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ABSTRACT. In this paper we investigate the normalizer N, (A) of a C*-sub-
algebra A C F,; where F, is the canonical UHF-subalgebra of type n* in the
Cuntz algebra O,. Under the assumption that the relative commutant A'NF,
is finite-dimensional, we show several facts for normalizers of A. In particular
it is shown that the automorphism group {Adu|4 : u € Nz, (A)} has a finite
indexin {AdU|4 : U € Ny, (A)}.
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INTRODUCTION

The purpose of this paper is to investigate the normalizer of C*-subalgebras
in the Cuntz algebra Oy, [1]. Let F;; be the canonical UHF-subalgebra of O,,. In
the paper [4], it is shown that the normalizer group N, (F) is a subset of F;,.
(In [4], more general results are shown.) More generally, if A is a C*-subalgebra
of 7, with AN O, = C, then the normilizer Ny, (A) is a subset of F;,. In this
paper we investigate the normalizer Ny, (A) where A is a C*-subalgebra of F,
with a finite-dimensional relative commutant in ;. In this setting the normalizer
No, (A) is not a subset of F,, in general. However we can show that the inner
automorphism group induced by the elements in Nz, (A) has a finite index in the
inner automorphism group induced by the elements in N, (A). In order to show
this fact, we show that the relative commutant A’ N O, is also finite-dimensional.
As a corollary of our investigation, it is shown that the irreducibility A’N F, = C
implies that A’ N O,, = C. Hence in this case the normalizer group Np, (A) is a
subset of F;,.

We would like to explain the motivation of this paper. There is a one-to-one
correspondence between all unitaries U (Oy,) and all endomorphisms End(O;,)
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(all unital *-homomorphisms from O, to O,) such that
U(Oyn) 3 u— Ay € End(Oy)

where A, is defined by A, (S;) = uS;. The endomorphism A, is called localized if
the corresponding unitary is a matrix in the UHF-algebra F; [2], [5]. In the pa-
per [9] Szymanski showed that the localized endomorphism A, is an inner auto-
morphism if and only if  can be written in some special form. As a consequence,
if the localized endomorphism A, is an inner automorphism, then there exists a
unitary U € F; such that A, = AdU. Keeping this in mind, we would like to
consider the following problem. Let A, and A, be two localized endomorphisms.
If they satisty AdU o A, = Ay, what can we say about U? Can we determine
such a unitary U? Unfortunately in this paper we cannot say anything about this
problem. But we remark that a localized endomorphism has finite index [5], [8]].
Therefore the C*-algebras A, (Fy,)' N Fy and Ay, (Oy)" N Oy, are finite-dimensional.
So we expect that our investigation would be helpful on this problem in the fu-
ture.

1. MAIN RESULTS

The Cuntz algebra O, is the C*-algebra generated by isometries Sq,..., S,
satisfying Z S;S;* = 1. The gauge action 7; (z € T) on Oy, is defined by 7, (S;) =

z5;. Let ]—'n be the fixed point algebra of the gauge action. This algebra is isomor-
phic to the UHF-algebra of type n®. So F, has the unique tracial state 7. We have
a conditional expectation E : O, — F, defined by

x) = /'yz(x)dz
T

The canonical shift ¢ is defined by ¢(x) = Z S;xS;. It is easy to see that S;x =

¢(x)S; and xS;* = S;*¢(x). For each x € (’)n, we have the Fourier expansion

X = Z St x4 x + Z xSk
k=1 k=1

where x; = E(x5;%), x_; = E(S¥x) and xg = E(x). (The right-hand side con-
verges in the Hilbert space generated by the GNS-representation with respect to
7o E.) For example, if x = $15,S£55255, then S2x € F, and x = Si%(S3x) =
S{2E(S3x).

For the inclusion of C*-algebras A C B with a common unit, the normalizer
group is defined by

Np(A) ={u € B:uAu* = A, uu* =u*u=1}.
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For a unitary operator u, we define the inner automorphism by Adu(x) = uxu*.
We denote by Adu/|4 the restriction of Adu to A.
The following two theorems are the main results of this paper.

THEOREM 1.1. Let A be a C*-subalgebra of F,. If the relative commutant A’ N F,
is finite-dimensional, then the algebra A’ N O, is also finite-dimensional.

THEOREM 1.2. Let A be as above. We consider two subgroups of the automor-
phism group Aut(A) as follows.
G={AdU|s :UeNp,(A)}, H={Adulg :uecNg,(A)}.

Then H is a subgroup of G with finite index.

We need some preparations to show these theorems.

LEMMA 1.3. For X € A’ N Oy, we set x; = E(XSi‘k) and x_y = E(SkX). Then
forany a € A we have axy = x.¢*(a), x_ra = ¢*(a)x_and x;x}, x*  x_ € A'NF,

Proof. For any a € A, we see that
ax; = aE(XSH%) = E(aXS3%) = E(XaSt")
= E(XS7*9"(a)) = E(XS7")¢"(a) = xc¢"(a)
and therefore
xexpa = xe(a*x) " = xe(xeg(a)*)* = 0t (a)xf = axgxp.
In the same way we also have x_ja = (pk(a)x_k and x*;x_ja = ax* ; x_p. 1

LEMMA 1.4. There is a positive integer N satisfying the following properties. For
any integer k > N and any element X € A’ N O, we have xj = E(XSi‘k) = 0and
x =E(Skx) =0.

Proof. We compute
* wkoy x xk * xk xk xk
xixg = E(XS]")"E(XS]") < E(S{X*XS1Y) < [IX|PE(S1S;") = || X|*s{s7

Let R = F,” be the hyperfinite II;-factor. We take the polar decomposition x; =
vk|x| in R. Then the above computation shows that v} < Sll‘ka. On the other
hand, since x;x] is an element of the finite-dimensional C*-algebra A'NF,, we
have vv} € A" N F,. Since the C*-algebra A’ N F, is finite-dimensional, there is
a positive number c satisfying 7(p) > c for any non-zero projection p € A’ N Fy.
We can take a positive integer N satisfying T(SIISTk) =1/n* < cforanyk > N.
Then we see that 7(v,v}) = T(vivr) < 7(8k51%) < ¢ and hence vvp = 0. So
we conclude that x; = 0 for k > N. In the same way we also have x_; = 0 for
k>=N. 1
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LEMMA 1.5. Let N be the positive integer in the previous lemma. For any X €
A'N O, we have

N N
X=3 St x4 xo + Y xSh
k=1 k=1
where x, = E(XSi*k), x_g = E(SKX) and xo = E(X).
Proof. We have the Fourier expansion

X = Z S}‘kx_k +xp + Z xSk
k=1 k=1

Thus by the previous lemma, we are done. 1

LEMMA 1.6. We define the isomorphism 7t on A by
X 0
m(x) = , xe€A.
K (0 fpk(x))
Then we have
0 X 0 xik '
(¢ ) (0 3) emtaynmz)

where x; = E(XS%), x_y = E(SKX) for X € A'N O,

Proof. This is an immediate consequence of the relations ax; = x;¢*(a) and
x_pa= @ a)x_yforac O, 1

LEMMA 1.7. The C*-algebra ti.(A)" N My (Fy) is finite-dimensional.
Proof. We set

B = m(A) N Ma(Fy), e:<(1) 8>€B, f:<8 (1)):1—6.

Then we see that eBe ~ A’ N F, and fBf ~ ¢(A) NF, ~ M(C)® (A'N
Fu). So both algebras eBe and fBf are finite-dimensional and hence B is finite-
dimensional. Indeed the von Neumann algebras eB”e and fB” f are finite-dimen-
sional. So the center of B” is finite-dimensional. Therefore we may assume that
B” is a factor. Then the finite-dimensionality of eB”e and fB” f ensures that B” is
finite-dimensional. Therefore B is finite-dimensional. 1

Proof of Theorem 1.1. Consider the vector space
Vi = {x, = E(XS;F): X e A'n O, }.

Since the map

X

0
VkBXF—)(x* 0

) c ﬂk(A)/ N Mz(fn)
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is injective and R-linear, the vector space Vj is finite-dimensional. In the same
way the vector space

Vop={x=ESX): X € A’ n0O,}

is also finite-dimensional. On the other hand, the element xyp = E(X) belongs to
the finite-dimensional C*-algebra A’ N F;,. Combining these with Lemma 1.5, we
see that A’ N O,, is finite-dimensional. 1

PROPOSITION 1.8. There exists an orthogonal family of minimal projections
e1,...,e0 € AN Oy satisfying the following:
l
(i) Ye=1andey,...,e; € A NFy.
i=1
(ii) There are integers ky, . .., k; such that Adu(x) = y,(x) for x € A’ N O,, where
Uy = zklel + - —|—Zkl€l.

Proof. Since A’ N Oy, is finite-dimensional and +y-invariant, there exists an or-
thogonal family of minimal projections ey, ..., e; € A’ N O, and integers ky, .. ., k;
such that Adu;(x) = v;(x) where u, = zFe; + - - - + zke; and x € A’ N O,. Then
G E(ANO)T"=ANFyu

COROLLARY 1.9. If A is an irreducible C*-subalgebras of F, then we have A’ N
0, =C

Proof. By the previous proposition, we know that there are minimal projec-
tions in A’ N O, such that they belong to A’ N F,. Thus we are done. 1

In the rest of this paper we frequently use the projectionsey, ..., e; € A’NF,
and the unitary u, = zFe; + - - - + zFie; in the above proposition.

REMARK 1.10. The Bratteli diagram of the inclusion A’ N F,, € A’ N O, has
a special form. These two algebras have a common family of minimal projections.
So for each vertex corresponding to a direct summand of A’ N F,, there is only
one edge which starts at this vertex. For example, if A’NF, = C,then A’'N O, =
C.If ANF, =Ca®C,then A'N O, is isomorphic to either C & C or M,(C).

LEMMA 1.11. Let U € Oy, be a unitary satisfying UAU* C Fy,. Then we have:
(i) Uy (U) € A" N Oy,
(ii) There exists a unitary w € A’ N Oy, and integers my, ..., my such that v, (Uwe;)
= zMiUwe;

Proof. For any a € A, since UalU* € F,, we see that

Yz (W)ay, (U)* = v, (Ual*) = Uall*.
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Thus we have U*y,(U) € A'NO,,. Itis easy to see that the family {U*y,(U)u; },er
is a unitary group. Indeed since U*y,(U) € A’ N O,, we see that

Uy (W) g, Uz, (U)uzy = Uy, (U)Adug, (U Y2, (U))z,2,
= U*')’Zl(u)')’zl(U*)Yzlzz(u)uzﬂz = U*’YZlZz(u)uZlZZ'

Since {U*y,(U)uz} e is a unitary group in the finite-dimensional C*-algebra
A" N Oy, we can take a unitary w € A’ N O, and integers ny,...,n; such that
w* Uy, (U)uzw = z"ey + - - - + z"e;. Then we see that

vz (Uwe;) = v (U)uzwuie; = {Uw(z"ey + - - - + 2Me))w*ul uwule;
= Uw(z"ey + - - -+ 2"e;)ule; = 2" Killwe;. n

REMARK 1.12. By the previous lemma, we know that the Fourier expan-
sion of U can be written down as a finite sum. Indeed if m; > 0, then Uwe; =
(Uwe;S;™)S]" and Uwe;S;™ € Fy. On the other hand if m; < 0, then Uwe; =
S; 7™ (S " Uwe;) and S; " Uwe; € F,. Therefore the Fourier expansion of Uw
is a finite sum. Combining this with Lemma 1.5, we can show that the Fourier
expansion of U is a finite sum.

PROPOSITION 1.13. For any normalizer U € Np, (A), there exist unitaries v €

A'NFyand w € A" 0Oy, satisfying
vUw € No, (e1Fne1 & - - @ ey Fyeyp).

Proof. By the previous lemma we have 7, (Uwe;) = z™i Uwe;. Then we get
¥z (Uwe;w*U*) = Uwe;w*U* and hence Uwe;w*U* € F,,. Since UA' N O, U* =
A" N Oy, we have Uwe;w*U* € A’ N Fy. Thus {Uwe;w*U*}; is a family of min-
imal projections in the finite-dimensional C*-algebra A’ N F,,. So we can find a
unitary v € A'NF, satisfying vUwe;w*U*v* =e;. Since vz (vUwe;) = vy, (Uwe;) =
z"ivUwe; for any x € Fy, we see that y;o AdvUw(e;xe;) = AdvUw(e;xe;). There-
fore (vUw)e; Fne;(vUw)* C ejFyej. On the other hand, since v, (w*U*v*e;) =
Yz(vUwe;)* = (2" Uwe;)* =z~ Mw*U*v*ej, we also have (vUw)"e; Fyej(vUw) C
e; Fue;. Therefore we have

AdvlUw(e; Fne1 © - - @ e Fney) CerFuer @ - - DepFuey,
Adw* U v* (e1Fne1 @ - - D ey Fuep) C erFner @ - D ey Fuey,
and hence
vUw € Np, (e1Fne1 & - - - D exFuex).

REMARK 1.14. The normalizer Ny, (F,) is a subset of F,,. However the
structure of Np, (e1Fne1 & --- @ e Fne) is not simple in general. See Exam-
ples 1.17 and 1.18.

LEMMA 1.15. Let e € F;, be a projection. If a partial isometry u € Oy satisfies
u*u = uu* = e and ueF eu* = eFye, then we have u € F,.
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Proof. Since u*y,(u) € (eFne) NeOpe = e(F, N Oy)e = Ce, we have
vz(u) = z™u for some integer m. We will show m = 0. Suppose that m > 0.
Set v = uS;{™. Then we have 9,(v) = v and hence v € F,. Then we com-
pute v*v = ST'eST" = ¢™(e)S}'S;™ and vv* = uu* = e. So we see that 7(e) =
T(v0*) = 1(v*v) = (9™ (e)SI'ST™) = T(e) x T(ST'S;™) = (1/n™)7T(e) < T(e).
This is a contradiction. On the other hand, if m < 0, we have 7, (u*) = z7™u*. So
we get a contradiction in the same way. 1

LEMMA 1.16. Let B be the abelian C*-algebra generated by e, ...,e;. Then we
have

N@n (A) ﬂ./\/'()n (B) C N@n (erFne1 @ - - - ® exFney).

Proof. The proof is essentially the same as that of Lemma 1.11 and Proposi-
tion 1.13. Forany U € Np, (A) NN, (B), since U € Ny, (B), wehave U*y.(U) €
B’ and hence U*y,(U)u, € B'. Therefore we can take w = 1 in the proof of
Lemma 1.11. Then since U € Np, (B), we have Uwe;w*U* = Ue;U* = ej and
hence we can take v = 1 in the proof of Proposition 1.13. Thus by Proposi-
tion 1.13, we have U € Np, (e1Fne1 @ - - @ e Fneg). 1

Proof of Theorem 1.2. We can choose a finite family of unitaries Uy, ..., Uy €
No,(A)NNop, (B) C No,(e1Fne1 & - - - ® epFney) satisfying the following. For
any V € Ny, (A) NNp, (B), there exists U; such that AdV = AdU; on B.

For any U € Np, (A), by Proposition 1.13 there exist unitaries v € A’ N F,
and w € A’ N O, satisfying vUw € Np, (e1Fner & - - - @ exFneg). Then since
vUw € Nop,(A) N Np,(B), we can take U; satisfying AdUvUw = id on B.
Combining this with the fact that U; € Np, (e1Fne1 @ - - - & exFnex) we see that
U vlwe; € /\/ejong],(ej]-"nej) C Fu and hence UfoUw € Nr,(A). Here we used
Lemma 1.15. Therefore we see that AdU|4 = AdvUw|s € (AdU;|4)H. This
implies that the index [G : H] is finite. &

EXAMPLE 1.17. Let e be a projection in F,,. Consider the C*-algebra A =
eFne® (1 —e)Fu(1—e). Here we remark that A’ N F, = Ce ® C(1 — e). We will
show that Ny, (A) C F, and hence G = H. This can be shown by K-theoretic
argument as follows.

Forany U € N@n (A),if Uel* = e, it follows from Lemma 1.15 that U € F,.
So we consider the case UeU* = 1 —e. Since U*y,(U)e € (eFne) NeOye =
e(F;, NOy)e = Ce, we have y;(U)e = z"Ue for some integer m. We will show
m = 0. Suppose that m > 0. Set v = UeS{™. Then we have 7;(v) = v and
hence v € F,. Then we compute v*v = S/"eS;" = ¢"(e)S]'S;"™ and vv* =
Uel* =1 —e. So we see that 1 — 7(e) = T(vv*) = 7(v*v) = T(¢"(e)ST'S;™) =
T(e) x T(S1'S;™) = (1/n™)7(e). Since F, is the UHF-algebra of type n*, we can
write T(e) = q/n”. Sowe get 1 —g/n? = (1/n™)(q/n?) and hence

"t = g(14n™).
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This is impossible. Indeed, consider the prime factorization n = p]l<1 X e X pﬁ”.
Then we have

k k
(PY! X - X P )™ P = q(1+ (py" x -+ x pir)™).
Therefore we must have
k I
T4 (py! x - X pl)™ = pif X -+ X piy.

However this cannot occur because the left hand side has the remainder 1 when
dividing by p;.

EXAMPLE 1.18. We can write
Oy D Fpr = Mz((C) ®M2((C) &

Consider two projections

10 00 10
e—(o 0>®1®1®--- and f—<0 1>®<0 0>®1®---.

Since ¢(€)5151" € Mp(C) @ My (C) and t(¢(e)S151™) = 1/4, there exists a partial
isometry v € M(C) ® M (C) such that v*v = ¢(e)5151" and vo* = f. We set

U=0v5+(v5)"+(1—e—f).
Then it is easy to see that

Welet A = eFue® fF.f ®(1—e— f)Fu(l—e— f). Since T(Uell*) = T(f) =
1/4 #1/2 = t(e), we have

AdU|A ¢ {Adu|A /S N_].'n(A)}.
Therefore we see that G # H.

REMARK 1.19. If A is of the form A = e; Fe1 @ - - - ® e;Fne;, then we have
ANF,=AN0O,=Ce; @& Ce. On the other hand, in Remark 1.10 we see
that the Bratteli diagram of the inclusion A’'NF, C A’NO,, has a special form. So
we might expect that A’'NF, = A’'NO,,.. However this is wrong in general. Indeed
there exists a C*-subalgebra A C F,, with finite index such that A’'NF, #A'NO,.
We can take A=A, (F,) where A, is a localized endomorphism. See [4], [5].
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