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ABSTRACT. For α > −1, let A2
α denote the corresponding weighted Bergman

space of the unit ball. For any self-adjoint subset G ⊂ L∞, let T(G) denote the
C∗-subalgebra of B(A2

α) generated by {Tf : f ∈ G}. Let CT(G) denote the
commutator ideal of T(G). It was showed by D. Suárez (in 2004 for n = 1)
and by the author (in 2006 for all n > 1) that CT(L∞) = T(L∞) in the case
α = 0. In this paper we show that in the setting of weighted Bergman spaces,
the identity CT(G) = T(G) holds true for a class of subsets G including L∞.
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1. INTRODUCTION

For any integer n > 1, let Cn denote the Cartesian product of n copies of C.
For any z = (z1, . . . , zn) and w = (w1, . . . , wn) in Cn, we write 〈z, w〉 = z1w1 +
· · ·+ znwn and |z| =

√
|z1|2 + · · ·+ |zn|2 for the inner product and the associated

Euclidean norm. Let Bn denote the open unit ball which consists of all z ∈ Cn

with |z| < 1. Let Sn denote the unit sphere which consists of all z ∈ Cn with |z| =
1. We write Bn for the closed unit ball which is Bn ∪ Sn. Let C(Bn) (respectively,
C(Bn)) denote the space of all functions that are continuous in the open unit ball
(respectively, the closed unit ball).

Let ν denote the Lebesgue measure on Bn normalized so that ν(Bn) = 1. Fix
a real number α > −1. The weighted Lebesgue measure να on Bn is defined by
dνα(z) = cα(1− |z|2)αdν(z), where cα is a normalizing constant so that να(Bn) =

1. A direct computation shows that cα =
Γ(n + α + 1)

Γ(n + 1)Γ(α + 1)
. For 1 6 p 6 ∞, let

Lp
α denote the space Lp(Bn, dνα). Note that L∞

α is the same as L∞ = L∞(Bn, dν).
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For any f in Lp
α , we denote by ‖ f ‖p,α the norm of f . So

‖ f ‖p,α =
[ ∫
Bn

| f (z)|pdνα

]1/p
.

The weighted Bergman space Ap
α consists of all holomorphic functions in

Bn which are also in Lp
α . It is well-known that Ap

α is a closed subspace of Lp
α . In

this paper we are only interested in the case p = 2. We denote the inner product
in L2

α by 〈·, ·〉α. Since A2
α is a closed subspace of the Hilbert space L2

α, there is an
orthogonal projection Pα from L2

α onto A2
α. For any f ∈ L2

α, we have

(Pα f )(z) =
∫
Bn

f (w)
(1− 〈z, w〉)n+1+α

dνα(w) = 〈 f , Kα
z 〉α, z ∈ Bn,

where Kα
z (w) =

1
(1− 〈w, z〉)n+1+α

. The functions Kα
z ’s are the reproducing ker-

nels for A2
α. For any z ∈ Bn, let kα

z (w) =
Kα

z (w)
‖Kα

z ‖2,α
. Then ‖kα

z‖2,α = 1 and

〈g, kα
z 〉α = (1− |z|2)(n+1+α)/2g(z) for g ∈ A2

α and z ∈ Bn.
For any multi-index m = (m1, . . . , mn) of non-negative integers, we write

|m| = m1 + · · · + mn and m! = m1! · · ·mn!. For any z = (z1, . . . , zn) ∈ Cn, we
write zm = zm1

1 · · · z
mn
n . The standard orthonormal basis for A2

α is {em : m ∈ Nn},
where

em(z) =
[Γ(n + |m|+ α + 1)

m! Γ(n + α + 1)

]1/2
zm, m ∈ Nn, z ∈ Bn.

For a more detailed discussion of A2
α, see Chapter 2 in [7].

For any f ∈ L∞, the Toeplitz operator Tf : A2
α → A2

α is defined by the
formula Tf h = Pα( f h) for h ∈ A2

α. We have, for h ∈ A2
α and z ∈ Bn:

(1.1) (Tf h)(z) =
∫
Bn

f (w)h(w)
(1− 〈z, w〉)n+1+α

dνα(w).

We have T∗f = Tf and since ‖Pα‖ = 1, ‖Tf ‖ 6 ‖ f ‖∞ for all f ∈ L∞. There
are examples of f ∈ L∞ so that ‖Tf ‖ < ‖ f ‖∞. Since Tf is an integral operator
given by equation (1.1), we see that Tf is compact if f vanishes on the complement
of a compact subset of Bn.

Let B(A2
α) denote the C∗-algebra of all bounded linear operators on A2

α. Let
K denote the ideal of B(A2

α) that consists of all compact operators. For any subset
G of L∞, let T(G) denote the Banach subalgebra of B(A2

α) generated by all Tf with
f ∈ G and let CT(G) denote the closed two-sided ideal of T(G) generated by all
commutators [Tf , Tg] = Tf Tg − TgTf with f , g ∈ G. When G is self-adjoint (i.e.
G = G∗ = { f : f ∈ G}), T(G) is a C∗-algebra and so the quotient T(G)/CT(G)
is also a C∗-algebra. The algebra T = T(L∞) is called the full Toeplitz algebra. Its
commutator ideal is denoted by CT.
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It is well-known that CT(C(Bn)) = K. This was showed by L.A. Coburn
[1] for the unweighted Bergman space (α = 0) but his argument can be easily
adapted to the weighted cases. In the unweighted case, D. Suárez [6] showed
that CT = T for n = 1. This result was generalized by the author to all n > 1 in
[2]. The purpose of this paper is to show that the identity CT(G) = T(G) holds
true in the general setting of weighted Bergman spaces for a class of self-adjoint
subsets G of L∞. In the current situation, even though explicit computations used
by Suárez cannot be used, many of his results play an important role. In particu-
lar, Proposition 2.3 is a version of Proposition 2.9 in [6] for Toeplitz operators on
weighted Bergman spaces.

We next introduce a metric on Bn which we will mainly use in the paper.
For z ∈ Bn, let ϕz denote the Mobius automorphism of Bn that interchanges 0
and z. For any w ∈ Bn, let ρ(z, w) = |ϕz(w)|. Then ρ is a metric on Bn (called the
pseudo-hyperbolic metric) which is invariant under the action of the automor-
phism group Aut(Bn) of Bn. For any z, w, u ∈ Bn, we have

(1.2) ρ(z, w) >
ρ(z, u)− ρ(u, w)

1− ρ(z, u)ρ(u, w)
.

See Section 2 in [2] for more details about the metric ρ.
For any a in Bn and any 0 < r < 1, let E(a, r) = {z ∈ Bn : ρ(z, a) < r},

which is the ball of radius r centered at a with respect to the metric ρ.
A sequence {zj : j ∈ J} ⊂ Bn (J is either a non-empty finite set or J = N) is

said to be separated if r = inf{ρ(zj1 , zj2) : j1, j2 ∈ J, j1 6= j2} > 0. The number r is
called the degree of separation of the sequence.

The following theorem is the main result of the paper.

THEOREM 1.1. Suppose W ⊂ Bn is a measurable set and suppose there exist real
numbers r, R ∈ (0, 1) and a separated sequence {zj : j ∈ J} ⊂ Bn (J is either a non-
empty finite set or J = N) so that

(1.3)
⋃
j∈J

E(zj, r) ⊂W ⊂
⋃
j∈J

E(zj, R).

Let G1(W) = { f ∈ C(Bn) : f vanishes on Bn\W} and G2(W) = { f ∈ L∞ :
f vanishes a.e. on Bn\W} = χW L∞. Let G be a self-adjoint linear subspace of G2(W)
that contains G1(W). Then if J is finite, K = CT(G) = T(G). If J = N, we have
K ( CT(G) = T(G).

Applying Theorem 1.1 with G = G2(W), we conclude that for any measur-
able set W ⊂ Bn satisfying (1.3),

(1.4) CT(χW L∞) = T(χW L∞).

Now by an argument using Zorn’s Lemma, we see that for any 0 < R < 1 there
is a separated sequence {zj : j ∈ N} of Bn so that Bn =

⋃
j∈N

E(zj, R). We then
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get CT = T. This identity in the case of unweighted Bergman space is our earlier
result in [2].

Note that (1.4) holds true in many cases where W need not satisfy (1.3).
In fact, if W is any measurable subset of Bn so that TχW is a compact operator
then T(χW L∞) ⊂ K, and if W has nonempty interior then K ⊂ T(χW L∞) by Re-
mark 2.9. It then follows that T(χW L∞) = K and soK = CT(χW L∞) = T(χW L∞).
Thus (1.3) is not a necessary condition for (1.4) to hold true. It would be interest-
ing to know an explicit description of those W’s that give (1.4) but at this time we
do not know if there exists such a description.

The rest of the paper is organized as follows. In Section 2, we provide some
preliminaries and basic results. In Section 3, we give a proof for Theorem 1.1.

2. BASIC RESULTS

In the first part of this section, we discuss how some results of Suárez can
be generalized to the case of weighted Bergman space A2

α. These results play
an important role in the proof of Theorem 1.1. In the second part of the section,
we show that a Toeplitz operator with radial symbol (see definition below) is
a diagonal operator with respect to the standard orthonormal basis of A2

α. A
formula for the eigenvalues of the operator is given. We also show that the C∗-
algebra T( f C(Bn)) with f a radial function is irreducible.

LEMMA 2.1. Let 0 < r < R < 1 and {zj}∞
j=1 ⊂ Bn such that E(zj1 , r) ∩

E(zj2 , r) = ∅ if j1 6= j2. Let

Φ(z, w) =
∞

∑
j=1

χE(zj ,r)(z)χBn\E(zj ,R)(w)|1− 〈z, w〉|−n−1−α.

Then for any 0 < β < α + 1, we have:

(i)
∫
Bn

Φ(z, w)(1− |w|2)−β dνα(w) 6 C1(1− |z|2)−β for all z ∈ Bn;

(ii)
∫
Bn

Φ(z, w)(1− |z|2)−β dνα(z) 6 C2(1− |w|2)−β for all w ∈ Bn;

where C1 = C1(n, α, β), C2 = C2(n, α, β, r, R) and C2 → 0 as R ↑ 1.

Proof. For any z, w ∈ Bn, Φ(z, w) 6 |1− 〈z, w〉|−n−1−α, so∫
Bn

Φ(z, w)(1−|w|2)−βdνα(w)6
∫
Bn

(1− |w|2)−β

|1−〈z, w〉|n+1+α
dνα(w)= cα

∫
Bn

(1− |w|2)α−β

|1−〈z, w〉|n+1+α
dν(w).

Applying Theorem 1.12 in [7] with t = α− β > −1 and c = β > 0, we get a
constant C1 = C1(n, α, β) so that the inequality in (i) holds.
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Now fix w ∈ Bn. For any z ∈ Bn, if Φ(z, w) 6= 0 then there is an integer
j > 1 so that z ∈ E(zj, r) and w /∈ E(zj, R). Then

ρ(z, w) >
ρ(w, zj)− ρ(z, zj)

1− ρ(w, zj)ρ(z, zj)
>

R− r
1− Rr

.

Let δ =
R− r

1− Rr
. It is clear that for each 0 < r < 1, δ ↑ 1 as R ↑ 1. We have∫

Bn

Φ(z, w)(1− |z|2)−βdνα(z)

6
∫

Bn\E(w,δ)

Φ(z, w)(1− |z|2)−βdνα(z) 6
∫

Bn\E(w,δ)

(1− |z|2)−β

|1− 〈z, w〉|n+1+α
dνα(z)

=
∫
|η|>δ

(1− |ϕw(η)|2)−β

|1− 〈ϕw(η), w〉|n+1+α

(1− |w|2)n+1+α

|1− 〈η, w〉|2n+2+2α
dνα(η)

(by the change-of-variable z = ϕw(η) — see Proposition 1.13 in [7])

=
∫
|η|>δ

(1− |w|2)−β(1− |η|2)−β

|1− 〈w, η〉|n+1+α−2β
dνα(η)

= cα(1− |w|2)−β
∫
|η|>δ

(1− |η|2)α−β

|1− 〈w, η〉|n+1+α−2β
dν(η).

Here in the fourth equality, we have used the formulas

1− |ϕw(η)|2 =
(1− |w|2)(1− |η|2)
|1− 〈w, η〉|2 and 1− 〈ϕw(η), w〉 =

1− |w|2
1− 〈η, w〉 .

See Theorem 2.2.2 in [4] or Lemma 1.3 in [7].
For any 1 < γ < ∞, Holder’s inequality gives∫

|η|>δ

(1− |η|2)α−β

|1− 〈w, η〉|n+1+α−2β
dν(η)

6
( ∫
|η|>δ

(1− |η|2)(α−β)γ

|1− 〈w, η〉|(n+1+α−2β)γ
dν(η)

)1/γ
(1− δ2n)1−1/γ

6 (1− δ2n)1−1/γ
( ∫
Bn

(1− |η|2)(α−β)γ

|1− 〈w, η〉|(n+1+α−2β)γ
dν(η)

)1/γ
.

If α− β > 0, choose any γ = γ(n, α, β) > 1 so that (n + 1− β)γ− (n + 1) <
0 (since n + 1− β < n + 1, it is possible to choose such a γ). If α− β < 0, choose

any γ = γ(n, α, β) > 1 so that γ <
1

β− α
and (n + 1− β)γ− (n + 1) < 0 (since

0 < β− α < 1 and n + 1− β < n + 1, it is possible to choose such a γ). With the
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above choice of γ, we have t = (α− β)γ > −1 and c = (n + 1− β)γ− (n + 1) <

0. By Theorem 1.12 in [7], there is a constant C̃2 = C̃2(n, α, β) so that for all
w ∈ Bn, ∫

Bn

(1− |η|2)(α−β)γ

|1− 〈w, η〉|(n+1+α−2β)γ
dν(η) 6 C̃2.

We then have the inequality in (ii) with C2 = cα(1− δ2n)1−1/γ(C̃2)1/γ. Since
δ ↑ 1 as R ↑ 1, we see that C2 → 0 as R ↑ 1.

With the help of Lemma 2.1, the proof of the following lemma is the same
as that of Lemma 2.6 in [6].

LEMMA 2.2. Suppose that 0 < r < R < 1 and {wj}∞
j=1 ⊂ Bn so that E(wj1 , r)∩

E(wj2 , r) = ∅ for all j1 6= j2. Let aj, Aj ∈ L∞ be functions of norm 6 1 such that
aj(z) = 0 for almost every z in Bn\E(wj, r) and Aj(z) = 0 for almost every z in
E(wj, R), j = 1, 2, . . . . Then the operator ∑

j∈N
Maj PMAj is bounded on L2, with norm

bounded by some constant k(R)→ 0 when R→ 1.

The following proposition is a version of Proposition 2.9 in [6] for Toeplitz
operators on the weighted Bergman space A2

α. Since we have Lemma 2.2 and all
the needed properties of the metric ρ, the proof is identical to that of Suárez.

PROPOSITION 2.3. Suppose 0 < r < 1 and {wj}∞
j=1 ⊂ Bn so that E(wj1 , r) ∩

E(wj2 , r) = ∅ for all j1 6= j2. Let c1
j , . . . , cl

j, aj, bj, d1
j , . . . , dk

j ∈ L∞ be functions of norm
6 1 that vanish almost everywhere on Bn\E(wj, r), for j = 1, 2, . . . . Then the operator

∑
j∈N

Tc1
j
· · · Tcl

j
(Taj Tbj

− Tbj
Taj)Td1

j
· · · Tdk

j

belongs to the commutator ideal CT(G), where G is the closed subalgebra of L∞ generated
by the functions c1

j , . . . , cl
j, aj, bj, d1

j , . . . , dk
j , j = 1, 2, . . . .

For any multi-indices m = (m1, . . . , mn) and k = (k1, . . . , kn) in Nn, we say
that m � k (or k � m) if mj 6 k j for all 1 6 j 6 n. We write m + k = (m1 +
k1, . . . , mn + kn) and k− m = (k1 − m1, . . . , kn − mn). It is clear that k− m ∈ Nn

if m � k. We have |m + k| = |m| + |k| and |k − m| = |k| − |m|. Recall that the
standard orthonormal basis for A2

α is {em : m ∈ Nn}, where

em(z) =
[Γ(n + |m|+ α + 1)

m! Γ(n + α + 1)

]1/2
zm, m ∈ Nn, z ∈ Bn.

It is clear that for any multi-indices m and k, there is a positive constant dα(m, k)
so that emek = dα(m, k)ek+m. Note that dα(0, k) = dα(m, 0) = 1 for all m and k.
Here 0 denotes (0, . . . , 0).

A function f on Bn is called a radial function if there is a function f̃ defined
on [0, 1) so that f (z) = f̃ (|z|) for all z ∈ Bn. For such an f and any real number
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s > 0, put

ωα( f , s) =
Γ(n + s + α + 1)
Γ(α + 1)Γ(n + s)

1∫
0

rn+s−1(1− r)α f̃ (r1/2)dr.

If f (z) = χE(0,δ)(z) = χ[0,δ)(|z|) for some 0 < δ < 1 then for any s > 0,

ωα(χE(0,δ), s) =
Γ(n + s + α + 1)
Γ(α + 1)Γ(n + s)

1∫
0

rn+s−1(1− r)αχ[0,δ)(r1/2)dr

=
Γ(n + s + α + 1)
Γ(α + 1)Γ(n + s)

δ2∫
0

rn+s−1(1− r)αdr.

Since min{1, (1− δ2)α} 6 (1− r)α 6 max{1, (1− δ2)α} for all 0 6 r 6 δ2,
we have

min{1, (1− δ2)α} 6 ωα(χE(0,δ), s)
Γ(α + 1)Γ(n + s)
Γ(n + s + α + 1)

(n + s)
δ2(n+s)

6 max{1, (1− δ2)α}.

This then implies that for any 0 < r < R < 1, we have

(2.1) lim
s→∞

ωα(χE(0,r), s)
ωα(χE(0,R), s)

= 0.

LEMMA 2.4. Let f be a bounded radial function on Bn. Then for any multi-indices
m and k we have

Pα( f emek) =

{
dα(k, m− k)ωα( f , |m|)em−k if k � m,
0 otherwise.

Proof. For any multi-index l, consider

〈Pα( f emek), el〉α = 〈 f em, ekel〉α = dα(k, l)〈 f em, ek+l〉α

=dα(k, l)cα

∫
Bn

f (z)em(z)ek+l(z)(1− |z|2)αdν(z)

=dα(k, l)cα

1∫
0

2nr2n−1(1− r2)α f̃ (r)dr
∫
Sn

em(rζ)ek+l(rζ)dσ(ζ)

=dα(k, l)cα

1∫
0

2nr2n+|m|+|k|+|l|−1(1−r2)α f̃ (r)dr
∫
Sn

em(ζ)ek+l(ζ)dσ(ζ).
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Thus if m 6= k + l, 〈Pα( f emek), el〉α = 0. If m = k + l, we have

〈Pα( f emek), el〉α

= dα(k, l)cα
Γ(n + |m|+ α + 1)

m! Γ(n + 1 + α)
Γ(n) m!

Γ(n + |m|)

1∫
0

2nr2n+2|m|−1(1− r2)α f̃ (r)dr

(see Lemma 1.11 in [7])

= dα(k, l)
Γ(n + |m|+ α + 1)
Γ(α + 1)Γ(n + |m|)

1∫
0

2r2n+2|m|−1(1− r2)α f̃ (r)dr

= dα(k, l)
Γ(n + |m|+ α + 1)
Γ(α + 1)Γ(n + |m|)

1∫
0

rn+|m|−1(1− r)α f̃ (r1/2)dr = dα(k, l)ωα( f , |m|).

Therefore,

Pα( f emek) =

{
dα(k, m− k)ωα( f , |m|)em−k if k � m,
0 otherwise.

REMARK 2.5. Lemma 2.4 implies that for a radial function f ∈ L∞, we
have Tf em = ωα( f , |m|)em for all multi-indices m. Therefore, the Toeplitz op-
erator Tf is diagonal with respect to the standard orthonormal basis. In fact,
Tf = ∑

m∈Nn
ωα( f , |m|)em ⊗ em. Here (em ⊗ em)h = 〈h, em〉em for all h ∈ A2

α.

LEMMA 2.6. Let {sm : m ∈ Nn} be a bounded set of strictly positive real numbers.
Let 0 < r < R < 1. Then for any δ > 0, there is a number λ > 0 depending on δ, r, R

and
{ωα(χE(0,r), |m|)

sm
: m ∈ Nn

}
so that

TχE(0,r) 6 λ ∑
m∈Nn

smem ⊗ em + δTχE(0,R) .

Proof. As in the remark preceding the lemma,

TχE(0,r) = ∑
m∈Nn

ωα(χE(0,r), |m|)em⊗em, and TχE(0,R) = ∑
m∈Nn

ωα(χE(0,R), |m|)em⊗em.

Let δ > 0 be given. We need to find a λ > 0 so that

ωα(χE(0,r), |m|) 6 λsm + δωα(χE(0,R), |m|)
for all multi-indices m. By (2.1), there is an integer M > 1 so that

ωα(χE(0,r), |m|) 6 δωα(χE(0,R), |m|)

for all multi-indices m with |m| > M. Put

λ = max
{ωα(χE(0,r), |m|)

sm
: |m| 6 M

}
.

We then have the required inequality.
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For any 1 6 j 6 n, let δj = (δ1j, . . . , δnj), where δij = 1 if i = j and 0
otherwise.

PROPOSITION 2.7. Let {ps}∞
s=1 be a sequence of distinct positive integers so that

∞
∑

s=1
p−1

s = ∞. Let f ∈ L∞ be a radial function which is not identically zero in Bn. Let G

be a self-adjoint subset of L∞ so that for any integer s > 1 and integer 1 6 j 6 n, there
is a multi-index k ∈ Nn with |k| = ps and f ekek+δj

∈ G (hence, f ekek+δj
∈ G as well).

Then T(G) is irreducible.

Proof. Suppose Q is an operator on A2
α so that TQ = QT for all T ∈ T(G).

Let m be a multi-index in Nn. Since f is not identically zero and
∞
∑

s=1
p−1

s diverges,

there is an integer s > 1 so that ωα( f , ps + 1 + |m|) 6= 0. This is a consequence
of Muntz–Szasz’s Theorem (Theorem 15.26 in [5]). Now let 1 6 j 6 n. By the
assumption about G, there is a multi-index k ∈ Nn so that |k| = ps and f ekek+δj

∈
G. We then have Tf ekek+δj

Q = QTf ekek+δj
.

Let ϕ = Q1 ∈ A2
α. From Lemma 2.4, Tf ekek+δj

1 = Pα( f ekek+δj
) = 0, so

Tf ekek+δj
ϕ = Tf ekek+δj

Q1 = QTf ekek+δj
1 = 0. Using this together with the identities

Pα( f ekek+δj
em) = dα(k + δj, m)Pα( f ekek+δj+m)(2.2)

= dα(k + δj, m)dα(k, δj + m)ωα( f , |k|+ 1 + |m|)eδj+m

= dα(k + δj, m)dα(k, δj + m)ωα( f , ps + 1 + |m|)eδj+m

we get

0 = 〈Tf ekek+δj
ϕ, em〉α = 〈ϕ, f ekek+δj

em〉α = 〈ϕ, Pα( f ekek+δj
em)〉α

= dα(k + δj, m)dα(k, δj + m)ωα( f , ps + 1 + |m|)〈ϕ, eδj+m〉α.

From this we conclude that 〈ϕ, eδj+m〉α = 0. Since this is true for all multi-
indices m and any 1 6 j 6 n, it follows that ϕ is a constant function. So there is a
complex number c so that ϕ(z) = c for all z ∈ Bn.

We next show that Qem = cem for all multi-indices m ∈ Nn by induction on
|m|. Since Q1 = c and 1 = e(0,...,0), we have Qem = cem for |m| = 0. Now suppose
this holds true for all multi-indices m with |m| = l > 0. Let m′ be a multi-index
with |m′| = l + 1. Then there is a multi-index m with |m| = l and an integer
1 6 j 6 n so that m′ = m + δj. Choose s > 1 so that ωα( f , ps + 1 + |m|) 6= 0.
Then there is a multi-index k so that |k| = ps and f ekek+δj

∈ G. Since QTf ekek+δj
=

Tf ekek+δj
Q and Qem = cem, we have

(2.3) QPα( f ekek+δj
em) = QTf ekek+δj

em = Tf ekek+δj
Qem = cPα( f ekek+δj

em).
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By (2.2) and the fact that dα(k + δj, m)dα(k, δj + m)ωα( f , ps + 1 + |m|) 6= 0, equa-
tion (2.3) implies Qem′ = cem′ .

Thus, Q = cI, where I is the identity operator on A2
α. Since the commutant

of T(G) consists of only multiples of the identity operator, we conclude that T(G)
is irreducible.

REMARK 2.8. Let G f = f C(Bn) = { f g : g ∈ C(Bn)} where f ∈ L∞ is
a radial function which is not identically zero in Bn. Proposition 2.7 then im-
plies that T(G f ) is irreducible. Since T(G f ) clearly contains a nonzero compact
operator (for example, Tf g for an appropriate g ∈ Cc(Bn)), we conclude that
K ⊂ T(G f ). If it happens that Tf is compact then since Tf g − Tf Tg is compact for
any g ∈ C(Bn) (see [1]), we see that Tf g is compact for all g ∈ C(Bn). Hence in
this case, T(G f ) = K.

For each z ∈ Bn, the formula Uz( f ) = ( f ◦ ϕz)kα
z , f ∈ L2

α defines a bounded
operator on L2

α. It is easy to verify that Uz is a self-adjoint unitary operator with
A2

α as a reducing subspace and UzTf Uz = Tf ◦ϕz on A2
α for all z ∈ Bn and all

f ∈ L∞. See, for example, Lemmas 7 and 8 in [3].

REMARK 2.9. Suppose f = h ◦ ϕz for some radial function h ∈ L∞ which
is not identically zero and z ∈ Bn. Let G f = f C(Bn) and Gh = hC(Bn) then
G f = {g ◦ ϕz : g ∈ Gh}. Since Tg◦ϕz = UzTgUz for any g ∈ Gh, we see that
T(G f ) = UzT(Gh)Uz. Therefore, all the statements in Remark 2.8 remain true for
this f .

3. PROOF OF THE MAIN THEOREM

We begin this section by the following lemma which implies that for all
ε ∈ (0, 1), there is a continuous function gε supported in the set {z ∈ Bn : |z| < ε}
so that [Tgε , Tgε

] is a diagonal operator (with respect to the standard orthonormal
basis of A2

α) which has only nonzero eigenvalues.

LEMMA 3.1. Let g̃ : [0, ∞) −→ [0, ∞) be a measurable function with ‖g̃‖∞ > 0
and g̃(t) = 0 for all t > 1. For any 0 < ε < 1 and any multi-index m0 ∈ Nn with
|m0| > 1, let gε(z) = g̃(|z|ε−1) and fε,m0(z) = em0(z)gε(z), for all z ∈ Bn. Then
the operator Tε,m0 = [Tfε,m0

, Tf ε,m0
] is diagonal with respect to the standard orthonormal

basis. Furthermore, for each fixed m0, for all but at most countably many ε, Tε,m0 em 6= 0
for all m ∈ Nn.

Proof. For any multi-index m, from Lemma 2.4 we have

Tfε,m0
em = Pα( fε,m0 em) = Pα(em0 gεem) = dα(m, m0)Pα(gεem0+m)

= dα(m, m0)ωα(gε, |m0 + m|)em0+m = dα(m, m0)ωα(gε, |m0|+ |m|)em0+m,
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and

Tf ε,m0
em = Pα(gεem0 em)= Pα(gεem0 em)=

{
dα(m0, m−m0)ωα(gε, |m|)em−m0 if m0�m,
0 otherwise.

Therefore,

(Tf ε,m0
Tfε,m0

)em = Tf ε,m0
(dα(m, m0)ωα(gε, |m0|+ |m|)em0+m)

= d2
α(m0, m)ω2

α(gε, |m0|+ |m|)em,

(Tfε,m0
Tf ε,m0

)em =

{
d2

α(m0, m−m0)ω2
α(gε, |m|)em if m0 � m,

0 otherwise.

It then follows that Tε,m0 = [Tfε,m0
, Tf ε,m0

] is a diagonal operator with respect

to the standard orthonormal basis. We have Tε,m0 = ∑
m∈Nn

sm(ε, m0)em⊗ em, where

sm(ε, m0) = d2
α(m0, m− m0)ω2

α(gε, |m|)− d2
α(m0, m)ω2

α(gε, |m0|+ |m|) if m0 � m
and sm(ε, m0) = −d2

α(m0, m)ω2
α(gε, |m0|+ |m|) if m0 � m.

For any real number s > 0,

ωα(gε, s) =
Γ(n + s + α + 1)
Γ(α + 1)Γ(n + s)

1∫
0

rn+s−1(1− r)α g̃(r1/2ε−1) dr

=
Γ(n + s + α + 1)
Γ(α + 1)Γ(n + s)

ε2n+2s
1∫

0

un+s−1(1− ε2u)α g̃(u1/2) du

(by the change-of-variable u = ε−2r).

Now suppose |m0| > 1. By assumption about g̃, we have sm(ε, m0) 6= 0 for
all 0 < ε < 1 if m � m0. Now let m � m0. Then sm(ε, m0) can be written as

sm(ε, m0) = A
1∫

0

(ε2|m0|u|m0| − B)un+|m|−1(1− ε2u)α g̃(u1/2) du,

where A and B are nonzero numbers with B independent of ε.
Since the function

θ(τ) =
1∫

0

(τ2|m0|u|m0| − B)un+|m|−1(1− τ2u)α g̃(u1/2) du

is holomorphic in the open unit disc |τ| < 1 and θ(0) 6= 0, the set {τ : |τ| <
1 and θ(τ) = 0} is at most countable. So the set {ε : 0 < ε < 1 and sm(ε, m0) = 0}
is at most countable for each multi-index m. This implies that {ε : 0 < ε <
1 and sm(ε, m0) = 0 for some m ∈ Nn} is at most countable. The conclusion of
the lemma then follows.

We are now in the position of proving Theorem 1.1.
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Proof of Theorem 1.1. First of all, Remark 2.8 shows that K ⊂ T(G). Second,
by Lemma 3.1, there is an ε > 0 and a continuous function ηε supported in E(0, r)
so that [Tηε , Tηε

] is a diagonal operator (with respect to the standard orthonormal
basis) with only nonzero eigenvalues.

Fix an R̃ so that R < R̃ < 1. Let δ > 0 be given. Applying Lemma 2.6, we
get a number λ > 0 so that

TχE(0,R) 6 λ[Tηε , Tηε
]2 + δTχE(0,R̃)

.

For each j ∈ J, multiplying Uzj to both sides of the above inequality and using the
identities Uzj Tf Uzj = Tf ◦ϕzj

, ϕzj(E(0, R)) = E(zj, R) and ϕzj(E(0, R̃)) = E(zj, R̃),
we get

TχE(zj ,R) 6 λUzj [Tηε , Tηε
]2Uzj + δTχE(zj ,R̃)

= λ[Tηε◦ϕzj
, Tηε◦ϕzj

]2 + δTχE(zj ,R̃)
.

It then follows that

(3.1) TχW 6 ∑
j∈J

TχE(zj ,R) 6 λ ∑
j∈J

[Tηε◦ϕzj
, Tηε◦ϕzj

]2 + δ ∑
j∈J

TχE(zj ,R̃)
.

Note that all the sums above are taken in the strong operator topology of B(L2
a).

Now since the set {zj : j ∈ J} is separated, by Lemma 2.3 in [2] we can
decompose J = J1 ∪ · · · ∪ JM where E(zj1 , R̃) ∩ E(zj2 , R̃) = ∅ for all j1 6= j2 in Js,
1 6 s 6 M. Then

∑
j∈J

TχE(zj ,R̃)
=

M

∑
s=1

∑
j∈Js

TχE(zj ,R̃)
6

M

∑
s=1

TχBn
= M.

On the other hand, Proposition 2.3 implies that the operators

As = ∑
j∈Js

[Tηε◦ϕzj
, Tηε◦ϕzj

]2, for 1 6 s 6 M,

belong to CT(G). Thus, A = ∑
j∈J

[Tηε◦ϕzj
, Tηε◦ϕzj

]2 =
M
∑

s=1
As also belongs to CT(G).

Now inequality (3.1) becomes TχW 6 λA + δM.
Let π denote the canonical quotient map from T(G) onto the quotient alge-

bra T(G)/CT(G). Since π(A) = 0, we then have 0 6 π(TχW ) 6 δM for arbitrary
δ > 0. This implies π(TχW ) = 0. For any function f ∈ G with f > 0, we have
0 6 f 6 ‖ f ‖∞χW . This gives 0 6 Tf 6 ‖ f ‖∞TχW and hence, π(Tf ) = 0. For
an arbitrary function f ∈ G, since f can be written as a linear combination of
positive functions in G, we conclude that π(Tf ) = 0. So CT(G) = T(G).

Now if J is finite then for any f in G, f vanishes a.e. on the complement of
a compact subset of Bn, so Tf is compact. This implies that T(G) ⊂ K. Hence
K = CT(G) = T(G).

Finally, suppose J = N. We will show that TχW is not compact and this
implies that K ( T(G). Since the sequence {zj}∞

j=1 is separated, we have |zj| → 1
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as j → ∞. Hence kzj → 0 weakly as j → ∞. But for each j, since kzj = Uzj 1, we
have

〈TχW kzj , kzj〉 > 〈TχE(zj ,r)
kzj , kzj〉 = 〈Uzj TχE(0,r)Uzj Uzj 1, Uzj 1〉 = 〈TχE(0,r)1, 1〉.

So ‖TχW kzj‖ > 〈TχE(0,r)1, 1〉 for all j > 1. Hence TχW is not compact. Thus in this
case K ( CT(G) = T(G).
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