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ABSTRACT. We provide necessary and sufficient conditions on the existence
of common hypercyclic vectors for multiples of the backward shift operator
along sparse powers. Our main result strongly generalizes corresponding re-
sults which concern the full orbit of the backward shift. Some of our results
are valid in a more general context, in the sense that they apply for a wide
class of hypercyclic operators.
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1. INTRODUCTION

We consider the space ¢ of square summable sequences over the field of
complex numbers C endowed with the topology that is induced by the ¢2-norm
|- ll2 : 2 — RT, where

1o 2 1/2 2
lx]|2 == (Z || ) for every x = (xq,x2,...,%Xpn,...) € (~.
=1

We write || - || := || - ||2 for simplicity. Let B be the unweighted backward shift
operator on /2, that is
B((x1,%2,x3,...)) = (x2,x3,...), for(x1,x,...) € 2.

Let A € C. We define the iterates of the operator AB as follows: (AB)! := AB
and (AB)"*! = (AB)" o (AB), for n = 1,2,..., where we denote (AB)" o (AB) the
usual composition of the operators (AB)"” and AB. Let A € C, and consider the
set of hypercyclic vectors for AB, that is

HC(AB) := {x = (x1,x2,...) € 2 : {(AB)*(x), n =1,2,...} = (*}.
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A comprehensive treatment on hypercyclicity can be found in the books [5], [11]].
For the reader’s convenience we include the relevant definitions. A sequence
of continuous operators (T;) acting on a Frechet space X is called hypercyclic
provided there exists a vector x € X so that the set {T,(x) : n = 1,2,...} is
dense in X. Such a vector is called hypercyclic for (T,,) and the set of hypercyclic
vectors for (T},) is denoted by HC(T},). Let T : X — X be an operator. We define
the iterates of T as follows:

TH:=T and T"™':=T"oT forn=1,2,...

where we denote T" o T the usual composition of the operators T" and T.
When T, comes from the iterates of a single operator we say that T is hy-
percyclic and HC(T) denotes the set of hypercyclic vectors for T, i.e.

HC(T) ={xe X:{T"(x) :n=1,2,...} isdense in X}.

It is well known that for every fixed A € C with |A| > 1 the set HC(AB) is a

dense, G; subset of (2, - ||) and as the reader may guess Baire’s theorem should

be involved in the arguments. The following question arises naturally. If we fix

an uncountable subset | C {z € C: |z| > 1}, is it true that () HC(AB) # @ ? In
Aeg]

this direction, Abakumov and Gordon [1]] proved that:

(| HC(AB) # @,
[A|>1

the best possible result one can expect concerning the existence of common hy-
percyclic vectors for multiples of the backward shift. Later on, Costakis and Sam-
barino [9] gave a different proof of this result, which, roughly speaking, is based
on the so called common hypercyclicity criterion. In this criterion, Baire’s cate-

gory theorem appears. Actually, Costakis and Sambarino showed that (HC(AB)
[A]>1

is a G5 and dense subset of (¢2, | - ||); hence non-empty. What is interesting here
is the uncountable range of A’s, which makes things harder if one wishes to apply
Baire’s theorem.

One can refine the above problem as follows. Let (k,) be a fixed strictly
increasing subsequence of natural numbers. It is known, and very easy to prove,
that the sequence ((AB)") is also hypercyclic, that is, there exists x € ¢? such
that the set {(AB)k"(x) : n = 1,2,...} is dense in ¢2. Such a vector is called
hypercyclic for ((AB)*) and the set of these vectors is denoted by HC((AB)kn).
From the above it should be also clear, or at least expected, that HC((AB)*") is G
and dense subset of (¢2, || - ||).

Now we are ready to ask the following.
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QUESTION 1.1. Fix a strictly increasing sequence (k;) of natural numbers.
For which uncountable sets ] C {A € C: |A| > 1},

(| HC((AB)*") £ @ 2

A€]

It turns out that the answer to this question depends heavily on the se-
quence (k). In particular, what matters is how sparse the sequence (k) has
been chosen. Our main result is the following.

THEOREM 1.2. Let (ky) be a strictly increasing sequence of positive integers.
@) If Eo(l /kn) < +oo then (| HC((AB)*) = @ for every non-degenerate inter-
val I in (1{,:—1%00) e
(ii) If Jrzoj(l/kn) = +toothen theset (|  HC((AB)n) is residual in (2, ie. it
=

A€(1,+00)
contains a Gs and dense set in (2, hence () HC((AB)k) £ @.
Ae(1,+00)
“+o00
(iii) If Y- (1/ky) = oo there exists a Gg and dense subset P in {A € C : |A|>1} with
n=1

full 2-dimensional Lebesgue measure in {A € C : |A| > 1} such that () HC((AB)*") is
AEP
residual in 02, In particular, (\ HC((AB)*) # @.
AEP

Unfortunately we are unable to show whether P in item (iii) of Theorem[1.2]
can be replaced by {A € C : |A| > 1}. So, this remains an open problem. On the
other hand, both items (i) and (iii) hold in a more general setting (there is noth-
ing special if one choses to work with the backward shift) and this is evident if
one follows the relevant proofs, see Sections 2 and 4. For instance, the interested
readers will have no difficulties in formulating general statements for items (i)
and (iii) that involve operators T so that for a given sequence of positive integers
(kn), the sequence((AT)*") is hypercyclic for every A lying in some interval or
annulus, possibly with infinite length or infinite area. We mention that a kind
of similar line of research is pursued in [2], [10], [18], [19], [20], where questions
similar to the above one are studied for translation type operators acting on the
space of entire functions. Results on the existence of common hypercyclic vectors
for uncountable families of operators and, in particular, of backward shift opera-
tors can be found in [1I], [4], [6], [7], [8], [9], [14], [15], [17]. Our paper is organized
as follows. Each one of the following Sections 2, 3, 4, is devoted to the proof of
items (i), (ii), (iii) of Theorem respectively.

The proof of item (i) relies on an estimate which concerns the size (in terms
of Lebesgue measure) of the set{z € C : [z" -w — 1| < &} N [m, M], for given
we C,e>0,1<m< M, n positive integer. This approach is implicit in [4],
[5], [17] and refines an idea of Borichev. The common hypercyclicity criterion
due to Costakis and Sambarino cannot be applied in order to conclude item (ii).
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What we do, is to refine in a sense this criterion in the particular case of backward
shift. It seems plausible that our method will possibly work for other operators
as well. We mention that there are quite a few, relatively new and powerful,
criteria establishing the existence of common hypercyclic vectors for uncountable
families of operators, see [4], [5], [17]. However, it is not clear to us whether
these criteria can be used in our case. Finally, the proof of item (iii) relies on the
following three ingredients: (1) item (ii), (2) a metric result of Weyl which says
that, if (k,) is a given sequence of distinct integers then the sequence (k,x) is
uniformly distributed mod 1, see Theorem 4.1, Chapter 1, page 32 in [13], and (3)
Fubini’s theorem, see page 149 in [12]. Actually, to prove item (iii) we elaborate
on the proof of Proposition 5.2 from [3].

Recently F. Bayart gave a new light in the subject of common hypercyclic
vectors for multiples of an operator in this magnificent article [2].

2. A NEGATIVE RESULT

+o00
Fix a subsequence (k,) of natural numbers such that Y (1/k,) < +oco. Our
n=1
goal, in this section, is to show that (] HC((AB)*") = @, where | is a non-
A€]

degenerate closed interval of the set of positive numbers.
We proceed with the following.

LEMMA 2.1. Letzg € C,Ng € N, Ny > 1,¢9 € (0,1),1 < pg < My < +o0 be
fixed. We consider the open in [pg, My| set

G:= G(]/lo, MO,ZO, No,So) = {/\ S [}10, Mo] : |)\NOZO — 1| < 80}.

We denote mq the 1-dimension Lebesgue measure on the real line. We have the following

estimation:
Ny /1l+¢
mioy< v (f1E2 1),

Proof. Suppose that G # @, (the other case is trivial). We denote 6(G) the
diameter of G. Because G is a bounded and open subset of [pg, My] we get G C
[inf G, sup G| and then

(2.1) m1(G) < my([inf G,sup G]) = sup G —inf G = §(G).

In order to prove the desired inequality it suffices to prove

o<

by (2.1). Observe that the set G has two different elements s, t. Suppose s < t. Of
course s > 0. We write zg = xq + iyo, where x,yo € IR, xo = Re(zp). Because
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s,t € G we get

(2.2) |sNozg — 1] < g,

(2.3) |tNozg — 1] < gg.

Considering only the real parts we get by and

(2.4) 1—¢y<sMxg<1+e and

(2.5) 1—¢y < tNOxo <1+ e¢p.

Since s,t > 0, this forces xg > 0, and it follows immediately by (2.4) and
that (t/s)No < (1+e¢9)/(1 —¢g), which gives the required boun on the

diameter, that completes the proof. 1

—+o0
THEOREM 2.2. Let (k) be a subsequence of natural numbers such that 'y, (1/ky)
n=1

< 4-o00. Then
(N HC((AB)F) =@,
A€l
where 1 is a nondegenerate interval in the set of positive numbers.
Proof. Letsomee € (0,1),say e = 1/2. We suppose that I = [pg, Mp], where
Mo, My to be two real numbers such that 1 < py < Mjy. Let also some absolute
constant a > 1, such that

1+e¢ <o
1—¢ '

. 0 o :
Of course we have ngTOO(I +a/n)" = e Soby 1| there exists some Ny € N,
such that

(2.6)

ax® _1+e
. oy e > No.
(2.7) (1+n) >1—e foreveryn € N, n > Ny
To arrive at a contradiction, suppose that (] HC((AB)k") # @. We fix some
A€ [po,Mo]
xo = (x1,x0,...) € (1 HC((AB)k),and lete; := (1,0,0,...) € £2,&1 € (0,¢)

A€[po,Mo]
and Ny > Nj.
Let arbitrary A € [pp, Mp|. There exists a subsequence (i) of (k,) such that
(AB)Hn(xg) — e1. There exists some 11 € N, n; > Nj such that

(2.8) [[(AB)F"1 (x0) — e | < e1.
By we get
(2.9) |)\”"1 Xptpy +1 — 1| < €7.

Let iy, = ky, for some ny € N. Of course ny > ny.
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Hence, (2.9) implies that for every A € [ug, My] there exists some natural
number n > Nj such that:
(2.10) Ay 1 —1] < ey
Setting
Li={A€ [po,Mo] | In >Nyt Ay g — 1] <eq},
we get L = [po, M), by (2.10).

Consider the set
Ny :={veN|v=Nyand 3 A€ [uy, Mg] : [A oy 11 — 1] < &1}

Then N :# @ by (2.10).
Let v € N7 and define the set

Gy := {A € [po, M) : |A\Fexp 11 — 1] < g1}

It is obvious that G, # @ for every v € Nj. The set G, is open in [, My] for
every v € N7 and it is obvious that

(2.11) (o, Mo] = |J Go.
veEM;

By the properties of Lebesgue measure, Lemma[2.TJand (2.1T) we have

MO_F0=m1([}lo,Mo]):m1( U Gv) < Z 11 (Gy) < Z MO(kzﬁ—l>

UENl UG/\/l U€N1
T ko 1 + €1
(2.12) <Mp- Y, —1).
=N, < 1- €1 )
Observe that
1 1
(2.13) ' - 2 <3 ha i since ¢ € (0, ).
By and (2.13) we get
n 1
(2.14) Y ke 1< 2 for every n > Nj.
1-— €1 kn
By (2.12) and (2.14) we take
to
(2.15) Mo —po < M- Y o
n:Nl n

—+o0
The facts that (2.15) holds for every m > Nj instead of Ny and Y. (1/ky,) <
n=1

~+oo gives that My — mp < 0 that is false of course. 1
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3. THE POSITIVE CASE IN THE HALF LINE (1, +o0)

Throughout this section we fix a strictly increasing subsequence (k) of nat-

ural numbers such that Z (1/ky) = +oc0. We shall prove the following.

n=1

THEOREM 3.1. Theset ()  HC((AB)*) is a residual subset of (¢2, | - |).
AE(1,40)

The proof of this theorem will be completed at the end of Section 4. Firstly,
we need the two following lemmas.

LEMMA 3.2. Let ag, by be two positive real numbers such that 1 < ag < by <
+oo. Let (ky) be a subsequence of natural numbers such that Z‘, (1/ky) = 4o00. Then
=1

for every positive number ¢ > 0 there exist two natural numbers ng and ig and a finite
number of terms Kuy, kng+1, - - - kny+iy of (kn) and positive numbers By, Ba, ..., Biy+1
such that: for every A € [ag, by|, there exists some j € {0,1,..., iy} such that

Afrotigi g —1] <e.

Proof. We fix some positive number
g0 € (0, min{1, (bo/ag)*’® —1}).
After we fix some natural number 1 such that:

log(1 + €)
(3.1) kny > 7log(b0/a0)'

—+o00
Of course ) (1/ky,j) = +0o0. Soby the fact that the sequence (k;), n =1,2,...is
j=0

strictly increasing and the choice of the number ¢ there exists the unique natural
number iy € {2,3,...} such that

i ig+1
(32) (1 +€O)Zj[):0(1/k;zo+j) g @ and (1 +£ ) 0Jr (1/kn0+]) > @

agp aop
ky, kn,
We set B1 := 1/a,™. Then for every A € [ag, by] such that A < ag- /T + ¢, we
get |/\k”0 -B1— 1| < &p.
n kn
Afterwesetay :=ag- +/I+¢pand By :=1/a, o+t
kn
Then, for every A € [a1,bp] with A < a7 - I g9 we have |/\k”0+1/32 —
1‘ < €p.
We continue inductively.

i—1
We suppose that we have defined the number a; = ao(1 + so)zizo(l/ Fng-+i)
forsomej € {1,2,...,ip — 1}.
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kng+j .
After we define B, := 1/11]- 07 and for every A € [a;, bp] with A < aj -

K+ .
YT+ e we get |/\k”o+l “Bir1 — 1] < eo.
Finally, after a finite number of steps we get the conclusion of this lemma
with the following data.

We have
-1
aj=dap- H(l + 80)1/k”0+i foreveryj=1,2,...,i,
=
i1 =—— foreveryj=0,1,...,i
Bin1 o Y] 0

Ky 1
It follows that for every A € [a;, bo] where A < a; - "/T+ ¢y we have:
|Ak'10+j/3j+1 —1| <égy foreveryj=0,1,..., 0.

With the above data the proof of this lemma is completed. 1

LEMMA 3.3. Let (ky) be a strictly increasing subsequence of natural numbers such
—+o0
that 'y (1/k,) = +oo.
n=1

Then for every positive number M > 0 there exists a subsequence (pin) of (ky)
such that:
() pypy1 — pn > M foreveryn =1,2,...and

+o0
(i) ¥ (1/4a) = +o0

Proof. Let some positive number M > 1. Let N := [M] + 1 (where [x] is the
integer part of the real number x).

We consider the subsequences of (kn) y{) = konyjr o = 1,2,..., forj =

+00
0,1,...,N—1. Weget ¥ (1/ky) = Z Z (1/yp) By this equality and the
n=1 j=0 p=1
—+00
fact that Y- (1/k,) = +oo0 we conclude easily that there exists a subsequence of
n=1
(Vi))peN/ forsomej € {0,1,...,N — 1} at least that satisfies (i) and (ii). &

In order to prove Theorem ! we assign some notations and terminology.
Let D := {x = (x1,xp,... {n € N : x, # 0} is a finite subset of N
and x,, € Q +iQ for every n= 1 2,...}, where Q is the set of rational numbers,
The set D is countable and dense in (62, | 1l2). Weset0 := (0,0,...) € £%and
D* := D\ {0}. Let¥ := {y1,¥2,Y3,---,Yn, ...} be an enumeration of D*. We
fix a strictly decreasing sequence of positive numbers (a,) such that a, — 1 (for
example a, := 1+ (1/n), n = 1,2,... ) and we also fix a strictly increasing
sequence () of positive numbers such that f,, — +oco and a7 < B; (for example
Bn=n+2,n=12,...). Thenweset A, := [ay, Bu],n =1,2,.... Of course, the
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sequence of compact sets A,, n = 1,2, ... forms an exhausting family of (1, +-c0),
+0o

ie (1,400) = U Ay
n=1

For every n,j,s € N we define the sets Ex, (j,5) := {x = (x1,xp,...) € (*:
for every A € A, there exists some v € N, such that || (AB)* (x) — y;|| < 1/s}.

We finally set
+00 400 400

G:= () Es,Gis).

n=1j=1s=1
It is easy to show that the sets E (j,s) are open for every j,s,n € N and that
G= N HC((AB)M).

A€(1,400)
From this result we have that theset ()  HC((AB)*) is a G; subset of
Ae(1,400)
@0 1)-

Now we are ready to prove the most important result of this paper.
LEMMA 3.4. Foreveryn,j,s € N the set Ep, (j,s) is dense in (£2,]| - ||).

Proof. We fix ng, jo,so € N and we will show that the set E Ay (jo,S0) is dense
in (2] - ).

We set E := Ej, (jo,50) for simplicity.

Let yj, = (91,92, - - +90,,0,0,...) where gy, # 0, yjo(v) = gy, for every
v=12...,0, yjo(v) = 0 for every v > vp+1, and q; € Q +1iQ for every
j=12,...,9v9, for some fixed vy € N.

We fix eg > 0 and ¢y = (c1,¢2,...,¢0,,0,0,...) € D* wherec,, #0,v1 €N,
fixed, co(v) = ¢y for every v = 1,2,...,v1, ¢o(v) = O for every v > v; +1,
ci € Q+iQforeveryj=1,2,...,0;. We consider the ball By2(co, o) := {x € 02
[[x —coll < eo}-

We will show that

(3.3) ENBp (co,€0) # D.
In order to show the relation it suffices to show that there exists some xo =
(x1,%2,...,%p,...) € 2 and mg € N such that:

(@) [[xo — col| < €0 and

(ii) for every A € Ay, there exists some v € N, such that

1

(34) I(AB)* (x0) — yjoll < .
We will achieve (i) and (ii) above as follows.

From the data of the problem we define a finite number of complex numbers
xj,j=1,2,. .., £o for some fixed ¢, € N.

Afterwards, we define the sequence xg := (x1, x2,...,x¢,,0,0) where xo(j) =
xjforeveryj=1,2,...,¢p and xo(j) = O for every j > fo + 1. So we have xo € 2.
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Finally, we show that x satisfies properties (i) and (ii) of as above.
Without loss of generality let A, :=[ag, by], where 1 <ag < by < 4-c0. We set

My :=max{|q;|, j=1,2,...,00} > 0.
We also set
1 1o (25%~M%'Uo)
2logag 1—(1/ap)
By Lemma [3.3|we choose a subsequence (j1,) of (k) such that the following two
properties hold:

M2 =

() pyps1 — pn > max{Mp,vp} foreveryn =1,2,...and
—+o00
(i) Zl(l/ﬂn) = +o0
n=
We set g1 := 1/(\/2?}0 - S0 - Ml).
Now we can choose some fixed natural number v, € N such that the fol-
lowing three inequalities hold:
@) po, > 01 +1;
(b) Hoy > log(l + €1)/10g(b0/ﬂ0);

vg-M?
(c) Ho, > (1/(210gayp)) - log (ﬁ%)

—+o00
Because Y (1/un) = 400 we have Z (1/,”1;2+]) “+o0.
n=1 j=0

Let iy be the unique natural number iy € {2,3,...} such that

i ig+1
(3.5) (1 +£1)210:0(1/ﬂv2+i) < ? and (1 —i—S])Zl o (/o) > zfo
0 0

We define the numbers

j—1
aj 1= ag -Q(l + 81)1/””2“ foreveryj=1,...,ip and
1=

ﬁ]'+1 = W foreveryj=0,1,...,ip — 1.
]
Now, we are ready to define the vector xg = (x1,x,...) € ¢* with full

details.
We define x; = ¢; forevery j = 1,2,...,v1. We define x; = 0 for every j € N

such that v1 + 1 < J < Ho,.
Because Z (1/pn) = 400, we can apply Lemma for the sequence ().

By the relat1ons (b) and (3.5) above that the numbers v, and ¢, iy satisfy and using
Lemma 3.2 for the sequence (un) we take as above that for every A € [ag, by there
exists unique j € {0,1,...,ip} such that

(3.6) AFo2tIB; g —1] < g1,
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We remark by the previous Lemma (3.2 that for every A € [ag, by] there exists
unique a;, j € {0,1,...,ip} such that a; <A< ajypifi <ig—Tora;; <A< b

So, we have defined completely the positive numbers §; 1, forj=0,1,...,ip.

Now, we define Xty yjti = Bj+19i for every j = 0,1,...,ip and for every
= 1,2,...,’00.

The previous terms T forj=0,1,...,ip, 1 =1,2,...,v9 are defined
because jy,11—}n >vg forevery n=1,2,... by the definition of the sequence ().

Finally, we define that x; = O for every i € N, i > i, for which there are not
j€{0,1,...,ip}and iy € {1,2,...,99} such thati = Hoy+j i1

By the previous procedure we have defined completely the vector xp =
(x1,%2,...,%pn,...) where {n € N: x, # 0} is finite and thus xg € 02 obviously.

Now, we show that the vector x satisfies relation (3.4).

Firstly we prove that xy € By (co, €0).

By the definition of the vector xg we get:

) +o0 ) +oo ) fp Do )
lxo—coll* ==} lxj—cil> =} Ixj* =} ) [y, il
=1 j=v1+1 i=0j=1
v o , io , ) i )
=20 Pyl = 20 X IByadil® = X lail* ) 1By
j=1i=0 j=1i=0 j=1 i=0
) & 2 2 W 1
< oMy - Z |;B]+1| = oM - 2 I
=0 i=0 11]
) ig 1 » +o0 1
SoMi- ), i <wMi- ), &
i=0 ao UZZV”Q 0
1 1
3.7) = voM? <&

IZEHUZ 1-— (1/110)

by the inequality (c) above for y,.

Inequality gives that xo € By (co, €9), so property (i) of holds.

We show now that property (ii) also holds.

We fix some A € [ag,bp]. Then there exists unique py € {1,2,...,ip — 1}
such that a,; <A < ap, - (1+ 80)1/(V'“2+PO) or a;, <A < by.

We show that .
[ (AB)Fe2t00 (x0) — yjo | < s’
We have:
1 2 2 = 2
(3.8) H (/\B)} °2+00 (XO) Y H :Z |)L]1v0+p0 x}‘v2+ﬁo+i *Q]| + Z |AHUZ+P0 xﬂvz+ﬂo+i| .

i=1 i=vp+1
By definition we have fori=1,2,...,vp Xt po+i = Boo+14i- So, for j=1,2,...,vg

and A € [apy, ap, 1], where ay 1 = ap, - (1 +e1)V/ B2 tPo) or A € (a0, bo] if po = io
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we have

Aoty v = il = (A0 By g — il = (AP0 By g — 12 gi?

1
< |AHe2teo —12- M2 < M2 = ——.
S | .Bp0+1 ‘ 1 111 2005%
So we have:
k) 2 1
(3.9) Y ARty i =il < S
i=1 25,

If pg = ip the second member of is 0 and the conclusion holds by (3.9).
So for the sequel we suppose that pg < ig — 1. In this case we get

+oo 2
Yo A teox, il

i:U[)+1
v jo—po io—po
=)2 2 _ 2
= \“Hop+po 2 2 | ’4”2+P0+]+l| = A\“Hoateg Z |q] 2 |,3p0+]+1|
i=1 j=1 i1 /
2 2 210 Po 1
Hop+ 20+ 1
SAT0 My 2 |'BP0+]+1| = ATty My 2 Hoa+pg+iy2
= =1 (aﬂo-tf )
)\2]’10241)0 M2 oo 1 —/\ZV02+P0 M2 1 1
UO Z LU UO 1 2]"02+p0+1 ' 1 — (1/a 1)
U= 2]”02+p0+1 PO+1 ap0+1 oo+
2
< gt voM? 1 1 _ vMj 1
po+1 1 uZHvzﬂ?oH 1-— (1/&0) 1-— (1/{10) 2( by +p +1—Hop+pg)
po+1 aP0+1
voM? 1 1
(3.10) <271 . < L

1-— (1 /110) ag(ﬂv2+pg+1—ﬂvz+pg) 25(2)

because p,41 — po > My for every v 2 vy by the hypothesis (i) for the sequence
(#n) and the def1n1t10n of Mz

By (3.§ , 3.9) and we get that || (AB)#%2+¢0 (xo) Yjoll < 1/sq for the
arbitrary /\ € lao, b Thls completes property (ii) of (3.4) and the proof of this
Lemma 3.4]is completed 1

4. ARESULT IN MEASURE AND CATEGORY

In this section we prove item (iii) of Theorem Actually, we shall prove
the following, more general, result. As we already mentioned in the Introduction,
its proof elaborates on the proof of Proposition 5.2 from [3].
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THEOREM 4.1. Let (ky,) be a strictly increasing sequence of positive integers. Let
T be a bounded linear operator acting on a (complex) Banach space X such that ((AT)*»)
is hypercyclic for every A € C with |A| > 1 and assume in addition that

N HCHOT)™}) # @
A€(1,4-00)
Then, there exists a Gg and dense subset P in {A € C : |A| > 1} with full 2-dimensional
Lebesgue measure in {\ € C : |A| > 1} such that (\ HC({(AT)kn}) is residual in X.
AEP

In particular, (\ HC({(AT)k}) £ @.
AEP

Proof. By performing a change of variables it suffices to prove the following.
Claim. Fix x € N HC{(AT)knY). Then there exists a G5 and dense
AE(1,4+00

subset A of (1,+00) x R agith fl)lll (2-dimensional) Lebesgue measure such that the set
{((rT)knx, e¥™kn8) . 1 = 1,2,...} is dense in X x T for every (r,60) € A.

Here T denotes the unit circle, i.e. T = {z € C: |z]| = 1}.

Proof of Claim. Let {x; : j € N}, {t; : | € N} be dense subsets of X, T
respectively. For every j,1,s,n € N define the set

1 ‘ 1
Ajjon = {(r,@) € (1 +00) xR+ [[(rT)rx —xj| <, 2™ — ] < g}-

We shall prove that the set A := ) A, has the desired properties. Since

jlsn
Aj1 s is open we conclude that A is G;. Let us show that A is dense in (1,400) x
R. In view of Baire’s theorem it suffices to prove that for any fixed j,I,s € N the
set | Aj,l,s,n isdensein (1,4+o0) x R. To thisend, fix j,/,s € Nandletb > 1,2 € R
n

and e > 0. Weseekr > 0,60 € R and n € N such that
. 1
b—r|<e |a—0]<e |t —e¥ % and ||(rT)k"x—xj|| <3

Define the set B := {k; : ||(bT)*"x — xj|l < 1/s} and consider its elements in an
increasing order, say k,, < ky, < ---. Of course, we have B = {k,, : n € N}.
Now we use Weyl’s theorem, see Theorem 4.1, Chapter 1, in page 32 from [13], to
conclude that the sequence (k,6) is uniformly distributed modulo 1 for almost
all § in R. Hence, there exists 6 € R such that the set {e?? : n € N} is dense
in T and |2 — 0| < &. Finally, setting r := b and from all the above we conclude
that there exists n := p,, for some m € N such that

. 1
b—rl<e |a—0]<e |t —e¥ % and ||(rT)k"x—xj|| < -,
s

which is what we wanted to prove. It remains to show that A has full measure in
(1, +00) x R. Actually, it is enough to prove that the set (J A;;  , has full measure
n

in (1, +0c0) x R for every j,I,s € N. Fix j,I,s € N and take any four numbers
dy,dy,d3,dy with dy < dy, 1 < d3 < dy. For any subset B of (1, +c0) x R the
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symbol B, stands for its section, i.e. B, :== {6 € R: (r,0) € E} and for simplicity
reasons we set E := (J A s ,. Observe that the proof of denseness result implies

n
that for every r € [d3,ds] we have (r,0) € E for almost every 6 in R (of course the
set of such 8’s depends on r). It now follows that

p((EN([ds, da] x[d1, da]))r) = dy—dy = p(([d3, da] x[d1, da])) ~ for every r € [d3, dy],

where y denotes the Lebesgue measure, and by Fubini theorem, see page 149 (5),
in [12], we conclude that

i X u(EN([ds, dg] x [dy,d2])) = (d2 — dy1)(dg — d3).

Thus, E has full measure in (1, +00) x R. This completes the proof of the Claim
and hence that of Theorem[£.1l &

Item (ii) of Theorem [1.2]and Theorem [4.1] directly imply item (iii) of Theo-
rem[1.21

Now by Lemmas [3.4] and the facts that the space (¢2,]| - ||) is a complete
metric space and Baire’s category theorem the proof of Theorem 3.1]is completed.
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