ)
1Dy, |1]>2-1]|
Here 07 should be thought of as a vector (0’11, ... ,0';\/1 ). It follows immediately
from the construction that both (X, F,, dx) and (Y;, F,, dx) are martingales. We
have

Xn+1_Xn: E <f/ h1>h11 Yn+l_Y}’l: Z UI(f/ h1>h1'
[y r=2="1ji [y r=2="1]|
Since the sums above contain functions whose supports have disjoint interiors,

and |a{| = 1, these martingales satisfy the assumptions of Burkholder’s lemma.
Now ||fllr = nlim | Xullr and | Tof||r = nhrr.}o IYullr. Burkholder’s lemma

implies
(4.2) ITefller < (P* =D fller

for any sequence ¢ as above.
Let us reformulate (4.2) as |(T,f, g)| < (p* — V)||fllrrlIgllzs, where ¢ =
(g1,---,9Mm) € L1(J] — CM). Definition of T, now implies

ﬁ\ZWU%M&M%UMMMMWMWW.
€Dy

The expression under the summation sign actually means

4

< ot (f1, hr) (g1, hr) >

M) | L g 1

By the Cauchy-Schwartz inequality, it can be estimated as

< | ) llem g, k) llem -

Moreover, we can choose the coefficients (7% so that we actually get equality. Fi-
nally notice that

() = Y2, - (o)

and the theorem follows. 1

REMARK 4.3. When M = 1, the equality (4.2) is exactly equal to (4.1). But
the point of the preceding theorem is that we need (4.2) for arbitrary M in or-
der to prove Theorem 1.1, as we will see next. This stronger statement was not
provided by nor does it seem to follow from (4.1), so the previous theorem was
indeed necessary. However, it is also possible to derive (4.2) as a consequence of
Theorem 3.2 in [5], but this theorem is in itself a corollary of Lemma 4.1.
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Proof of Theorem 1.1. Fix (,17,Z,H) € Q. Consider all integrable functions
f.g:]— CMsuchthat{ = (f);, 7 = (g)}, Z = (|f|P); and H = {|g|7); (it is not
difficult to construct such functions). Let

B@n ZH)i=qoswp Y 1, = (Pr @), — (g1,
4171 IeD,IC]
where the supremum is taken over all such f, g.

The supremum above clearly does not depend on the interval J. This obser-
vation helps to prove the property (ii) in Theorem 1.1.

Indeed, take fi : J+ — CM such that (fr)je = ¢+ and (|f|P)). = Z+.
Define f : ] — CM by f(x) := fi(x) if x € J1. In an analogous way we come up
with g. Writea = ({, 17, Z, H) := == € Q.

Note that:

@) (f)r = fe)rif L C T,
(ii) (f); = Cand (|f|P); = Z,
and similarly for g.
Now we can write

B@> g X 1L — (el — @l

>
4| IeD,IC]

QD VRIS VI P I T R [ A ]

4| IeDIC], IeDIC]-

=LY o = o g — g0
4/]| 1eD,IC),
Y 1 = s — (g |1

4|]| IeD,IC]_

+ 3 = (O Hgedy, — (g0 .

At this point we exploit the fact that the definition of B does not depend on
the choice of the interval, as mentioned before. In particular, we can replace | by
J+ or J_. Having done that, take the supremum of the expressions in the last line
over all f; and f_ as above. This process clearly does not affect the free term,
which can be rewritten using the definition of f; and f_. We get exactly

B PBE) 4 e e~
which proves (1.1).

This establishes the second inequality of Theorem 1.1, whereas the first one,

ie.0<B(f,n, Z H) < (p* —1)ZYPHY1, was proved in Theorem 4.2. &

Proof of Lemma 1.2. Finally, fix a compact K and 0 < ¢ < 1 small enough for
d(K,90) > /. Let S be the standard mollifier ([8], C. 4) on R = CM x CM x
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R x R. Set S¢(x) = £%,S(%) and consider B, = B % S.. This function is smooth
on 2, := {a € Q :d(a,dQ) > ¢}. The size inequality can deteriorate on 2 N
(and thus on K) at most by factor 1 + /¢, whereas the concavity inequality (1.1)

does not change on (2, since f Se(x) dx = 1. Moreover, we can use the Taylor
R4
formula to see that (1.1) is equivalent to the inequality (ii) from the theorem. 1

5. ADDENDUM

Here we demonstrate Lemma 1.5.

For suitable d, m,n € N we will identify 7, H; and H, with R4, R™ and R",
respectively. Then we can think of T as of a matrix from R%“. For h € R? denote
R = ||Pih||, r = ||P2h|. We emphasize that R and r are not constants but will
depend on h appearing in the context.

Since the assumption and the conclusion of the Lemma are homogenous
inequalities with respect to I, it is equivalent to prove:

IfE C H, then thereis T > 0 so that E C Eg,
where

E=Er={heR%:(Th h) <2},
H={heR?:Rr<1},

ET:{heRd:TRz—i—%ngz}.

Note that E; C H for every T > 0. Since A is a positive matrix, E (more precisely,
its boundary) is an ellipsoid. The geometrical shape of other two sets is also clear.

Denote k := d — (m + n). Suppose that we have the proof in case when
k = 0. Now take arbitrary natural numbers m, n, k. If E C H, then E’ C H’, where
E’ and H’ are images of E and H, respectively, under the orthogonal projection
R? — R™*7 x {0}*. Since E’ is again an ellipsoid, by assumption there is T > 0
such that E/ C Ef := {h € R"™" x {0}¢ : TR? + 12 < 2}. Ttis clear that this T
also satisfies E C E;. Hence it is enough to prove the lemma for k = 0.

We may also assume that at some point equality is attained in (1.3). This
implies there is h € R? for which Rr = 1 and (Th, h) = 2. In other words, h €
0ENOH. For A = VR-1r we have AR = A1y = 1. The operator Algm ® A Mgn
leaves H unchanged, whereas it maps E into some other ellipsoid, whose bound-
ary intersects that of H in a point with R = r = 1. Finally, there are rotations
U, € SO(m) and U, € SO(n), such that U,, ® U, maps this point of intersection
into iy := (1,0,...,0) @ (1,0,...,0) € R" ¢ R" = R,

m—1 n—1

To summarize, it suffices to solve the case when k = 0 and JE intersects 0H

at hp. Since in this case it is obvious that the only admissible 7 is 1, our task is
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reduced to proving that E is contained in E; = /2 BY =: B, i.e. in the closed ball
in R?, centered at 0 and with radius /2.

The intersection 9H N 9B is the "torus" T = {h € R : R = r = 1} =
§"=1 x §"~1. Let P be the family of all 2-dimensional planes in R? which pass
through 0 and 9. We would like to find a subfamily P’ of planes that intersect
with T in more than the obvious two points. Take P € P. There is u € hy
such that |[u||> = 2 and P = Lin{ho,u}. Roughly speaking, this establishes a
correspondence between P and a portion of the sphere dB = /2591, We can
write u = {a} ®b@® {—a} Gcforsomea € R, b € R" landc € R*" L If
p = Ahyg + pu € P is to intersect T in a point, different than +hg, then we must
have

(A +pa)? + |ub|*> = (A — pa)* + [|uc|* = 1
for some A, p € R, u # 0 (otherwise p = =£hy). After adding and subtracting

equations and using that 2a% + ||b||? + ||c||? = ||u||?> = 2, one can see that this set
of equations is equivalent to

A p=1,
4Aa+ p(|[o]* ~ [|cl*) = 0.
If 2 = 0 then we must have ||b|| = ||c||. For a # 0 the system admits solutions
o Q=2 (bR w
(1+a%)2 —[|b[*c]|? (1+a%)2 —[|b[*c]]?
Note that
b|% + ||c|I?
HbH HC” < H H ;—” || 21*ﬂ2<1+ﬂ2,

thus the denominators are always positive. Hence the solution does not exist (i.e.
P does not belong to ') if and only if

a=0 A bl # lc]| -
This justifies employing identifications
P={u=u(abc)€dB:ulhy} and P ={uecP:a#0V |b|=|c|},

which in principle imply that the set %’ is "dense” in P.

We would like to show that ENP C BN P or, equivalently, JENP C BN P
for all P € ?'. Since 0E N P is an ellipse, this simply follows from the fact that
E C H and that T N P contains at least four different points, as has just been
shown.

Finally we note that the collection P’ is sufficiently large to conclude that
E C B, which had to be proven. 1
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