J. OPERATOR THEORY © Copyright by THETA, 2011
66:1(2011), 125-144

HYPERINVARIANT SUBSPACES FOR WEIGHTED
COMPOSITION OPERATORS ON LF([0,1]4)

GEORGE ANDROULAKIS and ANTOINE FLATTOT

Communicated by Nikolai K. Nikolski
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1. INTRODUCTION

We study the existence of invariant (and even hyperinvariant) subspaces for
weighted composition operators on L7 ([0,1]?), 1 < p < oo, that means operators
of the form

Tf(x) = v(x)f(1(x)),
with o € L°([0,1]) and T : [0,1]? — [0,1]%. The aim is to give conditions
on the weight v and the composition mapping T to obtain the existence of such
subspaces. The study of such operators comes from the Bishop operator, that we
discuss in the Section 3.

What we can first say is that if T is not an ergodic transformation then there
exists an invariant subspace. Indeed, if T is not ergodic, then there exists a Borel
set, say (2, such that || > 0, |[0,1]%\ Q| > 0 and such that 7(Q2) C Q. Hence
TM C Mwhere M = xq LP([0,1]%). Recall that given a Borel subset E of [0,1]¢,
the subspace defined by {f € L?([0,1]7) : fie = 0} is called a spectral subspace.
So, in other words, if T is not ergodic, then T has a spectral nontrivial closed
invariant subspace. Therefore, from now on, we shall consider an ergodic map T
for the composition. In particular, T is measure preserving. We will also assume
that 7 is a bijection.
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Also, if eiﬂ)fl) |v(x)| > 0 then the operator T is invertible, and then the tech-
x€(o,

niques of Wermer’s theorem [16] apply. Such work was done by Blecher and

Davie in [3] when 7 is an irrational rotation 7(x) = {x + a} for certain irrational

numbers « and where the weight v does not vanish on [0,1) and its modulus of

continuity satisfies a given condition. MacDonald generalized this result in [15],

for a larger class of irrationals.

We will use also along this article the discrepancy associated to an ergodic
map. Here we recall some standard terminology and facts, further details can
be found in [8], [12]. Let consider, for w = (x,) a sequence of real numbers in
I=10,1) and E C I, the set

AN,E,w)=#{n;1<n<N,x, € E}.
Then the discrepancy associated to w is defined as

(1) Dy(w)= sup [ANALEL) 5y

0<a<p<l
For a fixed x € [0,1) let w(x) = (7" (x)),>1, we denote by

Dy = sup Dy(w(x)).
x€[0,1)
Also, if T is bijective, let w'(x) = (77"(x))n>1 and notice that Dy(w’(x)) =
Dn(w(t™N=1(x))) < Dy. The Birkhoff ergodic theorem states that if T is er-
godic then for almost all x, Dy (w(x)) — 0 as N — oco. Also it is known that for
certain ergodic transformations 7, the function x — Dy (w(x)) is almost constant,

i.e. limsupsup Dy (w(x))/ inf Dy(w(x)) < oo. This is known to be the case for
N—oo X x
the irrational rotation. In this case, Dy — 0 as N — oo.

The first part of the paper concerns our main theorem, that gives the exis-
tence of a hyperinvariant subspace for the weighted composition on L? ([0, 1]), as-
suming a hypothesis on the discrepancy Dy of the ergodic transform 7. We then
provide sufficient number theoretic conditions which guarantee that the discrep-
ancy Dy of an irrational rotation satisfies the assumptions of our main theorem.
The last part deals with generalization of this work to L ([0, 1]4).

2. ONE-DIMENSIONAL CASE

We introduce the class P C L®([0,1]) of functions on [0, 1] saying thatv € P
if there exist some positive constants sy, ..., s;, a constant C and map o; such that

I
@) o(x) = CT J(oi(x — x))%,
i=0

where x; € [0,1] and 0;(x) = x or 0;(x) = |x| fori = 0,..., . Note that the abso-
lute value may be needed for certain powers s; in order v to be defined on [0, 1].
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We call this class the “generalized polynomials” (since we allow non-integer pow-
ers).
The main theorem of this paper is the following:

THEOREM 2.1. Let T be a bijective ergodic transformation of [0,1] and v € P; we
consider the operator on LF([0,1]), 1 < p < oo, defined by

Tf(x) = v(x)f(7(x)).

Then, if the discrepancy Dy, of the sequence (T"),>1 satisfies

(2.2) D, = o(ﬁ)

for some & > 0, this operator has a hyperinvariant subspace.

Proof. We want to construct a functional calculus based on regular Beurling
algebra Ay, associated to a subadditive weight w, as first appeared in Wermer
[16] and then generalized by Davie in [7] . This algebra is defined as follows:

Aw={peC(T); L [o(m)]e”l") < cof.
neZ
We refer to Chapter 5, Section 2 of [6] for details about this Banach algebra. We
also recall that a function algebra on a compact X is said regular if for all p € X
and all K compact of X such that p ¢ K, there exists f € B such that f(p) =1
and f = 0 on K. The important property for us is that if the weight satisfies

Y. w(n)/n* < oo then the algebra Ay is regular. For ¢ € Ay, we define an
n>1
“operator” as follows:

(2.3) o(T)f = ) p(n)T"f.
nez

We need to give sense to this definition. The operator T is not an invertible op-
erator on L?([0,1]), but since 7 is a bijection and v only vanishes in finitely many
points, the inverse map T~ ! (as well as the other negative powers of T) of T is
well defined on the set of measurable functions. These are the maps that we will
refer to when we write negative powers of T. Also since this series contains both
positive and negative powers of T, if we want to obtain convergence of this series
in some sense, then we need to “normalize” T appropriately. The correct “nor-
malization” is to divide T by its spectral radius. Of course, this does not affect
the validity of Theorem 2.1. For v € P, we can compute the spectral radius of the
associated operator acting on L ([0,1]) (1 < p < o), using Proposition 1.3 of [13]
(this result was proved for p = 2 but a glance at the formula of T" shows that the
same result is true for 1 < p < o0):

1

1
r(T) :Cexp(/ln(f£|xxi|sf)dx) :Cexp(z (Xi + X)) )
0 =

=0
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where, fori =0,...,1
(24) Xi = X; — X; lnxi and Xl/ = (1 — xl-) — (1 — xi) ln(l — xl-),

with the convention that if xo = 0 or 1 then Xy + X, = 1. Note also that 1 <
Xi+ X <1+In2foralli € {0,...,1}, and that if x; = 1 — xg then Xy + X{ =
X1+ X{. Thus, from now on, we assume that the weight v in the formula of T

i=0
where 0;(x) = x or 0;(x) = |x|. In order to prove that the series (2.3) converges
in some sense, we first need to compute estimates on the powers T" for n € Z.

! 1
in Theorem 2.1 has the form v(x) = 1/Cexp ( 'ZO si(X; + XZ’)) IT(oi(x — x;))%
i=

2.1. ESTIMATION OF THE BOUNDS OF T", n € Z. We prove the following theorem
THEOREM 2.2. There exists a subadditive weight w satisfying Y w(n)/n* < oo
n>1
such that forn € N

IT" £l ooy < €™ f e o,

Moreover, for t € (0,1) there exists n(t) € Nand a set E; C [0,1] with Ey; C Ey, for
ty > tyand |E¢| /' 1ast — O such that

IT7"f(x)] < Ll |f(t™"x)| forallx €[0,1]andn € N
n,x
where
sup <o forneN and sup <e™  for n=n(t).
xeE; =n,x x€eE; =nx

Proof. Let us first consider the particular case where the weight vanishes
at one point, say xop € (0,1) and the power is equal to 1, i.e. we work with the
weight

o(x) = X0t X0 (x — x).

We will be able to give an upper bound for T" f and n € Z. An easy computation
provides the following expressions of T":

n—1
T f(x) = "% TT (5(x) — 10) (2" (1)) n>1,
k=0
T f(x) = - fE®) n>1,
X0 X5) T (v (x) — x0)
k=1

and so we want to bound from above the quantity

’

n—1
U, , = e"(Xo+Xp) I 7% (x) — %),
k=0
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and bound from below (with a lower bound not zero!) the following

n
Ln,x = en(X0+X6) H |T_k(x) - x0|'
k=1

The easiest case is the one of the positive powers of T because we do not
need to take care where v vanishes.

Case 1. The upper bound of the positive powers of T.

We choose 61,02, > 0and k1, = x0/61n,kon = (1 —x0)/d2n € N to
obtain a partition of the intervals I; = [0,x0) and I, = [xp,1). Let denote A, =
max (41, 02,,) and &, = min(dy ,, 5, ) and assume that

Ay 1
2.5 L Q) N
( ) 511 11121”1
Let,fori=1,...,k;,andj = 1,...,k]-n,
nz1 (x) =f{1<k<n; T ( ) € [(kl n— )51,n/ (kl,n —i+ 1)51,n)}
= {1 <k <n;x0— (%) € [(i = )61, i010)},
and n]Z(x) = {1 <k <n; (%) € [xo+ (j—1)d2,, X0 + joon) }-
We have
Upx = "Xt X0) TT (v—7"(x) ] (F(x) —x0)
ktk(x)en kth(x)el,
an

k1 n
2
XO+XOH1(51n X H]52n) 7 (x)

=

nl(x)+tnl (x) n3(x)+etnd x) kun kz"
n(Xo+X, 1n 21 ' ~(x)
en(%o 0)51,n % Hl ' j
]—2
kln k2,n
<e n(Xo+Xj) An Hln (x) H]”] (x)
i=2 j=2

By definition of D, we get, fori =1,...,kj,andj=1,..., ko,

1 n?(x
n; (%) — 0y <D, and ]( )

n
and D, —— 0. Thus,
n—oo

U,y < e”(Xf)*Xé)éﬁ(kl (1) Prtoun) (o, 1y (Dntdan) —

ne
Let us look first at (ki ,!)"(P=*+%1n). By Stirling’s formula we obtain an upper
bound of n!:

n! < (g)n 2nn(1+$+@) <e<g>n 27n.
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Hence, using this and the fact that §; , — 0, we get for n large enough:

(kl n!)”(Dn+51,n>

< exp (n(Dn + 1) In (e(kl?’n)km M))

=exp (n(Dn + d1,1) [xol ( all ) ~In (271’x0>+1}>

51 n efsl,n 51 n
_ XO X0 In 51,71 1 1
= eXp n Dn -+ (51 n |: 51 n T + E 1n(27TJCO) E In 51’71 + 1:| )

D
—nXp— nxolncsln — 7’(15771(1 + Xp 11’151/,1)
1,n

1 1
+ n(Dn + (5],71) |:§ 11'1(27'(3('0) — E lnél,n + 1i|)

= exp

(
(

nD
< exp ( —nXg—nxglndy, — T:(XO 11’151,,1) +n(Dy + 51,71)[— 11‘151,,1])
Iné
= exp ( —nXy—nxglndy,, + nDy, [ _Xoon In 4y n} —nd1 ,Indy n)
’ 51”1 ’ ’ 7
1
<exp (= nXo—nxoIndy, — 2nan°;‘ﬂ — 1é1,In 51,,1)
1n
< exp ( —nXog—nxglnd, —2nD, *oIn oy —2nd, In én).

n

Doing the same with k; ,, we obtain:

1—XO) ll’l(sn
]

(ko) (P t020) Sexp(anéfn(lfxo) In 621D, — 216, In 5n).

n
Therefore it comes

Ind,
< -_n_

U, <exp (n In 5n 2nDy—— 3,

since, by (2.5), In(A,/é,) < In(1+1/ In? n) <1/ In® 1. We choose 6, such that

né, Ind, /n? is summable, a good choice is 6, = 1/ In'*¢1 1. For this value of On

we set

1
—2nDy, r;&n —4nd, In 5,1),

n

—4nd, In 5,1> <exp ( Zn

In(In'*¢1 1)

—~ _ 14¢ 1+¢
w1(n) =2nDy In" "1 nin(In" "1 n) + 2n REE

Hence, if

D, :o(ﬁ),

where ¢ is an arbitrary positive number, we get that w; /n? is summable (we can
change the ¢, if necessary). Fix ¢ > 0 and take &¢; < ¢, for the choice of D, =
1/ In>*¢ 11 (the choice of the power 3 + ¢ will be clearer in the light of the lower
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bound) we obtain:

1 In(In'*¢1 1)

Moreover, for any 1 > 0, we have for x large enough (depending on %) :

Di(n) = 2n(1 + 1)

Iy 1

x o oxl-n

So, with a good choice of €1, we can obtain:

Gy (n) < 4—" 2! -
w1 (Tl) = 1n2+£/2n + 1n1+£/2n = 1n1+€/2n'
Let
n
2.6 w(n) =15——+—,
(2.6) (n) =15 e,

hence we get:
U, < exp(w(n)).
Let us now see how to obtain a non zero lower bound.
Case 2. The upper bound of the negative powers of T.

We need to remove a little interval around xy. For a fixedt > 0Oandn € N
we work on the two subintervals I; = [0,xg — t/n%) and I = [xo +t/n%,1). We
define the set

_ t
2.7) Enxot = {x € [01]; [r™*(x) = xo| > — Wk = 1,...,n},

and Ey,; = (0 Eux,t- Note that (Ey)¢>0 is decreasing. We have E; y,; =
n=1

n

N Epxotx With Eyy k= {x € [0,1]; [T %(x) — x9| > t/n3}. Then, using the
k=1
measure preserving of T, we get:
"2 t

n
UE | 21—t 5 =1-2%
k=1 k=1

|Enxot| =1— |Ej,

n,xg,t

:1—

So |Exytl = 1— ¥ 2t/n? = 1—tn?/3 v 1. We work on Ey,;. We define
n>1 -
01,024 > 0and ky , ko, € N such that

X0 — nft3
5l,n
We partition the interval I; with the step size é; ,,, and I, with the step size &, ,,.

Once again, we denote A, = max(d1,,02,) and 6, = min(dy,,dp,), but we
assume now that

1—(X0+nft3)

kl n =
’ (52,71

and kp, =

(2.8) Ay <6y +
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Fori=1,...,kj,andj=1,...,ky, let

<y T (x) € [(kin — )01 (k1w — i+ 1)814)}
<n;xg—1Kx) e {n—tg + (i —1)d1,n, n% + i51,n) },
m?(x) == {1 <k<n; v Fx) e [xo + % +(j— 1), x0 + % +j52,n> }
We then obtain

Lyx = en(XO+X6) H (x0 — Tﬁk(x)) H (Tﬁk(x) - xO)

kt*(x)en ktk(x)el,
1n(Xo+Xp) “ t i m} (x) o t ; mjz(x)
> T (4 (=)o) <[5+ (1= 1))
i=1 j=1
kl -1 1 kpn—1 2
o £ iy (x) " £ mjyq(x)
= en(XOJrXO) H (ﬁ + lél,n) o H (ﬁ +](52,n> " .
i=0 =0
Using the discrepancy we get, fori =1,...,kj,andj=1,..., ko
m}(x m? (x)
l( ) - 51,;1 <Dy and L 021 < Dy
n n
Hence,
kpn—1 ko u—1
/ i t 1(Dp+61,,) %" t n(Dy+62,)
> H(X0+X ) s ’ R "
bz 1 (i) 1 i) =1

Let us look at the first term of the product:

k1,—1 kyy—1

o= 1T o))" = e () T G )™

i=0

o (i k) ronrn)
:[ n F( L +1)} '

n3(51,n

Choose 81 , such that 6; ,n° — o0. Since for all x € [1,2] I'(x) < 1, it comes

k1,—1
toy )nwnm,n)

exp (n(Dn +d1n) lnf(@ + k11n>).

Ql?(

n3

Also, the asymptotical development of the gamma function is:

X\ ¥ 1 1 139
r(x)= (=) vV2mx(1+4 —=— - ).
(%) (e) ”x( t 1ox T 288x2 518403 T °(x3))
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Then this relation and the fact that ¢/ n351/n +ki,n = x0/01, give

1nr( e +k1n)=1nf(;i)n>2111(((;:6))(0/51/” 27 ;ion)

__* _
= 51,’1 In 51,” ( —In XQ) 51 ;

1 1
i 11‘1(27TXO) - E 11‘1 51,;1.

Hence we obtain:

t(Skl " ) n(Du+61,,)

Q1>( 3

o (100 3~ (22 + 1) s

X exp (n(Dn +01,) {;jio + %ln(anO)D
- (%)n(nnm ) o (= 2]n(D + 61,1 — Xon)
I’lXQDn

n
X exp ( " o + E(D” +614) ln(2nx0))

_ (%)n(Dﬁém}eXp (  Xon— n);f,nDn n g(Dn +51,n)1nx0)
X exp ( — [713;171 + %} n(Dy +61,,) Indy , + g(D" +61,) 1n(27r))
> (%)W(DHMM) exp ( — Xon — n;{f]nDn + g(Dn + 1) lnxo)
= exp (n(Dn +d10)In (%) —nXp— n}ginDn + g(Dn + 1) lnxo)
> exp (n(Dn +61p) Int —nXp— annD" —2n(Dy +61,) lnn3)
> exp (n(Dn +Ap)Int —nXy — %ﬂD" —2n(Dy + Ay) lnnS).

Doing the same with the second term of the product we get:

kyn—1
X t n(D11+52,n)
- [T (2 50)
/
> exp (n(Dn +Ap)Int —nX} — nX(SOD" —2n(Dp + Ay) lnn3).
n

Therefore it comes:

2nD,

n

L, > exp (2n(Dy 4+ Ay) Int — —4n(Dy + Ay) Inn®),
p
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and finally we obtain, using also (2.8):

2nDy, )

L <exp(—2n(Dy + Ap) Int) exp (4n(Dn +Ap)Innd 4+ — 5
n

L,
2nDy,
<exp(—2n(Dy + Ap) Int) exp (21n - +4n(Dy + 6,) Inn® + )

n

Set Wy (1) = 4n(Dy, + 6,) Inn® 4+ 2nD,, /6, we want that w,(n)/n? is summable.
This is the case if §,, and D,, can be chosen such that
Dnc L (D,46)Inn<

X T 1Le 7 X 7 1Le 7
On Intten In'ten

where ¢ is an arbitrary positive constant. Thus, if

1

Dy = ——
1n3+£ n

and consequently we choose 6, = 1/ In>*e1 11 with g1 < ¢ thenwy(n)/ n? is sum-
mable. Moreover, it comes:

Li éexp(—?)ﬁlnt) exp(

n

25n 2n
2In’n + 2In*ta g + Inltea n)‘
Taking e1 = £/2 we get:
Lin < exp ( — Bﬁ In t) exp (15@) = Cprexp(w(n)),
with
Cnt = exp (— 1w( )lnt)

(see (2.6)). We can remark that the cases xg = 0 and xg = 1 are included in the
previous work.

Now assume that v(x) = exp(so(Xo + X)) (00 (x — xp))® with op(x) = x or
oo(x) = |x| and sp > 0, i.e. we allow to have a positive power sy (note that the
absolute value may be needed for this to make sense for certain powers sg). Then
working as above, we obtain that if the discrepancy of T satisfies condition (2.2)
then

~ 1
Upx <exp(sow(n)) forallxe[0,1) and 7= <G exp(sow(n)) forall x € Eyy .

n,x
1 l
Now, assume more generally that v(x) = exp < Y osi(Xi+ Xl’)) IT(oi(x — x;))%
i=0 i=0

!
asin (2.1) and (2.4). We denote S = Y x;. Then working as above, we get that for
i=0
!
allx € E; = n Exi,t/

i=0

(2.9) < Chrexp(S@(n)),

Ln,x
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and we still have that |E;| —0> 1. Furthermore, for all x € [0,1) we also have
t—

(2.10) Uy, x < exp(Sw(n)).

Fromnow onletw(n) =n/ In'*¥/% 4. Then w is subadditive, satisfies Y w(n)/n?
n>1

< oo, and w(n)/w(n) — 0. This last condition implies that, for n large enough,
say n > n(t), we get for x € E;,

(2.11) < exp(w(n)),
Lyx
and therefore, for f € LP(]0,1]) it comes
(2.12) IT" fller e,y < exp(@((n) | fllLro,))  for |n] = n(t).

2.2. DEFINITION OF THE FUNCTIONAL CALCULUS. For¢ € Ay and f € LP([0,1]),
using Theorem 2.2 we obtain

Y AT flleey < X 10 e £l o) < o

n[=n(t) [n|>n(t)

which shows that the series Y ¢(n)T" f converges absolutely in L? (E;). If ¢! (T) f

nez
denotes the infinite sum Y. ¢(n)T"f in LP(E;), then notice that for 0 < t, <
nez
t1 < 1 we have E;, C Ej, and (4)t2(T)f)|Ef] = ¢"1(T)f. Since ’ U Et‘ =1,

0<t<1
we denote by ¢(T)f the function defined almost everywhere on [0, 1] such that

(¢(T)f)|g, = ¢'(T)f forall0 < t < 1.
We now give a second way of looking at ¢(T)f. Let S,y = Y ¢(n)T"f be

|n|<m

the partial sum of series Y ¢(n)T"f . We will prove that S,, tends to ¢(T)f in
nez
measure. Let (k,) be an increasing subsequence of N and t, € (0,1) be a decreas-

ing sequence tending to 0, and so E;, ,/* E with |E| = 1. We proved previously
that S,, — ¢(T)(f) in LP(E;) for all t € (0,1), and so we can choose inductively
increasing subsequences of positive integers (ky), 2 (k},)n ) (k%)n D ... such
that (Sy; )» converges almost everywhere on Ej; to the function (¢(T)f) |Eff for
all i. Thus the “diagonal” subsequence (S ), converges almost everywhere to
¢(T)f. This proves that every subsequence (S, ). of (S,) has a further subse-
quence (Sin ), which converges a.e. to the function ¢(T)f. Since the measure of
[0,1] is finite, this proves that (S, ) converges in measure to ¢(T)f.

2.3. PROPERTIES OF THE FUNCTIONAL CALCULUS. We will show that the above
functional calculus has enough properties to prove the existence of a hyperinvari-
ant subspace for the operator T. Namely we will prove the following:

PROPOSITION 2.3. The above functional calculus satisfies:
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(i) There exists a non-empty set D C LF(]0,1]) \ {0} such that for all ¢ € Ay, and
f € Dwe have ¢(T)f € LP([0,1]).
@) If ¢pn — ¢ in Ay and f, — f in LP([0,1]) then ¢n(T) f — ¢(T)f in measure.
(iii) If ¢pn — ¢ in Ay and f € D then ¢ (T)f — ¢(T)f in LF(]0,1]).
(V) Ifp € Ay, f€Dand S € {T} then ¢(T)(Sf) = S(yp(T)f).
W Ifp,p € Ayand f € D then

P(T)((T)f) = (e¥)(T)f.

(vi)Ifp € Ay \ {0} and f € LP([0,1]) \ {0} satisfies p(T)f € LP(]0,1]) then
P(T)f #0.

Proof. (i) Let Gt = Ef = U U Ef ., (see (2.7) and (2.1)), we have |G| —>
i=0n>1
0. We consider the two sets

={felP([0,1]);f=00onG} and D= ] D
t>0

We remark that D is dense in L?([0,1]) for p < co. Fix f € D. There exists t > 0
such that f € D;. We claim that

213) [T "f(x)| < (sup

ELmy)|f( "(x))| forallm € Nand x € [0,1].
yek:

Indeed, if x € me 1 for some m € Nand i € {1,...,1} then there exists k €
{1,...,n} such that [T (x) — x;| < t/m>. But

b

(m — k)%

C Gt. Thus f(77™(x)) = 0 for x € Ef, . , and hence (2.13)

(e () — 3] < 5 <

so T "(x) € ES

m—k,x;,t

I
is valid in this case. On the other hand, if x € () (| Euy, (= E) then (2.13) is
meNi=1
valid by (2.12). This finishes the proof of (2.13).

Now (2.13) and (2.11) imply that
(2.14) 1T f(x)| < 0| f(r~™(x)| forallm > n(t) and x € [0,1].
Combining (2.13), (2.14) and Theorem 2.2 we obtain that for f € D; and ¢ € Ay
_ nt) 1
IO IT™ fll o o) < NP ) T H1f | ooy +Z|4’ )|sup I £ 1lzr(jo,17)

Mme7Z m=0 mffn X€EE;

+ ) |<P(m)|ew U £l o o,17) < o0

m|>n(t)

Thus the series Y ¢(m)T™f converges absolutely in LP([0,1]) for f € Dj.

mez
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(i) We have for t € (0,1)

HZ«pn mT"fy— Y m

] .

[m|>n(t) |m|>n(t)

< Y A@alm) = pm)IT" full oy + 2 19T (fu = llee)
m|>n(t) m|>n(t)

< Y |ga(m m)|e () Sup“fn”LP (BT Y lw(m |ew(‘m‘)||fn—f||LP([o,1])
m|>n(t) || >n(t)

< pn — Plla, sup | full oce,) + Ml agllfo — Fllroa) — 0
n

Also,
n(t) m(t)
2 M) T" (fn — Fller (e < 2 m) T [[.fn = fllLr o)) ~= O
Finally, for x € E; we have
) 1
Z P(=m) [T (fu — f)(x)] < Z | (=m) [ T—|(fu = F)(z""x)]|
m=1 m,x
n(t)
< ZI (—=m)|sup—|(fu — f)(T""x)|,
m=1 XEE“me

which converges to 0 in measure as n — 0. Since \Et| — 1l ast — 0, the above
estimates imply (ii).
(iii) For f € D there exists t > 0 such that f € D;. So

[¢n(T)f — (T )fHLP([Ol

<Yl ¢’n =) m)[IT" fllr o))
mez
Z \ m) [T 11| 1l e (fo,17) + Z| <Pn —¢)(m) SuP HfHLP([Ol
m=—n(t)
+ Y (Pn — @) (m)]evimD) flir(ony  (by (2.13), (2.14) and Theorem 2.2)
[m|>n(t)
< Ml¢n = Ol an 1 f e o) =2 O

which implies (iii).

(iv) and (v) These two equalities are true for trigonometric polynomials.
Since they are dense in Ay, there exist (¢,,) and () sequences of trigonometric
polynomials such that ¢, — ¢ and ¢, — ¥ in Ayp. By (ii) with f, = f we
have 9, (T)(Sf) — ¢(T)(Sf) in measure and furthermore, by (iii), we have also
S(n(T)f) = S(¢(T)f) in LP([0,1]). So (iv) is true. Since Ay, is a Banach algebra,
we have ¢, P, — ¢1p in Ay. By (ii) and (iii) we get that ¢, (¢, (T) f) — ¢(¢(T)f)
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in measure, and also by (iii), we have (¢, ) (T)f — (¢p9)(T)f in LP([0,1]). So
(V) is true.

(vi) We take ¢ > 0. Since ¢ # 0, there exists ¢y such that ¢ (ei0) > 0, and
by continuity of 1, there exists an interval I of length J centered at fp such that
¢(el') > 0 for all t on I. Let R; be the rotation of angle J, and set i, = o ng,
ie. yp(e) = p(el*t59). We recover the circle by successively shifting I by the

N .
rotation Rs. Then, given N = E(271/5) + 1, we have Y y(el!) > 0 forall t €
k=0

[0,277). So we built a function on Ay, positive on T, and in particular which does
not vanish on T. This function has an inverse ¥ in A;. We get:

N
(2.15) F(T) ) w(T)f = f.
k=0

Moreover,
1 27 1 21
1/7k(7’l) _ e /lp(el(t-&-ké))e—mtdt _ 5 /lp(elf))e—m()elk&de _ elk(slp(ﬂ),
0 0

hence
(T)f = Y (n)T"f (in measure)
nez
= el Y ¢(n)T"f (in measure)
nez

= eMy(T)f.
Thus the equality (2.15) becomes

al iko
(L) #mp(mf =7,
k=0
which implies, since f is not the zero function, that ¢»(T)f # 0. 1

2.4. THE HYPERINVARIANT SUBSPACE. Since the Beurling algebra is regular, there
exist ¢, P € Ay with ¢, ¢ > 0, such that ¢ip = 0. Set

M= {f € LP([0,1]) ; p(T)(Sf) =0V S € {T}'},

and My; = MLP. By construction My; is closed and hyperinvariant. It remains
to show that My, is non trivial. First My; # LP([0,1]). Otherwise, take f €
LP([0,1]) \ {0}, there exists a sequence f,, € M such that f,, — f in L?. Then by
(i) (and taking S = Id) we obtain ¢(T) f, — ¢(T)f in measure and so ¢(T)f =0,
which implies a contradiction by (vi). To prove that My; # {0}, we construct a
non zero element in My,;. By (i) there exists ¢ € D such that ¢(T)g € LP([0,1]).
Then, by (iv) and (v),

P(T)(Sp(T)g) = S(¢(T)(¥(T)g)) = S((¢9)(T)g) = 0.
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This finishes the proof of Theorem 2.1. i

REMARK 2.4. Let Ay, ..., A, be an arbitrary partition of [0, 1]. We say that c
is a permutation of [0, 1] if ¢ is a transformation on [0, 1] consisting of a rearrange-
ment of these intervals in a different order. For a function f defined on [0, 1], one
may introduce the mixing-class associated to f by

Fr={0:[0,1] = R; 6(x) = f(c(x)) where c is a permutation of [0, 1]}.

The class Fy is in fact the class of the permutation of [0,1]. For « € [0,1], the
function 6(x) = {x + a} belongs to Fx where the permutation c is associated to
the partition [0,1] = [0,a) U [a,1). If f is a bijection, 6 is too. Our main Theo-
rem 2.1 remains valid for more general weights v, namely if the functions x — x;
(1 <i < I)in the definition of v in (2.1) are replaced by functions 6; € Fx_y,. The
spectral radius of the associated operator T does not change in this case and all
the previous estimates are obtained again by working on permuted subintervals
of [0,1].

3. EXAMPLES OF ERGODIC TRANSFORMS

The most classical example of ergodic transform is the irrational rotation
Tu(x) = {x + a}, and we then obtain operator called Bishop-type operator. Davie
[7] first proved that for almost all irrational number, namely the non-Liouville
numbers (they are dense in R with Lebesgue measure equals to 0), the Bishop
operator associated to the weight v(x) = x has a hyperinvariant subspace. A
later result due to MacDonald [13] generalized the previous result to a larger
class of weights but for the same kind of irrational numbers as Davie. Actu-
ally, MacDonald uses a generalization of Wermer’s result due to Atzmon [1],
when the operator T is not invertible (Atzmon’s result is also a generalization
of Beauzamy’s work [2], further discussion of Wermer’s criterion exists in [11]).
In [9], the work of Davie was generalized to a larger class of irrationals, but for the
weight v(x) = x°, with s a positive real. A recent work of Chalendar and Parting-

K
ton [5] generalize the previous result for weights of the form v(x) = T {x — By }7*
k=1

with v > 0 for some irrationals (including some Liouville numbers). This oper-
ator includes the product of Bishop-type operators.

We first give sufficient conditions on an irrational number « such that the
discrepancy of the ergodic transformation 7,(x) = {x + a} satisfies condition
(2.2) and thus our Theorem 2.1 applies. Recall that for a real number t we denote
by (t) the distance from t to the nearest integer, i.e. (t) = rnr1€1£ |t — nl|. Also recall

that if ¢ is a non-decreasing positive function defined on the positive integers,
then an irrational number « is said to be of type < ¢ if g(qa) > 1/¢(q) for all
q € N. This is a measure of “irrationality” of the number a. The smaller the
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function ¥ is, the “farther away” is « from the rationals; the larger the ¢ is, the
“closer” « is allowed to be to the rationals. Using results in [12] we can prove the
following:

PROPOSITION 3.1. Let a be an irrational number of type < ¢ where P(q) =
exp(q!/ ®+e)) for some e > 0. Then

Dy(a) = o(m).

Proof. In order to prove this proposition we first recall the two lemmas in
p. 122-123 of [12]:
(a) The discrepancy of w = (na) satisfies, for any positive integer m,

1 1 & 1
< — 4+ = .
Dn() < €(5 + 5 X ity

(b) Let « be of type < . Then,

=1 2 (2h) Inh
h;W—O@J(Zm)lnm—i—h;i).

We remark that the function & — ¢(2h) In h/h is non-decreasing, so it comes

m—+1
" p(2h) Inh $(2h) Inh
y "R 1/ ——dh

=1
m+1
=0 [ e 2 (a0 d) = o(elme ),
1
Thus
LLE | 1/(3+¢/2) 1/(3+¢) 1/(3+¢/2)
5 o = 0 ) 0@ ) o),
h=1

and therefore we obtain
1 ml/(3+s/2))

1
Dy(w) = o(a + e

Now choose m = [In>"¥2(NIn"37¥3 N)| to obtain that Dy (x) =O(1/In>"¢/3 N)
and finish the proof of the proposition. 1

for all positive integers m.

We recall the definition:

DEFINITION 3.2. The irrational number « is a Liouville number if and only if
« is not of type < ¢ for any power function ¢, i.e. of the form ¢(q) = g" (where
n is a fixed positive integer). Equivalently, if for all integer 7, there exist some
integers p and g with g > 1 satisfying 0 < |« — p/q| < 1/4".



HYPERINVARIANT SUBSPACES FOR WEIGHTED COMPOSITION OPERATORS ON L”([0,1]4) 141

Looking closer at the definition of type < 1, we remark that if « is of type
< ¢ then |a —p/q| > 1/((q)g?) for all p € N. Thus we can use the results in
[9] to estimate the size of the set A of the irrational numbers « of type < i where
¥(q) = exp(q'/ G+9) for some e > 0. We have

PROPOSITION 3.3. For f(x) = 1/1n%(x/2) the f-Hausdorff measure of AS is
zero. Furthermore, as soon as g converges faster than f to 0 in 0, we have H8 (A) = 0.

And we can give explicit Liouville numbers for which the operator has a
hyperinvariant subspace.

PROPOSITION 3.4. Let b > 2 be an integer, and let (1) be a sequence of positive
integers satisfying, for n large enough, the two conditions

Inp i b bin/ (3+e)
nuy, + m < Up41 wit ‘B = m,uyH,l < lnib
Then the number « = Y, 1/b"" is a Liouville number of type <  where {(q) =
n=0

exp(q"/ (3+€)). For this choice of « we obtain, by Proposition 3.1 and Theorem 2.1, that
T has a nontrivial hyperinvariant subspace.

EXAMPLE 3.5. Taking b = 10 and u;, = n!, we obtain the classical example
of Liouville number, and for this one the operator T has a nontrivial hyperinvari-
ant subspace.

Using the previous function, we can construct a class of bijective ergodic
transforms such that their discrepancy satisfy the condition (2.2). Indeed, let
T € Fy and an irrational a € [0, 1], we consider the map ¢ = To 7, o T . Since
T is a bijective measure-preserving map and 1, is ergodic, ¢ is ergodic too. More-
over the discrepancy of ¢ is the same as the one of 7,. This is because for any
subinterval I of [0,1], T—!(I) is a finite union of subintervals of [0,1] having a
total measure the same as the length of I. At last, the map ¢ is not necessary a
rotation.

In [10] it is proved that for almost every x € R the discrepancy of the se-
quence {2"x} is at most of the order y/loglog N/N. Thus the discrepancy of the
transformation 7 : [0,1] — [0,1] defined by 7(x) = 2x satisfies condition (2.2).
However this map 7 is not 1-1.

4. HIGHER-DIMENSIONAL CASE

The previously described approach allows us to easily extend Theorem 2.1
to the case of weighted composition operators on L?([0,1]¢) for d a positive inte-
ger. We consider the operator

T:LP([0,1]%)
f

L7([0,1)%)

_>
— ovfort
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where v € L®([0,1]4) and 7 is a bijective ergodic transformation on [0,1]¢. We
assume that v and T can be written as

=

o(x) = [ [vi(xi) and 7(x) = (n(x1),.. ., T(x4)),

i=1
where v; € P foralli € {1,...,d}. Such an example 7 of ergodic transformation
is the rotation on the d-dimensional torus with angle « = (a4, ..., a;), defined by

7:[0,1]" — [0,1]*
x=(x1,...,x5) = ({xai+m},... {xg+ay}).

A vector w = (aq,...,ay) is said irrational if 1, a4, . . ., & are linearly independent
over Q, and if  is irrational, then the rotation 7 is known to be uniquely ergodic
so in particular ergodic. For this ergodic transform it was proved in [4] that the
operator has no eigenvalues for all irrational «, but it was not known about the
existence of hyperinvariant subspaces. Also, MacDonald extends in [14] his first
work to obtain hyperinvariant subspace for some Bishop-type operator with a
non-vanishing weight v and an irrational rotation 7.

In order to apply the previous work, we remark that the only change is
in the bounds of T", but considering these ergodic transformation and weight
allows to easily obtain that

1T Fll o) < €™ fll ey forn =0,

IT" fller (g < C,‘i,te"w("> ||f||Lp([o,1]d) forn <0,

where E; is defined as before but E;, x,  becomes

! szl,...,n,z':l,...,d},

Enxot = {x € [0,1]d; \'L’fk(x) —xo| = 3

and assuming that

1
sup D;, = 0(7) for some ¢ > 0,
1<i<d ln3+€ n
where D; ,, denotes the discrepancy associated to 7;. Under these assumptions we
obtain the existence of a hyperinvariant subspace for this operator.

REMARK 4.1. (i) Theorem 2.1 should remain valid for more general weights

v where the functions x — x; in (2.1) are replaced by any function whose graph

is the union of linear segments. However, some of the above calculations may
become more technical when somebody tries to complete this task.

(ii) In the higher-dimensional case, our main Theorem 2.1 (and the scheme

of our proof) should remain valid when one considers more general maps T :

[0,1) — [0,1]%, where the discrepancy is defined by replacing [«, 8) in (1.1)
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d
by I [a;,B;). In that case, one should need to create grids of [0,1]? using d-
k=1

dimensional cubes in order to obtain the bounds of T" for n € Z. However, this
may make the proof and the notation more tedious.
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