]. OPERATOR THEORY © Copyright by THETA, 2009
62:2(2009), 327-340

A REPRESENTATION THEOREM FOR
COMPLETELY CONTRACTIVE DUAL BANACH ALGEBRAS

FARUK UYGUL

Communicated by Kenneth R. Davidson

ABSTRACT. In this paper, we prove that every completely contractive dual
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ator space of completely bounded linear operators on some reflexive operator
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1. INTRODUCTION

A Banach algebra 2 which is a dual Banach space is called a dual Banach
algebra if the multiplication on 2 is separately w*-continuous. All von Neumann
algebras are dual Banach algebras, but so are all measure algebras M(G), where
G is alocally compact group, and all algebras B(E), where E is a reflexive Banach
space. Of course, every w*-closed subalgebra of B(E) for a reflexive Banach space
E is then also a dual Banach algebra. Surprisingly, as proven recently by Daws
[4], every dual Banach algebra arises in this fashion.

A completely contractive dual Banach algebra is a Banach algebra which is
a dual operator space in the sense of [5] such that multiplication is completely
contractive and separately w*-continuous. Then von Neumann algebras are ex-
amples of completely contractive dual Banach algebras. Also, whenever 2 is a
dual Banach algebra, then max 2 [5] is a completely contractive dual Banach al-
gebra. If G is a locally compact group, then the Fourier-Stieltjes algebra B(G)
[6] is a completely contractive dual Banach algebra which, in general, is neither
a von Neumann algebra nor of the form maxB(G). In the present paper, we
prove an operator space analog of Daws’ representation theorem: if 2 is a com-
pletely contractive dual Banach algebra, then there is a reflexive operator space
E and a w*-w*-continuous, completely isometric algebra homomorphism from 2
to CB(E), where CB(E) stands for the completely bounded operators on E (see
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[5]). We would like to stress that even when 2l is of the form max 2l for some dual
Banach algebra 2, our result is not just a straightforward consequence of Daws’
result, but requires a careful adaptation of his techniques to the operator space
setting. The construction of such a reflexive operator space heavily relies on the
theory of real and complex interpolation of operator spaces defined by Xu [15]
and Pisier ([10] and [11]), respectively.

This representation theorem is somewhat related in spirit to results by Gha-
hramani [7] and Neufang, Ruan, and Spronk [9]: in [7], M(G) is (completely)
isometrically represented on B(L?(G)), and in [9], a similar representation is
constructed for the completely contractive dual Banach algebra My, (A(G)) con-
sisting of the completely bounded multipliers of the Fourier algebra A(G) . We
would like to emphasize, however, that our representation theorem neither im-
plies nor is implied by those results: B(L?(G)) is a dual operator space, but not
reflexive.

2. PRELIMINARIES

2.1. DUAL BANACH ALGEBRAS AND OPERATOR SPACES.

DEFINITION 2.1. A Banach algebra 2 is called a dual Banach algebra if it is a
dual Banach space and the multiplication on 2 is separately w*-continuous.

EXAMPLES 2.2. (i) Every von Neumann algebra is a dual Banach algebra.
(i) If E is a reflexive Banach space, then B(E) is a dual Banach algebra with
the predual E* ®,, E, where ®,, represents the projective tensor product of Banach
spaces.
(iii) If G is a locally compact group, then the measure algebra M(G) and the
Fourier-Stieltjes algebra B(G) are dual Banach algebras with preduals Cy(G) and
C*(G), respectively.

DEFINITION 2.3. An operator space is a linear space E with a complete norm

| - ||x on M, (E) for each n € N such that
x| 0
S = maxtih ) e x e M)y € Ma(E)),
y n—+m
®2) acxpll < el IxIallBll (1 €N, x € My(E), o, € My)

EXAMPLES 2.4. (i) Every closed subspace of B(H), where H is a Hilbert
space, is an operator space.
(i) If G is a locally compact group, then the group algebra L!(G), the measure
algebra M(G), the Fourier algebra A(G), and the Fourier-Stieltjes algebra B(G)
are operator spaces.

R 1) ]
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DEFINITION 2.5. Let Ej, Ey, and F be operator spaces. A bilinear map T :
E; x Ey — F is called completely contractive if

ITllep := sup [T <1,

ny,npeN

where

T0nm2) s My, (E1) % Miy(E2) — Mugny (F),  ((x17), (Y1) = (T(xi, vien))-

DEFINITION 2.6. A completely contractive Banach algebra is a Banach algebra
which is also an operator space such that multiplication is a completely contrac-
tive bilinear map.

EXAMPLES 2.7. (i) Every closed subalgebra of B(H), where H is a Hilbert
space, is a completely contractive Banach algebra.
(i) If G is a locally compact group, then the group algebra L!(G), the measure
algebra M(G), the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G)
are completely contractive Banach algebras.

DEFINITION 2.8. Let E and F be operator spaces, and let T € B(E, F). Then:
(i) T is completely bounded if

1Tl == sup T, By Mo (F)) < -
ne

(ii) T is a complete contraction if ||T||q, < 1.
(iii) T is a complete isometry if T(") is an isometry for each n € N.
The set of completely bounded operators from E to F is denoted by CB(E, F).

DEFINITION 2.9. A completely contractive dual Banach algebra is a Banach al-
gebra which is a dual operator space such that multiplication is completely con-
tractive and separately w*-continuous.

Note that there are operator spaces for which there exist predual Banach
spaces, but not predual operator spaces ([3], Lemma 2.7.15).

EXAMPLES 2.10. (i) Every w*-closed subalgebra of CB(E), where E is a re-
flexive operator space, is a completely contractive dual Banach algebra.

(i) If G is a locally compact group, then the measure algebra M(G), the Fourier-
Stieltjes algebra B(G) and the reduced Fourier-Stieltjes algebra B;(G) are com-
pletely contractive dual Banach algebras.

(iii) If K is a Kac algebra, then My A(K), completely bounded multipliers of the
Fourier algebra of K, is a completely contractive dual Banach algebra [8].

2.2. COMPLEX INTERPOLATION OF BANACH SPACES. Let Xy, X; be two complex
Banach spaces. The couple (Xy, X;) is called compatible (in the sense of interpo-
lation theory) if there is a Hausdorff complex topological vector space X and
C-linear continuous inclusions Xy <— X and X; — X.
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Now let Xy and X; be two compatible normed spaces. Then we define a
norm on the set Xy + X by ||x|| := inf{||xo||x, + [[x1]|x, : ¥ = x0+x1}. We
denote this space by Xg +7 X;. For 0 < 6 < 1, let

X = (X0, X1)g :={x € Xo+1 X7 : x= f(0) for some f satisfying (2.1)}
where
(2.1) f:C—Xo+1X1
is a function which satisfies the following conditions:

(i) f is bounded and continuous on the strip S := {z € C: 0 < Re(z) < 1};
(ii) f is analytic on Sy, the interior of S;
(i) f(it) € Xpand f(1+it) € X; (t € R).
Define a norm on X via

x[ljey := inf{|[f]| = x = £(6), f satisfying (2.1)}

where the norm of f is defined to be

I£1l = max{sup{[| f(it) [ x, }, sup{llf(1 +if)[x, } : £ € R}.

By this construction, Xg becomes an interpolation space between X and
X1. For more information on interpolation of Banach spaces, we refer the reader
to [2].

2.3. INTERPOLATION OF OPERATOR SPACES. Suppose that Ey, E; are operator
spaces such that (Ey, E1) is a compatible couple of Banach spaces. Note that for
each n € N, we have continuous inclusions M, (Ey) — M, (X) and M,(E;) —
M, (X) where M,,(X) is identified with X" Thus (M, (Eg), My, (Eq)) is a com-
patible couple of Banach spaces. Clearly Eg ® E; is an operator space by setting

Mn(EO Doo El) = Mn(EO) Do Mn(El)-

Then Ej ©1 E1 becomes an operator space with the embedding Ey &1 E; — (Ej
®eoE])*. Now, for each 1 < p < o0, Eg @y Eq becomes an operator space via

1
My (Eo ®p E1) = (Mu(Eo @1 E1), M (Eo ©eo E1))p, i 1-0.

The complex and real interpolation of operator spaces are defined by
G. Pisier in [10] and by Q. Xu in [15], respectively. The construction of the lat-
ter heavily uses the first one.

2.4. COMPLEX INTERPOLATION OF OPERATOR SPACES. Let 0 < 6 < 1 and Ey,
E; be operator spaces such that (Ey, E1) is a compatible couple of Banach spaces.
Then, for each n € N, the couple (M, (Ey), Mn(E1)) is also compatible. Now
define

(2.2) My (Eg) := (My(Eo), Mu(E1))g
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in the sense of complex interpolation [2]. By this definition, Eg = (Ey, E1)g be-
comes an operator space. This is called the complex interpolation of operator
spaces Eg and E; (see [10] and [11] for more information).

2.5. REAL INTERPOLATION OF OPERATOR SPACES. The construction of the inter-
polation of operator spaces by the real method is more complicated than by the
complex method. This is because definition (2.2) does not work for the real inter-
polation (Eo, E1)g, if p < co. Now we introduce real interpolation of operator
spaces by the discrete K-method as defined by Xu in [15].

Note that if E is an operator space and t > 0, then ¢tE denotes the operator
space obtained by multiplying the norm on each matrix level by t. Now let u
denote a weighted counting measure on Z (That is: For E C Z, u(E) is defined by

u(E) := Y, a, where {a,},cz is a sequence of non-negative reals) and {Ej }xcz
n€ekE
a sequence of operator spaces. Then for 1 < p < oo, we define

ly({Ex}kezs ) = {(x)kez : %k € Ex and (||xg|)kez € 1p(1)}-

Clearly loo ({ Ex }kez; 1) is an operator space with its natural operator space struc-
ture. Then 11 ({Ex }xez; #) becomes an operator space when it is considered as a
subspace of (leo({Ej }xez; #t))* . Finally I, ({ Ex } kez; it) becomes an operator space
by complex interpolation:

ly({Extkezs ) = (W({Extrezs 1), lo ({ Ex bkezs 1))o, ;17 =

Let (Eo, E1) be a compatible couple of operator spaces. For 1 < p < co, we define
Ny(Eo,E1) := {(x,—x) : x € EgN E;} regarded as a subspace of Ey @ E;. Then
we define

1-6.

Eg @p Eq
Ep4pEj = 0P "1
P Np(Eo, Er)
Kp(t; Eg, E1) denotes the operator space Eg +p tEy; for any x € Eg + Eq, we let
Kp(x,t; Eo, E1) := ||x||Ey+,tE,- Now we may give the definition of Eg ,k, the real

interpolation of the compatible couple (Ey, E1) with the discrete K-method, as
follows:

Egp.x = (Eo, E1)e,p:x

oK = [ Y (27MK, (x, 25 Eo, El))r’}””@o},

= {x € Eg+E; : ||x
kez

Then Eg .k is a Banach space.
If & € R, then I,(2%%) is the weighted space

1/p
(@) = {x = (kez s ¥l = (1 12%07) " < o).
keZ

If E is an operator space, then we similarly define 1,(E) and I,(E;2"*) of se-
quences with values in E. Then I, (E) and I,,(E; 2"%) are operator spaces.
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For each k € Z, let F, := K, (2¥; Eo, E1). Then we define Eg .k, the operator
space interpolation of the couple (Eo, E1) by the discrete K-method, as a subspace of
1y({F}kez;27%) consisting of the constant sequences. More explicitly, let x =
(xij) € Mn((Eo, E1)g,p;x) for some n € N. Then

||x||Mn((E0,E])9,p;£) :=inf{||(u,v) HMn(lp(EO;Z—"")eBplp(El;Z"(l*G))) :(u,v) satisfying (2.3) }.

23)  u= (i) € Mallp(E;27™)), 0= (v;) € Ma(lp(Ey;25177))
where each

ujj = (”?,j)kez and v = (z;i.‘lj)kEZ
such that

xi,]-:ui-‘,]-—i-vi-"]-, foreachk e Z, i,j=1,...,n.

3. MAIN THEOREM

3.1. NOTATION. 1. Let (Eq),es be a family of operator spaces where I is some
index set. Then 12—69“ E, and ZZ(I, E,) will denote the 12- direct sum of E,’s and
the complex interpolation operator space (I°(I, Eg), I (1, E))1 /2, respectively.

2. Let 2 be a completely contractive Banach algebra and X be an opera-
tor (bi- or) left A-module. For a = (a;;) and x = (x;;) in M,(™A) and My, (X),
respectively, for some n,m € N, x %y will represent the matrix

(3.1) x*ky = (Xij Y1)

“"

where “-” represents the module action of 2 on X.

DEFINITION 3.1. Let 2 be a completely contractive dual Banach algebra,
¢ € My (2,) for some n > 1. Suppose that for each m > 1, there is a matricial
norm | - [[pm on My (2 - ¢). Let Ep denote the completion of (- ¢, || - [|4,1)-
Suppose that

(32) @ Dl g,mic < llalln|Dll g
(33) lax @llmn < llax@llom < llallnllglln

foralla € M;,() and b € My(Ep), m,k € N.
Furthermore, suppose that Ey is reflexive and the inclusion ¢y : Ep —

M, (2,) injective. Then (|| - [|¢,m)5;_; is called an admissible operator norm for ¢.

Note that in the previous definition, the inequality (3.2) means that E, is an
operator left A-module.

EXAMPLE 3.2. Let Gq be a discrete group and ¢ = (¢;;) € Mu(C*(Gq))
with ||¢]|, = 1 for some n > 1, where C*(Gq) is the group C*-algebra of Gg.
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Then each ¢;  is a finite sum of the form

$ij= Y, Addg,

8€Gq

where each )tgj € C and & is the Dirac function. Consider E, with the usual
norm on M, (C*(Gq)). Clearly Ey is a closed subspace of M, (C*(Gg4)). Hence, it
is an operator space. Clearly E, is reflexive. Since Ey is an operator 2-module,
(3.2) is satisfied. Since B(Gq) is a completely contractive Banach algebra, (3.3) is
also satisfied. Therefore, the usual norm on M, (C*(Gq)) defines an admissible
operator norm for ¢.

THEOREM 3.3. Let A be a completely contractive dual Banach algebra and let
¢ = (¢i;j) € My(A) have an admissible operator norm for some n > 1. Then there is a
w*-continuous, completely contractive representation of A on CB(Ey).

Proof. Tt is easy to see that Ey is a left 2l-module. Moreover, 13; has dense
range if and only if 13" : Eg* — M, (") is injective. Since Ey is reflexive, 15" = 1.
Hence, 1, has dense range. Note that

tp 2 Tu(A) — Eg
where T,,(2) is as defined in [5]. Now we define
St Eg®Ep — M,2(As), 15(b)@a-¢—a-¢xb,
where ® represents the projective tensor product of operator spaces.
Due to Definition 3.1, this map is well-defined. Then the map defined by
Tp:=Sg: T,2(A) — CB(Eyp)
is w*-continuous. Since 2 is completely isometrically isomorphic to a closed sub-
space of T,»(2l) by the map
(3.4) A — Tnz (Q[), atr— (ﬂl’,]')

where

0 otherwise,

ai’j_{ a if (i,j)=(1,1),

Ty induces a multiplicative representation from 2l into C3(Ey). For simplicity, we
will denote this representation again by Ty. In order to see that T is multiplica-
tiveon 2, leta,b € A, ¢ = (c; ;) € T,(A). Consider a as an element of T,»(A) via
(3.4). Then

(Top(a)(b- ), 14(c)) = (Tp(a),15(c) @b - ) = (a,Sp(15(c) DD - §))
= <Ll,b . ¢*C> = (a,b . (/)1,1 'C1,1>.
Hence (Ty(a),b- ¢) = (x;;) € My(A«) where

x.._{ ab- 1y if (i) = (1,1),
ij =

0 otherwise.
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Now leta,b,d € . Then
(Tp(d)Tp(a)) (b - ) =Ty(d)(Tp(a)(b - ¢)) =Tp(d)((xi;)) = (vi;) = Tp(da) (b - §)€Ey

where

{ dab - P11 if (i,j) = (1,1),
Yij =

0 otherwise.
Hence T is multiplicative on 2.

By using Effros and Ruan ([5], Proposition 7.1.2), Sy is a complete contrac-
tion if and only if the induced map Sy € B(Ej x Eg, M,;2(2.)) is a completely
contractive bilinear mapping. Now

1Splleo=sup{[ISy""™ (e, ) : x=(x:}) € Mu(Ej), y=(¥i) € Mun(Ep), [l gm,

¥ llgm <1, m & N}

=sup{[{(S,"" (x.y), 20| - x = (x1) € Mn(E}), y = (i) € M (Ep),

2= (zi7) € My (M2 (), Ixllpms [lpmns 12202 < 1, m € N},
By the density of the range of t(}‘), foreachi,j =1,...,m, without loss of generality
we may suppose that

xij=15(Aij), Yij="Dbij ¢,
where
Aij=(af]) € T,(A) and b;; €A

Then we have

(SY"™ (x,),2) = (8 (1, Vi) 2s)) = ((br - % A Zt)).
Since
(b Gop - ali,zst) = (Pop - al7, zstbis) = (al7, Zs1bi1 - po,p)
for all indices i,j,k,1,m,n,0,p,q and r where
ij,kl=1,...,m, o,p,qr=1,...,n, and s,t= 1,...,m*n?,

we conclude that

(S (x,y), )| =
On the other hand,

(9 (Aij), Zmnbrr¢) | = [({(1(Aif), 2% ).

2% yllpmanz < N2l [y llgm < 1.

Therefore,
[(S™ ™ (%, y), 2D < (5 (Aij)) lgm = [[x][gm < 1.

Thus, §¢ is a complete contraction. 1
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Let (Ex)qc1 be a family of operator spaces and let E = (I, E,). We will need an
approximation for the norm of an arbitrary element on each matrix level of E. To
manage this, we will need the following two propositions.

PROPOSITION 3.4. If (Ex)qc; is a family of operator spaces, then:
(@) I°(I, My (Ey)) = M, (I°(I,Ey)) foreveryn € N.
(i) If A = (a;)) € M, (IY(1, Ey)) where ajj = (a?fj)a, a?fj € E, foreachiand j,
then
Al (2 (1,E0)) < ; (a5 )1 m, (E,) foreveryn € N.

Proof. The first identity is obvious. Hence, we will prove only the second
one. Let A be as in the claim. Then we have

Al (1 (1,0 = sup{I (A ED|: F € Mu(I%(L ER)), N Fllm, 0 (E2)) < 13
= sup{|((ai, fi,) = F € Mu(I®(L E3)), | Flla, o (1,2)) < 1}

= sup {| (LUt )y: F € Mu(I™(LED), [Fllug, 1500 < 1}

< sup { Y (S ai)] s F e Mu(I®(L EQ)), IF [, 0 (1,E2)) < 1}

o
2” ai M (e 1

Next proposition will be needed to prove Lemma 3.6 and Theorem 3.9.

PROPOSITION 3.5. Let (X, Z) be a compatible couple of Banach spaces in the sense
of Banach space interpolation. Suppose that there is a contractive embedding from a
Banach space Y into Z. Let Eq := (X, Y )g and Ey := (X, Z)g for some 0 < 6 < 1. Then
for every a € Eq, we have ||a||g, > ||a||g,.

Proof. Clearly, any function f : C — X 41 Y satisfying (2.1) can be viewed
as a function from C to X +; Z, and it will satisfy analogous properties. To dis-

tinguish these two functions, we will denote them by fx y and fx 7, respectively.
Recall that

1 fxv|l = max{sup{[l f(it) [ x}, sup{[ f(1 +it)[ly} : t € R},
1fx,z| = max{sup{|| f(it) [|x}, sup{[|If(1 +it)[|z} : t € R}.

This shows that E; C E.
Now leta € E;. Recall that

lalle, := inf{[| fx,v[| : a = £(6), f satisfying (2.1) }.
(||a||g, is defined in a similar fashion). Since for each f satisfying (2.1) we have,
| > [|allg,- @

Proposition 3.4 and Proposition 3.5 show that:
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LEMMA 3.6. Let (Eq)aer be a family of operator spaces and let A = (a; ;) be in
My (E) where E = Io(I, Ey), for some n € N. If each a; ; is of the form a;; = (a;"].),x,

then || A, () < /ZHA,,(HM (o) where each Ay = (al”-f]-) € My (Ey). That is, the

canonical inclusion from Ip(I, My (Ey)) into My (12(1, Ex)) is a contraction.

THEOREM 3.7. Let A be a completely contractive dual Banach algebra. Then for
each n € N, every non-zero element in the unit ball of M, () has an admissible operator
norm.

Proof. Suppose that 2 is a completely contractive dual Banach algebra and
¢ € Mu(2s), ¢ #0, ||¢]ln <1, for some n > 1. The map

R¢Ql—>Q((P, aHa"Pr

is a complete contraction. Then the induced map 7 : 2A/kerRy — A-¢isa
complete isometry. For each m > 1, define a norm || - ||g.¢,m on My, (2 - ¢) via

||x\|g[‘4,,m = inf{||al|m : x =ax¢p, a € M, (A)}.

Then 2 - ¢ becomes an operator space with this matricial norm.

Clearly (2 - ¢, M,(2l.)) is a compatible couple of operator spaces. Now
define Ey to be the space of constant sequences in I ({F }xeny; 27%/2), where F, =
K2(2k; A- ¢, M, (2,)) for each k € N. By Section 2.3, Proposition 1 of [1], we know
that

(A~ p,Mp(As))1/2,2:k is reflexive
<= theinclusion A - ¢ — M, (2) is weakly compact
<= themap Ry : A — M, ("), a+— a- ¢ is weakly compact.
However, Im(Ry) € M, (%) and M, () € WAP(M, (")), by [14]. (Re-
call that, if 2 is a Banach algebra, then WAP(*) denotes the space of weakly
almost periodic functionals on 21). Hence Ry is weakly compact. Therefore, as a

closed subspace of E = (2 - ¢, My, (2+))1/2.;k, Ep is reflexive too.
Let || - [|¢,n denote the norm on My, (Eyp), for every m € N. If f € Ep, then

r 1/2 211/2
IFllga=] X 27 17113 ] :{22*" inf {1/10- 9l +2% - 913} |
“keN
= [T 2k (- 9lfag + 215 - 9l2]
“keN
r 1/2
= [ X 12 Mo plRg + 240 - 9l2)]
“keN

Hence,

feEy < Y inf{27Mb-pllgpn +2°f —b-¢l7: b EA < oo
keN
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Thus there exists a sequence (by); in 2 such that 2%||f — by - ¢||2 — 0. Hence
2l - ¢ is dense in Ey. This shows that [|a - ¢|» < [|a - ¢||g,1- Now to prove (3.3), we
will use the following claim.

CLAIM 3.8. If - ¢ is dense in Ey, then My, (2 - ¢) is dense in My, (Ey) for every
m > 1.

Proof. Lete > 0and F = (f;;) € Mu(Eyp) for some m > 1. Then for each
k

i,j =1,...,m, there exists a sequence (bff,j)k in 2 such that bﬁj cp— foan |- |

]
Consider the sequence (Fy)x in My, (% - ¢) where each F, = (b j) k- Then we have

m
IF = fillmn < Y ||fi,]‘—bffj-4>||n—>0 ask — co. 1
i=1

Hence, by Claim 3.8, we have ||a x ¢ || < [|a* $l|p,n foralla € My, () and
m € N.

Let a € M;;(2) for some m > 1. Then by the definition of || - [|o(.¢,m, it is
clear that [|a x ¢[9.¢,m < [|a][m. Since A is a completely contractive dual Banach
algebra, we also have ||a* ¢||un < ||a||m||¢]ln < ||a]/n. By Lemma 3.6, we have

lax pllr, < inf{[[b*@lFgm +2axg —bx |52 - b € Mu(2)}.
By choosing b = a, we see that
|ax¢llr < llaxllogm foreachk.

Then we have

— , 1172 12
lax@llom<| L2 llax ] <llax@llogm| T2 = llax pllagpm<lallm:
keN keN

Now leta € M;,(A),b € M;(2) for some m,t > 1. Since the map 7 is a

complete isometry, we have

6% (ax@)llawg,mt = [|b*atMpt(ker Ry)|| =inf{||b x a-+x||ms : x € Myt (ker Ry) }
<inf{[[bxa+bx x|[mt : x € Myu(kerRy) }
<l in{lla -+ xlln : x € My (ker Ry)}
=1bll¢lla +ker Ryl = [[b]|¢]|a % @ll2wgp,m-

This shows that 2 - ¢ is an operator left 2-module. Since M, () is also an oper-

ator left A-module, so is Ey. Therefore,

|bxd|pmt < |[bll¢]|d|lgm foreveryd € My(Eyp), b € Mpy(A), m,t €N. 1

THEOREM 3.9. Let AU be a completely contractive dual Banach algebra. Then there
is a w*-continuous complete isometric representation of 2 on CB(E) for some reflexive
operator space E.
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Proof. Let E := I? — @®yey Ep- Forn > 1, equip M, (E ") with
|Allag ) (Zn DI

where A = (a;;) € My(E), a;j = (a ?])4,, ip] € Ey. Note that E is not an operator
space. There is a natural map

S:2 — B(E) defined by S(a)((x¢)) := (Tp(a)(xp)),

where T : 2 — CB(Eyp) is the w*-continuous complete contraction as defined in
Theorem 3.3.

Note that Daws ([4], Theorem 4.5) proved that S : 4 — B(E) is an isometry.
For an arbitrary n > 1, any element (a; ;) of M () can be viewed as a map

Sn: E— My(E).
We claim that S, is a contraction. Let ||(a;;) |, < 1and (xy) € E. Then
150 (xp) g, 2y = 1105 (@i, 1) ((xp)) I ) = ||(( 9(ai,) (xp)) | as, ()

- [;||<<T¢<ai,j><x¢>>>||§,,n} < [;||<ai,j>||%||x¢||§>,1]”2

I @il [;nwné,l}“ = @) Il Ce) e < M)

Thus, S, is a contraction.
Now let E = I2(3J, Eg). We define

(35) T:% — CB(E) by T(a)((xg)) = (Ty(a)(x9)).

Since T(p is a representation for each ¢ € J, so is T. For each 1, we have T .
M, () — CB(E, M, (E)). On the other hand, by its definition

M, (E)= (Mu(I®(3,Ep)), Mu(1'(3, Eg)));,,=(7(3, My (Ep)), My (1'(3, Ep)))1 o
Each (a; ;) € M,(2) defines a map from E into

(1°(3, M (Ep)), 1' (3, Mn(E¢)))1/2 = lz_@(peﬁM”(E‘p) (on the Banach space level).

Hence, we have a natural map (which we will denote by ")
T" : M, (2) — B(E, 1> - @4@ My (Ep)).

However, this map is a Contractlon for every n > 1. On the other hand, by Propo—
sition 3.5 we have ||T"|| > ||T"||. Hence, T(" ) is a contraction for every n > 1.
Thus T is a complete contraction.

Note that without loss of generality we may suppose that 2 is unital; let e
denote its identity. For each n > 1, we have

T : My(A) — Mu(CB(E)) = Mu((E*®E)*) = CB(E*®E, My).
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Leta = (a;;) € My(A). Then for every ¢ > 0, thereis ¢ = (¢;;) € My(2) such
that

ol <1 and [{a,¢)] > (1—e)llall
For simplicity, set T := T(")(a) € CB(E*®E, My,). Define x = (xij) € Mu(E*QE)
by
v - (-ortp(B), )@ (oyeg,..) if (4,7) = (L,1),
K 0 otherwise,
where

e if (i,j) =(1,1),
B = (b;;) € To(A) is defined by b;; = { 0 t)t}Eer]vzrise,( )

Now we have

1xllmg, eeze) = IX1llpege < NGt (B), o D= ve- @) e
On the other hand,
(- 15(B),-.)|ler <1 since [|B|[r, () <1 and 1 is a contraction.

Clearly

[C-ve-d, e < glln <
Then

T @) = [(T(x))] = [(Ta) ()| = @, )] > (1= &) alln.
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