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ABSTRACT. In this paper we discuss some algebraic properties of Toeplitz op-
erators with separately quasihomogeneous symbols (i.e., symbols being of the

form & @(|z1],...,|zu|)) on the Bergman space of the unit ball in C". We pro-
vide a decomposition of 12 (By, dv), then we use it to show that the zero prod-
uct of two Toeplitz operators has only a trivial solution if one of the symbols
is separately quasihomogeneous and the other is arbitrary. Also, we describe
the commutant of a Toeplitz operator whose symbol is radial.
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1. INTRODUCTION

Toeplitz operators, or localization operators, appear in the literature in many
different situations. They were introduced in time-frequency analysis by Daubec-
hies in [8] as certain filters for signals. In [10], Lieb and Solovej reformulated prob-
lems in quantum mechanics in terms of coherent state transforms, where Toeplitz
operators appeared in a natural way. Since then, boundedness and compactness
properties of such operators have been investigated in many works (see e.g. [6],
[14], [15], [20], [21], [22]). The aim of this paper is to study algebraic properties of
Toeplitz operators with separately quasihomogeneous symbols on the Bergman
space of the unit ball.

Let dv denote the Lebesgue volume measure on the unit ball B, of C",
normalized so that the measure of B, equals 1. The Bergman space L2(B,) is
the Hilbert space consisting of holomorphic functions on B, which are also in
L?(By,,dv). Let P be the orthogonal projection from L?(B,,,dv) onto L2(B,). For
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a function ¢ € L®(By,dv), the Toeplitz operator T, : L2(B,) + LZ(B,) with
symbol ¢ is defined by

Ty(f) = P(9f)-

Since for any w € B, the pointwise evaluation of functions in L2(B,) at w is
a bounded functional, there is a unique function K, € L2(B,) which has the
following reproducing property:

flw) = (f,Ku), f€Li(Bn),

where the notation (, ) denotes the inner product in L?(B,,dv). The function Ky,
is the well-known Bergman kernel and its explicit formula is given by

1

ol = T

z € By.

Then
TN = [ f@)p(wK@)do@w), =€ By
By

Quiroga-Barranco and Vasilevski [15] gave some basic results concerning
Toeplitz operators on L2(B,) with separately radial symbols (i.e., symbols de-
pending only on |z1|,...,|z,|), then they proved that the C*-algebra generated
by Toeplitz operators with bounded separately radial symbols is commutative.
In [24], we studied algebraic properties of Toeplitz operators with radial symbols
on L2(By). In Section 2 of this paper, we will introduce some properties of sep-
arately radial functions and characterize when a bounded holomorphic function
on C" is equal to zero.

In 1964, Brown and Halmos [4] proved that T¢T; = Tj, on the Hardy space

H?(T) of the unit circle T of C if and only if either f or g is holomorphic and
h = fg. On the Bergman space L2(D) of the unit disk D, Ahern and Cu&kovi¢
[1] showed that a similar result holds for Toeplitz operators with harmonic sym-
bols. Louhichi, Strouse and Zakariasy [12] determined when the product of two
Toeplitz operators with quasihomogeneous symbols (i.e., symbols being of the
form e*%¢(|z|)) is a Toeplitz operator. Inspired by [12], we discuss the same ques-
tion for more general symbols on B,, in Section 3. We will give a necessary con-
dition for the product of two Toeplitz operators whose symbols are separately
quasihomogeneous to be equal to a Toeplitz operator.

In Section 4, we will consider the so-called "zero-product” problem. Brown
and Halmos [4] easily deduced that if TfT; = 0 on H?(T) then either f or ¢ must
be identically zero. Ahern and Cuckovié [1] showed that the same result holds for
L2(D) if the symbols f and g are harmonic. Moreover in [2], they proved that if
T¢Ty = 0, where f is arbitrary bounded and g is radial, then either f = 0 or g = 0.
Choe and Koo [5] got a result on B,, which is analogous to [1] with an assump-
tion about the continuity of the symbols on an open subset of the boundary, and
solved the zero-product problem for several Toeplitz operators with harmonic
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symbols that have Lipschitz continuous extensions to the whole boundary. In
spite of all these mentioned former works, the zero-product problem for Toeplitz
operators remains open and is far from resolved. In Section 4, we first provide
a decomposition of 12 (By, dv), then we investigate the zero-product problem for
two Toeplitz operators, when one of the two symbols is separately quasihomoge-
neous and the other is arbitrary bounded function.

Brown and Halmos [4] showed that two bounded Toeplitz operators Ty and

T, commute on H?(T) if and only if:

(I) both f and g are analytic, or
(I) both f and g are analytic, or
(IIT) one is a linear function of the other.

Axler and Cu¢kovi¢ [3] characterized commutativity of Toeplitz operators
with harmonic symbols on L2 (D). In [7] Cu¢kovié¢ and Rao used the Mellin trans-
form to study the commutativity of two Toeplitz operators on L2 (D) and describe
those operators which commute with T e,.. Later in [13], Louhichi and Zakari-
asy gave a partial characterization of commuting Toeplitz operators on L2(D)
with quasihomogeneous symbols. The main reason for them to study such fam-
ily of symbols is that any function f in L2(D,dA), where dA is the Lebesgue area
measure, has the following polar decomposition

fre®) = Y (),
kez
where f; are radial functions in L2([0,1],rdr). Zheng [23] studied commuting
Toeplitz operators with pluriharmonic symbols on L2(B,). Recently, Quiroga-
Barranco and Vasilevski gave the description of many (geometrically defined)
classes of commuting Toeplitz operators on the unit ball (see [16], [17]). In the
last section, we will give necessary and sufficient conditions for a symbol that
produces a Toeplitz operator commuting with another such operator whose sym-
bol is a radial function.

2. PRELIMINARIES

For any multi-index « = (ay,...,0,) € N, where N denotes the set of all
nonnegative integers, we write

o] =+ 4+a, and al=ay!---a,l.

We will also write, for z = (z1,...,24) € Bu:

U8

® L.zt
z _Zl Z," .

n

For two multi-indexes « = (a1, ...,a,) € N"and B = (B1,...,Bn) € N", the
notation & =  means that

061'2,3,‘, i=1,...,7’l



196 XING-TANG DONG AND ZE-HUA ZHOU

and « L f means that
a1+ +ayfn =0.
We also define
a—pB= (a1 —PB1,..., &0 — Bn)-
Moreover, if « > 8 then we obtain
o — B| = laf = [B].
Let do be the surface area measure on the unit sphere S, then it is known

that the holomorphic monomials z* (¢ € N") are orthogonal to each other in
12 (Sy,do). We show a more general result in the following lemma.

LEMMA 2.1. Let o, p € N" with w # Band let t € [0,1). If ¢ is a bounded
separately radial function on B, then

[ ot ao@) ~o.
S

Proof. The result is obvious when n = 1. Now suppose n > 1. Without loss
of generality, we may assume &, # B,. Since ¢ is a bounded separately radial
function, it follows from Proposition 1.4.7 of [19] that

27
[ot0eao@)= [ doy ()5 [ oE16°) (&0 T, e0,) do
Sn B 0

21

= q)(té’,t¢n><é',@)“(gf,gn)ﬁdvn,l(g’)% /ei(“"*/s")edf):o.

By_1 0

This completes the proof. 1
We recall some useful results from [15]. Denote by 7(B,,) the base of B, i.e.,
T(By) ={r=(r1,---,tn) = (z1],---,|zu|) :2=(21,.-.,21) € By}.
Then for any « € N" and r € 7(B,,), we will write

e
=ty and || = r%+~~~+r%.

Note that dv(z):g—idm%, where dmy,=dxdy; - - - dx,dyy, is the usual Lebesgue
measure in C", and for any bounded separately radial function ¢, we get

(2.1) /q)(z)dv(z) =2"n! / @(r)rdr,
B, 7(By)

where rdr = H ridr;. Corollary 3.2 of [15] tells that the Toeplitz operator T, with
bounded separately radial symbol ¢ is diagonal with respect to the orthogonal
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basis {z* : « € N"}. Conversely, the following lemma will show that the symbol
on any diagonal Toeplitz operator must be separately radial.

LEMMA 2.2. Let ¢ be a bounded function on B,. If for each « € N", there exists
A € Csuch that Ty(z*) = Auz", then @ is separately radial.

Proof. Assume Tj(z%) = Aqz", then for any unitary transformation U of C"
with a diagonal matrix, i.e.,, U = diag{eiel, ...,e%} we have

Tpott (28) (w) = T, (U1 2)* (Uw) = e 901 - .. e~ 08T, (28 (L)

= e Wb .ol ) (%) (Uw) = Agw® = Tp(2%)(w),

which implies Tyoyy = Typ. Thus ¢ o U = ¢ and therefore ¢ is a separately radial
function. This completes the proof. 1§

It is well known that a bounded analytic functionon IT; = {z : Rez > 0} is
uniquely determined by its value on an arithmetic sequence of integers. In fact,
we have the following classical theorem (see p. 102 of [18]).

THEOREM 2.3. Suppose that f is a bounded analytic function on Il which van-
ishes at the pairwise distinct points z1,zy, . .., where
(i) inf{|z,|} > 0 and
(i) T Re(L) = co.
n>1 n
Then f vanishes identically on I1.

In this paper, we will need a similar result in higher dimensions. First, we
give the following definition.

DEFINITION 2.4. Let E be a subset of Z3, we say that E satisfies condition
(D) if the following statement holds:

1 _
- = o, and for every

&

(I) there exists a sequence {afl)}fil such that

Tte

1

fixed a'", there also exists a sequence {uc(.z) }%_, such that ozo:
l OO =1 450)

(", a?)) j(i) =1,2,..} CE.

REMARK 2.5. According to Definition 2.4, one can immediately get that, for
a multi-index v € N2, if E is a subset of {« € Z2 : a = 7} and if E is the
complement of E in {a € Z2 : & = 7}, then either E or E’ satisfies condition (I).

Now we are ready to show when a bounded holomorphic function on 12
is identically zero.

PROPOSITION 2.6. Let f be a bounded holomorphic function on I1%. If the set
E={a €Z2 : f(x) = 0} satisfies condition (I), then f vanishes identically on I12..
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Proof. If E satisfies condition (I), then for any arbitrary but fixed “51) €
C Zy such that Y, % = o0

(1) (o] 1 (2) (<]
o > ., there exists a sequence {a 1}

=1

and f(ocl(l), zxj((zl))) = 0. By Theorem 2.3, we can get
f(uci(l),zz) =0, Vzell,.

Condition (I) also gives }| % = oc0. Applying Theorem 2.3 to the first variable,
i=1%

then we have f(z1,27) = 0 on IT3. This completes the proof. 1

COROLLARY 2.7. Let p, s € N2 and let g(r) be a bounded function on T(By). If
the set

E= {zx €72 o= sand / g(N)r? P =Srdr = 0}
7(B2)

satisfies condition (I), then g = 0.
Proof. Let f(z) = [ g(r)r*rdr. Obviously, f is a bounded holomorphic
7(B2)
function on I12 since g is bounded. By Proposition 2.6, it is easy to see that
f(z) = 0onII3. Therefore g = 0 on 7(B,). This completes the proof. 1

3. PRODUCTS OF SEPARATELY QUASIHOMOGENEOUS TOEPLITZ OPERATORS

In this section, we will show some basic results concerning Toeplitz oper-
ators with separately quasihomogeneous symbols on L2(B,). The definition of
quasihomogeneous functions on D can be found in [12]. Below we give an anal-
ogous definition on B,.

DEFINITION 3.1. Letk € Z" and let f € L*(B,;, dv). Then we say that f is a
separately quasihomogeneous function of degree k if it is of the form & ¢ where ¢ is a
separately radial function, i.e.,

f(2) = f(Irlg) = T (r)
for any ¢ € Sy and r € T(By). In this case, the associated Toeplitz operator Ty is
called a separately quasihomogeneous Toeplitz operator of degree k.

REMARK 3.2. Letk € Z" and let { € S;,. It is obvious that k can be uniquely
written as p — s, where p, s € N” such that p L s. Thus in this paper, the function
&k is always understood as

=2

A direct calculation gives the following lemma which we shall use often.
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LEMMA 3.3. Let p, s € N" and let r € T(B,). If P& ¢(r) is a bounded function
on By, then for each « € N"

Tz (#)
0 ifatpis;
= 2"(n—(i-alicr\;-7\;;|)!—|5|)! (g‘) q)(r)r2a+2p|r‘f(|p|+\s\)rdrztx+pfs ifo+p=s.
T(bn

Proof. Foreachaw € N",if a 4 p - s, i.e, thereis an integer 1 < j < n so that
aj+pj <sj thena+p # p+sforany p € N". Thus by Lemma 2.1 we can get

(oo (@) %) = [ 9()FT=Pdo(z) =0,
By,

which implies that T@’“ES@ " (z*) = 0.
On the other hand, if « 4 p > s, then using Lemma 2.1 and (2.1) again, we
can get

(Tépgs¢(r)(z“),zﬁ> = /(P(T’)Cpgszﬂ‘iﬁdv(z)
By

0 fp#a+p—s;
=9 2"t [ @)t ||~ (PlHlDrdr ifp=a+p—s.
T(By)
Then by the well-known identity (see Proposition 1.4.9 of [19])
0 fp#a+p—s,
<Z’X+pfs,zﬁ> = { n!(a+p—s)! i P — P s
Gl A=t p—s,
we obtain
_ 2" (n+|af+[p|—]s])! 20+2p),.1—(|p|+ +p—
Tegin &)V =g [ o v, ),

T(By)
which implies that
_ 2"+ |a| +[p| — |s])!
(+p—s)!

/ (1) 2520 |~ (P +D) g,
7(Bn)

Torgg() ()

So the desired result is obvious. &

PROPOSITION 3.4. Let p, s € N" and let f be a bounded function on B,,. Then
the following assertions are equivalent:
(i) For each & € N", there exists A, € C such that

ey _ [0 ifatpits
Tf(Z ){ AaZ*TPS if a4 p s,

(ii) f is a separately quasihomogeneous function of degree p — s.
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Proof. If f is a separately quasihomogeneous function of degree p — s, then
there exists a separately radial function ¢ such that f = e @. Then (i) is a direct
consequence of Lemma 3.3.

Conversely, suppose (i) is true. Then for any multi-indexes , g € N",

(Torzsp (2%),2P) = (Tp(2%9), 2PHP) = (Aay 2P, 2PHP)

{ 0 if B # a,
= Aagst!(a+p)! . o
Tty B =4

and consequently

Agrs(a+p)!(n+ |“|)!le

szzf;f(z ): a'(ﬂ+‘“‘+|p‘)'

Thus, it follows from Lemma 2.2 that zFz° f is a separately radial function, which
implies that f is a separately quasihomogeneous function of degree p —s. This
completes the proof. 1

THEOREM 3.5. Let f1 and f, be two bounded separately quasihomogeneous func-
tions on By, of degrees k and k' respectively. If there exists a bounded function h such that
Ty, T, = Ty, then h is a separately quasihomogeneous function of degree k +k'.

Proof. Suppose k = p —sand k' = p’ — s/, where p, p/, s, s’ € N" such that
pLsand p’ Ls, then by Definition 3.1 and Remark 3.2, we have

fi=8p =T and fr=8¢ = érpfs,‘sz

for two separately radial functions ¢; and ¢,. By Lemma 3.3, for each « € N,
there exists A, € C such that

Ty, Ty, (2%) = Tgpgs ” Tgp/?’ . (z)

0 ifa+p #d;
=<0 ifa+p =sanda+p +p#s+s;
ALzttptp'=s=s" ifa 4 p/ = anda+p' +p = s +s.
Let
r-10 ifa+p #sanda+p' +p=s +s,
YN, ifatp =sdanda+p +p =8 +s;
then it follows that

0 ifa+p' +pts+s;
TaTR() = { Mz PP i p s s,

Hence, if Ty, Ty, = T, then by Proposition 3.4, h is a separately quasihomogeneous
function of degree p’ + p — s’ —s = k + k. This completes the proof. 1
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REMARK 3.6. Theorem 3.5 only gives a necessary condition for T, Ty, to
be equal to a Toeplitz operator Tj,. However, it is not known for which bounded
separately quasihomogenous f1 and f; there exists a bounded h with Tg, Ty, = Tj,.
The problem of determining when the product of two separately quasihomoge-
nous Toeplitz operators is a Toeplitz operator still remains open, even in the one
variable case. Louhichi, Strouse and Zakariasy [12] gave lots of examples of func-
tions 1 and ¢ such that Tyipsey, Te-is0, 0N L2(D) is not a Toeplitz operator. More-

e
over, Theorem 6.7 of [12] illustrated the difficulty in characterizing more precisely

those pairs of Toeplitz operators whose product is a Toeplitz operator.

4. ON THE ZERO-PRODUCT PROBLEM FOR TOEPLITZ OPERATORS

We start this section with a decomposition of the space L?(B,,,dv). Let

R= {(p : B, — C separately radial ‘ / lo(r)|>rdr < oo},
7(By)

and let &, = é‘k?R k € Z". Each Ry, is a subspace of L?(B,,, dv) since for f € R,
f(z) = f(Irg) = ¢*(r) and

/ F2)Pdo(z) =2t [ |FRlp(r)Prdr < oo,
T(Bn)
It is also clear that 3, L% if k #1. Every polynomial p in z and z can be written as
70

p(z,z) = 2 ( Z aa,ﬁz“2ﬁ>

k=—v9 a—p=k

for some 7y € N". In polar coordinates, if z = |r|(&y,...,&x), then p(z,Zz) has the
following form

Y0 ) .
Z gk{ Z aa,ﬁ‘r|‘“‘+|ﬁ‘|§1|2m1n{‘xlrﬁl}...|§n|2mln{an,ﬁn}} c Z Ck%

k=—y0  a—p=k kez"

Since the polynomials p(z,z) are dense in C(B,) and C(B,,) is dense in L?(B,, dv),
we can conclude that
2(By,dv) = P &R,

kezn
i.e., every function f € L%(B,,dv) has the decomposition
frle)y =Y &f(r), freR
kezn

Moreover, if f € L®(B,,dv) C L%(B,,dv), the following lemma will show that
the functions & f; (r) are also bounded.
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LEMMA 4.1. Let f(z) = ¥ &fi(r) € L®(By,dv), then the functions & fi.(r)
are bounded on By, for all k € an‘ezn
Proof. If U is a unitary transformation of C" with a diagonal matrix, i.e.,
U= diag{eigl,. .., elfn 1,
then we obtain

fUz) = f(Irle® Gy, ..., [rlega) = ) et lgkp(r).

kezn

So for any k € Z",

/ Y el gllibugl £ (p)eihifr ... e=ibibndg, ... dp),

lezZh

gkfk(r) = (271,)"

../f(uZ)e*i’ﬂ@l e knbngg, ... d0,,

which implies that
& fi(r)| < sup |f(2)], VK eZ".

z€By,

Hence, the functions & f;.(r) are bounded on B,,. 1

Our next result is a partial answer to the zero-product problem for two
Toeplitz operators on L2(By,).

THEOREM 4.2. Let f € L®(By,dv) and let g be a bounded separately quasiho-
mogeneous function on By. If T¢Ty = 0, then either f = 0or g = 0.

Proof. Suppose f(z) = Y &fi(r) and g = & ¢(r). Then for any k € Z",

kezr

Lemma 4.1 implies that & f; is bounded. Let k = p — s where p, s € N" such that
pLs. Here p and s depend only on k. Thus for « € N, it follows from Lemma 3.3
that

Tékfk / fielr 21x+2p|r‘*(|p|+\s\)rdrztx+k,
where
(k) 0 ifa s,
c = 2% (n+|al+|p|—|s])! . '
- ifazs

and consequently

(4.1) Tp(z") = / Fie(r) 2220 || =PI sD p gz bk,
keZ"
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Assume k' = p’ — s’ for two multi-indexes p’, s’ € N" such that p’ Ls/, then the
equality T¢Tg(z*) = 0 for each a € N" together with Lemma 3.3 and (4.1) give

4.2) / Fo(r) 22K 420 = (pl 1D g / o ()22 +2 || =1+ gy = 0
7(Bn) 7(By)
for each « € N” such thata > s +'.

Now we are ready to show either ¢ = 0 or f; = 0 for each k € Z". For the
sake of simplicity, we will prove it in the case of n = 2. Let

Er = {0( c Z%r ta s —i—S’ and / fk(r)72“+2k,+2p|1’|7(|p|+‘s‘)1’d1’ _ 0}.
7(B2)

If Ej satisfies condition (I), noting that

)l D] = (2 ()] < oo,
then f; = 0 by Corollary 2.7. Otherwise, if we denote by E; the complement of

Exin {a € Z% : « = s +5'}, then E must satisfy condition (I) by Remark 2.5. It
follows from (4.2) that

[ oty 2 074K Drar 0, va € E,
T(Bz)

Using Corollary 2.7 again, we get ¢ = 0. This completes the proof. &

REMARK 4.3. In the one-dimensional case, a radial function is a separately
quasihomogeneous function of degree 0, therefore Theorem 4.2 implies the result
of Ahern and Cugkovié in [2].

Using the same reasoning as in [4], we will show that there are no idempo-
tent Toeplitz operators with separately quasihomogeneous symbols other than
the identity and the zero operators.

COROLLARY 4.4. Let f be a bounded separately quasihomogeneous function on
By Then TJ% = Ty if and only if either f =0 or f = 1.

Proof. 1f T? = Ty, then TfTf 1 =0, and by Theorem 4.2, f =0,0r f = 1.
The converse implication is clear. This completes the proof. 1

5. COMMUTING TOEPLITZ OPERATORS

Recall that a function ¢ on B, is radial if ¢(z) depends only on |z|. Then for
each radial function ¢, we define the function ¢ on [0,1) by ¢(s) = ¢(se) where
e is a unit vector in C". It is obvious that ¢ is well-defined. In the following, we
shall often identify an integrable radial function ¢ on B, with the corresponding
function ¢ defined on the interval [0,1).
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The Mellin transform ¢ of a function ¢ € L'([0,1],7dr) is defined by the
equation:

1
B = [ 9(s)s* 1ds.
0

It is known that ¢ is a bounded analytic function in the half plane {z : Rez > 2}.
In addition, if ¢ is a radial function, then for each « € N", one can easily get

(5.1) Tp(z") = (2n +2|a|)P(2n + 2|al)z".

It was shown in [7], that a Toeplitz operator with a radial symbol on L2(D)
commutes with another Toeplitz operator only if that operator also has a radial
symbol. However, we will see that it is not true on B, with n > 1, i.e., we can get
a separately quasihomogenous Toeplitz operator commuting with another such
operator whose symbol is a radial function.

THEOREM 5.1. Let p,s € N" and let EPE ¢(r) and ¢p(z) = ¢(|z|) be two
bounded functions on By,. If ¢ is nonconstant, then

ToTogy = TozyTo
if and only if either |p| = |s| or ¢ = 0.

Proof. 1f Tgn? " commutes with Ty, then for each a € N" such thata +p = s,
from Lemma 3.3 and (5.1) we can deduce
(5.2) (2n +2|a|)p(2n + 2|a|) / i (r) 222 ||~ Pl gy
7(Bn)

= (2n+2a| +2|p| - 2[s|)P(2n + 2|a| +2|p| - 2]s])

X /1/1(7)72“2”|r|7(‘p|+|5|)rdr.
T(Bn)
Assume |p| # |s|, without loss of generality, we can assume that [p| > |s|, for

otherwise we could take adjoints. Similarly as the proof of Theorem 4.2, let n = 2
and denote

E= {oc €72 :a = sand / p(r) 2220 ||~ UplHsD gy = 0}.
7(B2)
Then we will show that E satisfies condition (I), which implies that ¢y = 0 by
Corollary 2.7.
Suppose E does not satisfy condition (I). Denote by E’ the complement of
Ein {a € Z2 : « = s}, then E' must satisfy condition (I) by Remark 2.5. Further-
more, we can get

L =
acE' |‘X|
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On the other hand, for any « € El, (5.2) gives
(5.3) (2n+2|zx|)$(2n+2|a|):(2n+2|zx|+2|p|—2|s|)<$(2n+2|a|+2|p\—2|s\).
Denote

B z+2n
z+2n+2|p|

F(z) = ¢p(z +2n+2|p| —2|s|) _2|S|$(z+2n),

then F is analytic and bounded on IT". Moreover, it follows from (5.3) that
F(2la]) =0, VaeE.
According to Theorem 2.3, F must be zero, which implies that
(z+42n+2|p| —2|s|)p(z + 2n +2|p| —2|s|) = (z +2n)p(z+2n), zcITT.

As in the proof of Theorem 6 in [7], the above equation gives that ¢ is constant,
which is a contradiction. Thus we conclude that either |p| = |s| or ¢ = 0.

Conversely, if |p| = |s| or ¢ = 0, then we can easily show that (5.2) holds,
and consequently

Tépgchq) (Z“) = T‘PTgPESnp(Z“)
for each « € N", which implies that Tg
proof. 1

Ve and Ty commute. This completes the

COROLLARY 5.2. Let f(z) and ¢(z) = ¢(|z|) be two bounded functions on By,. If
¢ is nonconstant, then TgTy = TyTy if and only if f(e®®z) = f(z) for almost all 6 € R.

Proof. Suppose f(z) = Y &fi(r) € L*(By,dv). By (4.1) and (5.1), it is
kez
obvious that Ty commutes with Ty if and only if
Terf To = ToTer,

forall k € Z". Letk = p —s, where p, s € N" such that p L s, then by Theo-
rem 5.1, the above equation is equivalent to

54 pl=1Is| or fi=0.
Obviously, (5.4) is equivalent to

(& f)(e2) = (& f)(2), VO €R.

Therefore Ty commutes with T, if and only if f(ez) = f(z) for almost all 6 € R.
This completes the proof. 1

REMARK 5.3. We noticed that Le [9] studied the commutants of certain di-
agonal Toeplitz operators on weighted Bergman spaces of the unit ball when
we were revising the manuscript. Obviously, Corollary 5.2 coincides with Theo-
rem 1.2 of [9], though they are proved by different methods.
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I. Louhichi and N.V. Rao [11] showed that the commutant of a quasiho-
mogenous Toeplitz operator on L2(D) is equal to its bicommutant. Moreover,
they conjectured that if two Toeplitz operators commute with a third one, none
of them being the identity, then they commute with each other. The next is a
counterexample to their conjecture when formulated for Toeplitz operators on
L2(By), withn > 1.

EXAMPLE 5.4. Letn > 1landletp = (1,0,...,0) and s = (0,...,0,1). Then
for each bounded nonconstant radial function ¢, by Theorem 5.1, Ty commutes

with both TgPES and Tgszp. However, it follows from Lemma 3.3 that

2
Teg Teszr (zF) = [2”(n+1) / r27’+25rdr} zF' and Tesgr Trpge (zF)=0.
T(By)
Therefore Ti;PES and Tgszp cannot commute.
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