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DUALITY FOR CROSSED PRODUCTS OF HILBERT
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ABSTRACT. Let (A, G, a) be a C*-dynamical system and let X be an A-Hilbert
module with an a-compatible action # of G. Then it is shown that there exist a
coaction 6, of G on the reduced crossed product A X, G and a coaction J, of
G on the reduced crossed product X Xy, G such that (X X, G) x5, G = X ®

C(L?(G)), where C(L?*(G)) denotes the C*-algebra of all compact operators on

L%(G). Furthermore, when A has a nondegenerate coaction J, of G on A and
X is an A-Hilbert module with a nondegenerate §,-compatible coaction &y of

G, it is shown that there exists a dual action 5, x of G on the crossed product
X %, Gsuch that (X x5, G) X5 or G = X®C(L*(G)).
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1. INTRODUCTION

C*-crossed products are most important objects and tools in the theory of
C*-algebras, in particular, in C*-dynamical systems. When we deal with C*-
crossed products, the most important theorem is the duality for C*-crossed prod-
ucts.

On the other hand, in recent research of C*-algebras, Hilbert C*-modules
are getting to become a more important, standard tool in various research ar-
eas in C*-algebras, for example, such as KK-theory, Morita equivalence and so
on (see [9] for KK-theory and [15] for Morita equivalence). A successful use of
Hilbert C*-modules is in Morita equivalence for C*-algebras, and then Hilbert
C*-modules work as an imprimitivity bimodule. Let (A4, G,«) and (B, G, B) be
C*-dynamical systems and suppose that A and B are Morita equivalent. Then an
outstanding problem in which we are very much interested is whether the C*-
crossed products A X, G and B x p G are also Morita equivalent. In fact, it was
shown in [3] and [4] that if there exists an A — B imprimitivity bimodule X with
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an (a, B)-compatible action 77 of G, A X, G and B x g G become Morita equivalent,
and then an imprimitivity bimodule for those C*-crossed products is regarded
as a crossed product of X by #. In this paper, we will employ the construction
of crossed products of Hilbert C*-modules given by [5], which would be most
understandable for us from viewpoint of analogy to C*-crossed products of C*-
algebras.

Let (A,G,a)beaC *-dynamical system. In Section 3, we discuss duality for
crossed products of (right) Hilbert C*-modules. First of all, we will define the
reduced crossed product X x; , G of X by an a-compatible action 7 of G, and we
will show that there exists a dual coaction 4, of G on the reduced crossed product
A X4, G and a dual coaction dy of G on the reduced crossed product X x;, G
such that the ((A Xqr G) X5, G)-Hilbert module (X x;, G) x;s, G is isomorphic
to the (A ® C(L?(G)))-Hilbert module X ® C(L?(G)). Applying this duality to
abelian group action case, we can obtain that (X x;, G) X7 G is isomorphic to
X ® C(L%(G)), where 7 is the dual action of the dual group G of G on X Xy G (see
[10] for duality for crossed products of imprimitivity bimodules by abelian group
actions).

In Section 4, we discuss duality of crossed products of Hilbert C*-modules
by coactions of locally compact groups G. Let A be a C*-algebra and let 6, be a
nondegenerate coaction of G on A. Suppose that X is a Hilbert A-module with
a nondegenerate J ,-compatible coaction 6, of G on X. We then show that there
exists a dual action dy of G on the crossed product X x; G such that the ((A x5,
G) x5 . G)-Hilbert module (X x4, G) X5 G is isomorphic (as a Hilbert C*-

Su,
module) to the (A ® C(L?(G)))-Hilbert module X ® C(L2(G)).

Finally it would be significant to mention the common strategy to show
two kinds of duality theorems for crossed products of Hilbert C*-modules. For
simplicity, consider the case of a C*-dynamical system (A, G,«) with a locally
compact group G and a right A-Hilbert module X with an a-compatible action
1 of G. Regarding X as a left K(X)- and right A-Hilbert module, we consider
the linking algebra £(X) for X which is a C*-algebra and we obtain the canonical
C*-dynamical system (£(X), G, 0) where 6 is the canonical action of G associated
with & and 7. Then by Imai-Takai’s duality, we see that

L((XxyrG) x5, G) = (L(X) x4,G) %5,GZL(X)RC(L*(G)) = L(XDC(L*(G)))-

Taking the right upper corners of those linking algebras, then it would be shown
that (X x;, G) X, G is isomorphic to X ® C(L?*(G)). However, it is not nec-
essarily obvious that the duality isomorphism between (L£(X) x4, G) X;, G and
L(X) ®C(L*(G)) gives the isomorphism as a Hilbert C*-module between (X X »
G) x4, Gand X ® C(L*(G)). Hence what we have to do is to clarify this point. In
fact, for example, let C denote the field of all complex numbers and consider the
one-dimensional C-C-imprimitivity bimodule X. Then the linking algebra £(X)
for X is the 2 x 2 matrix algebra M (C), and the automorphism Adu on M;(C)
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defined by the unitary matrix u = (91) sends (J2) to (29). Thus we see that
an isomorphism between linking algebras does not necessarily give a bijective
correspondence between the right upper corners of those linking algebras.

Although we discuss duality for crossed products of right Hilbert C*-modu-
les, by symmetry duality for crossed products of left Hilbert C*-modules also can
be obtained.

2. NOTATION AND PRELIMINARIES

Recall the definition of a Hilbert C*-module. Let A be a C*-algebra. By a left
A-Hilbert module (or a left Hilbert A-module), we mean a left A-module X equipped
with an A-valued pairing (-, -), called an A-valued inner product, satisfying the
following conditions:

(H1) (-,-) is sesquilinear. (We make the convention that (-, -) is linear in the first
variable and is conjugate-linear in the second variable.)

H2) (xy)=(y,x)*forallx,y € X.

(H3) (ax,y) =a(x,y) forallx,y € Xanda € A.

(H4) (x,x) >O0forallx € X, and (x,x) = 0 implies that x = 0.
(H5) X is a Banach space with respect to the norm ||x|| = ||{x, x)||*/2.

Let B be a C*-algebra. Right B-Hilbert modules are defined similarly except
that we require that B should act on the right of X, that the B-valued inner product
(-,-) should be conjugate-linear in the first variable, and that (x,yb) = (x,y)b
forall x,y € X and b € B. Here note that the action of a C*-algebra on X is
automatically nondegenerate (Proposition 1.7 in [1]).

Let A and B be C*-algebras. We denote by (-, -) the A-valued inner product
on the left A-Hilbert module and by (-, -); the B-valued inner product on the
right B-Hilbert module, respectively. By an A — B Hilbert bimodule, we mean a
left A-Hilbert module and a right B-Hilbert module X satisfying the following
condition:

(H6) (v, y)z=x(y z)sforallx,y,z € X.

Note that an A — B Hilbert bimodule automatically satisfies the following
condition:
(H7)  4(xb,y) = 4(x,yb*) and (ax,y)z = (x,a*y), forallx,y€ X,a€ A and b€ B.

Let X be an A — B Hilbert bimodule. Following [5], we say that a repre-
sentation of X as an A — B Hilbert bimodule is a triple (74, 71y, 715) consisting of
nondegenerate representations 77, and 7tz of A and B on Hilbert spaces H, and
Hy, respectively, together with a linear map 7ty : X — B(Hj, H,) such that:

R1)  7y(ax) = mwa(a)mry(x),
(R2) 7ty (xb) = mx(x)7s(b),
R3)  74(4(x,y)) = 7x(x)7x(y)", and
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(R4)  7mp({x,y)5) = 7 (x) " 71x ()
foralla € A,x,y € X,and b € B, where B(H;, H,) denotes the set of all bounded
linear operators from H; into H ,.

Now we suppose that X is a right A-Hilbert module with the A-inner prod-
uct (-, -). We define a linear operator @, on X by

Oxry(z) = x(y,2)

for all x,y,z € X. We denote by C(X) the C*-algebra generated by the set {@,, :
xy € X} (see Proposition 2.21 and Lemma 2.25 in [15]). Then X is a full left
K(X)-Hilbert module with respect to the natural left action defined by t-x =
t(x) for t € K(X), x € X, and the inner product . (x,y) = Oxy. Thus X is
a K(X) — A Hilbert bimodule. If a representation (77,,H,) of A is given, then
we can concretely construct 7y, and 7y (see Example 2.8 in [5]). For ease of
notation, we will usually write 77, for 77y, unless otherwise confused.

LEMMA 2.1. Let A be a C*-algebra and let X be a right A-Hilbert module. Sup-
pose that (7T, 7Ty, 70,) is a representation of X as a KK(X) — A Hilbert bimodule. If 1,
is a faithful representation of A, then the representation 7ty of KC(X) is also faithful.

Proof. This easily follows from (R1) and (R4). 1
Let Abe a C*-algebra and let X be a IC(X) — A Hilbert bimodule. We denote

by X the dual Hilbert module of X, which is the set X with the left A-action and
the right K(X)-action defined by

a-X=(x-a*), X-t=(-x) forteK(X)anda € A4,

where we write ¥ if we view x € X as an element of X. In addition, X isan A —
K(X) Hilbert bimodule equipped with the A- and K(X)-valued inner products
given by

A5Y) = (X, y)a <97r37>1qx> = n(x)(x/w
for x,y € X (see page 49 in [15] for the details of dual Hilbert C*-modules). Put

L(X) = {(; ;C) teK(X),a€Axye X}
For L = (»yt»f;), the adjoint L* of L is defined by

L* = (tj K).
X a

Addition and scalar multiplication on £(X) are defined by the usual formulas for
matrices, and in addition, product in £(X) is given by

tox\ [t X\ (Mt eny) X +x-d
v oa Y/ P g.t/+a,y7 (y,x’>A+aa’ .
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Then £(X) becomes a C*-algebra (Proposition 2.3 in [1]). We call the C*-algebra
L(X) the linking algebra for X. For ease of notation, we write

£(X) = (’C%X) j)

for the linking algebra for X (see page 50 in [15] for more details of linking alge-
bras).

LEMMA 2.2. Let A be a C*-algebra and let X be a right A-Hilbert module. Sup-
pose that (1ta,H ,) is a faithful representation of A. Then there exist a representa-
tion (7ty, 1y, 70,4) of X and a representation (7t,, T ) of X such that my, T, and
(71, H,. ) are faithful. Define the representation (71, H) of the linking algebra L(X) for

X by
(5 2)= (i =)

where H = H,. & H,, 7t (x) € B(HA/HK)/HX(]’]) € B(Hy,H,). Then (11, H) isa
faithful representation of L(X).

Proof. The proof is straightforward (see Example 2.8 in [5] for the existence
of ., Ty and 71;(). 1

Let X be a right B-Hilbert module over a C*-algebra B and let A be a C*-
algebra. We denote by X ® A the external tensor product of X and A (see 1.2.4 in
[9] or 3.4 in [15] for the detail), where we regard A as a right A-Hilbert module
in a canonical way. We remark that X ® A becomes a right (B ®min A)-Hilbert
module equipped with the (B ®min A)-valued inner product by

(x1 ®a1,x2@az)) = (x1,x2)5 @ (a1,82) 4 = (X1, %2)5 @ ajay

for x; € X and a; € A. From now on, throughout this paper any tensor product
of Hilbert C*-modules always means the external tensor product.

The following result is essentially Remark 1.50 in [6] and will be repeatedly
used without comment.

LEMMA 2.3. Let A and B be C*-algebras and let X be a right B-Hilbert mod-
ule. We regard the external tensor product X @ A as a (K(X) ®@min A) — (B @min A)
Hilbert bimodule. We define a homomorphism ¥ from the injective C*-tensor product
L(X) @min A into the linking algebra L(X @ A) for X ® A by

[t x t®a xQa
i (? b) 2o ((y@aY b®a>
where a € A. Then ¥ is an isomorphism. Thus we can identify L£(X) Qmin A with

L(X ® A) as a C*-algebra.

DEFINITION 2.4. Let A and B be C*-algebras. For convenience of notation,
we assume that X is a right A-Hilbert module and that Y is a right B-Hilbert
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module. We say that a linear map p from X into Y is a homomorphism (as a Hilbert
C*-module) if there exist a homomorphism 7 from A into B such that

1) ({x,y)a) = (p(x),0(¥))s
forallx,y € X.
We remark that it follows from (2.1) above that
22) p(xa) = p(x)7(a)
for all x € X,a € A. In particular, in the above, we say that X is isomorphic (as a
Hilbert C*-module) to Y if p from X into Y is surjective and v from A into B is

bijective. In this case, such a map p from X onto Y is automatically injective, hence
bijective. In fact, this follows easily from condition (2.1).

DEFINITION 2.5. Let A and B be C*-algebras. Let X and Y bea K£(X) — A
Hilbert bimodule and a /C(Y') — B Hilbert bimodule, respectively. We say that a
homomorphism ¥ from £(X) into L(Y') is componentwise if there exist homomor-
phisms p; : K(X) — K(Y), p2: X — Y, p3: X — Yand py : A — B such

that
¥ ((ﬂ x) ) _ (Pl(i) Pz(x)> .
y a p3(y)  pala)
We call each homomorphism p1, p2, p3 and p4 a component of ¥.

The following result plays an important role when we derive a Hilbert C*-
module isomorphism from an isomorphism between linking algebras.

LEMMA 2.6. Let X be a K(X) — A Hilbert bimodule and let Y be a KC(Y) — B
Hilbert bimodule. Suppose that a homomorphism ¥ from L(X)into L(Y') has a form of

Y = (Z/ 7’;) where p : X — Y and o' : X — Y are linear mappings, 7w : A — B and

v : K(X) — K(Y) are homomorphisms. Then we have
(X, y)4) = ((x),0(¥))s

forall x,y in X, that is, p is a homomorphism from X into Y. Hence, if ¥ is an isomor-
phism, p is an isomorphism as a Hilbert C*-module from X onto Y.

Proof. Take (%), (8%) € L(X). Then we have

(68606

: < ’y>A 0 l(<x’y>A)

(6 8)) (6 8= 06 =6 )



DUALITY FOR CROSSED PRODUCTS OF HILBERT C*-MODULES 91

Thus we obtain that 7w ((x,y),) = (o(x),p(y))s forallx,yin X. 1

Let (A, G, a) be a C*-dynamical system. By a C*-dynamical system, we mean
a triple (A, G, ) consisting of a C*-algebra A, a locally compact group G with
left invariant Haar measure ds and a group homomorphism « from G into the
automorphism group of A such that G 5 + — a;(x) is continuous for each x in
A in the norm topology. Denote by K(A, G) the linear space of all continuous
functions from G into A with compact support and by L' (A, G) the completion
of K(A, G) by the L'-norm (see 7.6 in [13] for the Banach*-algebra structure of
L'(A,G)). Then the C*-crossed product A x, G of A by G is the enveloping C*-
algebra of L!(A, G).

Recall that for any covariant representation (7,1, H), the representation
(7t x u, H) of A x4 G is defined by

(70 x u)(x) = / w(x(t))urdt, x € LY(A,G).
G

Throughout this paper, for a given representation (77, H) of A, we always
denote by 7 the representation of A on the Hilbert space L?(H, G) defined by

(72(a)¢) () = (a1 (a))&(t)
fora € A,& € L>(H,G), where L?(H, G) is the Hilbert space of all square inte-
grable functions from G into H. Define a unitary representation A4 on L?(H, G)
by
(A1:8) () = E(s1h).

Then (7, A4,L%(H,G)) is a covariant representation of A. If 7t is faithful, then
(7T x A1) (A x4 G) is called the reduced C*-crossed product of A by G and we
denote itby A X4, G.

Let (A, G,a) and (B, G, B) be C*-dynamical systems and let X be an A — B
Hilbert bimodule. Suppose that there exists an a-compatible action (respectively a
B-compatible action) 17 of G on X, that is, a group homomorphism from G into the
group of invertible linear transformations on X such that
(E1)  m(a-x) = ar(a)n(x) (respectively n¢(x - b) = n:(x) Bt (b)),

(E2) 4 (me(x),1t(y)) = ae(a(x,)) (respectively (i:(x), 7:(y))s = Br((x,y)5)),
foreacht € G,a € A,b € B,x,y € X; and such that t — #;(x) is continuous from
G into X for each x € X in norm. The combination of these two compatibility
conditions will be simply called («, B)-compatible. Then there exists an (A x4
G) — (B xg G) Hilbert bimodule X x, G containing a dense subspace K(X, G)
such that

(F-0)6) = [ FOmlx(t ), (x-8)(s) = [ x(DBi(g(t )t
G

peac W)= [t DAL (x)y, ()= [Bra(x(t), ys))) et

G G
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for f € K(A,G),x,y € K(X,G), and g € K(B, G) (see Proposition 3.5 in [5]). We
call X x, G the (full) crossed product of X by G. Here K(X, G) (respectively K(A, G)
and K(B, G)) denotes the set of continuous functions from G into X (respectively
A and B) with compact support.

DEFINITION 2.7. Let (A, G, a) and (B, G, B) be C*-dynamical systems. Let
X be an A — B Hilbert bimodule with an («, )-compatible action 77 of G. Suppose
that (7t ,,u, H,) and (75, v, Hy) are covariant representations of A and B, respec-
tively. Then we say that a representation (71, 7y, 75, 4, v) of X into B(Hj, H,) is
covariant if

Ty (me(x)) = wpmmy(x)vy forallx € X, t € G.

Then we define the representation 7y x v of X x;, G into B(Hjz, H,) by the fol-
lowing, for x € K(X, G):

(rty x v)(x) = /nX(x(s))vsds.
G

LEMMA 2.8. Let (71,4, 7y, 7t5, 1, 0) be as above. Then (71, X u, Ty X 0, 7Tz X U)
is a representation of X x, G into B(Hp, H ,).
Proof. We have only to verify that, for x,y € K(X,G),f € K(A,G),g €
K(B,G),
(mx x v)(fxg) = (74 x u)(f)(7x x 0)(x) (715 X 0)(g);
(704 X 1) (oo (X)) = (715 X 0) (%) (71 X ) (y)";
(75 X 0) (X, )b 6) = (71x X 0) (2)" (713 X 0) ().

For g € K(B,G) and x € K(X, G), we have
(1t xv)( 7Ty ((xg)(s))vsds = Ty (x(t)Be(g(t1s)))vsdsdt
SN R——

/nx N7s(Bi(g(£1s))vsdsdt //nx () oy (g(£1s)) v} vsdsdt

/ ox (e (8))0r (5 ) (g)dt = (7 x 0)(3)(775  ©) (9):
G

For x,y € K(X,G), we have

(5 X)) ) /n—B«x ) epo () osds= / 7o (B ((8), () osdisdt
//vtnB y(ts))p)vivsdsdi= /vtnx (t))'7ty (y(ts))visdsdt

:/v?ﬂx(X(t))*(ﬂx X v)(y)dt = (7rx x ) (x)" (7% X 0) (y)-
G
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Similarly we can prove that (7y X v)(fx) = (7w, X u)(f)(myx x v)(x) and that
(7t X 1) (4, (X)) = (mx X 0)(x) (75 X v)(y)*. So we will leave the detail to
the reader. Thus we complete the proof. 1

Let (A,G,a) and (B, G, B) be C*-dynamical systems. Let # be an («,)-
compatible action of G on an A — B Hilbert bimodule X. Consider a repre-
sentation (714, 71y, 715) of X, where (71,, H,) (respectively (7, Hy)) is a repre-
sentation of A (respectively B). Then we obtain the covariant representations
(704, A4, L2(H,,G)) and (7T, AB, L?(H;y, G)) of A and B, respectively. Define the
representation 7Ty of X into B(L?(H;, G), L*(H,, G)) by

(Tx (2)E) (8) = 70 (171 (x))E (#)
forallx € X,t € G and & € L2(H;, G). Then we have the following.

LEMMA 2.9. Let X be an A — B Hilbert bimodule, and let (71, A4, L*(H,, G))
and (755, AB, L2(Hy, G)) be as above. Then (7, Ty, 7T, A4, AB) is a representation of X
into B(L?(Hy, G), L*(H 4, G)), and we have, for s, t € G and & € L*(H;, G),

(7T (15 (x))E) (£) = (A7 (x)AES)E) (1)

Proof. The proof is straightforward. So the detail is left to the reader. 1

DEFINITION 2.10. Let (A, G,«) and (B, G, B) be C*-dynamical systems. Let
1 be a (B, a)-compatible action of G on a B — A Hilbert bimodule X. Consider a
representation (71, 71y, 71,4) of X, where (7r,, H,) and (715, H;) are faithful repre-
sentations of A and B, respectively. Then 7ty is automatically faithful. Consider
the representation 7y x A4 of X x,, G into B(L*(H 4, G), L*(H;, G)). Then we say
that (7Tx x A4)(X x; G) is the reduced crossed product of X by G, and we denote it
by X xy, G. It is easy to verify that X x,, Gisa (B xg, G) — (A X4, G) Hilbert
bimodule. We will see later that it follows from Proposition 2.11 that X Xr G
does not depend on the choice of a pair of faithful representations 7, and 7t of
A and B.

From now on, we suppose that X is a right A-Hilbert module. Note that
K(X) has a canonical action Ady of G which is defined by

Adys(t) =ns-t-n_,, teK(X).
Then 7 is an (Ady, a)-compatible action of G on X. Define the action 7j of G on X
by
75(X) = 11s(x)
for ¥ € X and s € G. We thus define an action 6 of G on the linking algebra £(X)

for X by
(5 2) = (5 20)
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0. — (Ad;ys 175)
s — ~ .
s Ks

Thus we obtain the C*-dynamical system (£(X),G,0). Here we remark that
L(X) xg G is canonically identified with the linking algebra £(X x, G) (cf. the
proof of Theorem 4.1 in [5]). This fact plays a crucial role throughout this paper
and we will use it repeatedly. We remark that X Xjr G is canonically identified
with (X x; » GJ. The following result is essentially Lemma 3.3 in [6].

PROPOSITION 2.11. Let X bea K(X) — A Hilbert bimodule and let L£(X) be the
linking algebra for X. Suppose that (L(X), G, 0) is the C*-dynamical system above. We
define a representation 7t of L(X) by

e Ty
nC - ( ) ’
Ty T,
where (7, 7Ty, 70,) and (70,, 7Ty, 7T, ) are representations of X and X respectively, and

define the unitary representation A of G by A = AL @ A on L2(H,., G) ® L2(H,, G).
Then we have

Then we denote 05 simply by

_ B (e x AR)(K(X) xady G)  (7Tx x A4)(X % G)
(e X AL)(£(X) x5 G) = ( (7, x AR)(X xﬁAgz (72, x M4)(A . G)) '

Hence we obtain that

[ K(X) Xady, G X Xy G
L£(X) xor G = ( X x5,G Axuy G-

Here we need to give a remark about the above proposition, which will be
used later to prove Lemma 4.5. It is not necessarily essential in Proposition 2.11
that the action of G on K(X) is Ady. In fact, if £(X) admits another action « of G
and if # on X is k-compatible, we can define an action 6 of G on L(X) by

0, = <fs ’75>.
s Qs

Then it is not hard to verify that we can obtain the result similar to Proposi-
tion 2.11 above, that is,

. (e x AR (K(X) xx G)  (7Tx X A4)(X x5 G)
(e X A)(L(X) %0 G) = ( (7T x AC)(X x5G) (T4 x A1) (A x4 G))"
Now as a corollary to Proposition 2.11, we obtain the following.

PROPOSITION 2.12. Under the notation in Lemma 2.9, suppose that 7t , is a faith-

ful representation of A. Then 7Ty X A4 is a faithful representation of X Xy, G.
Proof. Since 7, is faithful, so is also 7Ty. Since we see that 77, = (g’f gj )
X

and since it then follows from Lemma 2.1 that 77, is faithful, we see that so is also
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7. Thus 7T, X AL is a faithful representation of £(X) xg, G (cf. 7.7.5in [13]). Then
it follows from Proposition 2.11 that every component of 77, x AL, in particular,
TTx X AAis faithful. 1

PROPOSITION 2.13. Let (A, G, ) be a C*-dynamical system and let X be a right
A-Hilbert module. Suppose that there exists an a-compatible action  of G on X. If G is
amenable, then X xy G is isomorphic to X Xy, G.

Proof. Consider the C*-crossed product £(X) x¢ G of L(X) by 0 as in Propo-
sition 2.11. Then L£(X) x¢ G is canonically identified with the linking algebra
L(X xy G) (cf. the proof of Theorem 4.1 in [5]). Since G is amenable, £(X) x4 G
is isomorphic to the reduced C*-crossed product £(X) %y, G which is canoni-
cally identified with £(X x , G) by Proposition 2.11. Since such an isomorphism
is componentwise, taking the right upper corners of those linking algebras, the
desired result follows from Lemma 2.6. &

Now the reader is referred to the proof of 7.7.12 in [13] for the following
discussion. We always denote by Cy(G) the set of all continuous functions on G
vanishing at infinity which is a C*-algebra in a canonical way and let T be the left
translation on Cy(G), that is,

() = f(s7'H)

for f € Cy(G). Then we obtain a C*-dynamical system (Co(G), G, 7).

Let (£(X), G,0) be as above, and we denote by Cy(L(X), G) the C*-algebra
of all continuous functions vanishing at infinity from G into £(X), which is iso-
morphic to £(X) ® Cy(G). Let p, be a faithful representation of A on a Hilbert
space H ,. Take faithful representations py. of K(X) on Hy, px of X into B(H,, Hy),
and p; of X into B(H,, H ), as in Lemma 2.2. We define a faithful representation
7ty of the Co(K(X), G) — Co(A, G) Hilbert bimodule Cy(X, G) (= X ® Cy(G)) into
B(L2 (HAr G)/ L2 (H)C/ G)) by

(7x(2)) (8) = px (2(8))E(#)

forz € Co(X,G),¢ € L*(H,, G). Then we obtain the representation 77, x A4 of
(X ® Co(G)) Xywrr G into B(L*(H,, G x G),L*(Hy, G x G)) . Representations
7 of Co(K(X), G), 7ty of Co(X, G) and 7, of Co(A, G) are also defined in a sim-
ilar way, and similarly we obtain 77 x AKX, ﬁf( X AX and 7T, x A4. Let 7t be the

faithful representation of £(X) on H (= H, & H,) defined by 7, = (f,’; zﬁ) .
Define a faithful representation 7t of Co(L(X),G) on L?>(H, G) by

(7(2)8)(8) = 7. (2(£))¢(¢)
forz € K(L(X),G),& € L*(H,G), and put

¥s(2) () = 0s(2(s7't))
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for s,t € G. Then we obtain a faithful representation (77 x A, L>(H,G x G)) of
Co(L(X),G) X, G. Define a unitary operator w on L*('H, G x G) by

(wE)(s,1) = a0 2(stt) = (10001 = (o)

foré =& @& € L?>(H,G x G) with & € L?(Hy, G x G)and & € L?(H,, G x G).
Take any z = (2} 22) € K(K(L(X),G),G) (= K(L(X), G x G)). Then we have

(w* (7T X A)(z2)wé) (s, t)

= | e(Oh1 (2(r,8))) (r s, t)dr

—~

|
O O—_

Adms Zl , S))) px (s (z2(r, )\ (G1(r1s 1)\ o
77ts Z3 r, S ) pA(“tsl(Z‘l(rrs)))) (62(715/t)> d

[ pe(Adia (1 (r5)a (s, )dr + / s (22(1,5)))22 (s, )dr
G

/ ox (i1 (2a(r,9))) &1 (15, )dlr + / (1 (2a(r,5))) (15, Dl

(w1(7Tzc X AK)(z1)wiG1)(s, t) + (wl(ﬂx X A4)(z2)w2G2) (s, t) )

(w3 (7T, X AR)(z3)w181)(s,t) + (w3 (7T x A4)(z4)w2G2) (s, t)
Thus we obtain that

o)~ wi (7T X AR)(z1)wy  wi(7Ty X A4)(z2)w
w* (7T x A)(z)w = <w%(ﬁf< v A’C)(z;)wi w%(n/, X )LA)(Zi) )
_ (K(X)®C(L*(G)) X®C(L*(G))
< oe?e) = (Fooie) ) Aeee)
which shows that the isomorphism z — w* (7T X A)(z)w is componentwise from

Co(L(X),G) X4, G onto L(X) ® C(L?(G)). Furthermore, if we denote by p the
right regular representation of G on L?(G) and if we define

B B _ (z1(r,st)  zp(r,st)
pt(z)(r,s) = z(r,st) = (z;(r,st) zi(r,st)) ’
then we have
w (7 % A)(f(2))w = (0 Adp)s(w’ (7 x 1) (2))

(see the proof of 7.7.12 in [13]), which shows that the isomorphism z — w* (7T X
A)(z)w is G-equivariant. If we identify Co(L(X), G) with £(X) ® Cy(G), we ob-
tain

¥s = 05 ® Ts.
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Then Cyo(L(X),G) X, G can be regarded as a linking algebra. In fact, it follows
from Lemma 2.3 and the remark preceding Proposition 2.11 that

(L(X) @ Co(G)) Xbar,r G = LIX @ Co(G)) Xparr G = LUX @ Co(G)) Xyers G)-

Now we define the isomorphism ¥ : Co(£(X), G) X4, G — L(X) ® C(L%(G)) by
¥(z) = w* (7 x A)(z)w, and we obtain the following lemma.

LEMMA 2.14. The isomorphism ¥ : Co(L(X), G) X4, G — L(X) ® C(L*(G))
is componentwise. Furthermore ¥ carries p to 6 ® Adp.

3. DUALITY FOR CROSSED PRODUCTS BY GROUP ACTIONS

In this section, we shall prove the duality theorem for crossed products of
Hilbert C*-modules by actions of groups. Throughout this section, if necessary,
without comment we suppose that a C*-algebra is concretely represented on the
universal Hilbert space.

First of all we briefly review the definition of the crossed products by coac-
tions. Let G be a locally compact group with left invariant Haar measure ds. We
denote by A the left regular representation of G on L?(G). We define the repre-
sentation A of L}(G) on L%(G) by

A(f) = /f(s))\sds
G

for f € L'(G). Then the reduced group C*-algebra C;(G) of G is defined as the
norm closure of A(L'(G)) in the set of all bounded linear operators on L?(G).
If no confusion is possible, we write A(f) for A(f) above. In the definition of
a coaction of G, the references ([7], [8], [12], [14]) of the duality theorems adopt
the use of C;(G). Therefore we prefer the use of C;(G) to that of the full group
C*-algebra C*(G) for the convenience of the reader.

Let A be a C*-algebra and denote by M(A ®min C; (G)) the multiplier al-
gebra of the ~injective C*-tensor product A ®min C; (G). We then define the C*-
subalgebra M(A Qmin C; (G)) of M(A Qmin Ci (G)) by
M(A ®min i (G)) =

{meM(AQmin C; (G)) : m(1® x), (1 ® x)m € AQmin C; (G) forall xe C; (G) }.

We denote by W, the unitary operator on L?(G x G) defined by

(We&) (s, t) = &(s,s't) for& € L2(G x G) and s,t€G.
Define the homomorphism d, from C:(G) into M(C}(G) ®@min C;(G)) by
3s(A(f)) = We(A(f) @)W for f € LY(G).
We say that an injective homomorphism & from A into M(A @min C;(G)) is a
coaction of a locally compact group G on A if J satisfies:
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(C1) there is an approximate identity {e;} for A such that é(e;) — 1 strictly in
M(A Qmin C:(G»/

(C2) (6®@id)(é(a)) = (id®;)(é(a)) foralla € A, where we always denote by
id the identity map on each considered set.

Furthermore, the coaction J is said to be nondegenerate if it satisfies the addi-
tional condition:

(C3) for every nonzero ¢ € A*, there exists i € C} (G)* such that (¢®¢)od #0.

This is equivalent to the condition that the closed linear span of §(A)(1, ® C;(G))
be equal to A @min C; (G) (see, for example, 2.2 in [14]), where 1, is the identity of
the multiplier algebra M(A) for A. (In (C2) and (C3), we implicitly extended ¢ to
M(A @min C(G)), which is ensured by (C1).) Throughout this paper, we always
denote by the same symbol & the extension of § to M(A @min Ci(G)).

Let 6 be a coaction of a locally compact group G on A and let Cy(G) be the
set of all continuous functions on G vanishing at infinity. We denote by My the

multiplication operator on L?(G) given by f € Co(G) which is defined by
(MgE)(t) = f(H)E(#)

for all ¢ € L?(G). Then the crossed product A x5 G of A by ¢ is the C*-subalgebra

of M(A ® C(L?*(G))) generated by the set {5(a)(1 ® Myg) ia € A f € G(G)},

where C(L?(G)) denotes the C*-algebra of all compact linear operators on L2(G).
We denote by M(X) the set of all multipliers of a right A-Hilbert module

X. Here we must remark that we do not require X to be full as a right A-Hilbert

module. In fact, even though X is not full, it is possible to define a multiplier of a

K(X) — A Hilbert bimodule X. But we need to require X to satisfy condition (H6)

in Section 2, and we leave checking to need (H6) in [7] to the reader. Following

Section 1 in [7], we refer to M(X) as the multiplier bimodule of X, and note that

M(X) isan M(K (X)) — M(A) Hilbert bimodule, where M(K (X)) and M(A) are

the multiplier algebras for K(X) and A, respectively. The reader is referred to [7]

for the further details of multiplier modules of Hilbert C*-modules.

Letd, : A — M(A ®min C(G)) be a coaction of a locally compact group

G on the C*-algebra A and let 6, : B — M(B ®min Ci(G)) be a coaction of G

on the C*-algebra B. Suppose that X is a B — A Hilbert bimodule. We say that

a linear map Jy : X — M(X ® C}(G)) is a d ,-compatible coaction (respectively a

dg-compatible coaction) of G on X if dy satisfies the following conditions:

(D1) dx(x)(1,®z)liesin X ® C}(G) forallx € X and z € C;(G);
(respectively (D1) (1; ® z)dx(x) liesin X @ C;(G) forall x € X and z €
Cr(G))

(D2)  Ox(x-a) =6x(x)-04(a) forallx € Xanda € A;

(respectively (D2) 6y (b-x) = 65(b) - 6x(x) forall x € X and b € B;)

(D3)  0a({x,y)a) = (6x(%), 6x(¥)) mias nci (017

(respectively (D3)' 65(5(x,y)) = M(B®pinCi (G)) (0x(x),0x(¥))5)

min
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(D4) (bx®id)ody = (Id®dg) o dy.

(In (D1) and (D2) (respectively in (D1)" and (D2)’), we implicitly extended
the module actions on the (B ®min C; (G)) — (A @min C; (G)) Hilbert bimodule
X ® Cf(G) to actions of the multiplier algebras on the multiplier bimodule; in
(D3) (respectively (D3)') we extended the inner products to M(X ® C(G)) ; and
in (D4), we used the strictly continuous extensions of éx ® id and id ® 6 to make
sense of the compositions.) The combination of these two compatibility condi-
tions will be simply called (5, 6 ,,)-compatible.

Furthermore, we say that dy is nondegenerate if 6y satisfies the following ad-
ditional conditions:

(D5)  the closed linear span of 6 (X)(1, ® C}(G)) is equal to X ® C;(G);
(D5)"  the closed linear span of (1, ® C}(G))dy(X) is equal to X ® C}(G).

For a Hilbert A-module X with a coaction éy of G, we define a coaction J
of G associated with dy on the dual Hilbert A-module X by

—

6. (%) = dy(x) forx e X.

X

Let §, be a coaction of G on a C*-algebra A and let X be a right A-Hilbert
module throughout this section, and we suppose that A and K(X) are concretely
represented on Hilbert spaces H, and H., respectively. Given a ¢ ,-compatible
coaction dy of G on X, the crossed product X x5, G of X by dy is the right (A x5, G)-
Hilbert closed submodule of M(X ® C(L%(G))) C B(L2(H,4,G), L*>(Hy, G)) gen-
erated by the set {dx(x)(1, ® My) : x € X, f € Co(G)}. Then the inner prod-
uct on X X4, G is given in terms of the usual operator adjoint * : B(L*(H,, G),

L2(Hy, G)) — B(L2(Hy, G),L2(H,, G)) by
<x/y>A><0~AG = x*]/ for X,y € X X‘SX G

(see Theorem 3.2 in [7] for the detail).

Let (A, G, «) be a C*-dynamical system and let A X, , G be the reduced C*-
crossed product of A by G. If 77 is a faithful representation of A on a Hilbert space
H, there is a faithful representation (77 x A, H ® L?(G)) of A X4, G. Then

(TxA)®id)(d(x)) = (1, @ W) (T x A) ®@id)(x@1)(1, @ Ws")

for x € A X, G defines a nondegenerate coaction 6 of G on A x,, G, which
is called the dual coaction (cf. 2.3(1) in [14]). The duality that (A X4, G) X5 G is
isomorphic to A ® C(L?(G)) is referred to as Imai-Takai’s duality [8].

DEFINITION 3.1. Let (A, G, a) be a C*-dynamical system and let X be a right
A-Hilbert module with an a-compatible action # of G. We then regard X as a
K(X) — A Hilbert bimodule and let (77, 7y, 77, ) be a representation of X, where
(¢, Hy) and (74, H ) are representations of I(X) and A, respectively. If 7ty is
a faithful representation of X into B(H,, Hy), then there is a faithful representa-
tion 7Ty x A4 of X X, G (see Proposition 2.12). Denote by 1, the identity of the
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multiplier algebra M (K (X)) for K(X). Then the dual coaction 5y of Gon X %, G
is defined by

((7Tx x A1) ®1id) (35 (x)) = (1c © We) ((7x x A1) @id) (x ©1)(1, @ W)

for x € X x;, G. Similarly, we define also the dual coaction 63 of G on X Xir G.
We remark that if we canonically identify X x 7 G with (X x » GJ, then 64 (¥) =

—~—

Ox(x).
For a representation (7T, 7T, 74) of X, as in Lemma 2.2 we define a repre-
sentation 77, of the linking algebra £(X) for X by

e T
7, = ( x x) ,
Ty T,
where the representation 7 of X is defined by 74 (X) = mx(x). From now on, we
will consider only such a form as a representation 77, of £(X).

We recall that (X)) has a canonical action Ady of G, and so 77 is an (Ady, «)-
compatible action of G on X. Denote again by 7 the action of G on X defined by

7is(X) = n5(x) for ¥ € X and s € G. As in Section 2, we denote again by 6 the
action of G on the linking algebra £(X) of X given by

s (| ~ = ("7 .
y a 7s(y)  as(a)
From now on, we use this notation for (£(X), G, ) without comment.

PROPOSITION 3.2. Let (L(X),G,0) be the C*-dynamical system above and let

0, be the dual coaction of G on L(X) xg, G. Then we have §, = (g’; gj) , Wwhere

Oy and 6 are as in Definition 3.1, 6. and 6, are the dual coactions of A X, G and
K(X) X ady,- G, respectively.

Proof. Take a faithful representation 77, = (g’; 2;5 ) of L(X). Put

O O
= ()
& &

In order to show that §, = ¢, it suffices to verify that J satisfies
(e  A) @id)(6(2)) = (Logey © Wo) (e x A2) ©1d)(2@1) (1 @ W)

forz = (;7;() € L(X) xg, G (= L(X x5, G)).

~ e xAK)®id (7T xA4)®id
Since (77, X AL) @ id = (E;?iw;gd E;ji/\/*ggid) (see Proposition 2.11)
X

and since we have

1 0 1, @W 0
o= (53 Jowe= ("M 1 Jw, )
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we have
(1£(X) ®@ W) (7T, x AL) ®id)(z ® 1)(150{) ®@Ws")
(e @ W) (7T x AX) ®@id) (t® 1) (1 @ Ws*)
((1A ® WG)((ﬁ)_( X AR) ®@id) (@ 1) (1 @ Ws*)
(1, ® Wg )((nXxAA)®1d)(x®1)( ))
(1a @ We) (7T x M) ®@id)(a ® )(1A®WG )
(((ﬂx X A) ®@id) (0 () ((7Tx x A4) ®id)(5x(x)))
) (
)

(7T, x M%) ©id)(65(¥)) (74 x A1) @id)(d,(a))

= (T, x At) ®@id) (( X((m ?Eg)) '

This shows that §, = J. Thus we complete the proof. 1

The following result is essentially Proposition 3.5 in [6]. So we omit the
proof.

LEMMA 3.3. With notation as in Proposition 3.2, 6y is a (8, d 4 )-compatible coac-
tion and d, is a (6 4,0, )-compatible coaction. Furthermore, 6y and 6 are nondegenerate.

LEMMA 3.4. Let (L(X),G,0) be as above and let 5, be the dual coaction of G on
L(X) xg, G. Then

(,C(X) X9 r G) XJ[; G = E(X Xo,r G) X(gﬁ G

_ (’C()£> XAdr],r G) X(SK G (X Xn,r G) XJX G
(X Xﬁ,rG) X‘S}N{G (A X,,C,VG) X(SAG ’

Proof. Since L(X) xg, G = L(X %y, G), the first equality is trivial. By
Appendix: Remarks (4) in [7], we can identify (K(X) X ady,r G) X5 G, (X Xyr
G) x5, G, (X x5, G) X5 G and (A X4 G) X5, G with the corresponding corners
in the crossed product £(X X, G) X;, G, respectively. Thus we complete the
proof. 1

From now on, we denote as usual by p the right regular representation of G
on L?(G), that is,
(ps8) () = A(s)"/?¢ (8s)
for s,t € G, where A is the modular function of G with respect to left invariant

Haar measure ds. Let (Cy(G), G, T) be a C*-dynamical system, where 7 is the left
translation on Cy(G), that is,

() = f(s7'H)

for f € Cyp(G). Here we employ the result that there is an isomorphism ¢ from
(A Xar G) x5 G onto (A ® Cp(G)) X 4e:,G which carries the dual action &5 (=
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Ad(1, ®1®ps)) to Ad(1, ® ps ® 1) (see Lemma 6.1 in [14], or Proposition 3.1
in [8]). In fact, the isomorphism @ is defined by
o(5(7(a))) = (r@M)(a®1), ac A;
(5(1L, @A) =1 010A(f), feLY(G)
P(1, 010 M) =(TeM)(1,®g), g€ Co(G);
where 77 is a faithful representation of A, and it satisfies that
P(1,®1®ps)=1,0ps01, seG.

In the following lemma, we use this isomorphism @ for (£(X), G, 0) and we keep
the notation in Definition 3.1 and Proposition 3.2.

LEMMA 3.5. Let (L(X), G, 0) be the C*-dynamical system as in Lemma 3.4. Then
the above @:(L(X) xg, G) X5, G — (L(X) @ Co(G)) X 45,G is a componentwise
isomorphism which carries 5, to Ad(1, ®@ps @ 1).

Proof. We have only to show that @ is componentwise. Take any z = (% )
€ L(X) = (’CQX) X), any f € LY(G) and g € Cy(G). Since we see that 77, =

T 7T
(JC ~X>,wehave

B e (e M) (me My (1))
=(eeMyzel) = ((n sMI(Ge1) (r, ®M>~<sz®1>)'

? ((MLC o e A(f))))

—o (5 ((y 2)ean)) = oty )
—1z<x>®1®)\(f)—<1’c®1®/\(f) ° (f)>;

1, 1@ M, 0 B
(LM 0 ) et eromy
~ (1 ® 0
— (mew M) (e @) = (e (578 0 )

_ ((7()(®M>~(1)C ®g) 0 >
B 0 (raeM) (1,®g8))"

Hence @ is a componentwise isomorphism. 1§
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Consider the C*-dynamical system (Cy(G), G, T), where 7 is the left trans-
lation on Cy(G). Then it is well known, as the Stone-von Neumann theorem, that
there exists an isomorphism from the reduced C*-crossed product Cy(G) X,,G
onto C(L?(G)) (see Theorem C.34 in [15]). Define an action p of G on Cy(G) x1,G

by
Ps(x)(t) = x(ts)

for x € L'(Cy(G), G) (see Lemma 2.14). Then the above isomorphism carries s
on Co(G) X7, G to Adps on C(L?(G)). Hence the canonical isomorphism carries
the action 8 ® p of G on L(X) ® (Co(G) X, G) to the action 8§ ® Adp of G on
L(X) ®C(L*(G)) (cf. 7.7.12 in [13]). With the canonical identification (£(X) ®
Co(G)) X101, G = L(X) ® (Co(G) X1, G), we can identify Ad(1,, ® p ®1) with
6 ® p. Now it only remains to apply Imai-Takai’s duality to the C*-dynamical
system (£(X),G,6). Then the duality isomorphism carries the dual action 3, of
G on (L(X) x4, G) X5, G to the action 6§ © Adp of G on L(X) @ C(L*(G)), (see
Theorem 6.3 in [14] for the detail).

PROPOSITION 3.6. Let (L(X), G,0) be the above C*-dynamical system where G
is a locally compact group. Then (L(X) xg, G) x5, G is componentwisely isomorphic
to L(X) @ C(L%(G)), where & is the dual coaction of G on L(X) Xg, G. Furthermore
the isomorphism carries the dual action o, 100 ® Adp, where p is the right regular
representation of G on L%(G).

Proof. We remark that, as is well known, Co(L£(X), G) X ,,G is canonically
identified with (£(X) ® Co(G)) X 4.,G and the identification map is a compo-
nentwise isomorphism. Consider the isomorphisms @ : (£(X) xg, G) x; ,G—
(L(X) ® Co(G)) X 4G in Lemma 3.5 and ¥ : Co(L(X),G) X4, G — L(X)®
C(L?(G)) in Lemma 2.14. Then ¥ o @ gives a desired isomorphism. &

Now we define the dual action 5y of G on (X Xyr G) X5, Gby

oxs(2) = (1, ®1®p)2(1, @1 ®ps)*, ze€ (X Xyr G) X5, G.

LEMMA 3.7. Under the notation in Proposition 3.6, let 5, be the dual action of G
on (L(X) X, G) X5, G. Then 6 is componentwise, in fact, we have

~ 5. 5,
o, =& X,
: (‘52 5A>

Proof. By Lemma 3.4, we have

~[((K(X) XadyrG) X5, G (X Xpr G) X5, G
(L(X) xg,G) X5, G = ( (X x5, G) e (AxurG) x5, G



104 MASAHARU KUSUDA

Take any (é;‘) € L((X x4, G) X, G). Then we have

()
= Ad(1p @1® ps) <(ﬁ;~ z))

(1, ®1®ps 0 tox\ (1 ®@1®ps)* 0
N 0 1,210ps) \Y a 0 (1, ®1® ps)*

(Le®1@p)t(1e®@1®ps)* (L ®@1®@ps)x(1, @ 1@ ps)*
(Li@10p)y(le®@1®pes)" (14,®@10ps5)a(l,@1®ps)*

)
— é)Cs(t) é\s(x) é\sz 3;)(5 ((E X))
55{5(9/) 04 () 5;(5 5,45 Yy a
which shows the desired result. &

Now we are in a position to establish the main result in this section.

THEOREM 3.8 (Duality). Let (A, G, «) bea C*-dynamical system where G is a lo-
cally compact group, and let X be a Hilbert A-module. Suppose that 1 is an a-compatible
action of G on X. Then there exist a coaction 6, of G on A X4, G and a coaction
of G on X Xy, G such that the (A Xur G) X5, G)-Hilbert module (X Xy, G) X5, G
is isomorphic to the (A ® C(L?(G)))-Hilbert module X ® C(L?(G)). Furthermore the
isomorphism carries the dual action by to n ® Adp.

Proof. Since (L(X) xg,G) x5, G is componentwisely isomorphic to £(X) ®
C(L?(G)) by Proposition 3.6, taking the right upper corners of the linking alge-
bras L((X Xy, G) x5, G) and L(X ® C(L?(G))), it follows from Lemma 2.6 that
(X Xy G) Xs, G is isomorphic as a Hilbert C*-module to X ® C (L?(G)). Since
4, is componentwise by Lemma 3.7 and since so is also § ® Adp by definition,

it is easy to verify that the duality isomorphism carries the dual action Jy to
n®Adpe. 1

4. DUALITY FOR CROSSED PRODUCTS BY COACTIONS

In this section, we shall prove the duality theorem for crossed products of
Hilbert C*-modules by coactions of locally compact groups.

Let A be a C*-algebra and let §, be a coaction of a locally compact group
G on A. Suppose that X is a right A-Hilbert module with a nondegenerate J ,-
compatible coaction éy of G. First we need to establish a canonical coaction of G
on KC(X) associated with dy. Recall that for given x,y € X, the operator @y, on
X is defined by O, (z) = x - (y,z), for z € X, and that (X) is the C*-algebra
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generated by those operators Oy ,. Given a coaction dy of G on X, we define a
linear map 6, on K(X) by

5k (Oxy) = Os, (x),6x()

for all x,y € X. Lemma 4.1 below is shown in Proposition 2.8 in [2] in a spatial
form of 4, based upon representation theory of Hilbert C*-modules. Of course,
it is possible to give its direct proof without use of the representation theory of
Hilbert C*-modules. But the direct proof is long and is a little bit complicated.

LEMMA 4.1. Suppose that 6y is nondegenerate. Then ). above is a nondegenerate
coaction of G on K(X). Furthermore, 8y is 6,.-compatible.

Let X be a (right) A-Hilbert module. From now on, we regard X asa K(X) —
A Hilbert bimodule and we consider only J, above as a coaction of G on K(X).
Then the linking algebra £(X) for X is givenby L(X) = ( ’C%X) ﬁ ) . The following
result is Lemma 2.22 in [6].

LEMMA 4.2. Let 6, be a nondegenerate coaction of G on A and let 6y be a non-
degenerate J ,-compatible coaction of G on X. Then 6, = (g’; gj ) is a nondegenerate
coaction of G on L(X), where 6 is defined by 6, (X) = dx(x) for x € X.

As in Section 3, we denote again by p the right regular representation of G
on L%(G), that is, (ps&)(t) = A(s)'/?&(ts) for s,t € G, where A is the modular

function of G with respect to left invariant Haar measure ds. For each f € L!(G),
we set

p() = [ fls)puds.
G

If no confusion is possible, we write p(f) for p(f). Let J, be a nondegenerate
coaction of G on a C*-algebra A. Without loss of generality, we can assume that
the C*-algebra A is concretely represented on a Hilbert space H,, and also we
denote by 1, the identity of the multiplier algebra M(A) of A. We define 8 ,,, =
Ad(1, ® ps) which gives an action of G on A x;, G. Then we define a faithful
representation 77 of A x5, Gon L*(L*(H,,G),G) (= L*(H,, G) @ L*(G) = (H,®
L2(G)) @ L*(G) ) by

(A(2)E)(s) = a5 (2)(E(s))
forz€ Ax;, Gand ¢ € L%(L*(H,4,G),G).

DEFINITION 4.3. Let J, be a nondegenerate coaction of G on a C*-algebra A
and let 0 be a nondegenerate ¢ ,-compatible coaction of G on a Hilbert A-module
X. We assume that A and KC(X) are concretely represented on a Hilbert space H ,
and on a Hilbert space H,., respectively. Then X can be concretely represented
into B(H,, Hy). Here we remark that the (K(X) x;. G) — (A x5, G) Hilbert
bimodule X x; G is concretely represented into B (L2(H,,G),L*(H,G)) and
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that the inner products are then given by
K(X)deG<x/y> =xy* and <x/y>A><§AG =x'y
for x,y € X x5, G. Then we define the dual action 5y of G on X x4, G by

SXS(') =1 ®ps)(-)(1a®ps)”
for s € G which gives an action of G on X x; G. We define a representation 7y
of X x5, G into B(L*(H,,G) ® L*(G), L*(H,, G) ® L*(G)) by
(Tx(2)8)(5) = 0xs ' (2)((5))
forz € X x5, Gand ¢ € L?(L?(H,4, G), G). Similarly, we define the dual action 3y,
of Gon X X5, G and a representation 77; of X X5, G.

LEMMA 4.4. Let 6, and gg be as above. Then by is (8,0, )-compatible and 3}? is
(8,8, )-compatible.

Proof. By symmetry, if we show that 8 is (é, ,)-compatible, then (3, 5, )-
compatibility of J;, follows. Hence we will show only that dy is (., J,)-compatible.
In fact, for x,y € X X sy Ganda€e A X5, G, we have

Oxs(xa) = (1 ®@ ps)xa(l, ® ps)
= (1c @ ps)x(1, @ ps)* (1 @ ps)a(l,y ® ps)* =dxs(x)d4(a);
<5Xs(x)rng(y>>Axoxc = AXs(x)*gx (v)

5 S
= (e ®@ps)x(1, @ p5)") " ((1e @ ps)y (14 ® ps)”)
(La®ps)x"y(1, ®@ps)" = (/S\As(<x/y>A><5XG)'

Thus we see that 8y is &, 4-compatible. Similarly 5, c-compatibility of 6 can be also
shown. 1

From now on, as a nondegenerate coaction §, of G on £(X), we consider
only

LEMMA 4.5. Let 6, be the above nondegenerate coaction of G on L(X). Then we
see that 5, = <‘i’c ox > , and we have
35 04

(L£(X) x5, G) x5

o G= C(X X5X G) Xgﬁ,r G= ,C((X X§X G) ngﬂ’ G)
B ((IC(X) x5, G) X5 G (X x5, G) X5or G)

(X x5 G) %54 G (Axs,G) x5 G

VA
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Proof. Since L(X) x5, G = L(X X;, G) by Appendix: Remarks (4) in [7],
the first equality in the second assertion follows.

Now we show the first assertion. Take any (;;)6 L(X)xs,G. Then we
have

5o (5 3)) = ewm@ed (§ 3) a2

<1,C®ps 0 >(t x)<(1K®Ps) 0 )
0 1,@ps) \y a 0 (1, ®ps)*

A
<(1/< ®ps)t(1e @ ps)*  (1x ® ps)x 1A®p5)*>
(1La@ps)y(le ®@ps)* (14 ®@ps)a(l, @ ps)*

- (30 )= (e ) (G )

which shows the first assertion.
The second equality in the second assertion follows from the remark follow-
ing Proposition 2.11. 1

Let A be a C*-algebra with a nondegenerate coaction 6, of G. Here we em-
ploy again the notation in the paragraph preceding Definition 4.3. Note that there
is an isomorphism @ from A ® C(L%(G)) onto (A X L, G) 5ur G (for example, see
page 768 in [14]), and that @ is given by the correspondences between generators:

P(04(a)) = 7(04(a)), a4
P(1,® Mf) =71(1, ® Mf), f € Co(G);
@(1,®p(3)) =1,@1@A(g), geL'(G).

We define a dual coaction ?A of Gon (A x5, G) X5 G by

3A(Z) =(1L®1W)(z®@1)(1,©10 W)
forz € (A Xy " G) X3 or G, which is a nondegenerate coaction of G (see [12]).

Furthermore we define also a coaction § of G on A ® C(L%(G)) by
g(z) = (La@W:)(([d®o)o (6, ®id))(z)(14 ® We)
for z € A® C(L%(G)), where ¢ is the flip map from C;(G) ® C(L?*(G)) onto

C(L2(G)) ® C/(G). Then the inverse @1 of @ carries the dual coaction 3, of
Gon (A xs, G) X5 or G to the coaction 6 of G on A ® C(L?(G)) (see Theorem 8 in

[12]). Now we apply this fact to £(X) with a nondegenerate coaction d. of G.
LEMMA 4.6. Let L£(X) be the linking algebra for a Hilbert A-module X. Suppose

that 8 is the above nondegenerate coaction of G on L(X). Let @ be the isomorphism
above from L(X) @ C(L*(G)) onto (L(X) x5, G) X5, G. Then @ is a componentwise
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isomorphism from £L(X @ C(L2(G))) onto L((X x5, G) XS G). Furthermore, ®~!
carries the dual coaction ?L of G on (L(X) x5, G) X5, G to the coaction &, of G on
L(X) ®C(L*(G)), that is, (d~! ®id) 03} =000 L,

Proof. We may assume that A is concretely represented on some Hilbert
space H,, and that (X) is also concretely represented on some Hilbert space
Hy.. Then we can assume that £(X) is concretely represented on H = H, & H .
Consider a (faithful) representation I'T of £(X) X, G on L*(L*(H,G),G) (= (H®
L%(G)) ® L?(G)) defined by

(I(2)8)(s) = 605 (2) (E(s))
for z € L(X) xs, G. The representation 77, of A x5, G on L%(L*(H,,G),G) (=
(H, ® L?(G)) ® L2(G)) is defined by

(Fa(2)E)(s) = 8,5 (2)(E(s))

forz € A x5, G and the representation 77, of K(X) X, G is also similarly de-
fined. Let 7Ty and 77, be as in Definition 4.3. Then we claim that

- (?K @)_
Ty Ts
For (;»f;) € L(X) x5, Gand § = @ Fy € L*(H, ® H,,G), in fact, using
Lemma 4.5, we have

(G o= (G 2))s0= (5 5200) 0
“(Rmmemenn)-(Go Z@)e
which implies that IT = (T’C x ) :

g Ty
The isomorphism @ is given by the correspondences:

P(3.(2)) = T1(8,(2)), z € L(X);
(1,5 ® My) = (1, @ My);
‘p(lc(x) ®p(g)) = lyxn®1® A(g)-

Recall again that we can identify £(X) ® C(L?*(G)) with £(X ® C(L%(G)))
by Lemma 2.3. Then we have

*((G o)) =2 (= (s

n (50 5D)- (G B

=
N———
N—
N———
|
S
—~
<,
o
—~
N
~
Il
=
<>,
o
—~
N
~
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= L O M | = @(1 M
- 0 1, ® My | = P15 ® My)

. ~ 1 0
:H(lc(x) ®Mf) =1I (((f 1A) ®Mf)

0 1A®Mf 0 ﬁA(]‘A@Mf) !

®<<1K®(§)<g) 1A®0p(g))> = ((15 1OA> ®P(8)) = D1z @ 0(8))

1, ®10A(g) 0

Hence @ is a componentwise isomorphism. 1

We define a (dual) coaction EAX of Gon (X x5, G) X5 G by
0x(z) = (1, @10 W) (z®1)(1,® 10 W)
forz € (X x5, G) XGor G, which is a nondegenerate coaction of G. We define a
coaction &y of G on X ® C(L2(G)) by
Ox(z) = (L @ We™)((i[d @ 0) 0 (05 ®id))(2) (14 © W)

for z € X ® C(L*(G)), where ¢ is the flip map from C;(G) ® C(L?*(G)) onto
C(L%(G)) ® C}(G).

Now we are in a position to establish duality for crossed products of Hilbert
C*-modules by coactions.

THEOREM 4.7 (Duality). Let A be a C*-algebra and let §, be a nondegenerate
coaction of a locally compact group G on A. Suppose that X is a Hilbert A-module
with a nondegenerate ¢ ,-compatible coaction 6y of G. Then there exists a dual action
dx of G on the crossed product X x5, G such that the ((A x5, G) X5 G) -Hilbert
module (X X5, G) X5 G is isomorphic to the (A ® C(L?(G)))-Hilbert module X ®

C(L2(G)). Furthermore, the isomorphism carries 5y to dy.

Proof. By Lemma 4.5, we can identify (£(X) x5, G) x 5o G with

(K(X) x5, G) x5 G (Xx4,G) x5 G
o - y K X7
»C((X X5X G) X(SX,r G) - ( (X X5 G) X3~ G (A x5 G) Xg G
b¢ b A

AT

Since £(X ® C(L*(G))) is componentwisely isomorphic to £((X x5, G) X5 . G)
X7

by Lemma 4.6, taking the right upper corners of those linking algebras, it follows

from Lemma 2.6 that (X x5, G) X5 o G is isomorphic to X ® C(L?(G)).
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It remains to show that 4. « 1s carried to ESVX by such an isomorphism. Let
b, and &, be the dual coactions of G on (K(X) X5 G) X5 G and on (A xs,
G) x 5o G, respectively. Take any

t x
- (}7 a) € L((X x5, G) x5, C).
Then we have

XL(Z) = (1L(X) ®1RW)(z® 1)(1£(X) @1 W)
g (e ®1OW, 0 t®l x®1
0 1,01 W, Yyl a®l
_ (@10 We)(t®1)(1,010Ws")  (1,810W,)(x®1
(1,@10We)(721)(1,010Ws*) (1,010W,)(a®1
5

_ ( (1) §X<x>>
3(y) dala)
which shows that Ec is componentwise.
On the other hand, since we see that
. (dr®id by ®id
O @id = <5ﬁ®id 54 ®id)
on £L(X)®C(L%(G)) = L(X®C(L*(G))), §, ®id is componentwise. Further-
more it is easy to verify thatid ® ¢ : £(X) @min (C;(G) @ C(L?(G))) — L(X) @min
(C(L*(G)) ® C;(G)) is a componentwise isomorphism. Since Ad (1, ® Ws*) is
a componentwise isomorphism on £(X) ®min (C(L%(G)) ® C;(G)), we see that
0p(2) = (I @ Ws")(id @ 0) (8, ®id)(2) ) (1,5 ® W) is also componentwise.

X

)(1A®1®Wc*)>
) (1, @10W*)

Since @ ! is componentwise, so 1s (¢~ 1®id) o o, = . = 0,0 ® 1. This means that

the duality isomorphism carries (5 tooy. W

REMARK 4.8. Let (A, G, «) be a C*-dynamical system. Recall that every C*-
algebra A can be regarded as a Hilbert A-module in the usual way (see Exam-
ple 3.5 in [15]). Then « is an a-compatible action of G on the Hilbert module A.
Then Theorem 3.8 coincides with Imai-Takai’s duality. For the coaction case, sim-
ilarly we consider the Hilbert A-module A with a nondegenerate ¢ ,-compatible
coaction 6, of G. Then Theorem 4.7 coincides with Katayama'’s duality [12].
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ADDED IN PROOFS. As is mentioned in Section 1, by applying Theorem 3.8 (Duality)
in this paper, we can give a proof of the duality theorem for crossed products of Hilbert
C*-modules by abelian group actions. Such a proof is shown in the author’s paper entitled
An alternative proof of the duality theorem for crossed products of Hilbert C*-modules by
abelian group actions, Tech. Rep. Kansai Univ. 48(2006), 111-117.



