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ABSTRACT. Our aim in this paper is to compute the entire cyclic cohomol-
ogy of noncommutative 2-tori. First of all, we clarify their algebraic structure
of noncommutative 2-tori as an F*-algebra, according to the idea of Elliott—
Evans. Actually, they are the inductive limit of subhomogeneous F*-algebras.
Using such a result, we compute their entire cyclic cohomology, which is iso-
morphic to their periodic one as a complex vector space.
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INTRODUCTION

Elliott and Evans [3] show that the irrational rotation C*-algebras (or non-
commutative 2-tori) Tg are isomorphic to certain inductive limits, which are now
called AT-algebras,

lim(C(T) ® (Mg, (C) & Mg, (C)), 7).

To compute the entire cyclic cohomology of their smooth parts (T7)%, we
need to know their algebraic structure. In this paper, we elaborate Elliott and
Evans’ result cited above, and show that (T)® are isomorphic to inductive limits

lim(C™(T) @ (Mg, (C) ® My,,_,(C)), 77)

as Fréchet x-algebras (or F*-algebras). Using this fact, we can compute their entire
cyclic cohomology quite easily.

In Section 1, we prepare the notations needed for (T7)® and review the
definition of entire cyclic cohomology. In Section 2, we determine the algebraic
structure of (T3)* by using appropriate smooth functions to construct projec-
tions instead of the original ones due to Rieffel [8]. In Section 3, it is shown that
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the functor of entire cyclic cohomology H; is continuous in some sense. More
precisely,

H (lim %) ~ Lim H (2,)
(cf. Meyer [7]), where the right hand side means the projective limit of H; ()

which will be defined in the same section.
Our main result is stated in Section 4.

1. PRELIMINARIES

First of all, we define some notations for our discussion in this section.
Given an irrational number 6, let us treat the noncommutative 2-tori (T7)*
generated by two unitaries u, v with relation

uo = 2™y

as a Fréchet x-algebra (or F*-algebra). In some cases, we regard each element of
(TZ)> as an operator on the Hilbert space L?(T) of the square integrable complex
valued functions on the 1-torus T. For instance, for f € LZ(T), teT,

(uf)(t) = tf(t), (of)(t) = f(e 2m}).
There is a smooth action « of T2 on (T§)°° defined by
wis(u) = tu, aps(v) =sv

for t,s € T. Moreover, we have the two *-derivations 41, , on (Tg)"O associated
with « satisfying

S(u) =iu, 6(u)=0, 6(v)=0, &(v)=iv.
Using these derivations, we define seminorms || - ||x; on (T3)® by
ki = 116F 0 85(2)]l,

where || - || is the usual C*-norm on Tj.

Here, we briefly review the definition of entire cyclic cohomology. For any
unital F*-algebra 2 and any integer n > 0, we put C" be the set of all (n + 1)-
linear functionals on 2. For n < 0, let C" = {0}. Moreover, we define

CV={(g2n)n : 920 € C" (12 0)},  C'={(g2u41)n : 92041 € C**' (1 > 0)}.

We call (¢7,,) an entire even cochain if for each bounded subset £ C 2, we
can find a constant C > 0 such that

[ES

‘¢2n(a01~--rﬂ2n)| <C-n!

foralln > 1and a j€ X In odd case, we define entire odd cochains by the same
way as in even case. We denote by C&V (respectively, C99) the set of all entire even
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(respectively, odd) cochains. Then we define the entire cyclic cohomology of 2
by the cohomology of the short complex

J d
C = c,

where 0 are certain derivations defined by Connes [2].

2. (T2)> IS A FRECHET INDUCTIVE LIMIT

In this section, we prove the key lemma which states that noncommutative
2-tori (T7)* as F*-algebras are isomorphic to inductive limits

lim (C*(T) @ (Mg, (C) © Mgy, , (C)), 707),
where the sequence {g,,,_1}x appears in the continued fraction expansion of 6.
Let (Z Z) € SL(2,Z) withp/q < 0 < p'/q', g > 0and 4/ > 0 for each

fixed 0 € (0,1). We write B = p’ —¢'0, ' = g0 — p. First of all, we construct
two projections eg and eg in (TZ)> with traces B and B’ respectively using the
functions fg and g4 defined below. We regard the 1-torus T as the interval [0, 1].

Since <Z: Z) € SL(2,7Z), we note that gp + ¢’ = 1. In particular, we have
0<B<1/9,0<p <1/q'.When B >1/2q, we put

fi(x) =e 7, f(x)=1-f1(1/9—B—x),

f3(x) = fa(1/q = x), falx) = fi(1/g = x),

where a = (1/g — B) log v/2. Using the functions described above, we define the
functions f, g defined by

fix) (0<x<1/29—B/2),
falx) (1/2q ﬁ/2<x<1/q B),
o ag-p<x<p),
B3 =1 fw) (ﬁ<x<ﬁ/2+1/2q)
fax) (B/2+1/29<x<1/q),
0 (1/g9 < x<1),

8p(X) = Xip1/q (X)) f(x) = f(x)%,
where ) stands for the characteristic function. In the case when 8 < 1/2g, we put

fi(x) =e/x fH(x)=1-f(1/9-B—x),
f3(x) = fo(B—x), fa(x) = fi(B—x),
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where o/ = Blog V2, and define

Alx) (1/2g-B<x<1/29—-p/2),
fa(x) (1/2q— ,3/ <x<1/29),

fo(x) =4 falx) (1/29<x<1/29+B/2),
fa(x) (1/2q+ﬁ/ <x<1/29+B),
0 (otherwise),

gp(x) = X[l/zq,1/2q+/s](x) f(x) = f(x)2
We note that, in either case, f and g are infinitely differentiable functions. Putting
613 by
eg =0 1 g(u) + f(u) +g(u)o",

where f(u) and g(u) belong to the Fréchet *-algebra F*(u) generated by u, we
have the following lemma:

LEMMA 2.1. e cited above is a projection in (T3)%.

The proof follows from Connes [1].
Another projection eg is constructed by the similar way as v and ulin
place of u and v, and as 4’ and g’ in place of g and f respectively.

LEMMA 2.2. The projections eg, & arip/q 1 (€p), - - -, D‘Z;ﬂ}v/ﬂ,l (ep) are mutually
orthogonal. So are the projections egr, &, _sriy' /¢ (egr), - "‘Z:}zmp/ s (€)-
Proof. We have that
gorip/q 1 (‘3/5) _ U—q’g(ezmp/qu) +f(e2”i”/‘7u) +g(e2”il"/‘7u)v‘7
Since the supports of g and g(e??/4.) are disjoint, we see for example that
epttanipr 1 (ep) = 07 g(u)o™ (¥ Tu) + f(u)o~" (e u)
+ ()0 (¥ Tu) + g (u)of g(e¥ P Tu)ol
— 020 g(e 27001 o (2P /0y 4 07 g(2T0y) F(27P/ )
+ v_q,f(e_mip/qu) + vq,g(ezmq/eu)g(ezm”/qu)vq/
— 020 g(e¥™Pu) g (2P 1) + v f(e2Pu) g (e2 P/ 1y)
+ 07T g(e 2Py f (X 1) 4 o1 g(e 2 Pu) g (X Ty )T
When > 1/2q, since suppf = [0,1/g] and suppg = [B,1/4], we have
suppg(e”-) = [28,1/4 + B, suppg(e” ) = [0,1/q - f],
suppg(e” /1) = [B+p/q,(p+1)/q],  suppf(e¥™F) = [B,+1/q],
suppf(e¥™/9) = [p/q, (p +1)/q).
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Using the fact that p and g are mutually prime, we conclude that the supports of
¢(e?™P.) and g(e?™P/1.) are disjoint and so on, which implies that
eﬁ“ez"‘ip/q,l (eﬁ) =0.
By the analogous argument, we also have that the above equation holds when
B < 1/2q. By the same way, we see that
lxléZnip/q,] (eﬁ)“izmp/q/l (eﬁ) =0
fork,1€{0,1,...,q—1} with k= I, as desired. Similarly, we can prove that the pro-

!
C . q—1
jections egr, ) oy (eg), .-, e (eg) are also mutually orthogonal. 1

Now we define the elements e; and e; by

q-1 q-1
er=Y (&) (ep), e2=1-Y ),
k=0 k=0

where & = & ripsq 1,0 = &) o2mip' /g - By the previous proposition, both e; and
ey are projections in (T7)®. Furthermore, we have that T(eg) = B, 7(eg) = B,
where 7(x) is the canonical trace of x € T3.

LEMMA 2.3. The projections ey and ey are unitarily equivalent in (TZ)®.

Proof. First of all, we show that (T7)® is algebraically simple. Let J be a
non-zero *-ideal of (T7)%. Since the closure J of J in T3 is a closed *-ideal of
T3, it follows by the algebraic simplicity of T5 that J must be equal to T7. Then,
there is an element x € J such that |1 — x|| < 1, so that the spectrum of x does
not include the origin of C. Since the function h(t) = 1/t is holomorphic on the
spectrum of , it follows that h(x) = x~1 € (T2)®. Hence, 1 = x~!x € J, which
implies that J = T3, as claimed.

Next, we have to verify that the stable rank of (T92)°° is equal to one, i.e,,
the set of all invertible elements of (TZ)® is dense in (T7)®. If we would have
this fact, (T3)* has cancellation property (cf. Rieffel [9], [10]). Take any element
ac (Tg)o". We may assume that a > 0. Then, for Ve > 0, there exists an invertible
element b > 0 in T7 such that |la — b|| < &/2 (note that T is of stable rank
one.). By the density of (TZ)®, we can find an element ¢ € (T7)® with ¢ > 0
and ||b — c|| < &/2. We act (T3)*® on L?(T) defined before. Let us show that c is
invertible as an operator on L?(T). If & € kercand ||b — ¢| < /2, we have

I6—e)el = llezll < Il

Since ¢ is arbitrary, we see that ¢ = 0, which means that c is an injective operator.
We note that we can find a positive number /2 > § > 0 such that ||b&|| > J||E||
for any & € L?(T). We then have for any & € L?(T),

ezl > e = e)gll = 16| > |5 - =gl
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which implies that ¢c~! is bounded. By the triangle inequality, |la — c|| < ||a —
b|| +||b — || < e. Consequently, the stable rank of (T3)* is one.

Now recall that T(e;) = T(ez), we thus have [e1] = [e2] € Ko((TZ)*). Since
(T?)™ has cancellation property, they are unitarily equivalent in (T7)®. 1

Let 6 = [ap,a1,...,4an,...] be the continued fraction expansion and define
the matrices Py, P,, ... by

po— (M 1\ (-1 1\ (a4n—2 1\ (043 1
" 1 0 1 0 1 0 1 0

for n > 1. Moreover, we put

Gn ) _ (1
(QZn—l)_PnPn_l h (0>

Ay = Mgy, (C*(T)) © Mgy, , (C*(T)).

and

we construct homomorphisms 7t;° : A, — 2,41 as follows: we

For each n >
= (2%). Letz € C*(T) be the canonical unitary generator of C*(T).

write P, =
The element

1,
(¢

z
® Opy,y € An = My, (CT(T)) & My,, ,(C™(T))
z

should be mapped to the element
Ja Je

Ja

€ an+1

Oy Oy
(=(e® @20 @ DO @ DJ.®O;® - ®Oy)), where

2n q2n-1 q2n q2n—-1

—_
<
—_

=t =t [ emiena)



THE ENTIRE CYCLIC COHOMOLOGY OF NONCOMMUTATIVE 2-TORI 449

and O; means the [ x | zero matrix. Any element (a;)) © Og,, , € Mg, (C) @
My,, (C) C A, should be mapped to

anla - Mgy, I, anle -+ gy, I

® : : ,
a‘hn/l Iu T ann/QZn Ig annrl IC e alhn,fhn IC
Oban—l Oqun—l

where I, I, are the a X a,c x c¢ identity matrices respectively. The second direct
summand of 2, should be mapped into 2,1 by the similar way as g, replaced
by g24,—1, a and ¢ by b and d respectively, and interchanging the places to whose
elements are mapped from upper left-hand side to lower right-hand side. It is
easily verified that these 77} are smooth inclusions.

Next, we need the following proposition. We define

e =0""Yeg) (k=1,2,...,9—1) and el’(k:(oa’)k’l(eﬁ/) (k=1,2,...,4'—1).

LEMMA 2.4. Let epve;; = epy|exver1| be the polar decomposition of exveq;.
Then, ey = expveqy.

Proof. We write x = veqp. Since x*x = e110*ve;; = e11, we have |x| = eq;.
Thus, x = vey; is the polar decomposition of x, which implies that it is a surjective
operator since v is unitary. Hence, it follows that Ran ey, = Raneyveq;, where 1%
is the closure of a linear subspace V of the Hilbert space L?(T). Furthermore, it
is also verified that Ranej; = Ran|exveq1|. Note that expver; = (exvers)er1. By
uniqueness of polar decomposition, we deduce that e;; = epveqy, as desired. 1

By the similar way, we put e, = e),ue};. Our goal in this section is to con-
struct the F*-subalgebras generated by some unitaries, which are isomorphic to
My,, (C*(T)) & My,, ,(C*(T)). For this, since q5,_1 and g5, are mutually prime,
we can find an integer pa,—1, p2n with (5271 22") € SL(2,Z) and p,/q, — 6 as
n — oo. With the same notations as above, we set

(P/ P>:<P2n P2n1>
79 q don  qon—1

and B = Bn = pan—1— 9ou-10, B = By = q2ub — pau, and so on. First of all, we
check the following fact although it seems to be known:

LEMMA 2.5. For arbitrary h € C*(T), 6;(h(u)) = h'(u)d;(u) (j = 1,2), where
' is the first derivative of h.

n
Proof. If h(x) = Y, a,x"is a Laurent polynomial, we have
v=—m

n

S1(h(u)) :(51< Y. avuv) = i ayvin’ = ( i avvu"*l)iu = 1 (u)d1(u).

vV=—m V=—m vV=—m
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For any h € C®(T), we can find a family of Laurent polynomials {p; },>1 such
that p, — h with respect to the seminorms {|| - ||x;}. For m,n > 1, we have

01(pn(1) = pm(u)) = (pi(u) = pu ()81 (1) = (pyy (1) — Pl (u) 1.
Since {pn(u) }n is Cauchy, {1 (pn(u))}n>1 is also a Cauchy sequence. Using the
fact that 61 is a closed operator, we get
81((w) = fim 1 () = fim i ()61 () = B (1)1 ).
As &y(u) =0, itis clear that 5 (h(u)) =0=H(u)b, (). This completes the proof. 1
(n)

In what follows, we use the notations e;;” = 6/3 (e’n)(”) = e;g and so on for

> 1. Denoting 1, = pm/qgm for any integer m > 1, we define u, = u, 1 + upp
and Uy = Up1 + U2, Wwhere

6]2,171 2 ] ( ) an—lfl j ,
Uy = Z e 71172”]0( 27y, 1(611 ) Upp = Z lxl o 27y ((321)(71))/
j=0 j=0 !
qZYl*l ] ( ) q2n—-1— 1 5 ] , ( )
Up1= Yy & Lariry, 1(621 ), Vo = Tirg,— lel i ((e}y) ™).
j=0 120

We note that since
qon—1 (1) () T2 o0 (1) NG2n-1—1 ! \(n) /() T (n)
® ( )6611 ( 9) €qonqon” (‘X ) ((621) )6(611) ( 9) ( q2n—192n— 1) ’

where et(izzqzn —oﬂgzm 1(651)) and (¢ ) )—azz"jmén ((ehy) (1)), we can find

(n)

92n—192n-1 )

a unitary vlq2n6@11 (T2)> 311) (respectively, ”1q2 16(611)( (T2)>(e 1) )) such that
/
1

/

1
txqzﬂ_l(egq)):vlmegzgﬂ (respectively, (a/)7n-171(eh, ) (")) = “1q2 (e don ) (m). By
Lemma 2.2, we have

qon—
st = (F, @, W) (e, (e)
j=0 =
72n71 .
2
= Ze 7T17’2n(] m)DC]zer 1(€§1))“ 27Tirg, 1(@%21)) Z aJeZHirznll (eggl)) :1_e£n)'
jm j=0
Similarly, uj 1,1 =1— egn), Un2Up ) = Uy oUn2 = egn). Moreover, we have
Gon-1—2 . ) . . )
* n n
Up2Uy 2 = ( Z() (€2+j,l+j) + W, 4 (61‘12"71) )
]:
q2n—1 -2 , ( ) , ( ) ,
n n *
' ( ZO (el+j'2+j) + (e‘hnfll) (uqun—l) )
]:
- ((6/21)(”) T (61/72%1,‘12;171—1)(n))((elu)(n) ot (6:727171_1/72}1—1)(71))

- ((8/21)(”) Tt (6‘/72;171/‘721471*1)(n)>u/1‘72nfl (6/1‘72;171)(71)
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+ (62211—1/1)(n)ullq2n—1 ((6/12)(’1) + T + (e/anfl*quZn—l )(n))
+ (E;Zn—lll)(n) (ull'hnfl)*ull‘hnq (6/1'127171)(”)’

where
()" =k 2oy (@)™, (o)™ = (i) ™)

fork =2,...,42,_1. Since u’lmil is a unitary in (¢};)™ (ng)m(e’ll)("), it follows
that the second and the third terms above are 0 and

(e‘;Zn—lrl ) ) (ulllhnq )* ull,h%l (6/1‘7271—1 ) ) = (E;Zn—ll ) ) (6/11 ) " (eithnq ) )

/
= <€q2n71q2n—1 )(n) :

Thus we have
u”'zu:;rz = (8/11)(n) +o Tt (e‘/hn—l*lr‘hn—l*l)(n) + (e/an—qun—l)(n) = egfl)‘
The same calculations show that
(n) (n)

* n * * _
Upolng =€, Uni1Upq =70y 10p1 =1—¢;

Moreover, we have

On i1 = (e -+ ef,’;f,%,l + um%eggzn Yy o wt el
_ (1) a—2 (1) a—1 (n)
- 621 oot qu 6‘72;1‘7271_1 + qu ulqz”el‘hn
and
n—1 n
Up10p1 = (egq) —+ 4 w'? eg;ly?qzﬂ)((i'g;) + -+ 31(1:3"72”71 + ”1%:35:7;,)
_ () (n) (n) a—1 (1)
= €11 Mgy, b1y, T Wy + -0 F w® Cgondan—1"
where
(n)

e =l (ep) (k=2 02— 1),

e = a2 (@), el = el (k=2

--sf2n),
and w = ¥ Using the fact th (1) (T2y00,(1) 4nd i = 1 h
= . g the fact that uy,,, € e);" (T7)®e;;” and w2 = 1, we have
On1Unl = eizmrznun,lvn,l-

To sum up, we get the following;:

LEMMA 2.6. The following hold:
(i) w1 and uy, p are unitaries in (1 — eén))(Tez)""(l — eén)) and so are uy, » and vy, »
(1) (m2veo (1)
iney’ (Ty)®ey ; . .
(ii) w1051 = €720, 1Uy 1, Up2Up2 = €210 oUy 5.
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Now we construct subalgebras isomorphic to
Mg,,, (C(T)) & Mgy, , (C(T))-
Let {el(f) }<ij<q,, be the matrix units constructed by

(n) (n) (n)
{e11’ €20 - Capugnur € s+ an,an—l}

We then see the following lemma:

LEMMA 2.7. The F*-algebras
F*({el(]n)}lgl/]gqbr’ Uqun)
generated by {e }1<l i<, And 14, are isomorphic to Mg, (C*(T)) for all integers

n>1.

Proof. Consider the continuous field S > t — eg, defined by Elliott and
Evans [3], where S is a closed subinterval in (0,c0). The functions f and g ap-
peared in the construction of e, are depend on t € S, so that we write f =
ft, § = gt Itis not difficult to verify that

Y = e, gt — 88 lleo — 0.

as t — tg for any integer v > 0, where f(*) stands for the v-th derivatives of
f € C®(T)and | - ||eo is the supremum norm on C*®(T). Then our statement of
this lemma follows immediately.

By the same way, it follows that the F*-algebra P*({(e;j)(n)}’ullqzy,,l) gen-
erated by {(e;j)(n)}lgirj<q2n—l and uj, ~ isisomorphic to My, , (C*(T)), where

{(eg].) (n) }1<ij<g,_, are the matrix units generated by

{(6/11)(’1)’ T (62721171‘7271—1 )(n)’ (6/21)(n)’ S (6;%’71,‘]2”7171)(”)}.

LEMMA 2.8. For each h € C*(T) and any integer k > 1, there exist {a,;} C R
such that

u)) = f a i (Wt (v=1,...,k).
=1

Proof. For k = 1, by Proposition 2.5. If this statement holds for some k > 1
one has

k k
o (hn( =(z%m ') = Y audr () ()
v=1 v=1

k
Z RO (- u? + ivh ™ (u)u?)
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ay (R ()’ 4 iwh ™) (u)u)

[
o<
L=

k
W) (u)u¥ + ). iav,kvh(v) (u)u"

v=1

Il
—
-

=

a,_

<
||
N

Thus, we have
k+1
Ay k+1 = Z ay_1k + Z 14ay v,

this ends the proof. 1

We note that the coefficients a, ; do not depend on the choice .
By Lemma 2.8, we have

85 (fa()) = SF (fn () MHZ%k )= ) ()t

<2mwm%w—WWMeommaw»
v=1

which means that {6¥(f, (1))}, is a Cauchy sequence. Analogously, we see that
{6%(gn(u))}n is also Cauchy.
By construction, the following fact follows:

LEMMA 2.9. Let F*(uy,vy) be the F*-algebras generated by u, and v,. Then,
they are equal to F*({el(jn) }01g,,) © F*({(egj)(”)}, Wigy 1)-

Proof. Since u,,jand v, (j = 1,2) are all periodic unitaries, their spectra are
finite. Then the projections appeared in the spectral decompositions of u, j, v,

(] s by the properties that F*(u, ;) and F*(v, ) are

closed under the holomorphic functional calculus. 1

are unitarily equivalent to e

LEMMA 2.10. For any integers k,1 > 0,

lim ||
n—oo

1= lm {|o —of; = 0.

Proof. At first, we have to verify that the sequence {4 (eg, )}, is Cauchy. By
construction of eg, , we have, forn,m > 1,

165 (ep,) — 05 (ep,, || < 115 (0= %1 g (1) — 071 g (u)) |
1188 (o (1) = fon () )| 1105 (n (1) 0% — g (w021 |
= [lo= %165 (gu (1)) — v~ 2155 (gm (u)) |
A 05 (fan (1)) = O (fon (1)) |
+ 1167 (n (1) )0%r1 — 8 (g (1) )™
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Since po;,—1/92n—1 — 06, the last term of the above calculation tends to 0

as n,m — co. Therefore, {6F o &) (u(1 — eén)) — uy1) }n is Cauchy. Similarly, the

(n)

sequence {0¥ o 6 (uey" — u,2)}n is also a Cauchy sequence. Hence, by [8],

u(l-— eé")) —uy1 — 0, uegn) —upp — 0,

as n — oo. Using the fact that 5’1‘ o (55 are closed, the sequences above tend to 0 as
n — oo. Consequently,

=ty < (1= &) = g llis + el = wyalls =0 (1 — oo).

By the similar argument, we have ||[v — v,|[x; — 0 as n — oo, this ends the
proof. 1

Combining all together in this section, we conclude that our key fact fol-
lows:

PROPOSITION 2.11. Given an irrational number 6 € (0,1), (T2)™ is isomorphic
to the Fréchet x-inductive limit

lim(Mg,,, (C™(T)) ® Mgy, , (CT(T)), 75).-

3. ENTIRE CYCLIC COHOMOLOGY OF FRECHET INDUCTIVE LIMITS

Let {2, 1, },>1 be a family of Fréchet x-algebras and i, : 2, — 2,11 Fréchet
x-imbeddings. We can form the Fréchet *-inductive limit lim 2,;, which is de-
noted by 2. In this section, we prove that the projective limit lim Hy () of the
entire cyclic cohomologies lim H; (2,) is isomorphic to H; (A). Let [ ]y, be the
entire cyclic cohomology classes on 2,,, and the maps 7 : HEY (2, 1) — HE ()
are defined by

(g5t

. k * n
o e, ) = [ F )yl

2k ]an’
where
@ (2k+1) & 1 1),. .
(i ) 0l ao, a2) = @5 (in(a0), - in(az)
foray,...,ay € 2. First of all, we define the notion of projective limit as follows:
DEFINITION 3.1. The projective limit @Hgv(ﬂn) of HEY(2,) is the space

of sequences {[((péz))k]g[n}n € 1 HE () such that forany n > 1,
n>1

1)
B >k]%l> = (95 o,
with the property that for any k > 0,1 >

sup Hsz’Z I < o0,
n=1
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where

ol = sup |l (ap, ..., az)]-
a;€An, [la;lli<1

We define lim m H%4(2l,) in the similar way as in the even case. {[((ka)) Jo, bn =
{[(lp2k )k)a1, }n if and only if there exists {[(9§k)+1) lou, In € lim m H%4(A,,) such that

(n) (n)
o5 — i = el +Bef)
foranyn > 1,k > 0.
Let us construct two maps between @Hﬁv(mn) and HgY(2). First of all,
we define @ : HEV(2) — @Hgv(ﬂn) by

Q([(p2r)il2) = {[(P2xlat, )i, s

where [ - ]9 means the same symbol as | - |g(,. Actually it is well-defined. In fact,
if [(@ar)k]ot = [(¢%; k]2t then there exists an odd entire cyclic cocycle 6 = (6+1)k
such that (¢pr — @b )k = (b + B)(02k+1)k, where b + B is the derivation on entire
cyclic cocycles. It is trivial that (@or|ar, — @hylat, )k = (b4 B)(Oak41 21, )k for each
integer n > 1. This means that {[(@ax|ar, )], tn = {[(@5]a1,)k)at, }n- Moreover,

sup |\(P2k)|mn||l | @akll; < oo,

n=>1

which implies [((pg;)bxn)k]mn € HeY (Ap).

Now we construct the inverse map ¥ of @. For any

{195 el b € lim HE (2,)

and ag, ..., a4y € 2, we can take sequences {b](m)}m forj =0,...,2k which con-
verge to aj as m — oo with respect to the seminorms | - [|; on lim2,. Choose
integers N(m) > 1 such that b](m) € Ay for any 0 < j < 2k. We may assume
that N(m) = m by taking a larger number between N(m) and m. We have that

for m > m’, there exists an odd entire cocycle pim') = (Qék +)1) ron 2,/ such that

6D e @ b)) — b

= (085", + B, . o).
By Hahn-Banach theorem, we can extend q)g;') and (pg;l) to (ﬁgf) and @ggl) on 2(
such that

1) = (e, e, = 1ol
forany/ > 1
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LEMMA 3.2. Forany a, ..., ay € 2, the sequence

{5 (ao, .., a2) }m
is bounded.

Proof. We have

951 (a0, )] <195 (a0 — " a1, )
n |¢(m)( (m),al — bgm),az ‘/a2k)|

ot g (0" by = b))
+ 15 (b 3m>,...,b§’:>)|.
By the above equation (3.1),

Rl (S 0D BN O Al

=l ™), b)) (poS )1+Be§k+>1)(bgm),...,bg’,j”)

is a constant independent of m. Using the hypothesis in Definition 3.1 and Hahn—
Banach theorem, it follows that lim |(ﬁg{ﬂ) (ag, ..., a5)| is dominated by the con-

stant |\ (3", ., b0y + (begk O+ 8oy (05", b)), In particular,

the sequence {|(F§Zz) (ag, ..., ax)|}misbounded.

Therefore, by taking the subsequence of {|<ﬁ§1,:]) (ag, ..., a2)|} N, we may as-
sume that

Aim Fo) (a, - ., az)

exists, so that we define

Pax(ao, ., ag) = Aim 6551121) (ag, ..., aox).

Here we note that

Falao, . az) = lim @5 (0", ..., b5).

In fact, by the same reason as before, we have

155 (a0, - az) — ot (0™, .., b5

(m ),ﬂl

<7 (ag—bY" b

)G 0 0 a0
as m — 0. Using the above preparation, we shall show the following fact:

LEMMA 3.3. (o) is an entire cyclic cocycle on 2.
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Proof. Let X be a bounded subset of 2 and ay, ...,ay € X. Then we can
choose sequences {b}m}m C Uy, forj=0,...,2k such that b](m) — ajasm — oo

with respect to the topology induced by the seminorms || - ||; on 2. In this case,
the set

Zo={b" € Y2 :j=0,...,2m e N}
is bounded in 2. So, by the equation (3.1),

| P2k (a0, - - az)| = lim |¢(’;)(bém),...,b§;”))|

<1@5) (05", b+ w6, + BOG, (@, B8
(fpék))k and (bgék) 1t BQék)H) x are entire on 2y,
| P2k (ao, - - -, azc) | < Ck!

for some constant C > 0 independent of m, which implies that (@, )y is entire. 1

Now we are ready to define a map ¥ : lim HEV () — HEV(2L) in the fol-
lowing fashion:

T @S ko 1) = [(F)i)an-

We have to verify that the definition is well-defined. Let

(o5 dat, bn = (5 el b € lim HE (21,).

Then for any > 1, there exists an odd entire cyclic cocycles §") = (6
2, such that

o) (b, ., bog) — WS (bo, ..., b)) = (0657, + BOS. ) (bo, .. bog)

for by, ..., by € A,. By the above argument, there exists an odd entrie cyclic

(n)

2k+1)k on

cocycle 0= (927:1);c on 2. Then by the definition of b + B, we have that

(003 | +BOS, 1) (o, -, ) = lim (b0, + BOY) ) (0", .., b))

_11m<¢gk><gm>,...,2k> o5 )", b))

m—oo
= Pa(ao, ., az) — Pk (ao, - -, axx),
which implies that [(@ar)o = [(Par)i]ar-
PROPOSITION 3.4. The following isomorphism holds as a vector space over C:
lim H (%) ~ HE (%)

Proof. We prove just in the even case. For any [(¢ox)i]or € HEY (), we have

¥ o O([(par)il) = ¥ {[(@arlon, Jila, }n) = [(@arlan, )it
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For any ag,...,ay € A, we take sequences {b](m)}m (j = 0,...,2k) which con-

verge to aj as m — oo and b](m) €Ay forj=0,...,2k Then,

Paxla, (a0, agx) = lim §02k|mm(b(()m),---,bg;f)) = ¢k (ag, - - -, a).

This implies that @y |o, = @ok , which means that ¥ o @ is the identity on Hg¥ ().
On the other hand, for any {[((pgz) Vklat, tn € lim HEY (2, ), we have

@ o ¥ ({[(@S )k, 1n) = D([(Fa)klo) = {[(Farlow, kg, b

Since for by, . .., by, € A, we have

(m)

Pokla,(bo, - - - bog) = n}i_l)fgo%kl (bo, ..., ba) :,%ij}gﬂé?)(bo,- o bZk)‘sz)(bO, oo, bog).

Thus @ o ¥ ({ [(@é’;))k]g{n ) = {[(qoéz))k}gln }n. Hence @ o ¥ is also the identity on
lim HgY (2 ). Therefore, the proof is completed. 1

REMARK 3.5. Meyer [7] obtained the above result by means of analytic
cyclic theory. We here used the original defintion by Connes [2] to conclude our
result.

4. ENTIRE CYCLIC COHOMOLOGY OF (T2)®

Summing up the argument discussed in the previous sections, we are ready
to obtain the next main result:

THEOREM 4.1. The entire cyclic cohomology H ((T3)™) of the noncommutative
2-torus (T3) is isomorphic to C* as linear spaces, especially
HEY(T3)%) = HP*((T3)) = €,
HEA((T3)®) = HP(1D)) = €,
where HP* ((T3)*) is the periodic cyclic cohomology of (Tg)*.
Proof. By Proposition 3.4, we have
HE((T§)™) ~ H (lim(C*(T) @ (Mg, (C) & My, ,(C)), 7))
=~ lim H; ((C%(T) ® (Mg, (C) ® My, ,(C)), (717)"))

We have the following decomposition by applying Khalkhali ([4], Proposition 7)
in the case of F*-algebras:

Hg (C%(T) @ (Mg, (C) © My,, ,(C)))
~ H; (C%(T) @ My, (C)) @ H (C*(T) @ Mgy, , (C)).
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We also deduce applying Khalkhali ([4], Theorem 6) in the case of F*-algebras
that
He (C(T) @ My(C)) ~ Hy (C™(T)) (921
Since the above two phenomena are shown for HP*((T2)®) as well and we can
see that
H}(C*®(T)) = HP*(C*®(T)) ~C (x =ev,o0d)
([2], Theorem 2 (page 208) and Theorem 25 (page 382)), then we obtain that
He (C™(T) @ (My(C))) = HP*(C™(T) @ (My(C)))  (x = ev,od).

We then have the following commutative diagram:

HPS (1) —=— HE (1)

) | |y
HP™(2,) —— HEV(2,),

where i* is the canonical inclusion map. Then we work on the periodic cyclic
cohomology in what follows: we consider homomorphisms

(7)) HPV(C™(T) © (Mg, (C) © My, (C)))
— HP®V(C*(T) ® (My,,(C) @ My,, ,(C))).
Now we note that
HPY(C™(T) @ (Mg, ,,(C) © Mgy, ,(C)))
=~ HP*'(C™(T) @ Mgy, ,(C)) ® HP*(C™(T) ® My, , (C))
and moreover, since HP*4(M,(C)) =0,
HP®(C®(T) ® My(C))
~ (HP®(C™®(T)) @ HP*"(M4(C))) & (HP°*(C®(T)) ® HP*¥(M,(C)))
~ C[ ;] ® C[Try] ~ C[ [ ®Try],

where [ and Tr, are the usual integral on C*®(T) and the trace on M;(C) respec-
T
tively. Here, we consider the following diagram:

HP® (1) —— C[[; @Tigy,.,] ® C[ [ @Trgy,.4]
o) | |y
HPY ()  ——— C[[y ®Trgy, | & C[ [ @Trgy, ],
where the horizonal isomorphisms are defined by
HP® () — Clf7 &Trgy, ] & [J7 @Trgy, ],

¢ = ¢l (m)am,,, (©)z0 S Plos(ce(m)am,, ,(C)-
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We check that the diagram above is also commutative.

So, we regard (71;°)* as the linear map from C[ [} ®Try,,,,] ® C[ [ ®@Trg,, ., ]
into C[ [} ®Try,,] ® C[ [7 ®Try,,_,|. Let us recall that we write the matrix P, by
(2£) used in the definition of 7. Then we have

@) ([t 00)(e @) =a( [ T, )10 (i) +b( [ €Ty, , )10 (03)
T T T

for each
=01 xy) @1 (yi)) € (C(T) @ My, (C)) ® (CZ(T) ® My,, ,(C)),

where 1 is the function which evaluates 1 at each point of T. In fact, by the defi-
nition of 715°, we have

xl]Ig . X1q/lg
o0 N B
Ty ((1®(xij)@(1®(y1])) - yuly, ... qulb
]/qllh . ylMIb
xlllc e xlquc
@ qull,; . xq/q/l,; ,
yula .. Yyl
yqlld e yqqld

where § = §2,-1, § = g2, and so on. Then, it follows that

q2n qon—1

/ STrgy2) ©0) (717 D)=a) 5+ Y vi
:a( [T, ) 10 () + b [ @Tris, ) (A0(53)).
T T

Similarly, we have

(4.2) (0@ ( / ®Trq2n+1)) (7 (€))
T

— o [T, ) 1@ () +d( [ @Tep, ) (16 (i)
T T
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On the other hand, we check that

((/®Tr’12n+2) ® 0) (ﬂ;)zo((zk ® qu,,) ®0)) =0,
T
(0 @ (/®Trq2n+1>) (ﬂff((zk ® Ian) @0)) =0,
T
((/®Tr”’2”+2) @ 0) (77 (0@ (@1, ,))) =0, and
T

(08 ([ #Tig) ) (08 (F @ 1y ) =0,
T

for each integer k > 1. Indeed, for example, it is easily verified that if

0 z
1 o0
€ M;(C*(T)),
1 0
0 2\ ¥ 2V @1y (k=0 mod gq),
1 0 *
B (k#0 mod q),
1 0 * 0

for some integer v > 1. Thus, we have that

k

/z"dz (k=0 mod q),

T 1 - — 0.
(T/® rq) 1 0 (T) (k£0 modaq),

Since the space of Laurent polynomials is dense in C*°(T) with respect to
Fréchet topology, we then conclude that (4.1) and (4.2) hold for every ¢ € A,,.
Hence, it is verified that (7r;7)* is an isomorphism by the fact that

det (Z Z) =det P,

_ Agnis 1\ (Aany3 1Y (g2 1Y\ fagpn 1) _
_det< 1 0)( 1 o)( 1 o)1 o170
Finally, we conclude that

HE'((T§)%) = Iim(C & C, (my)") =~ C%.

1
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Analogously, the same consequence is obtained in the odd case. We note that
HP4(C™(T) ® My(C))
~ (HP®'(C™(T)) @ HP*(M,(C))) & (HP*!(C™(T)) @ HP* (My(C)))
~ Cly ® Try),
where ¢(f, ) = f f()g'(t)dt for f,g € C®(T). This ends the proof. &
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