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ABSTRACT. The construction of an infinite tensor product of the C*-algebra
Co(R) is not obvious, because it is nonunital, and it has no nonzero projec-
tion. Based on a choice of an approximate identity, we construct here an in-
finite tensor product of Co(R), denoted L,,, and use it to find (partial) group

algebras for the full continuous representation theory of R(N). We obtain an

interpretation of the Bochner-Minlos theorem in R(N) as the pure state space
decomposition of the partial group algebras which generate £,,. We analyze
the representation theory of £,,, and show that there is a bijection between

a natural set of representations of EV and Rep(R(N), H), but that there is an
extra part which essentially consists of the representation theory of a multi-
plicative semigroup Q which depends on the initial choice of approximate
identity.
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INTRODUCTION

The class of locally compact groups has a rich structure theory with a great
many tools developed to analyze the representation theory of such groups, e.g.
group C*-algebras, induction, integral decompositions etc. Unfortunately there
are many non-locally compact groups which naturally arise in analysis or physics
applications, e.g. mapping groups or inductive limit groups, and for such groups
these tools fail, and one has to do the analysis on a case-by-case basis, with no
systematic theory to draw on.

Here we want to consider the question of how to generalize the notion of
a (twisted) group algebra to topological groups which are not locally compact
(hence have no Haar measure). Such a generalization, called a full host algebra,
has been proposed in [12]. Briefly, it is a C*-algebra .A whose multiplier algebra
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M(A) admits a homomorphism 7 : G — U(M(A)), such that the (unique) exten-
sion of the representation theory of A to M(.A) pulls back via 7 to the continuous
unitary representation theory of G. There is also an analogous concept for uni-
tary o-representations, where ¢ is a continuous T-valued 2-cocycle on G. Thus,
given a full host algebra A, the continuous unitary representation theory of G
can be analyzed on A with a large arsenal of C*-algebraic tools. Such a host alge-
bra need not exist for a general topological group because there exist topological
groups with faithful unitary representations but without non-trivial irreducible
ones (cf. [10]). One example of a full host algebra for a group which is not locally
compact has been constructed explicitly for the o-representations of an infinite
dimensional topological linear space S, considered as a group cf. [13].

Probably the simplest infinite dimensional group is R(Y) (the set of real-
valued sequences with only finitely many nonzero entries) with the inductive
limit topology with respect to the natural inclusions R” < RN, This group is
well-studied in stochastic analysis, and will be the main object of study also in
this paper. Our aim here is to construct explicitly C*-algebras which have useful
host algebra properties for RM), Recall that for the group C*-algebras we have:

C*(R") © C*(R™) = C*(R"*")

and this suggests that for a host algebra of R(N) we should try an infinite tensor
product of C*(R). This is difficult to do, for two reasons:

(i) C*(R) = Cp(R) is nonunital, and the standard infinite tensor products of
C*-algebras require unital algebras.

(if) There is a definition for an infinite tensor product of nonunital algebras
developed by Blackadar cf. [2], but this requires the algebras to have nonzero
projections, and the construction depends on the choice of projections. (We used
this construction in [13] to construct an infinite tensor product to produce a host
algebra.) However, C*(R) = Cy(R) has no nonzero projections, so this method
will not work.

In the light of these difficulties, we will develop here an infinite tensor prod-
uct of Cy(R) relative to a choice of approximate identity in each entry, to replace
the choice of projections in Blackadar’s approach. As expected, the construction
will depend on the choice of approximate identities, though it still produces for
each choice an algebra with strong host algebra properties.

The construction of (“semi-")host algebras for RN) will aid our understand-
ing of the Bochner—Minlos theorem. We first recall:

THEOREM 0.1 (Bochner-Minlos theorem for RN)). Thereisa bijection between
continuous normalized positive definite functions (states) w of RN) and regular Borel
probability measures p on RN (with product topology) given by the Fourier transform:

w(x) = /eix'ydy(y), x e RN
RN
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where X -y := Y XplYn, X € R( ),y € R,
n=1

If we replace both R®) and RN by R", this is the classical Bochner theorem,
which we can obtain immediately from the state space integral decomposition
of any state of C*(R") = Cp(R") in terms of pure states. This suggests that if
we have a host algebra of R(N), we can obtain the Bochner-Minlos theorem from
state space decompositions of states on the host algebra in terms of pure states.
We will see below that we can already obtain the Bochner-Minlos theorem from
the weaker “semi-host” algebras which we will construct.

The structure of this paper is as follows. In Section 1 we collect the basic def-
initions and notation for host algebras, in Section 2 we give a detailed treatment
of the aspects of infinite tensor products which we will need for this paper. In Sec-
tion 3 we start in a concrete setting on L?(RY, 11), where y is a product measure
of probability measures, each absolutely continuous with respect to the Lebesgue
measure, and we construct an infinite tensor product of Co(R) with respect to a
choice (compatible with y) of approximate identity in each entry. This concrete
C*-algebra can already produce Bochner-Minlos decompositions for the limited
class of positive definite functions on RN associated with it. In Section 4 we de-
velop abstractly the infinite tensor product of Co(R) with respect to an arbitrary
choice of elements of a fixed approximate identity, we analyze its representation
theory and through the unitary embedding of R™) in its multiplier algebra, we
consider the relation of its representation theory to that of R™N). We find that it
can adequately model a subset of the representation theory of RN), but there is
a small additional part. We show that the Bochner-Minlos decompositions for
any continuous positive definite function on R™M) can be obtained from the pure
state space decomposition of these algebras. Finally, in Section 5, we collect these
algebras together in one large C*-algebra, which we show can model the full con-
tinuous representation theory of R(N). However, the representation theory of this
algebra also has an additional part which essentially consists of the representa-
tion theory of a multiplicative semigroup Q which depends on the initial fixed
choice of approximate identity.

1. DEFINITIONS AND NOTATION

We will need the following notation and concepts for our main results.
(i) In the following, we write M(.A) for the multiplier algebra of a C*-algebra
A and, if A has a unit, U(.A) for its unitary group. We have an injective morphism
of C*-algebras 14 : A — M(.A) and will just denote A for its image in M(.A).
Then A is dense in M(.A) with respect to the strict topology, which is the locally
convex topology defined by the following seminorms (cf. [25]):

pa(m) = |m-al +|ja-m|, ac A me M(A).
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(ii) For a complex Hilbert space H, we write Rep(.A, H) for the set of non-
degenerate representations of .A on . Note that the collection Rep A of all non-
degenerate representations of A is not a set, but a (proper) class in the sense
of von Neumann-Bernays-Godel set theory, cf. [22], and in this framework we
can consistently manipulate the object Rep A. However, to avoid set-theoretical
subtleties, we will express our results below concretely, i.e., in terms of Rep (A, H)
for given Hilbert spaces . We have an injection

Rep(A, H) — Rep(M(A),H), m—m with moiy=rm,

which identifies the non-degenerate representation 7t of A with that representa-
tion 77 of its multiplier algebra which extends 7 and is continuous with respect to
the strict topology on M(.A) and the topology of pointwise convergence on B(# ).
We will refer to 77 as the strict extension of 7, and it is easily obtained by

(M) = s):lim n(ME,) VM e M(A)
— 00

where {E) } ea C A is any approximate identity of A.

(iii) For topological groups G and H we write Hom(G, H) for the set of con-
tinuous group homomorphisms G — H. We also write Rep(G, H) for the set
of all (strong operator) continuous unitary representations of G on H . Endow-
ing U(H) with the strong operator topology turns it into a topological group,
denoted U(H)s, so that Rep(G,H) = Hom(G,U(H)s). The set of continuous
normalized positive definite functions on G (also called states) and denoted by
S&(G), is in bijection with the state space of the group C*-algebra C*(G) when G
is locally compact. If G is not locally compact, §(G) is in bijection with a subset
of the state space of C*(Gq), where Gq denotes G with the discrete topology, and
the question arises as to whether there is a C*-algebra which can play the role of
C*(G). We clarify first what is meant by this:

DEFINITION 1.1. Let G be a topological group. A host algebra for G is a pair
(L,n) where L is a C*-algebra and 7 : G — U(M(L)) is a homomorphism such
that for each complex Hilbert space H the corresponding map

7" :Rep(L,H) = Rep(G,H), mr 7oy

is injective. We then write Rep(G, ), C Rep(G, #) for the range of 7*. We say
that (£, 7) is a full host algebra of G if n* is surjective for each Hilbert space #. If
the map 7" is not injective, we will call the pair (£, #7) a semi-host algebra for G.
Note that by the universal property of group algebras, the homomorphism
7 : G — U(M(L)) extends uniquely to the discrete group C*-algebra C*(Gy), i.e.
we have a *-homomorphism 77 : C*(Gq) — U(M(L)) (still denoted by 7).
A similar notion can also be defined for projective representations (cf. [13]).

REMARK 1.2. (i) It is well known that for each locally compact group G, the
group C*-algebra C*(G), and the natural map 5 : G — M(C*(G)) provide a full
host algebra (cf. Sectiton 13.9 in [7]). The map 7¢ : G — M(C*(G)) is continuous
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with respect to the strict topology of M(C*(G)) (this is an easy consequence of the
fact that im(7g) is bounded and that the action on the corresponding L!-algebra
is continuous).

(ii) Note that for a host algebra (£, 77) the map n* preserves direct sums, uni-
tary conjugation, subrepresentations, and for full host algebras, irreducibility
(cf. [12]).

(iii) When (£, 7) is merely a semi-host algebra for G, then the map #* still pre-
serves direct sums, unitary conjugation, subrepresentations, but in general, not
irreducibility. However, in the case that G is Abelian (as it will be in this pa-
per), since irreducible representations are just characters, and the map #* takes
one-dimensional representations to one-dimensional ones, here it will preserve
irreducibility. So for Abelian groups, semi-hosts are useful to carry representa-
tion structure (e.g. integral decompositions) from the representation theory of £
to the representation theory of G, and we will use that in this paper to analyze
the Bochner-Minlos theorem.

2. BASIC THEORY OF INFINITE TENSOR PRODUCTS

Since we need to develop the concept of infinite tensor products of non-
unital algebras, it is necessary to collect first some basic material on infinite ten-
sor products, and to fix notation. We follow Bourbaki [4] and Wegge-Olsen [24].
There are several different concepts of infinite tensor products of unital algebras.
See Bourbaki [4], Guichardet [14], Araki [1], though infinite tensor products of
algebras without identity are only done in Blackadar [2].

2.1. ALGEBRAIC TENSOR PRODUCTS OF ARBITRARY MANY FACTORS.

DEFINITION 2.1. Let (X;)ser be an indexed set of non-zero complex vector
spaces, where T can have any cardinality. We write x = (x¢ )7 for the elements
of the product space [] X;. Amap f : [] X; — V to a vector space V is said to be

teT teT
multilinear if it is linear in each entry. Thatis, foreachty € Tandx € ] X,
teT\{to}
the map
Xig =V, Yy f(x X Y1)
is linear, where x x y;, =: z € [] X; is that element for which z; = x; if t # ¢
teT
and z;, = yy,.
A pair (1, V) consisting of a vector space V and a multilinear map ¢ : J] X;
teT
— V is called an (algebraic) tensor product of (X;)ser if it has the following univer-

sal property:
(UP) For each multilinear map ¢ : [T X; — W, there exists a unique linear map

teT
¢:V > Wwithgor=g.
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The usual arguments (cf. Proposition T.2.1 in [24]) show that the univer-
sal property determines a tensor product up to linear isomorphism (factoring

through the maps ). We may thus denote V by @ X; and denote the elementary
teT

QR xi:=1(x) e QX;, forxe[]X:.

teT teT teT

tensors by

To simplify notation, we write X := J] X; in the following. Observe that
teT
no order in T appears in this definition, so e.g. X1 ® X, and X, ® X; (in the usual

notation) will be identified.

LEMMA 2.2. For each indexed set (X¢)ieT of complex vector spaces, a tensor prod-
uct (1, Qe Xt) exists.

Proof. (cf. Chapter II, Section 3.9 in [4] for a more general construction). We
consider the free complex vector space
CX) .= {f: X — C : supp(f) is finite} = Span{4, : x € X}

where dx(y) = 1if x = y and zero otherwise. Note that {Jx : x € X} is a basis for
CX). Define the sets

Ny := {x+9dy — 0, : Ir € Tsuch that x, +y, = z,, and x; = y; = z; Vt #r},
Ny := {0x —udy : p € C, and 37 € T such that x, = py,, and x; = y; Vt #r},

N :=Span(N, UN,,) c CX)

We now consider the quotient space V := CX) /N and write t : X — V,
x — &x + N for the induced map. The definition of A/ immediately implies that
is multilinear and we only have to verify the universal property.
Let ¢ : X — M be a multilinear map. We extend ¢ to a linear map ¢ : CX)
— M by ¢(f) := ¥ f(x)¢(x). The multilinearity of ¢ now implies that its
xeX

linear extension annihilates the subspace N, hence it factors through a linear map
¢ : V. — M satistying ¢ ot = ¢. That ¢ is uniquely determined by this property
follows from the fact that im(z) spans V.

THEOREM 2.3 (Associativity). Let { Ts C T : s € S} be a partition of T such
that |S| < co. Then the map

P[> @ (®X), ¥((x)er) =R ( Q x.)

teT s€S  tseTs s€S  tgeTs

is multilinear and factors through a linear isomorphism ¢ : @ X; — & ( & th>.
teT seS Mt€eTs

Proof. 1t is clear from the definition that ¢ is multilinear, so we obtain a
unique linear map 1;5: RXt— ( X Xt) with 1;501 = 1.

teT seS MteTs
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To see that {E is a linear isomorphism, it suffices to observe that the multi-
linear map ¢ has the universal property (UP). So let ¢ : X — V be a multilinear

map. With Y; := [] X;, we have X = [] Y;. Then for each sy € S and for each
teTs seS
y € Il Ys;we obtain a unique map
s€S\sp

oY Yso = [1 Xe =V, 0f (ys,) = @y X ys,)

LTy,

which is clearly multilinear with respect to the factors [] X; = Y;, hence in-
teT,

duces a linear map on ® X;.Since y — ¢y’ (v) is multilineariny € [] Y, for
te TSO SGS\SO

fixedv € @ X, we can apply the argument again to an s; # sy € S for this
teTy,

map, and then continue the process until we have exhausted S. This produces a
multilinear map

a:]‘[(@xt)—nf

s€S " teTs

which factors through a linear map

7R (®x) >V with §(Q(® x))=e(x)er),

seS  teTs seS  t;€Ty

ie., ¢ o = ¢. Moreover, since ® ( ® Xt) is spanned by elements of the form
seS MteTs

® ( ® xts) it follows that ¢ is uniquely determined by the last equation. Thus
seS Mts€Ts
i has the universal property (UP), hence ¢ is a linear isomorphism. &

REMARK 2.4. Associativity does not seem to hold for a partition of T into
infinitely many sets (i.e., for |S| = o). This is because @ X; is spanned by ele-
teT
ns
mentary tensors, and & ( Y ® xgs)) cannot be written as a finite linear com-
sES Mtg=1rseTy
bination of elementary tensors if there are infinitely many s € S with ns > 1.

DEFINITION 2.5. (i) Assume that (X;)er is a family of complex algebras.

We now construct an algebra structure on their tensor product. For each fixed

x € X = [] X;, define a map
teT

ix X = @ Xe by px(y) = @ xyr = 1(x-y)

teT teT

where x -y € X is given by (x-y); := xsy; for all t € T, and we will also let
x" € X denote (x"); := (x;)" forall t € T and n € N. Since py is multilinear, it
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induces a linear map
Hx : ® Xy — ® Xs.
teT teT
This defines a multilinear map

piX = End(Q), , Xt) by p(x):=px
and thus a linear map y : @ X; — End(@;cr X:) . Explicitly we have for a =
teT
Li(x;)and b =} i(y;) € @ X; that
i 7 teT

#@) () = Lt (Ti3))) = L X i ulyi) = DLt y))
! ] L L
where the sums are finite. We denote the multiplication as usual by a b := u(a)(b)

fora, b € @ X;. Associativity for this multiplication follows from component-
teT
wise associativity, and hence @ X; is an algebra over C.
teT
(if) Next, we assume, in addition, that each X; is a *-algebra. We want to

turn @ X; into a *-algebra. Given any vector space V over C, let V¢ denote the
teT
conjugate vector space. Thus, for each t € T, the involution * : X; — X{ becomes

a C-linear map (instead of conjugate linear on X;). Define a map

y:X— (®Xt)c by v(x):= @ xf =1(x")

teT teT
where x* € X is given by (x*); := x} for all t+ € T. Since v is multilinear, it

C

defines a linear map ¢ : ® X; — ( ® Xt) . Its intertwining properties with
teT teT

multiplication then follow from the componentwise properties. As usual, we

write a* := 7(a) fora € ® X;, and hence @ X; becomes a *-algebra over C.
teT teT

This defines the basic objects which we will work with.

2.2. STABILIZED SPACES. We will also need the following structures.

DEFINITION 2.6. We define an equivalence relation on X by x ~ y whenever
the set {t € T : x; # y:} is finite. Denote the equivalence class of x € X by [x]_
and define

[x] := Span{@teTyt ry~xp QX
teT
PROPOSITION 2.7. The following assertions hold:
(i) For any pair (x, F) such that x € X and F C T a finite subset with x; # 0 for

t & F, there exists a linear map

q)FZ®Xt—>®Xt

teT teF
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satisfying [[y] C Ker ¢ fory # x and
W((@%) ® (®xt)> = (X)yt fory € Xy, t € F.
teF te¢F teF

(ii) [x] # {0} if and only if at most finitely many components of x vanish.
(iii) The subspace [x] is isomorphic to the direct limit of the finite tensor products
& X, ] C T finite, with respect to the connecting maps

te]
9 QX = QX with (PK](®%)' <®yf)®(®XS)'

te] tek te] seK\J

(iv) ® X; is the direct sum of the subspaces [x], x € X.
teT

Proof. (i) For t ¢ F we pick linear functionals A; € X} with A¢(x;) = 1 and
define a map

651: X = ®Xf’ (;)\p(y) =
feF

I M) (®ys) fory~x
teT\F se€F
0 fory # x.

We claim that @ is multilinear. To see that @r is linear in the t-component, let
y,y' € Xwithys = y. fors # t. Then either both are equivalent to x or none is. In
either case, the definition of ¢ implies the linearity of the map z; — @r(y X z¢).
Therefore @ is multilinear, hence induces the following linear map satisfying all

requirements:
PF : ® X — ® X;.
teF

(i) If the set {t € T : x4 = 0} is finite, then (i) implies that [x] # {0} since
none of the spaces X; vanishes by our initial assumption. We also note that, if
infinitely many x; vanish, then [x] is spanned by elements i(y), where y has at
least one zero entry. Then ((y) = 0, and consequently [x] = {0}.

(iii) Let ] C K C T such that |K| < co. Then we obtain linear maps

Q)K] ®Xt—>®Xt WltthKI(®yt). (®yt)®< ® xs).
te] teK te] seK\J
Since ¢ g o ¢y ; = ¢p jfor ] C K C L,and |L| < oo, this is an inductive system.
We write ligl Q@ Xi, ¢y ;) for its limit. We also have linear maps
te] g

§9]:®Xt%[[x]] by ¢]<®yt) :=<®yt)®< ® xs)e[[x]]
te] te] te] SET\J
satisfying @x o ¢x; = ¢j, so that they induce a linear map ¢ : lim ( ® Xt, ¢x ])

— [x]. As every element of [x] lies in the image of some map ¢/, and by (i) this
map is injective if ] D {t € T : x; = 0}, ¢ is a linear isomorphism.
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(iv) Since ¢(x) is contained in [x], it suffices to show that the sum of the non-
zero subspaces [x] is direct. Suppose that the elements xq, ..., x; are pairwise
non-equivalent with [x;] # {0}, and that v; € [x;] satisfy }_v; = 0. From (i) we

1
know that there exists for each i and each finite subset F O {t € T : x;; = 0} a
linear map

gog) : ®Xt — ®X¢ with q)(Fi) ((@yt) X (®x,',t)> = ®yt
teT teF teF t¢F teF
and vanishing on [x;] for j # i. We conclude that (pg) (v;) = 0 for each F. Since F
can be chosen arbitrarily large, the definition of [x;] now implies that v; = 0. 1

REMARK 2.8. If each X; is an algebra and x? = x; holds for all but finitely
many t € T, then the linear space [x] is a subalgebra. If each X; is a *-algebra
and x; = x; = x? for all but finitely many ¢ € T, then [x] is a *-subalgebra. In
the literature (on topological tensor products), suitable closures of [x] are often
called stabilized infinite tensor products (stabilized by x).

REMARK 2.9. In particular, for x,y € X with [x] # {0} # [y], we have that
[x] N [y] = {0} if and only if x £ y. So, if y; = Asx; where A; # 1 for infinitely

many ¢ € T, then x o y and hence @ A;x; is not a multiple of ® x;. This is
teT teT
different in Guichardet’s version [14] of continuous tensor products.

When the X; are algebras, we have the following algebraic relations for the
spaces [x] in the algebra ® X;.
teT

THEOREM 2.10. Ifeach X; is a complex algebra, then:
@) [x]- [yl € [x-ylforallx,y € X.If Xy - Xy = X; for all t, then we have the
equality: Span([x] - [yl) = [x- y1.
(i) [x]* = [x*] for all x € X if all X; are *-algebras.
(iii) If @ # Gy C X¢ \ {0} is a nonzero multiplicative semigroup for each t € T, then

M:= Y [a] (finitesums)
a€llier Gt
is a subalgebra of @ X; . If in addition, each Xy is a -algebra and each Gy is x-invariant,

teT
then M is a x-subalgebra.

Proof. (i) Since [x] is spanned by elements of the form ¢(a), a ~ x and [y]
likewise by elements ((b) with b ~ y, and we have a- b ~ x -y, the first assertion
follows from (a)«(b) =t(a-b) € [x-y].

To show that we have equality when X; - X; = X; for all f, note that [x - y]
is spanned by elements of the form ((a) = ( X as) ® ( X xtyt) , Where S is

seS teT\S
finite. Since each a5 € XX, by assumption, it follows that ((a) € [x][y], which
proves the required equality.
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(ii) Since * is involutive, it suffices to show that [x]* C [x*]. As [x]* is
spanned by elements of the form ((a)*, a ~ x, the assertion follows from i(a)* =
((a*) with a* ~ x*.

(iii) Since the set {x € X : x; € G; Vt € T} is a semigroup with respect to
the componentwise multiplication, the first statement regarding M follows from
(). The second statement likewise follows from (ii). 1

REMARK 2.11. (i) Regarding the condition X; - X; = X; in part (i), this is
easily fulfilled, since by Theorem 5.2.2 in [19], we know that if A is a Banach alge-
bra with a bounded left approximate identity and T : A — B(X) is a continuous
representation of A on the Banach space X, then for each y € Span(T(.A)X) there
areelementsa € Aand x € X withy = T(a)x.Thus,if X = Aand T : A — B(X)
is defined by T(A)B := AB, then since A has an approximate identity, we have
A = Span(T(A)X) and hence A- A = A. In particular, A- A = A for any
C*-algebra A.

(ii) In regard to the choice of semigroup G; in (iii) above, when one has unital
algebras, the conventional choice is to set all G; = {1}. If the x-algebras X; are
nonunital but have projections, then one can take each G; to be a projection (cf.
Blackadar [2]) though the final tensor product algebra depends on this choice of
projections. If the x-algebras X; have no nonzero projections, e.g. Co(R) below,
then we will choose each G; to be a small *-closed semigroup generated by one
element (which will be positive, of norm 1).

2.3. TENSOR PRODUCTS OF REPRESENTATIONS. Below we will need to complete
some *-subalgebras of the algebraic tensor product in the operator norm of a
suitable representation, hence we need to make explicit the structures involved
with infinite tensor products of Hilbert space representations.

Let (H¢)ter be a family of Hilbert spaces. We want to equip selected sub-

spaces of ® H; with the inner product (i(x), t(y)) := “TT (xt, y¢)¢” whenever
teT teT
the right hand side makes sense. There are many possibilities, but here we recall

the tensor product constructions of von Neumann [23]. Let

L= {xe TTH:e: Y el — 1 <oo}

teT teT

where we interpret the convergence of a sum (respectively product) over an un-

countable set T as convergence of the net of finite partial sums, respectively, prod-

ucts. For sums such as S := Y a;, a; € C, this implies that only countably
teT

o
many summands {a;, : n € N} are non-zero and that S = ) a,, and it con-
n=1
verges absolutely (cf. Lemmas 2.3.2 and 2.3.3 in [23]). Moreover, we have that
P = TI |a¢| < oo if either oy = 0 for some f (in which case P = 0), or else
teT
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Y ||a¢| — 1| < oo (cf. Lemma 2.4.1 in [23]). We will not need to use general prod-
teT

ucts P = [T ay, a; € C, for which the convergence is a more difficult notion (cf.
teT
Lemma 2.4.2 and Definition 2.5.1 in [23]).

Thus x € L implies that ||x¢||; = 1 for all ¢ € T\R where R is at most
countable, and that the product [T ||x¢||s converges. Obviously, any x such that
teT

|[x¢|lf = 1forallt € Tisin L. Note thatif x € L then [x] C L also. Forx,y € L,
we define

(2.1) x~y if Y |(xeye)e—1] < oo.
teT

Then =~ is an equivalence relation by Lemma 3.3.3 in [23], and we denote its
equivalence classes by [x]_. Observe thatif x € £ then [x] C [x]_, and moreover,
each ~-equivalence class contains an a € £ such that ||a;||; = 1 forallt € T (cf.
Lemma 3.3.7 in [23]).

DEFINITION 2.12. Given such an a € [x]_ C £, we can define an inner
product on [a] by sesqui-linear extension of

(1(x), (y)) := tll(xt, yi)r forx~an~y.

(Note that the infinite products occurring here have only finitely many entries
different from 1 hence are unproblematic). Denote the closure of [a] with respect

to this Hilbert norm by ®[@#;. Then this is von Neumann’s “incomplete di-
teT
rect product,” and it contains Span(:([a] _)) as a dense subspace (cf. Lemma 4.1.2

in [23]). The direct sum of the spaces ®alH, where we take one representative a
teT
from each ~-equivalence class, is von Neumann'’s “complete direct product” (cf.

Lemma 4.1.1 in [23]). An analogous associativity theorem to Theorem 2.3 holds
for this complete direct product (cf. Theorem VII in [23]).

Next, consider the case where (A;)icr is a family of x-algebras, each
equipped with a bounded Hilbert space *-representation 7t; : A; — B(H;) . For

any A € [] A; we can define a linear map 7t(1 4(A)) on @ H; by
teT teT

(14 (A))i(x) = Q) i (Ar)xy = 1(m(A)x) forallx € [ [Hs
teT teT

where (71(A)x)¢ := 7:(As)x; forall t € T. Then 7t is a representation, because it
is one for each entry. To obtain Hilbert space *-representations from 71, we need

to restrict it to suitable pre-Hilbert subspaces of @ #; hence need to restrict to
teT
those A such that 77(: ,(A)) preserves the Hilbert space involved (and produces

a bounded operator).
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DEFINITION 2.13. Consider the Hilbert space completion @[2/#; of [a], as

tET
above. When the algebras A; are all unital, then [1] C & A is a *-subalgebra,
tET
where (1); = T; € A; forallt € T. Then 7t(A)x € [a]_forall x € [a]  C [ H:

teT
and A ~ 1. In particular, 77(s 4 (A)) preserves [a] and it is bounded, since it is a

tensor product of a finite tensor product (of bounded operators) with the identity

operator. Thus it extends to a bounded operator on ®!2/%;. This defines a *-
teT

representation of the x-algebra [1] on the (stabilized) tensor product ®1H,, and
teT
it is the most commonly used definition of a tensor representation.

When the %-algebras A; are not unital, consider the case where they contain
nontrivial hermitian projections P; € A;. Then, for any choice of such projections

P € [] A;, the subspace [P] C @ A; is a *-subalgebra. For any a € [] #H; with
teT teT teT
74 (Pr)ay=a; for all t € T, we can now define a tensor product representation of [P]

on ® 2. Below we will consider more general tensor product representations.
teT

3. SEMI-HOST ALGEBRAS FOR GAUSSIANS

In this section, u will be a fixed Gaussian product measure on RN and p,

denotes its projection on the n™ component. For x € RY and y € R, we write
[e0]

(x,y) := ¥ x;y; for the standard pairing. Recall that from u one constructs a

i=1
unitary representation

RO = UL2RY, w) by (mu(0)f)(y) = exp(ilx, y)) f(y),
for x € RN and y € RN, Then there is a unitary map U : é[e]’}{n — L2(RN, n),
n=1

where H,, := L?(R, uy). The sequence e = (e, ey,...) of stabilizing vectors
en € Hy is given by the constant functions e, (x) = 1 for all x € R. Explicitly, U
is given by

Ufi®w L@ @ fr@e1 ®epy2®@ - )(x1,%2,...) = fi(x1) - falx2) - fi(xx)

which is clearly a cylinder function on RY . Then my=U ( ® ”yn) U~1, where each
n=1

Tyt R = ULAR, ) is (7, (1) f)(y) := ™ f(y) forx,y € R.

The stabilizing sequence defines a cyclic vector (2 := @ e, . Immediate calcula-
n=1
tion establishes that the corresponding positive definite function satisfies:
6D wult) = (@ m(0) = [explilt,y))duly) forte R,
RN



324 HENDRIK GRUNDLING AND KARL-HERMANN NEEB

which is part of the Bochner-Minlos theorem (cf. [9]). We will show that it ex-
presses the decomposition of a state into the pure states of a (semi-) host algebra
for RY) , and that there is a similar expression for other states (which is also part
of the Bochner-Minlos theorem).

Specialize the notation of the last section by setting: T = N and X; =
Co(R) = C*(R) for all . We first try to define an appropriate infinite tensor prod-
uct C*-algebra of all the Cp(R)’s, which seems to be a problem because Cy(R) is
nonunital, and has no nontrivial projection. By the last section we always have

the algebraic tensor product ® Co(R), but this is too large. We want to look at

its x-subalgebras of the type defmed in Theorem 2.10(iii), and will consider the
following multiplicative semigroups in Cy(RR). For each n € N, define

Vii= {f € Co(R): f(R) € [0,1], f [ [~m,n] =1, supp(f) C [-n—1, n +1]}

and observe that it is a semigroup, that ||f|| = 1 for all f € V,, and that any
sequence {u, € V, : n € N} is an approximate identity for Co(R) . Moreover
[ee]

Vi« Viy = Vyif m > nand hence |J V;, is a semigroup. For each f € V,, we have
n=1
the subsemigroup

Vu(f) = {ff:ke N} CV,

and for these we also have that V;,(f) - Vj, (g) =Vu(f)ifm>n.
For any sequence f = (f1, fa, ...) € Co(R)N with f, € Vi, for all n, we

consider the x-algebra generated in ® Co(R) by [f], and note that

(3.2)  *-alg([f]) = Span{[f‘] : k € N} é Co(R), where (f5), := fkvn
i=1

and for the equality we needed the fact that Cy(R) - Co(R) = Cop(R) (Remark 2.11),
and Theorem 2.10(i).

Next, we want to define a convenient representation of x-alg([f]) to provide
us with a C*-norm to close it in. We will show that there are f for which we can

define a representation of *-alg([f]) on é [€]74,, in a natural way.
n=1

PROPOSITION 3.1. We now have:
(i) Let Py denote multzplzcatzon of functions on R by X[k - Then there exists a

sequence (k;)ien such that Z |(Py, en, en)n — 1| < oo.
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(i) Fix a sequence (k;)ien as in (i) as well as £ € T] Vk].. Then there is a
j=1

*-representation 7t, : x-alg([f]) — B( é[e]%n> such that
n=1

(®8n) ®Ck &) guen € Q.
n=1 n=1 n=1

forall g ~ £, ¢ ~ eand ¢ € N, and where g,cy is the usual pointwise product of
functions on R .

Proof. (i) For any ¢ > 0, there is a k € N such that |(Pe,, €x)n — 1| < € by
the monotone convergence theorem. Thus there is a sequence (k;);cn such that

:le |(Py, en, en)n — 1| < oo.
(ii) Recall from Definition 2.12 that Span(:([e]_)) is dense in the closure
®[e]an of [e], where
n=1
e] = {v € HH" : i ol — 1] < co and i [(en, vn)n — 1] < oo}.
n=1 n=1 n=1
With the given choice of (k;);cn and f we have

kn+1

(P enn = inl [k, ) < [ £0) dp(x) = (fuen, ) <1
—kn—1

so that |(fuen, en)n — 1| < |(Px,en, en)n — 1|, and hence Y [(fuen, en)n — 1] < 0.
n=1
As (fj)' € Vi forall £ € N, we have in fact that ) |(flen, en)n — 1| < oo for all
n=1
¢ € N. This implies that Y ||| fie||2 — 1| < co which implies via Lemma 3.3.2
n=1

in [23] that Y |||fien|ln — 1| < co.Hence f’ - e € [e]_ and so
n=1

(éff{) (éek) = éffen IS é[e]fﬂn

Since any ¢ ~ e only differs from e in finitely many entries, the convergence
arguments above will still hold if we replace e by c. Likewise, we can replace f*

by any g ~ £’ i.e., we have shown that & gnen € ®[e]7-[n forallg ~ f and
n=1 n=1
¢ ~ e. Since the multiplication map

(U[fZ ) [e] %®an (ng)Hé)gncn
n=1

feN
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is multilinear, it defines a bilinear map on Span(U,cy[f]) x [e], denoted by
(a,b) — me(a)b, thus obtaining the formula for 7te in the theorem. That 77, is a
representation of x-alg([f]) follows from the explicit formula, and the *-property
is also clear. It remains to show that each 7t () is bounded (hence extends as a

bounded operator to @ !¢/H,,). Tt suffices to check this for the generating elements
n=1

of x-alg([f]). Leta € [f] with a ~ £:
A=(01 @ ®ap) ® fri1® fpio @ -

for some p < oo. Moreover any b € [e] can also be written in the form:

P
b:bp®ep+l®ep+2®‘” Withbp6®7'[]',
j=1

where we may take the same p as in the preceding expression (e.g. by adjusting
the initial part). Then

[e.0)

Ime(@)bll = 14l TT ekl where 40 = (a1 @ a)e
=p+1

— P
Since A, is bounded on the completion ®;_,,H; of jg H;, we have [|A,by|| <
[Apll - lIbpll, and as [| frex || < llexl| =1, we see that

e}
I7re(@)b]1* < 1 AplPM1Ep 117 - TT llexll® = 4,112 - f1212
k=p+1

and hence 7t (a) is a bounded operator on [e] so extends to a bounded operator

on é [e]Hn R |
n=1

DEFINITION 3.2. Thus forany f € ] ij, we can define
j=1

Lulf] := C*(r,(+-alg([f]))) C B(é[“mn) .

n=1

REMARK 3.3. Recall that we also have the unitaries 77, (RY) C ¢/ ( Rl ’Hn) ,

n=1
where
Tu(x) @ ck = Q(exp, cn) € [e], xRN, c~e, exp, () :=e™".
k=1 n=1
Then
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for all xRN, g~f’ and ¢€N. The inclusion needed the fact that x has only finitely
many nonzero entries, and that exp, -Co(R) C Co(R). Thus 7 (RM)) . L,lf] C
L,[f]. Since for each x € RM) we can find a sequence (1(gy))nez C [f] such
that 77 (1(gn)) - 71, (x) converges in norm to 77, (x), we have a faithful embedding
of RN as unitaries into the multiplier algebra M(L,[f]) denoted 7 : RN —
M(Ly[f]). In the next section we will investigate to what extent £, [f] is a host
algebra of RN .

LEMMA 3.4. With £ as in Proposition 3.1(ii), we have:
(i) The C*-algebra L, [f] is separable.
(ii) Let w be a pure state on L, [f], and let & be its strict extension to the unitaries
n(RM)) © M(L,[f]). Then & o 17 is a character and there exists an element a € RN
with @(57(x)) = exp(i(x, a)) for all x € RN,

Proof. (i) Since m, (*-alg([f])) is dense in L, [f], where

<) m
«-alg([f]) =Span{[f] : keN} and [F]={J{(Q CoR)e 1@ k20 -},
m=1" (=1
(i) follows immediately from the separability of Cy(RR).

(ii) As £,[f] is commutative, any pure state w of it is a point evaluation,
hence a *-homomorphism. Thus the strict extension @ to n(RMN) ¢ M(L,[f])
is also a *-homomorphism, hence @ o # is a character. The restriction of w o %
to the subgroup R" C RM) is still a character, and it is continuous (since it is

determined by the factor é Co(R) in L, [f] which is the group algebra of R")
j=1

hence of the form @ o 77(x) = exp(ix - a(") for some al") € R". Since @ o7 is a
character on all of RY), the family {a(") € R” : n € N} is a consistent family, i.e.,
if n < m then a(") is the first n entries of al"). Thus there is an a € RN such that
a(" is the first 1 entries of a for any n € N. Then @ o 57(x) = exp(i(x, a)) since
for any x € R” € RN this restricts to the previous formula for @o7. 1

Since L, [f] is separable and commutative, it follows from Theorem II.2.2
in [6] that all its cyclic representations are multiplicity free, and hence by Theo-
rem 4.9.4 in [20], for any state w on L, [f], there is a regular Borel probability mea-
sure v on the states & (L, [f]) concentrated on the pure states &, (L, [f]) such that

(3.3) w(A) = / o(A)dv(p) VA€ L,[f].
Sp(Lylf])

We will show that this decomposition produces similar decompositions to the
one in (3.1) for other continuous positive definite functions than wy, .

Since L, [f] is separable, it has a countable approximate identity {E; },cn C
L, [f] (cf. Remark 3.1.1 [18]). For a state w on £, [f], let & be its strict extension to
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the unitaries 7(R™)) € M(L,[f]), then we have for any countable approximate
identity {E; }pen C L£y[f] that

@on(x) = lim w(y(E:) = lim [ p(y(x)E:) dv(g)

n—oo n—oo

Sp(Lulf])
= [ lme(E)drie)= [ Fon()dr(e)
Sp(Lyulf]) Sp(Lylf])

where we used the Lebesgue dominated convergence theorem in the second line,
since |@(n7(x)E,)| < 1 and the constant function 1 is integrable.
By Lemma 3.4(ii) we can define a map

£ Sp(Lulf]) +BY by Fon(x) = explitx, &(¢)) forx € R,

so using ¢ we define a probability measure v on RY by ¥ := ¢,v, and so:

(34) worn(x) = /exp(i(x, y))di(y) forxe RN,

RN
which generalises the integral representation (3.1) to those positive definite func-
tions @ which are strict extensions of states of £, [f] (and this includes w)). We
will obtain the full Bochner-Minlos theorem for R™) in a C*-algebraic context,
if we can show that every continuous normalized positive definite function is of
this type for some y and some £ . This is what we will do in the next section.

4. SEMI-HOST ALGEBRAS FOR R(™)

Inspired by the good properties which we found for £, [f] above, we now
examine more general versions of these algebras. The semi-host algebras which
we obtain will be the building blocks for the algebra hosting the full representa-
tion theory of RN), which will be constructed in the next section.

[e9)
For the rest of this section we fix a sequence (ky),cn € NNand f € [ Vi,
n=1
such that [f] # 0. Then we have that

4.1) x-alg([f]) = Span{[f'] : k € N} = lim Ay [f], where
Anf]:=Span{A1®- - -@An@fK 1 @ff ,@ -1 A; € G(R) Vi, keN}

and the inductive limit is with respect to set inclusion of the *-algebras A, [f] C
Ay[f] if m < ¢. By the associativity Theorem 2.3, we can write

Anlf) = (QCo®)) ® (-alg(@,., /)
k=1
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The natural C*-norm on the first factor is clear, but not on the second factor.
So we next investigate possible bounded *-representations to provide *—alg([[f]])
with a C*-norm. Since *-alg(®;’° m+1fj) is generated by the single element E :=

®+ fj, any representation 77 of this x-algebra is given by specifying the single
] m
operator 7t(E) . Since E is positive, we require 7t(E) > 0, and as we want a tensor

norm on the larger x-alg([f]), we need that || 7(E)|| < TI |Ifill =1.
j=m-+1

j=m+

LEMMA 4.1. Let f € T] Vi, andlet {m : Co(R) — B(H) : k € N} be a set of
neN
x-representations on the same space with commuting ranges. Then:

(i) The strong limit Fk([) = s—gm e (f) - ma(fl) € B(H) exists, and 0 <
n—,oo
FY < Tfork e
(ii) P[f] := 5 hmF ) (an increasing limit) is a projection independent of { € N
satisfying Fk Op [f} = Fk( ).
(iii) Let Q € B(H) be such that 0 < Q < 1, and such that it commutes with
= A ® -

7 (Co(R)) for each k € N. Let A : QA ® flq @ flhi, @ €
x-alg([f]) and define

nQ(A) == m1 (A1) ma(Az) -+ - 7t (Am) F,(ﬁle-

Then 7t defines a x-representation 11 : *-alg([f]) — B(H).

(iv) The representation 71g is non-degenerate if and only if all 7t; are non-degenerate,
Plf] = Tand KerQ = {0}. If rtq is degenerate, Ker Q = 0, and all 7t; are non-
degenerate, then P[f] is the projection onto the essential subspace of .

Proof. (i) Since the operators 7 (f{), 7i( ff ) € B(H) commute and are pos-
itive, it follows from joint spectral theory that their product 7 (f{) - 71;( ff ) is also
a positive operator. From 7 (ff) < T for all k, ¢ € N, we derive that i (fy) -
7T (f]‘ﬂ) < 7 (f{) and hence, for a fixed k, the operators Cy := 7 (f{) - - - 7tu(f)
form a decreasing sequence of commuting positive operators. Thus, by Theo-
rem 4.1.1, p. 113 in [18], C,; converges in the strong operator topology to some

limit Fk(g) . Itis clear that Fk(f) is positive, and using
ITIl = sup{[(p, T)| : p € H, [[p]| =1} whenever T =T",

it follows from ||Cy|| = ||me(ff) -+ a(f5)]| < 1 for all n that ||F || < 1and
hence that 0 < Fk([) <1

(ii) By definition, Fk(@ = m(ff )Fk(i)1 and 0 < 7 (f{) < Tand so the com-
muting sequence of operators (Fk(g)) keN is increasing, and bounded above by 1.
Thus it follows again from Theorem 4.1.1 in [18] that the strong limit P()[f] :=
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S- hmF( )

k—o00
is jointly strong operator continuous on bounded sets, we get

exists, is positive and bounded above by 1. Since the operator product

FOPOf] = stim e (f) - 1 (ff ) - stim FY
= slim () - 7y (i) B = stim B = B

Thus by PO[f] = s-lim F( ) = sk-lim Fk(Z)P“) [f] = (PO[f])? and the fact that
—00

k—o0
P)[f] is positive we conclude that it is a projection. To see that P()[f] is indepen-
dent of ¢/, note that for k < m we have:

OB = stim () - (1) - schim 7t () - 7p(f7)

= s k() 7o () 7 () ()

(42) = (fl) - Ftm1 (Fl ) i
This leads to
PO PO = slim B s-lim Byl = s-lim FyV B = s-lim ) = pU+)g)
k—o0 m—c0 n—00 500

However, each P\)[f] is idempotent, i.e., P)[f] = PRY[f] for all £ € N, hence
P)[f] is independent of £.

(iii) Since x-alg([f]) = hglAm f] = U Anl[f], it suffices to show that g
meN
defines a *-representation on each x-algebra A [f], and that 77 restricts to its

correct values on any A [f] C A, [f] for k < m. Recall that

(®Co ) © (ralg(@7,,, £i)-

Now
™ : éCO(R) — B(H)/ ﬂ,gm)(Al & - ®Am) = 7T1(A1) s ﬂm(Am)

is a well-defined *-representation obtained by the universal property of the tensor

product. Moreover, since *-alg(®;2,,, fj) is generated by a single element not

satisfying any polynomial relation, the assignment ném) ( ® f]> =F, Jr1Q
j=m+1

0 defines a *-representation n,gm) : *—alg(@lf”zm +1fj) = B(H). Note from equa-

tion (4.2) that %) . plY)  — plk+0)

it Emi1 =Eui1 s which leads to the factorization

HQ(A1®"'®Am®fr€z+l®fi§1+2®'") ( )(A1® @ Am) (( ® fJ) )
j=m+1
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Thus, since it is multilinear, we obtain a linear map 1o on Ay [f], and as the
ranges of the x-representations 71, and 71, commute, 77 is a *-representation on
Ay, [f] . For k < m we have from the definition that

k)( ® f]) = k(i)lQ = ”k+1(fk+1)"'ﬂm(fm)F,ﬁlQ

j=k+1

and hence

(m)(A1® QAR fr1® - fm)TT ( ®f) Al® "®Ag)- ( ®f1)
j=m+1 j=k+1
so it is clear that the value of mg on Ai[f] C Ajlf] is the same as the restric-
tion of the map 7y defined on Ay [f]. Hence 7 is consistently defined as a
«-representation of x-alg([f]) .

(iv) Note that by Fk(e)P[f] = Pk(z) , we have 71 (A)P[f] = mo(A) forall A €
-alg([f]), hence, if P[f] # T, then mg(*-alg([f])) has null spaces, i.e., (g is
degenerate. Likewise, if Ker Q # {0} then 7 is degenerate. Moreover, if any 71
is degenerate, then since by commutativity:

R l
To(A1®  @AW® flyq @ flyn @ )=m1 (A1) - 7 (Ay)- - -nm(Am)F,illQ%(Ai),
where the hat means omission, it follows that 77 is also degenerate.

Conversely, let 1o be degenerate, i.e., there is a nonzero ¢ € H such that
mo(A)p = 0 for all A, hence

14
TQALE @ A @ fiy1 @ Frian @ - )9 = (A1) - T Aw) Fyy Q9 = 0
for all A; € Co(R) and m, ¢ € N. If all 7; are non-degenerate, then it follows

inductively that F,Sf) Qp = 0 for all m and /. If Ker Q = 0, then Pr(,f)lp = 0 forall
m, hence P[f]p = 0, i.e., P[f] # 1.

By the last step we also see that when 775 is degenerate, Ker Q = 0, and all
7 are non-degenerate, then P[f] is zero on the null space of 7. Since Fk(Z)P[f] =
Fk(g) by (ii) it follows from the definition of 77 that 7o(A)P[f] = mo(A) for all
A € x-alg([f]) . Thus P[f] is the identity on the essential subspace of 7, i.e. it is
the projection onto this essential subspace. 1

DEFINITION 4.2. Using this lemma, we can now investigate natural repre-
sentations of #-alg([f]). Start with the universal representation of RIN) denoted
e : RN 5y (Hu) which we recall, is the direct sum of the cyclic strong-
operator continuous unitary representations of RM), one from each unitary equiv-
alence class. Since for the k"'component we have an inclusion R ¢ RN by x —
©,...,0,x,0,0,. ) (kthentry) Tty restricts to a representation on the kthcomponent,
denoted by 7tk : R — U(Hy) . By the host algebra property of C*(R) = Cp(R),
this produces a unique representation 7k CO(R) — B(Hu), which is non-
degenerate. Since the set of representatlons {nk . Co(R) — B(Hy) : k € N}
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have commuting ranges, we can apply Lemma 4.1, with Q = 1, to define a rep-
resentation 7ty : *-alg([f]) — B(Hu) by an abuse of notation. Below we will use

the notation F (¢ ) for the operator F; ) of .

DEFINITION 4.3. The C*-algebra L[f] is the C*-completion of 7ty (*-alg([£]))
in B(Hy) .

REMARK 4.4. (i) We see directly from equation (4.1) and the separability of
Co(R) that L[f] is separable.

(ii) Observe that the representation 7, of *-alg([f]) may be degenerate. Al-
though all 77}! are non-degenerate, it is possible that P[f] # 1. By Lemma 4.1(iv)
it then follows that P[f] is the projection onto the essential subspace of 7y,.

(iii) Since L[f] C B(Hu) is given as a concrete C*-algebra, this selects the
class of those representations of £[f] which are normal maps with respect to the
o-strong topology of B(H,) on L[f]. We will say that such a representation 7 is
normal with respect to the defining representation 7t,. This will be the case if the
vector states of 77(L[f]) are normal states for 7ty (L[f]) (cf. Proposition 7.1.15 [16]).

(iv) From Fell’s theorem (cf. Theorem 1.2 in [8]) we know that any state of L]f]
is in the weak-x-closure of the convex hull of the vector states of 7.

We will need the following proposition.

PROPOSITION 4.5. If S C Nis a finite subset, then:
(i) There is a C*-algebra Bs[f] C B(Hu) and a copy of the C*-complete tensor
product L5 := @ Co(R) in B(Hy) such that

seS
L[f] = C*(L5 - Bsf]) = Lo®Bs]f].
(i) The natural embeddings {s : M(L%) — M(LI[f]) = M(L®Bs|[f]) by
Is(M)(A®B):= (M-A)®B forall A€ L and B € Bs|f]

are topological embeddings with respect to the strict topology on each bounded subset of
M(L®) . Moreover, L is dense in M(L®) with respect to the relative strict topology of
M(Lf]).

Proof. (i) By associativity (Theorem 2.3):
RC®) = (Rc®) s ( ® Co®),
k=1 s€S teN\S

and so, applying this to *-alg([f]), and using the fact that it is the span of elemen-
tary tensors of the type A; @ - -+ ® A @ fl 1 @ fl1o ® - with A; € Co(R) and
m, £ € N, we get

+-alg([f]) = (R Co(R)) @ (+-alg([fms])),

seS
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where (fiy\s)¢ = fi for t € N\S and *-alg([fys]) denotes the *-algebra generated

in ® Co(R)by
teN\S

{ X si:ge [ GQ(R), ngN\S}'

teN\S teN\S

Below, we need unital algebras, so adjoin identities, and define

Co:= (CT+® Co(R) ) @ (C + +-alg([fs])) © R(CT+ Co(R))
seS k=1

which contains *-alg([f]) as a x-ideal. Since the action of 7, (*-alg([f])) on its

essential space Hess C Hy is nondegenerate, it determines a unique extension of

7Ty to a representation 7ty : Co — B(Hy), if we let the null space of 7y be Hé‘sS-

Define C := C*(rty(Cp)) = C*(A - B) where

A.—c*(nu((cm(g%co(m)@n)) and  Bi=C" (7 (1(CT-+ +-alg( [ s])).

Thus the unital C*-algebra C is generated by the two commmuting unital C*-
algebras 4 and B. Moreover, since 7, contains tensor representations (with re-
spect to the two factors of x-alg([f]) above), it follows thatif AB = 0foran A € A
and a B € B, then either A = 0 or B = 0. Thus by Example 2, p. 220 in [21], it
follows that C = A& B, where the tensor C*-norm is unique, since both A and B
are commutative, hence nuclear. We conclude that the original C*-norm defined
on C is in fact a cross-norm. Since its restriction to
+-alg([f]) = (R Co(R)) @ (+-alg([fms])) C Co
sES
is still a cross-norm, and the latter is unique by commutativity of the algebras
(given the norms on the factors), it follows from C* {nu< X Coy (R))} =R C (R) that
s€S s€S

(®C° ) ® C* [ (1@ (+-alg([fys])))] = LO®Bsf]

seS

= [m((®Cm®) & 1) mu(Te (+alg(Ifws]))],
s€S

where Bslf] := C*[mmu (T ® (+-alg([fys])))] -

(ii) This follows from (i) and Lemma A.2 in [13]. 1

Note that for S = {1,2,...,n}, the map {5 identifies R" C UM(L®) with
the unitaries R” ¢ R(Y) c UM(LIf]) . Below we will abbreviate the notation to
£n = pl2.np — ® CO( ). For ease of notation, we sometimes also omit

explicit indication of the embeddmgs (s, using inclusions instead.
Next, let 7t : L[f] — B(H ) be a given fixed non-degenerate *-representa-
tion. Let 7 denote the strict extension of 77 to M(L[f]), so that 71y := 7 | £k} and
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4
(" .= 7 | £ are the strict extensions of 7 to L} ¢ M(£K) SN M(L[f])
{1,
and £ ¢ M(L£LM) LN M(LIf]) respectively. Then {7, : k € N} is a set of

non-degenerate representations with commuting ranges as in Lemma 4.1, hence
we specialize its notation to:

F{) = slim () -+ 70a(f4) € B(Hx) and  Prlf] i=slimF) € B(Hn).

k—o0

Since the commuting sequence of operators (Fff,z

o is increasing, Pr[f] # 1
implies that there is a nonzero i € H, such that F (/)lp =0forall kand ¢.

We will show in the next proposition that, for a certain choice of Q, there is
a representation 77 constructed as in Lemma 4.1 from the set {77} : k € N} which

coincides with 7.

PROPOSITION 4.6. Fix a non-degenerate *-representation 7t : L[f] — B(Hr)
with 7‘[7'[ 7é {0}

N n—1 factors o
() Let By == 7(I®---@UQfy ® fyi1 ® ---). Then the strong limit Q :=
s-gm By, exists and satisfies 0 < Q < 1T.
n—,oo

{HIFA=A10 @A ® i ® fl, ® - € x-alg([f]), then

m(A) = m(A1) ma(A2) -+ 7o (Au) Fy g Q° = mo(4),
ie., o = 1 | *-alg([f]). Moreover Pr[f] = T and Ker Q = {0}
(iii) Denote the strict extension of 7 to L") C M(L([f])) by 7™ : L) — B(H).
Then
ML ®@L® ) =slimn"(L; @ Ly ® -+ ® Ly,) Q"

n—oo
for all elementary tensors L1 @ Ly @ - - - € [£] C x-alg([f]).

Proof. (i) We need to prove this claim in greater generality than stated above,
for use in the subsequent part. By definition, we have for

A=A ® QA fo 1@ fh @ € x-alg([f]),

that 74 (A) = 7t} (A1) 72(Az) - 7l (Aw) EV) | € LI,
0)

where F, } :=s-lim 7t (f¢) -4 (£3) = (10 @U@ f 1@+ -) € B(Hu).

Hence we have that F; ; (z) € M(LIf]). Thus the operator

n—1 factors

—
BY = Al®--oloflefl @ ) =a(FL)

satisfies 0 < BY) < Tsince 0 < F) < T. As B = 7, (££)BY), and 7, () < T

is a positive operator commuting w1th B! 421' we see that B,(1 ) < }(ﬁl Thus the
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strong limit Q(¥) := s-lim pr exists by Theorem 4.1.1 in [18], and satisfies 0 <

n—oo

Q) < 1 (note that Q1) £ 0 since 7 is non-degenerate and H # {0}). Since the
operator product is jointly strongly continuous on bounded sets we have:

n—oo

QUQM =slim A(1®- - IR fLRf 1@ -) sk-gmﬁ(n@ IR R @)

=sImA(I®- - @Ifiefl 1@ ) A(1®- QIR fI"@fM 1 @-- )

n—oo

=slmA(A@ - @I fi " fiire. ) =Qtm.

n—oo

Thus Q(Z) = Q' where Q := Q(l) .
(ii) Now

n—1 factors

O N Y e 1
By 7-[(]1® ®]I®fn®fn+l® )

Al - QIR fiele ) FI®- U fl @ fl, @ )
T (fi) AN@ - @U@ frq ® frip @)

k factors

= g-li Oy, .. N2M® .. 0Tl {4
=slimm,(fy) - m(f) AAQ - OUSfi 1 ® fr2® )
= stim () (f]) SHmATS - ©TE fly © flhya @)

@3) = FQ" = K
where we used again the joint strong operator continuity of the product on
bounded sets. Let A := A1 ® -+ - ® Ay, ®fﬁl+1 ®f,f1+2 ® - - - € x-alg([f]). Then
M(A) =m(A) TAR A QAR D An® fry 1 @ frg @ o) ==+
= m1(A1) ma(A2) - Tt (Ap) - (A RTLD fr 1 @ frpn @ +)
(4.4) = m (A1) m(Az) - 7T (Am) ~Fff,lz+1Q€ = ng(A)

making use of (4.3) above. Since 7 is non-degenerate, it follows from Lem-
ma 4.1(iii) that P, [f] = Tand Ker Q = {0} .

(iii) Note first that from Proposition 4.5(ii) above and Lemma 4.1 on p. 203
in [21] that 71 (A1) 2 (Ag) - - 7T (Ay) = T (AL @ --- @ Ay) for all A; € Co(R).
Thus, if we continue equation (4.4) above

7(A) = m1(A1) m2(Az) -+ T (Am) - i1 Q°
= 101 (A1) m2(A2) - 7t (Am) SO 1 (Frrg1) - 70n () Q°
= slim ") (A1 @ @ A @ f @@ ) QF

which establishes the claim. &
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DEFINITION 4.7. Given a representation 7t of L[f], we will call its associated
operator Q its excess.

This proposition creates a difficulty for the host algebra project, because by
part (iii) we can see that to construct its representations, we need more informa-
tion than what is contained in the representations of R®) ie., we need the excess
operators Q. It is therefore very important to establish whether there are repre-
sentations 71o with Q # T (below we will see such g will not be normal with
respect to 7y).

PROPOSITION 4.8. Let f be as before and let {7ty : Co(R) — B(H) : k € N} bea
set of x-representations on the same space with commuting ranges. Then for any positive
operator Q € B(H) with Q < T which commutes with the ranges of all 11y, we have that
g : *-alg([f]) — B(H) extends to a *-representation of L[f] .

Proof. We show first that o(F, ;) = [0,1]. Let w be a character of R). Then
since it is a one-dimensional subrepresentation of 7t there is a vector lpw € Hyu
such that (Y, 7Tu(X)w) = w(x) for all x € RN, Then wy(h) = (¢, 75 (h) )
forall h € £} = Cy(R) is also a character, hence a point evaluation at a point

x)’ € R, and in fact we obtain all point evaluations of £ = Cy(R) this way.
Thus

Foj = slimawi(fi) - - wn(fu) = lim fi(xy) -- an 0,1],

and as we can choose our w, hence points x;” € R arb1trar11y, it is clear that we
can find w to set F,, x equal to any value in [0, 1]. Since

k—1 factors
E -:1' ). —ol®---0Txfl e ff ) = (P, F
wk = lm wi(fi) - wn(fa) = @A @LRfy @ fr1® ) = (Yo, Fuppo)

defines a character on C*(F, x) we see that o(F,x) = [0,1]. Since for {77} : k € N}
and Q as in the initial hypotheses we always have that 0 < F ,Q < T, it follows
that o(F,xQ) C [0,1] = o(F,x) for all k.

Next, note thatin a dlagonahzatlon of Fyx > 0 we can writeitas F (x) = x
for x € o(Fyx), and hence ||p(Fyx)|| = sup{|p(x)| : x € o(F,x)}. From this
it is immediate that o(F;xQ) C o(F,y) implies ||p(F xQ)| < ||p(Fux)|| for all
polynomials p.

Finally, recall that *-alg([f]) = liLn A, [f] where

Ap[f] :=Span{A1 ® - @ Ap @ i 1 @ fr, @ -1 A € Co(R) Vi, k € N}

and the inductive limit is with respect to to the inclusion A, [f] C A/[f]. Thus
L][f] is the inductive limit of the C*-closures L, of 7ty (A [f]) with respect to set
inclusion. Since

= <®Co ) * alg(®;im+1ff))’
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and the norm of L[f] is a product norm by Proposition 4.5(i), we have that £,, =
LM&C*(F (Fy, m+1) Next we define (as in the proof of Lemma 4.1(iii)) two *-repre-

sentations na ® Co(R) — B(H) and nl(ym) tx-alg(®72,,41 fj) — B(H) as

follows. First, we have that
" . (R Co(R) — B(H (M (A @@ Ap) = 1(A1) - 7T (A
® 0( )_> ( )/ Ty ( 1® ® m) 7T1( 1) 7Tm( m)

defines a well-defined *-representation by the universal property of the tensor

product. Moreover, since *—alg(@}"’:m 1fj) is generated by a single element not

satisfying any polynomial relation, the assignment nl(,m) ( ® fi ) = r$11+)1Q >
j=m+1

0 defines a *-representation ném) : *-alg(®j2,,41 fj) — B(H) . Note from equa-

tion (4.2) that F 75111 F;Sﬁl = F;kjlz) , which leads to the factorization

MQ(A1®- R An® fry 1@ fryya @+ ) = " (A1©- - An) (( ® f]) )
j=m+1

(m) (m)

Now 77, has a unique extension to £, and as 7, is defined on the dense
+-algebra x-alg(®j72,, 1 fj) = {p(Fux) : p a polynomial} on which it is continu-
ous by the fact proven above, that Hnl()m)(p(Fu,k))H = [[p(Fex Q)| < [Ilp(Fup)ll-
Thus it extends uniquely to C*(F, 1), hence g has a unique continuous ex-
tension to L, . Since 77, respects the inductive limit structure (since it does so on
the dense subalgebra *-alg([f]) and is continuous on all Ay) 