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AN EXTENDED CLASS OF INTEGRABLE OPERATORS

LEV SAKHNOVICH
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ABSTRACT. We consider an extended class of the integrable operators. This
class is connected with the class of the Riemann-Hilbert problems. We show
that the solution W(z) of the Riemann-Hilbert problem coincides with the
monodromy matrix of the corresponding differential system. It follows from
this result that W(z) can be represented in two forms:

1. In the form of the transfer matrix function.

2. In the form of the multiplicative integral.

The analogues of the Plemelj formulas are deduced in the paper for limiting
values of the multiplicative integral W(z).

KEYWORDS: Riemann—Hilbert problem, differential system, monodromy matrix,
multiplicative integral, triangular factorization.
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1. INTEGRAL OPERATORS AND RIEMANN-HILBERT PROBLEMS

We consider the operator S which acts in the space L% (a,b) and has the form

()5 (¢)

. b
(1.1) S = Li(0)f(x) + 5PV, [ AEIE pg)a,

where Lq(x), Fi(x), F2(x) and f(x) are matrix functions of the orders k x k, k x
m, k x m and k x 1 respectively. The symbol P.V. indicates that the integral is
understood as principal value. We suppose that all the entries of L1 (x), F; (x) and
F,(x) are measurable functions and that the following conditions are fulfilled:

(I) For some M; we have
(1.2) ILCON + IE () + [[R2(0)]] < My, a<x<b.
(II) The operator S is invertible and the matrix functions

(1.3) Gi(x) =S7'F, Gy(x)=(S")""F,
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are such that for some M, we have

(1.4) 1GL ()] + 1G2(x)[| < M2, a<x <D

In (1.3) and below, we understand that the operators on matrix valued func-
tions act column-wise.

REMARK 1.1. The operator V defined as
—+o0
(1.5) Vf= %P.V. / %dt, f(t) € L?(—c0, +0)

is unitary in the space L?(—co, +c0). This fact and condition (1.2) imply that the
operator S is bounded.

Let us introduce the operators

1 1
1.6 Ig = ——=F(x)g, Ihg=—-i——h(x)g,
(1.6) 18 = =hilxg The = —i7=h(x)g
where g are constant m x 1 vectors. Now we can write the operator identity
(1.7) QS —SQ =IKLII3,
where Qf =xf(x), f(x) € L2(a,b). From the operator identity (1.7) we obtain that
(1.8) TQ - QT = IiT3,
where T = S~! and
1 1
1.9 hg=TILg= Gi(x)g, Ihg=T'Ihg=—i Ga(x)g.
(19 Iig 18 = =Gilxg g 28 = i =Gax)g
Using relations (1.1), (1.6) and (1.9) we deduce that
b
i G1(x)GH(t
(1.10) Tf=Ly(x)f(x)+ —PV. / Mf(t)dt,
2n t—x
a
where
(1.11) IL2(x)]] € M3, a<x<b.

REMARK 1.2. (i) The operators S of the form (1.1) were investigated in the
article [8] by the operator identity method. These operators are connected with
the spectral theory of the non-self-adjoint operators (see [8], [12]). Later in the
work [5] the important subclass of the operators S, when

(1.12) k=1, L(x)=1, F((x)F(x) =0,

was studied in detail. The operators of the class (1.12) are called integrable opera-
tors [1]-[3], [5]. We use the term integrable operators for a wider class of operators
S of form (1.1).
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(ii) The introduced operators S and T are connected with a certain Riemann-
Hilbert problem (RHP). For different partial cases this connection was investi-
gated in a number of papers (see [1]-[3], [5]).

Now we consider the general case (1.1). We use the m x m matrix functions:
(1.13) W(z) = Iy — I} (Q — zI) Ty,
(1.14) V(z) = Ly +I1I5(Q — zI) 1.

Formulas (1.13) and (1.14) are realizations of W(z) and V(z). It means that W(z)
and V(z) can be interpreted as the transfer matrix functions. Due to (1.6), (1.9)
and (1.13), (1.14) we can rewrite W(z) and V(z) in the form

1 [ Gi(OR(t
(1.15) W(z) = In+ 5 / %dn
(1.16) V() = by g [ UG

It is known (see Chapter 1 of [11]), that

(1.17) W(z)V(z) =Ln, z¢|ab].
We define V. (x) by the equalities
(1.18) Vi(x) =limV(z), z=x+1iy, y—=0.
It follows from relation (1.16) that (see Chapter 2 of [7]).
119 Vi(x)—V-(x) = —E(®)G(x),
(1.20) Vi (x) = Iy — SEf(x)Ga (x 5PV /FZ
2 t—x

By comparing formulas (1.1), (1.20) and SG; = F; we obtain the equality

(1.21) ROOV: () = [Li(3) ~ 3R (0B ()] Gi(x).

LEMMA 1.3 (see [8]). Let conditions (I) and (II) be fulfilled. Then the following
equalities are true:

(1.22) lim el"QSe 1Qf — [Ll (x) F %Fl(x)Ff(x)]f, u— £ oo,
(1.23) lim e"QTe Qf = {Lz(x) + %Gl(x)Gﬂx)]f, u— =+ oo.

Using relations ST = [ we deduce that

(1.24) [11() F 3R0E ()] [La(0) £ 561(0G5 ()] =
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According to (1.24) the following relations

(1.25) det[Ly (x) F 71 (x)F3 ()] 20,
(1.26) Li(0)La(x) ~ JR()F ()G (1)G (x) = I,
(1.27) L1(x)G1(x)G3 (x) = Fi(x)F (x)L2(x),
are valid. It follows from (1.21) and (1.25) that equality

-1
(128) Gi(x) = [La(x) - %Fl(x)p;(x)} B (x)V (x)
is true. From relations (1.19) and (1.28) we deduce that
(1.29) Vo (x) = u(x)Vy(x),
where

-1

(1.30) u(x) = b+ @[ - 3AOBEE] A,

So we have proved the following assertion.

PROPOSITION 1.4. Let the conditions (1), (II) be fulfilled. Then V (z) defined by
relation (1.16) solves the following m x m matrix Riemann—Hilbert problem:
(i) matrix function V (z) is holomorphic for z#z.
(ii) im V(z) = Ly, z—oc0.
(i) V_(x) = u(x)V4(x), x € (a,b).
We can add to Proposition 1.4 the following assertion.

PROPOSITION 1.5. Let the conditions (I), (II) be fulfilled. Then the inequality
(1.31) detu(x)#0
is true and the solution V (z) of RHP (i)—(iii) is unique.

Proof. From formula (1.15) we deduce that the limit matrices W, (x) and
W_(x) exist. Hence the matrices V, (x) and V_(x) are invertible (see (1.17)). From
this fact and relation (1.29) we obtain inequality (1.31). Suppose that RHP (i)—(iii)
has another solution V(z). Then the matrix function V(z)V~(z) has no jumps
across the segment [a, b] and

(1.32) V(z)V Y z2)—=1,, z—00.
This means that V(z) = V(z). The proposition is proved. &

2. EXAMPLES AND APPLICATIONS

In this section we show that a number of concrete examples satisfy condi-
tions (I) and (II) of the previous section. We remark that the examples of this
section are encountered in many applied and theoretical problems.
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EXAMPLE 2.1. Let us consider the case when

(2.1) Ly(x) = La(x).

In view of (1.27) we have

2.2) F(x)E (x) = G1(x)G3 ().

We introduce the notations

(2.3) Li(x) = L(x), F(x)F3(x) = B(x)
and suppose that

(24) L(x) >0, B(x)=B*(x).

It follows from (1.26) and (2.3) that

1
2

Lo
2.5) L(x) = [+ 7B2(®)]
Case (2.1)—(2.4) plays an essential role in the spectral theory of non-selfadjoint
operators (see [8], [9]).
EXAMPLE 2.2. Let us consider the case when
(2.6) Li(x) =L, F(x)F(x)=0.

This case is used in the random matrix theory (see [5], [13]). According to (1.30)
and (2.6) the matrix function u(x) takes the form

(2.7) u(x) = Iy + E5(x)F (x).
From (2.6) and (2.7) we deduce the next assertion.

PROPOSITION 2.3. Let conditions (2.6) be fulfilled. Then the following equality
is valid:

(2.8) [u(x) — Iy)* = 0.

Relation (2.8) implies that all the eigenvalues of u#(x) are equal to 1 and so
(2.9) detu(x) = 1.
It follows from (2.7) that
(2.10) u N (x) = Ly — F5 (x)Fy (x).
Hence the matrix function W(z) =V ~1(z) gives the solution of the following RHP
(2.11) Wi (x)ut(x) = W_(x).

EXAMPLE 2.4 (Ising chain). The problems of Ising chain are connected with
the operator (see [1], [2])

x)JFE(t)

x—t

2.12) Sf = f(x) +va/ F(t)dt,
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where
(2.13) F(x) = y/a(x)[e™™, —e™], a(x) =tanh(BV1— x2).

The matrix | has the form

o6 [0,

We note that

(2.15) X)JF (1) = yJax) Ja(t) el — e, pr = .

Comparing formulas (2.6) and (2.15) we have
(2.16) Ba(x) = —F(x)].

It is easy to see that in Example 2.4 conditions (I) and (II) of Section 1 are
fulfilled. We remark that in the considered case

(2.17) Ga(x) = —(8") TR(%)].
Proposition 1.4 implies the assertion.

PROPOSITION 2.5. Let conditions (2.13) and (2.14) be fulfilled. Then the matrix
function

Gy (t)F(t
2.18) W(z) = b +i/2517;()dt,
-1
is the solution of RHP (2.11), where

(2.19) o(x) =u"'(x) = [ al(gg—(fﬁu ]”(xﬁfj;u

and a(x) = tanh(Bv'1 — x2).

3. DIFFERENTIAL SYSTEMS

3.1. We consider the operator S; which acts in the space Li (a,&) and has the form

xX)JF{(t)

x—t

(3.1) Sef = f(x) +—fV/ F(Hdt,

wherea < x < ¢ < b, ] is a constant m x m matrix. We suppose that S; satisfies
conditions (I) and (II) of Section 1 and

(3.2) Fi(x)JEf(x) =0, a<x<b

The operators Sg of form (3.1), (3.2) play an important role in the random matrix
theory [1], [2], [13].
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PROPOSITION 3.1. The operator SE1 has the form

63) S71f = flx PV/Qxfﬁ D p(rya,

where

(3.4) Gi(x,8) = S;'Ri(x), Gax) = —(8*) 'R(x)].
Proof. Using equalities (1.27), and (3.2) we have

(3.5) Ly(x) =1, Gi(x,&)JGi(x,&) =0, a<x<¢.

In view of (1.10) and (3.2) relation (3.3) is valid. The proposition is proved. 1
According to (2.7) and (2.16) we have

(3.6) u(x) = I+ A(x),
where
(3.7) A(x) = JF (x)F (x).

We introduce the matrix function

(3.8) r(x) = I+ 3 A(x).
It is easy to see that

(3.9) u(x) = r*(x).

3.2. Let us consider the m x m matrix function

¢
(3.10) BE) = 5 [ F(x)Gi(x5)dx

We suppose that the operator S; admits the triangular factorization (see Chapter 4
of [4], and [10]), i.e. Sj can be represented in the form
(3.11) S, =5-S4,

where S*!, S are bounded operators and

+1 +1 +1
SHp: = PeSTIP;,  QeST! = QrSTQ,

where Qs = I — Pg, Pef = f(x),a <x <dand Psf =0, <x < b, f(x) €
L2(a, b). From relations (3.10) and (3.11) we deduce the next assertion.

LEMMA 3.2. If the operator Sy, admits the triangular factorization (3.11) then the
matrix B(x) is absolutely continuous and

(312) H(x) = SB(x) = 5-g (x)h(x),
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where

(3.13) g(x) = (S%)"'F, h(x)=S_'F.

Now let us consider the system of the equations

X
(3.14) W(x,z) = I+i]/iB_(é2W(§,z).
a
PROPOSITION 3.3. The monodromy matrix W(b,z) of system (3.14) coincides

with the solution W(z) of RHP (2.11), (3.6) and (3.7).

COROLLARY 3.4. The integral system (3.14) is equivalent to the differential sys-
tem

dW(x, z) _ iJH(x)

(3.15) P p—

W(x,z)

with the boundary condition W(a,z) = IL,. Here the matrix function H(x) is defined by
relation (3.12).

Due to (3.14) the following relation

(3.16) W(x,z):HMlT(xuMzigx)Jr”.

is fulfilled in the neighborhood of z = cc. It follows from (3.15) and (3.16) that

(3.17) M (x) = iJB(x).

THEOREM 3.5. If the operators Sg, (a < ¢ < b) are invertible in the correspond-
ing spaces L2(a, &) and the kernel

F Fr(t
(3.18) k(x,t) = BE®)JH®)
x—t
satisfies the condition
b b
(3.19) / / 1k (x, £)||2dxdt < oo,
aa

then the operator Sy, defined by relation (3.3) admits the triangular factorization (3.11).

This theorem follows directly from the M.G. Krein theorem (see Chapter 4
of [4]).

REMARK 3.6. The operators Sg of Example 2.4 satisfy the conditions of The-
orem 3.5.
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4. LIMITING VALUES OF THE MULTIPLICATIVE INTEGRAL

Let B1(x) and B2(x) be k x m matrix functions (k < m). We consider the
canonical system of the form

4.1) %W(x,z) = %W(x,z), W(a,z) = Iy,

where H(x) = Bj(x)B2(x),a < x < b. Systems (4.1) play an important role in
the theory of non-selfadjoint operators [9], in the Riemann-Hilbert problem [1]-
[3], [5], [8], in the theory of random matrices [1]-[3], [12], [13]. The solution of
systems (4.1) can be represented in the form of the multiplicative integral

X
)

4.2) W(x,z) = /eﬁdE(”,

a
X
where E(x) = [ H(t)dt. The multiplicative integral is defined by the relation
a

b
2

4.3) / fAEM) —  fim o (bimD)AE(t1)of (ta-2)AE(ti-2) . . of () AE(to)
max Atj—0
a
wherea = tg < t; < --- < t; = b. The analogues of the Plemelj formulas were
deduced for the limiting values
4.4) Wy(b,o) = lini10W(b,z), z=0+1iy
y—)

of the multiplicative integral (see Chapter 1 of [9]). It was in particular supposed
that the matrix function H(x) for each x is linearly similar to a certain selfadjoint
matrix. Now we shall consider the case when

(4.5) B2(x)Bi(x) = 0.
It follows from (4.5) that
(4.6) [H(x)]*> = 0.

Thus the matrix function H(x) is a nilpotent one and hence it is not similar to
a selfadjoint matrix function. In this case as well the analogue of the Plemelj
formula is true [12].

LEMMA 4.1. Let the k x m matrix functions By (x) and By(x) be continuous on
the segment [a, b] and satisfy the estimates

(x)Bi(t) H

@7 B <M, (k=1,2); Hﬁzx_t <M, a<x, t<b.

Then there exist the limits

(4.8) Vi(x,0) = linlO[W(x,U +iy) — W(x, o —1iy)],
y—
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4.9) Va(x, o) = limO[W*1 (x,0 +iy) — W l(x, 0 —iy)],
y—+

and for some M the following inequality is true:

(4.10) |Vi(x,0)|| < My, (k=1,2).

THEOREM 4.2. Let the conditions of Lemma 4.1 be fulfilled. Then the equalities
are valid:

@) Vi(xe) = lim / e E() (2 H () / esdE)),
ot o+e p
3 T L -1 . N 1 -1
(4.12) Va(x,0) :Slilil(](/e”*de(t)) (217IH(U))( / eaftdE(f)> :
a o+e

Herea < ¢ < x,E(x) = fo(t)dt. Lemma 4.1 and Theorem 4.2 follow
directly from results of our papera[12].

REMARK 4.3. Equality (4.11) can be written in the form
lirEO(W(x,(f +iy) — W(x, o —1iy))

y

4.13) — lim (/e%dE(t)(efinH(a) _ i)y /eﬁdE(t))

'  e—0 :
o+¢€ a

Here we use relation (4.6).

PROPOSITION 4.4. Let the conditions of Lemma 4.1 be fulfilled. The correspond-
ing matrix u(x) satisfies the relation

(4.14) (u(x) —1)?>=0.

Proof. Let us consider W(z) = W(b, z). From (4.8),(4.9) and (4.11), (4.12) we
deduce that

(4.15) Wit (x) = W2 (x)] - [Wo (x) — W- (x)] = 0.
Due to (2.11) and (4.15) the following relation holds:
(4.16) 2Ly —u(x) —u"t(x) = 0.

The last equality can be written in form (4.14). The proposition is proved. &

Thus under some additional conditions we deduce the formula (4.14) from
(4.6).

4.1. OPEN PROBLEM I. Find the conditions under which formula (4.6) follows
from (4.14).
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5. PARTIAL SOLUTION OF OPEN PROBLEM I

EXAMPLE 5.1. Let us consider the case when

61) =10 1)

(5.2) u(x) = [ —4?(x) (P(zx) } , 0<x<r,
where |¢(x)|?> = 1. We remark that u(x) has form (2.7), where
(5.3) F(x)=[1,-¢(x)], FE(x)=Hh(x)].
Using (5.3) we obtain the relations:

(54) Fy (x)JF (x) = 0,

(5.5) R (x)JF (t) = ¢(x)¢"(£) — 1.

Thus in case (5.3) we deduce from (3.1) and (5.5) that the operator S has the form
i o feet -1
. = —PV. [ ———————f(t)dt.
(5.6) S:f f@)+2ﬂPV!Q P

The fact that the operator V defined by (1.5) is unitary implies that in the space
L%(0,¢) we have

(5.7) Sg > 0.

Further we suppose that the operator S, is invertible in L?(0,r). So the operators
Se, ¢ < rare invertible in L?(0, ¢) as well.

REMARK 5.2. If ¢(x) satisfies Holder condition |¢p(x) — ¢(t)| < [x —[*,0 <
& < 1, then there exists such r > 0 that S, is invertible in L2(0, 7).

Using relation (3.4) we have

. ¢ e
(5.8) qgm+§ﬁv/ﬂﬂggﬁi@@om:auy
0
where
(5.9) (g, x) = [@1(5,x) P2(E,x)].

It follows directly from (5.3) and (5.8) that

. ¢ e
(5.10) ©ﬂ§ﬂ+§%Hv/£g%%%—l®ﬂ§0d:1,
0
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. ¢ e
(5.11) D (E,x) + il’.\/. / %%(éﬂdt = —¢(x).
0

Let the function @1 (¢, x) be the solution of equation (5.10). It is easy to see that

the function [—¢(x)®P1 (&, x)] satisfies equation (5.11), i.e.

(5.12) D2(G,x) = —¢p(x)P1(E, x).

Hence formula (3.10) takes the form:

L wen) e v
(5.13) B() = 5 / dx.
0 L —¢(x)@1(Gx)  Di(Gx)
We suppose that ¢(x) satisfies Holder condition and 1/2 < a. Hence the operator
S, admits the triangular factorization (see Chapter 4 of [4] ). Comparing formulas

(3.12) and (5.13) we deduce the representation

(5.14) H(x) =B'(x) =a(*) | w4

1 ela(x) ‘|

where a(x) = |h1(x)|*>>0, a(x) = a(x). Due to (5.14) we have the following
assertion.

PROPOSITION 5.3. Let the matrix function u(x) have form (5.2). Then the matrix
JH(x) is nilpotent and
(5.15) [JH(x)]? = 0.

Proposition 5.3 gives a partial solution of Open Problem I.

REMARK 5.4. The special case of Example 5.1, when ¢(x) = e?"*,u = 1,
plays an important role in the theory of random matrices (see [1], [2], [12], [13]).
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