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ABSTRACT. In Twisted topological graph algebras, to appear in Houston J. Math.,
the second author showed how Katsura’s construction of the C*-algebra of a
topological graph E may be twisted by a Hermitian line bundle L over the

edge space E'. The correspondence defining the algebra is obtained as the
completion of the compactly supported continuous sections of L. We prove
that the resulting C*-algebra is isomorphic to a twisted groupoid C*-algebra
where the underlying groupoid is the Renault-Deaconu groupoid of the topo-
logical graph with Yeend’s boundary path space as its unit space.
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INTRODUCTION

Graph algebras have been the object of much research in operator algebras
over the last twenty years or so. Various generalizations have also been intro-
duced and studied by numerous authors. These include higher-rank graph alge-
bras introduced by Pask and the first author (see [15]); topological graph alge-
bras due to Katsura (see [8]); C*-algebras arising from topological quivers due to
Mubhly and Tomforde (see [22]); and topological higher-rank graph algebras due
to Yeend (see [30], [33], [34]). These generalizations have significantly broadened
the class of C*-algebras brought into focus. Twisted versions of these C*-algebras
have also been proposed and studied recently. Twisted higher-rank graph alge-
bras were introduced in [18], [19] where the twisting is determined by a T-valued
2-cocycle. Deaconu et al. studied the cohomology of a groupoid determined by
a singly generated dynamical system and the associated twisted groupoid C*-
algebras (see [4]). Twisted topological graph algebras which generalize both Kat-
sura’s topological graph algebras and the twisted groupoid C*-algebras investi-
gated in [4] were introduced by the second author in [21].
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Katsura’s topological graphs may be regarded as an abstract dynamical rep-
resentation of a Pimsner module (see [23]). The class of topological graph alge-
bras have potential application to the classification of C*-algebras because many
properties of topological graph algebras may be inferred from properties of the
underlying graphs. Moreover, topological graphs provide models for many clas-
sifiable C*-algebras. Indeed, topological graph algebras include all graph alge-
bras, all crossed products of the form Cy(T) X Z (see [8]), all AF-algebras, all
AT-algebras, many AH-algebras, Renault-Deaconu groupoid C*-algebras aris-
ing from a singly generated dynamical system, etc. (see [10]). By a celebrated re-
sult all simple, separable, nuclear, purely infinite C*-algebras satisfying the UCT
are topological graph algebras (see [12]).

Twisted topological graph algebras also have applications to the field of
noncommutative geometry. Recently, Kang et al. proved that all quantum Heisen-
berg manifolds may be realized as twisted topological graph algebras (see [7]).

A partial local homeomorphism on a locally compact Hausdorff space T is de-
fined to be a local homeomorphism ¢ : dom(¢) — ran(c) where dom(c), ran(c)
are open subsets of T. The pair (T, ) is called a singly generated dynamical system.
Given a singly generated dynamical system (T,c), one may define the Renault—
Deaconu groupoid I' (T, o) which is both étale and amenable (see [3], [28]).

Recall that graph algebras associated to row-finite directed graphs with no
sources were realized as Renault-Deaconu groupoid C*-algebras (see [16], [17]).
Note that the C*-algebra of an arbitrary graph is not defined as a groupoid C*-
algebra but as the universal C*-algebra of a family of generators indexed by the
vertices and edges of a graph subject to Cuntz—Krieger type relations (see [2],
[5], [6], [25], etc). Katsura’s definition of topological graph algebras is based
on a modified model of Cuntz-Pimsner algebras (see [9], [23]). He showed in
[13] that when vertex and edge spaces of a topological graph are both compact
and the range map is surjective, then the topological graph algebra is isomor-
phic to a Renault-Deaconu groupoid C*-algebra, and conjectured that this is true
more generally. Yeend proved that every topological graph algebra is indeed a
groupoid C*-algebra (see [33]).

Our main result in the present work (see Theorem [6.7) is that every twisted
topological graph algebra is isomorphic to a twisted groupoid C*-algebra (see
Definition[5.2) and that the underlying groupoid is indeed the canonical Renault-
Deaconu groupoid associated to a shift map with Yeend’s boundary path space as
its unit space (this was implicit in Yeend’s work but requires some work to tease
out). This result implies that every topological graph algebra is isomorphic to a
Renault-Deaconu groupoid C*-algebra, thereby confirming Katsura’s conjecture.

We start this paper with three equivalent definitions of twisted topological
graph algebras in Section 2. Then in Section 3 we recall from [8]], [21] some basic
terminology of topological graphs and some fundamental results about twisted
topological graph algebras. In Section 4, we introduce a notion of boundary path
which is based on Webster’s definition in the case of a directed graph (see [32]),
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and prove that our definition coincides with Yeend’s definition of boundary path
of a topological higher-rank graphs when restricted to topological 1-graph (see
[33]). In Section 5 we use Katsura’s factor map technique from [10] to construct
homomorphisms between twisted topological graph algebras. In Section 6, we
obtain the relationship between principal circle bundles over the domain of a
partial local homeomorphism and topological twists over the Renault-Deaconu
groupoid arising from the given partial local homeomorphism. We conclude in
Section 7 by proving our main result, Theorem|[6.7} which says that every twisted
topological graph algebra is isomorphic to a twisted groupoid C*-algebra where
the underlying groupoid is the Renault-Deaconu groupoid of the topological
graph discussed above.

1. THREE EQUIVALENT DEFINITIONS

In this section, we recall the notion of twisted topological graph algebras
introduced by Li in [21]] and also give other equivalent descriptions of these C*-
algebras.

DEFINITION 1.1 ([8]). A quadruple E = (E°,El,r,s) is called a topological
graph if E, E! are locally compact Hausdorff spaces, r : E! — E? is a continuous
map, and s : E! — E is a local homeomorphism.

Now we introduce the construction of twisted topological graph algebras
from different point of views. Our construction involves C*-correspondences and
Cuntz-Pimsner algebras (see [9]], [20], [23], [24], [26], etc).

Let E be a topological graph, let N = {N,}4ca be an open cover of E!,
and let S = {s,3 € C(Nug, T)}a,pen be a 1-cocycle, which is a collection of circle-
valued continuous functions such that s,gsg, = sy on Nug,. Suppose that x,y €

HAC(NDC) satisfy X, = s,xp and Y, = S,y on N4. Define [x|y] € C(E') by
s

[x[y](e) = xa(e)yale), ife € Na.
By Definition 3.2 of [21], define
C.(E,N,S) := {x € [TC(NW) : Xa = supxp on Ny, [x]2] € CC(El)}.
k€A
For x,y € Cc(E,N,S),a € A, f € Co(E?), and for v € E?, define
(x-Hla:=xa(fosly,), (f-x)a:=(forlg)xa (0y)cyEo(@):= ) [x[yl(e
s(e)=v
By Theorem 3.3 of [21]], C.(E, N, S) is a right inner product Cy(E?)-module with an
adjointable left Co(E®)-action, and its completion X(E, N, S) under the || - lco(e0y

norm is a C*-correspondence over Co(EY). We denote O(E,N,S) the Cuntz-
Pimsner algebra of X(E, N, S) (see Notation 2.1).
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Let E be a topological graph and let p : L — E! be a Hermitian line bundle.
Then each fibre has a one-dimensional Hilbert space structure conjugate linear in
the first variable, and the map {(I1,l;) € L x L : p(l1) = p(l2)} — C by sending
(I1,12) to (I, 1) p(1,) is continuous. For two continuous sections x, y of L, there is a
continuous function [x|y] : E* — C by [x|y](e) := (x(e),y(e))e. Define Cc(E, L) to
be the set of all continuous sections x satisfying that [x|x] € C.(E'). Then C¢(E, L)
has a natural vector space structure. For x,yy € C(E, L), f € Co(E®),e € E!, and
for v € EY, define

(x-f)(e):==x(e)fos(e), (f-x)(e):=for(e)x(e), (x,y)cyro)(®):= ) [xly](e).
s(e)=v

It is straightforward to check that C.(E, L) is a right inner product Cy(E®)-module

with an adjointable left Co(E®)-action, its completion X (E, L) under the || - leo(e0y

norm is a C*-correspondence over Cy(E®). Denote by O(E, L) the Cuntz-Pimsner
algebra of X(E, L) (see Notation 2.1).

Let E be a topological graph and let p : B — E! be a principal circle bundle.
By Proposition 4.65 of [26], there exists a collection of continuous local sections
{sq : Ny — Bl}aen at each point of E'. Denote the set of all equivariant functions
in C.(B) by C¢(B). For x,y € CS(B), and for e € E!, define

[x|y](e) := xosy(e)yosu(e) ife € Ny.

Then [x|y] € C.(E'). By page 258 of [4], for x,y € CS(B), f € Co(E?),b € B, and
for v € EY, define

(x- f)(b) := x(b)f(S(P(b)))/ (f'x)(b) = f(r(p(b)))x(b), and

(x, y>C0(E0 2

s(e)=v

Then C&(B) is a right inner product Cy(E?)-module with an adjointable left Co(E°)
action, its completion X(E, B) under the || - ||, go)-norm is a C*-correspondence
over Co(E?). Denote by O(E, B) the Cuntz-Pimsner algebra of X(E,B) (see No-
tation[2.1).

PROPOSITION 1.2. Let E be a topological graph, let N = {Ny}4en be an open
cover of E', and let S = {s,5 € C(Nug, T)}apen be a collection of circle-valued con-
tinuous functions such that for a, B,y € A, 84p8gy = Say 0N Nug,. Define a Hermitian
line bundle over E by (with the projection map p)

L:= H(N“ x C)/(e,z,a) ~ (e,sﬁa(e)z,/%).

xEA
Then X(E,N,S) and X(E, L) are isomorphic as C*-correspondences over Co(EP).
Proof. We define amap @ : C.(E,N,S)— X(E,L) by
®(x)(e):=(e,xq(e),a) forallx € C.(E,N,S) and forall e € N,.
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It is straightforward to check that @ preserves Cy(E?)-valued inner products and
module actions. So there exists a unique extension of ¢ to X(E, N, S) which pre-
serves Co(E")-valued inner products and module actions. We still denote the
extension by ®. Fix ag € A, and fix x € Cc(E, L) such that supp([x|x]) C Ng,. By
a partition of unity argument, it is sufficient to show that x is in the image of ®.
Let f be the composition of x|y, and the projection from Ny, x C x {ao} onto C.
Then f € Cyo(Ny,). As in page 5 of [21]], there exists (x,) € C.(E,N, S), such that

xa(e) = Sang(€)f(e) ife € Naa,,
0 if e € Ny \ Nagg-

It is straightforward to check that @(x,) = x and we are done. 1

PROPOSITION 1.3. Let E be a topological graph, let N = {Ny}4en be an open

cover of E!, and let S = {8apta,pen be a 1-cocycle relative to N. Let B := ]] (Nj x
aEA
T)/ (e z, ) ~ (e zsup(e), B) be the corresponding principal circle bundle. Then X(E,

N, S) and X(E, B) are isomorphic as C*-correspondences over Co(EP).

Proof. We denote the projection by p : B — E!. We define a map @ :
C.(E,N,S) — X(E,B) by

D(x)(e,z,a) :=zx4(e) forallx € C.(E,N,S) and for all (e, z,a) € B.

It is straightforward to check that @ preserves Co(E")-valued inner products and
module actions. So there exists a unique extension of ¢ to X(E,N, S) which pre-
serves Co(E®)-valued inner products and module actions. Let @ also denote the
extension. Fix #yp € A and x € C&(B) with p(supp(x)) C N,,. By a partition
of unity argument, it is sufficient to show that x is in the image of ®. Let f be
the composition of the continuous local section sy, : Ny, — B satisfying that
Sag(€) := (e,1,0) and x. Then f € Cc(N,,). By the construction in page 5 of [21],
there exists (yy) € Cc(E,N, S), such that

ya(e) = ZWO (e>f(e) %fe € YWO'i
ife € Ny \ Nag,-

It is straightforward to check that @(y,) = x and we are done. 1

REMARK 1.4. In [21], X(E, N, S) is called the twisted graph correspondence
and the Cuntz-Pimsner algebra O(E, N, S) is called the twisted topological graph
algebra. By Propositions any form of X(E,N,S),X(E,L), X(E,B) can
be used as the definition of the twisted graph correspondence, and any form of
O(E,N,S),O(E,L), O(E,B) can be used as the definition of the twisted topolog-
ical graph algebra.

In this paper, we call X (E, B) the twisted graph correspondence associated to E
and B, and we call O(E, B) the twisted topological graph algebra.
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2. TWISTED TOPOLOGICAL GRAPH ALGEBRAS

In this section, we recap the terminology of topological graphs from [8]
and recall some fundamental results about twisted topological graph algebras
from [21]].

Let E be a topological graph. A subset U of E! is called an s-section if s| :
U — s(U) is a homeomorphism with respect to the subspace topologies. Define
E2  to be the subset of all v € E? which has an open neighborhood N such that
r~1(N) is compact; define ES, := E° \ r(E?); define Ef}, := E \ Eq.q0; and define
Egg = EO\ Egg. The sets Egn, E2., Egg are all open, and the set Egg is closed.
Denote by ¥ := id, s := id, and define a topological graph Eg := (E°, EY, 19, s0).
Denote by r! :=r,s! :=s,E; := (E°,E,r!,s') = E.

For n > 2, define

n

E":= {y = (1, pn) € [TE" :s(ui) = r(pisn),i = 1,...,n—1}
i=1

endowed with the subspace topology of the product space ﬁ E'. Define 1" :
i=1

E" — E° by r"(u) := r(uq), which is a continuous map. Define s" : E" — EY

by s"(p) := s(pn), which is a local homeomorphism. Define a topological graph

E, := (EO, E",r",s").

Define the finite-path space E* := [ [;;_, E" with the disjoint union topology.
Define a continuous map r : E* — E by r(u) := r"*(u) if u € E", define a local
homeomorphism s : E* — E¥ by s(u) := s"(u) if 4 € E", and define a topological
graph E := (EO,E*,r,s).

Define the infinite path space

o]

E® .= {;4 € HEl ss(pi) =r(piv1),i=1,2,... }
i=1

Define the range map r : E® — E0 by r(u) := r(p1).

Denote the length of a path y € E*[JE® by |u|. In discussing Cuntz—
Pimsner algebras associated with correspondences we follow the conventions of
[9] and Chapter 8 of [24].

NOTATION 2.1. Let E be a topological graph and let p : B — E! be a
principal circle bundle. Let ¢ : Co(E’) — L(X(E,B)) denote the homomor-
phism determined by the left action. Define Jxp) = {f € Co(E%) : f €
¢ (K (X(E,B))) N (ker¢)*}, which is a closed two-sided ideal of Co(E?). A
pair (¢, 7r) consisting of a linear map ¢ : X(E,B) — B and a homomorphism
7t : Co(E?) — B defines a (Toeplitz) representation of X(E, B) into a C*-algebra B if

Y(f-x) =n(f)p(x) and ()" P(y) = 7((x,¥)cy(e0))
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for all x,y € X(E,B),f € Co(E?). In this case there exists a unique homomor-
phism (1) : K(X(E,B)) — B such that lp(l)(@x/y) = P(x)p(y)*. We say that
(1, 71) is covariant if 7(f) = ¢ (¢p(f)) for all f € Jx(E,8)- The representation
(, 1) is said to be universal covariant if for any covariant representation (¢’, ')
of X(E,B) into a C*-algebra C, there exists a unique homomorphism / : B — C
such that ho¢p = ¢/, hom = 7/. The C*-algebra generated by the images of a
universal covariant representation of X(E, B) is called the Cuntz—Pimsner algebra
associated to E, B; it is denoted by O(E, B).

PROPOSITION 2.2 ([21], Proposition 3.10). Let E be a topological graph and let
p : B — E! be a principal circle bundle. Fix a nonnegative f € C.(EY o), 4 finite cover
{N;}1_, of r—Y(supp(f)) by precompact open s-sections with local sections {@; : N; —
B}l 1 and a finite collection {h;}!_, C Cc(EY,[0,1]) satisfying supp(h;) C N; and

Z hi = 1onr™ (supp(f)). For i, for b € p~Y(N;), define x; € CS(p~1(N;)) by
()_b/ \/h op(b)forop(b). Then

n
= Z Ox, x;-
i=1

Finally, we recall some operations on a principal circle bundle from [4]. Let
T, Ty, T; be locally compact Hausdorff spacesand letp : B — T,p; : B; = T;,i =
1,2 be principal circle bundles. For b,V in the same fibre of B, there exists a
unique b/’ € T suchthatb = (b/V') - b'. There exists a conjugate principal circle
bundle B over T together with a homeomorphism B — B by sending b to b, such
thatz-b =z b forall z€ T, b € B. Define a principal circle bundle over T; x T, by

B;xBy:= (By xBy)/{(z-b,b') ~ (b,z-V') : b € By,b' € By,z € T}.

Inductively, for n > 1, we obtain a principal circle bundle B*" over H T. Notice
i=1
that the restriction bundle of B B to T is isomorphic to the product bundle T x T

by sending (b,b’) to (b/V', p(b)).

3. BOUNDARY PATHS

Yeend in [33], [34] gave a notion of boundary paths for topological k-graphs
which include topological graphs. Webster in [32] provided an alternative ap-
proach to define boundary paths of a directed graph. In this section we give a
definition of boundary paths of a topological graph which is a generalization of
Webster’s definition, and we will prove that our definition of boundary paths of
a topological graph coincides with Yeend's.
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DEFINITION 3.1. Let E be a topological graph. Define the set of boundary
paths to be

OE := E°] [{n € E* : s(u) € EQ}.

DEFINITION 3.2 ([34], Definitions 4.1, 4.2; [33]], page 236). Let E be a topo-
logical graph and let V C E°. A set U C r~1(V)(C E*) is said to be exhaustive for
V if for any A € r~1(V) there exists a € U such that A = af or a = AB.

An infinite path p € E* is called a boundary path in the sense of Yeend if
for any m > 0, for any compact set K C E* such that r(K) is a neighborhood
of r(uy+1) and K is exhaustive for r(K), there exists at least one path in the set
{r(ms1), Pt Bt 1bme2, - - } lying in K.

A finite path y € E* is called a boundary path in the sense of Yeend if for any
0 < m < ||, for any compact set K C E* such that r(K) is a neighborhood of
r(pm+1) and K is exhaustive for r(K) if m < |u|, or that r(K) is a neighborhood
of s(u) and K is exhaustive for r(K) if m = |u|, there exists at least one path in
the set {7 (pm+1), Pm+1,- -+ Pmt1 - Pyt lying in Kif 0 < m < [pf or s(u) € Kif
m = |u|. Denote by dyE the set of all boundary paths in the sense of Yeend.

REMARK 3.3. We explain Definition[3.2]in a more elementary way. Let E be
a topological graph and let € E* ] E®.
Let u € E®. Then y € dyE if and only if for m > 0, and for a compact subset
K C E* satisfying both the following conditions:
(i) r(K) is a neighborhood of r(y;;41),
(ii) for A € E* with r(A) € r(K) there exists « € K such that A = afora = AB,
there exists at least one path in the set {r(iy41), Hm+1, km+1Hm—+2, - - - } lying in K.
Let 4 € E*. Then p € 0yE if and only if for 0 < m < |u|, for a compact
subset K C E* satisfying both the following conditions:
(iii) r(K) is a neighborhood of r(p,,+1) if m < |u|, or is a neighborhood of s()
ifm=|ul,
(iv) for A € E* with r(A) € r(K) there exists & € K such that A = af or & = AB,
there exists at least one path in the set {7 (pm+1), Hm+1, - -+, Pms1 -+ - ppy t lying in
Kif0 <m < |u|,and s(u) € Kif m = |pu|.

LEMMA 3.4. Let E be a topological graph. Fix y € E®. Then u € oyE.

Proof. Fix m > 0, and fix a compact subset K C E* satisfying conditions (i),
(ii) of Remark [3.3] Suppose that r(piy 1), Hmi1, fms1Hm+2,- - - € K, for a contra-
diction. By condition (ii) of Remark t(Um+1) € r(K). For n > 1, we have
r(Ums1 - “Hmsn) = "(Hm+1) € r(K). By condition (ii) of Remark 3.3| and by the
assumption, there exists f € E* \ E® such that 7(8") =s(pm+n) and a™ :=py 41+ - -
tm+nB" € K. Thus we obtain a sequence of finite paths (a”)?’ ; contained in K
whose lengths are not bounded. However, the length of paths in K is bounded
since K is compact in E*. So we get a contradiction. Hence there exists at least one
path in the set {r(#m+1), Hm+1, Hm+1Hm+2,- - - } lying in K. Therefore y €9yE. 1
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LEMMA 3.5. Let E be a topological graph. Fix y € E*. Then u € OE if and only
lf]l € JyE.

Proof. First of all, suppose that y€dE, then s( y)GEgg. We split into two cases.

Fix 0 < m < |u|, and fix a compact subset K C E* satisfying conditions (iii),
(iv) of Remark Suppose that 7 (pm+1), m+1, -+ - Hm+1 - W)y & K, for a con-
tradiction. There exist an open sltl="m_section N of Hm+1 - M)y and an open
neighborhood U of s() such that

o rlH=m(N) C r(K);

efor A € N,wehaver(A), Ay, .., Ayt - -Aw ¢ K; and

o U C s(N).

Case 1. s(u) ¢ EJ_. By condition (iv) of Remark [3.3/for any net (e;),ea C
r~1(U), there exist a net (A"),c4 C N and a net (%),ca C E*, such that A%, "
is a path fora € A, and (A%e;8%),ca € K. So there exists a convergent subnet
of the net (e;),c4 because K is compact. Since (e;),c4 is arbitrary, r—1(U) is
compact. On the other hand, since s(u) ¢ EJ ,#~!(U) is then not compact. Hence
we deduce a contradiction. Therefore there exists at least one path in the set

{r(m+1) Hms1s - P - - - Wy} lying in K.

Case 2. s(pu) € EO\r(E'). Since s(N) is an open neighborhood of s(i),
there exists v € s(N) \ 7(E!). Then there exists A € N such that s(A) = v. So
r(A), Am1, -, and Ayyyr -+ - Ay, € K. However, since v ¢ r(E1), there exists at
least one path in the set {r(pm+1), Pm+1,-- -, m+1 -~ )y} lying in K, which is a
contradiction. Hence there exists at least one path in the set {r(pp+1), Um+1,-- -,
Pm+1 - Pyt lying in K.

Now fix m = ||, and fix a compact subset K C E* satisfying conditions (iii),
(iv) of Remark3.3] Similar arguments as above yield that s(y) € K. So y € dyE.

Conversely, suppose that 4 € dyE. Suppose that s(u) € Efg, for a contra-
diction. By Proposition 2.8 of [§], there exists a neighborhood N of s(y) such that
r~1(N) is compact and r(r~'(N)) = N. Let m = |u| and let K = r~1(N). Tt is
straightforward to check that K satisfies conditions (iii), (iv) of Remark By
the assumption, we get s(1) € K, but this is impossible because K C E!. So we
deduce a contradiction. Hence s(u) € Egg and u € 0E. 1

PROPOSITION 3.6. Let E be a topological graph. Then oE = dyE.

The proof follows immediately from Lemmas

Let E be a topological graph and let x € E* [ [ E®. From now on, whenever
we say y is a boundary path we mean that y is a boundary path in the sense of
Definition 3.1 unless specified otherwise.

Since the product topology on E* may not be locally compact in general it
is not obvious how to endow the boundary path space dE with a locally compact
Hausdorff topology. In [33]], [34] Yeend defined such a topology on the bound-
ary path space of a topological higher rank graph. So using the identification
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of Proposition we can endow the boundary path space JE with the locally
compact Hausdorff topology used by Yeend.

The following definition is a slight modification of Proposition 3.6 in [34]
for topological graphs.

DEFINITION 3.7. Let E be a topological graph. For a subset S C E*, denote
by Z(S) := {y € OE : eitherr(u) € S, orthereexists 1 < i < |y, such that
#1--- i € S}. We endow oE with the topology generated by the basic open sets
Z(U) N Z(K)<, where U is an open set of E* and K is a compact set of E*.

It follows now using the identification of dyE with JE above that JE is a
locally compact Hausdorff space. One verifies that Egg is a closed subset of J0E;
that Z(U) is open for every open subset U C E*; and that Z(K) is compact for
every compact subset K C E*.

LEMMA 3.8. Let E be a topological graph. Fix a sequence (y(”)),‘f:l C O0E, and
fix y € OE. Then y(”) — wifand only if
@ r(u™) = r(p);
(i) for 1 < i < || with i # oo, there exists N > 1 such that |u"™)| > i whenever

n > Nand (y%") . ~yf"))n>N — M1 My

(iti) if || < oo, then for any compact set K C E', the set {n : || > |u| and

n . . .
Plujsa € K} is finite.

Proof. Suppose that u(") — u. Conditions (i)—(ii) are straightforward to
verify. Suppose that || < co. We may assume that || > 1. Fix a compact set
K C E'. Take a precompact neighborhood U of y in EI*l. Then € Z(U)NZ((U x
K)NEM+1)e, Since u(™ — y, there exists N > 1 such that (") € Z(U)NZ((U x
K)NEM+1)c whenever n> N. So the set {n : [u(")| > |u| and VI(;I)H € K} is finite.

Conversely, suppose that conditions (i)—(iii) hold. Fix an open neighbor-
hood Z(U) N Z(K)® of .

Case 1. |u| = oco. It is straightforward to check that there exists N > 1 such
that (") € Z(U) whenever n > N. Since u € Z(K)<, we have r(i), p1, papia, - - - &
K. Conditions (i), (ii) imply that there exists N’ > N such that u(") € Z(K)¢. So

Case 2. |u| < oco. We may assume that [y| > 1. It is straightforward to
check that there exists N > 1 such that |u(")| > ||, u" € Z(U) whenever n >
N. Suppose that KN (LI, 4 E') = @. Then conditions (i) to (i) imply that
there exists N’ > N such that () € Z(K)° whenever n > N’. Suppose that
KN (1241 E') # ©. Then the set K = {v41 v € KN (H;’in E"}is

a compact set of E'. Since the set {n : [¢™| > |u|and ;4‘(;:‘)“ € K'} is finite
by condition (iii) we deduce that there exists N” > N such that u(") ¢ Z(K)¢

whenever n > N”. 1
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It follows from Lemma [3.8]and Proposition 3.12 of [34] that the topology on
the boundary path space given in Definition [3.7]agrees with the topology on the
boundary path space given in Proposition 3.6 of [34].

4. FACTOR MAPS

In this section, we recall the notion of factor maps between topological
graphs introduced by Katsura in Section 2 of [10]. Our definition of factor maps
is a special case of Katsura’s (see Remark [4.2).

DEFINITION 4.1. Let E = (E®, E!,rg,sg), F = (F°, F', 7, sF) be topological
graphs and let m? : F* — E%, m! : F! — E! be proper continuous maps. Then the
pair m := (m°,m") is called a factor map from F to E if

(@) rgom! =mPorp,spom! =m®osp; and

(ii) for e € E',u € F, if sg(e) = m®(u), then there exists a unique f € F!, such
that m'(f) =e,sp(f) = u.
Moreover, the factor map is called regular if mO(FSg) C Egg.

REMARK 4.2. By Lemma 2.7 of [10], we are able to give some equivalent
conditions under which factor maps are regular. The factor map is regular if and
only if (m%)~1 (Egg) C Frog if and only if for any u € F* with m%(u) € Egg, we have
r;l(u) # Q.

REMARK 4.3. Our definition of factor maps is indeed a special case of the
one defined by Katsura in [10]. In our case, we can extend m® continuously to the
one-point compactification of F¥ by sending oo to o, and extend m! in the same
way. Then we get a factor map in the sense of Definitions 2.1, 2.6 in [10].

The proofs of the following two propositions are similar to Propositions 2.9,
2.10 of [10]. Consequently we just state these results without proofs.

PROPOSITION 4.4. Let E = (E°,EY,rg,sg),F = (FO, F',rg,sp) be topological
graphs, let m := (m®, m') be a reqular factor map from F to E, and let pg : B — E!
be a principal circle bundle over E'. Denote by pr : B — F! the principal circle bundle
which is the pullback of Bg by m'. Denote by m! : X(E,Bg) — X(F,Bp) the induced
linear map from m', and denote by m? : Co(E®?) — Co(F°) the induced homomorphism
from m°. Let (jx g, jag) be the universal covariant representation of X(E, Bg) into
O(E,Bg), and let (jx r,ja r) be the universal covariant representation of X(F, B ) into
O(F,Bg). Then (jxroml,jarom?) isa covariant representation of X(E,BE) into
O(F, Bg). Hence there exists a unique homomorphism h : O(E,Bg) — O(F,Bg) such
thathojx g = jxpoml,hojsr = jarom). Moreover, his injective if and only if m°
is surjective.

PROPOSITION 4.5. Let E = (EO, E! rE,sE) F = (FY F',r,sp),G = (GY, G,
rG,sG) be topological graphs, let m = (m°, m') be a regular factor map from F to E, let
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n = (n° n') be a reqular factor map from G to F, and let pg : Bg — E! be a principal
circle bundle. Denote by pr : B — F! the principal circle bundle which is the pullback
of Bg by my, and denote by pg : Bg — G the principal circle bundle which is the
pullback of Bg by my o ny. We have the following:

(i) mon := (m®on® m' on')isaregular factor map from G to E.

(ii) Let hy : O(E,Bg) — O(F,Bg) be the homomorphism induced from the regular
factor map m, let hy : O(F,Br) — O(G,Bg) be the homomorphism induced from n,
and let hy : O(E,Bg) — O(G,Bg) be the homomorphism induced from m o n. Then
h3 = I’lz o hl'

5. TWISTED GROUPOID C*-ALGEBRAS

In this section, we deal with groupoids and groupoid C*-algebras (see [27]).

From now on we assume that all the topological spaces are second count-
able; and that all the locally compact groupoids are second-countable locally com-
pact Hausdorff groupoids. A locally compact groupoid is said to be étale if its
range map is a local homeomorphism.

DEFINITION 5.1 ([14], Remark 2.9). Let I" be an étale groupoid, and let A be
a locally compact groupoid. Suppose that I and A have a common unit space I'°.
We call A a topological twist over I if there is a sequence of groupoid homomor-
phisms

TxI0 S5 Al

such that:
(i) i is a homeomorphism onto p~1(I'?);
(i) p is a continuous open surjection and admits continuous local sections; and
(i) Ai(z,s(A))A "1 = i(z,7(A)), forallz € T,and all A € A.

By Remark 2.9 of [14], we are able to define a free and proper circle action
on Aby z-A :=i(z,r(A))A. The quotient space A/T is homeomorphic to I via
the identification map [A] — p(A). Since p admits continuous local sections,
p : A — T can be regarded as a principal circle bundle. For u € I'’, we have
r~1(u) is a discrete subset of I because r : I' — I'” is a local homeomorphism.
Since p : A — I is a principal circle bundle and since (1) = p~1(r~1(u)), we
get r~1(u) is a disjoint union of circles. So there is a natural measure on ! (u)
and A has a left Haar system {y"}, .o (see page 252 of [14]).

DEFINITION 5.2 ([14], page 252). Let I" be an étale groupoid and fix a topo-
logical twist over I'

Tx1® S5 aAbT
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The closure of {f € C.(A) : f(z-A) = zf(A) forallz € T} under the C*-norm
of the groupoid C*-algebra C*(A) is called the twisted groupoid C*-algebra and is
denoted by C*(T', A).

The convolution product (see page 48 of [27]) of C*(I', A) is given as follows.
For f,g € {f € Cc(A) : f(z-A) =zf(A) forall z € T}, we have

frs= [ FONW e = T [ faag

Ner-1(s(A)) rer s M)yep-1(y)

note that f(AA/)g(A’~1) is constant on each fibre p~!(v) and so
= L f(Aa)s(Agh.

rer-1(s(A))

where 7y > A, is any section of p.
REMARK 5.3. It follows from [4], [29] that there is an injective homomor-

phism 77 : Co(I'?) — C*(I', A) such that for h € C.(I'°), w(h) = h, where
~ . |zh(t) if(zt) e TxTOA=i(z1),
"o if A ¢ p~1(IY).

Now we start to look at the groupoid induced from a singly generated dy-
namical system (see page 202) and investigate its topological twists.

DEFINITION 5.4 ([28], Definition 2.4). Let T be a locally compact Hausdorff
space and let ¢ : dom(c) — ran(c) be a partial local homeomorphism (see
page 202). Define the Renault—Deaconu groupoid I' (T, ) as follows:

F(T,U') = {(i’l,k1 kz,tz) ETXZXT:ky,ky>0,t Gdom( )
tr € dOl’I’l(O’ 2), kl(tl) = ok 2(tp)}.

Define the unit space 'Y := {(t,0,t) : t € T}. For (t,n,t2), (to,m, t3) € (T, 0),
define the multiplication, the inverse, the source and the range map by

= (tn+mt3), (t,nt) "= (—nt),
= (tl,O, fl), S(f],n, tz) = (tz,o, fz).

(tl, n, tz) (i‘g, m,t3
r(ti,n, t

Define the topology on I'(T, o) to be generated by the basic open set

—~ o~ ~— ~—

M(U, V,k],kz) = { t1,kq *kz,tz) t1eU,tr €V, O'kl(tl) = 0' (tz)}

where U C dom(c*1), V C dom(c*2) are open in T, " is injective on U, and o2
is injective on V. For kq,ky > 0, define an open subset of I'(T, ) by

I—Ik]rkZ = {(tl,kl — ko, tz) t € dom(a 1) th) € dom( ) kl(fl) =¢oF (tz)}
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The Renault-Deaconu groupoid I'(T,0) is an étale groupoid. We give the
characterization of convergent nets in I'(T, ). Fix ((f1,0, 1, t20))aca in I'(T,0),
and fix (t,n,tp) € I'(T, o). Find kq, ko > 0 such that

(i) n = ki — ko, t; € dom(c*1),t, € dom(c*2),c%1(t;) = d*2(t,); and that
/(ii) if thelre exist ki, k;, > 0 satisfying that k| < ki,k}, < ko,n = Kk} — Kk,
o*1(t;) = 0*2(t,), then we have Ky =k, ky = ky;
then we have (1 4, 14, t24) — (t1,1,t2) ifand only if ty , — t1,t2, — t2, and there
exists ag € A such that whenever « > ay, we have n, = n,t,, € dom(c*1),t,, €
dom(c*2),0%1(t; ) = o*2(tp,).

LEMMA 5.5. Let Z be a locally compact Hausdorff space, let {Z,, },>1 be a count-
able open cover of Z, and let {p, : B, — Z,} be a family of principal circle bundles.
Suppose that for n,m > 1, there exists a homeomorphism hym : Py (Zn N Zm) —
P (Zy O Zyy) such that py o hym = pn, hum(z - b) = 2 hym(b) forall z € T,b €
PN (Zn N Zw), and hyy 0 hyy = hyyy on pyt(Zy N Ziy N Zy). Define

B:=[[Bu/{(b,n) ~ (hum(b),m):b € p, (ZyN Zn)}

n>1

endowed with the quotient topology. For N > 1, for a sequence (b;, N)*, C B, and for
(b,N) € B, we have (b;, N) — (b, N) in B if and only if b; — b in By. Moreover, B is
a (second-countable) principal circle bundle over Z.

The proof is straightforward to verify.
Next we generalize Theorem 3.1 of [4] so that it applies to partial local home-
omorphisms and not just local homeomorphisms. The proof is similar.

THEOREM 5.6. Let T be a locally compact Hausdorff space, let o : dom(c) —
ran(c) be a partial local homeomorphism, and let p : B — dom(c) be a principal circle
bundle. Denote by j : dom(c) — I'(T,0) the embedding such that j(t) = (t,1,0(t)).

Then there exists a topological twist T x I Labhr (T, o), such that the pullback
bundle j*(A) of A by j is isomorphic to B.

Proof. For ki,ko > 1, we have a principal circle bundle B* *B™ over
(I—[i.ll dom(c)) x (]—[;-Cil dom(c)). Denote by i, x, = Tk, — (]—[El dom(c)) x
(H;{i ,dom(c)) the embedding

l(tl,k1 — ko, tz) = (tl,O'(tl),. . .,O'kl_l(i’l), tz,U’(i’z), .. .,O’kz_l(tz)).
Denote by py, , : Ak, k, = Tk, k, the pullback bundle of B« B2 by 4, k-

k
For k > 1, there are embeddings 1 : Iyo — []dom(c), 1ok : Tpx —
i=1

k
[T dom(c), and similarly we get principal circle bundles Ay over Iy and Ay
i=1
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over Iy ;. Moreover, we may identify Iy with T via the homeomorphism ¢y :
I — T. Denote by Ag the trivial principal circle bundle T x T over T.

For ki,ky > 1, define h(k1,kz),(k1,kz) :=1id. For1 < k1 < 1,1 < ky < I, with
ki — ko, =11 — I, define

.1 -1
h(llllz),(kl,kz) “Pr, (Fklrkz N Fl1rlz) = Priks (Fklrkl N Fl1rlz)

as follows. For (b, .. .,bll,yl, . ,E;z) € pl:}lz(I’kl,kz N1y,,,), define

-/ -/
h(lhlz)/(khkz) (b1, .. '/b11/ bl/ ey blz) ZZ(bk1+1/bl/(2+1) cee (bll /b;Z)
(b1, by, By, B

It is routine to show that hij ;) (k, k,) i @ homeomorphism; its inverse is given by

=/ -/ =/ - _ —
h(klsz),(llrlz)(bl” . .,bkl,bl, .. "bkz) = (b],. . .,bkl,Cl, .. .,Cj, bl/' . .,bll,Cl,. . .,C]')

where j := ;] — ky = I — kp; note that the formula does not depend on the choice
of the ¢;. The formulas above give homeomorphisms for all k1, kp,[1, 1 > 0 with
ki —ky =1 — Iy

It is straightforward to check that for kq, kp, I, I, mq, my 2 0 with ki —ko =11 —
12 = ml 7m21 we haVe pll,lz © h(kl,kz),(l],lz) = pkl,kzr and h(ll,IQ , ml,H’Iz) © h(kl,kz),(l],lz) =
Bk, ko), (my my) ODL p}?ﬁkQ(rkl,kszh,lz NIy,m,). By Lemma we may construct a
locally compact Hausdorff space A, for n € Z by

An = H Aklrkz/ ~
kl,kQZO, kl 7k2:1’l

where A ~ h, 1 (1,,1,)(A) forall A € pk_ﬁkZ(Fk]/kz N1Iy,)- Forky, ko, Iy, 1 > 0, if

ki —ko # Iy —Ip, then I}, x, N I3, ;, = @. Observe that A := [ Ay is a locally
nez
compact Hausdorff space which we may view as a circle bundle over I'(T, o) with

bundle map p’ : A — I'(T,0) defined in the obvious way (p'([A]) = pi, i, (A)
where A € AklrkZ)'

Now we endow A with a groupoid structure. We define the range and
source maps 7,5 : A — IV r(A) = rp(A) = r(p'(A)) and s(A) = sp(A) = s(p' (1))
for A € A. Now let A1, Ay € Asuch thats(A1) = r(A;). Then there exist k; > 1, for

. -/ -/ =11 =
1=1,2,3, (bll--'/bkllblr"'/bb) c Akl,k2 and (blll,...,bllclz,bl "“/bkz) € Akz,k3

= =

such that Ay = [(by, ..., by, by, by,) and Ay = [(BY,..., b, by ..., by,)] and
p(b}) = p(bY). Define
— — " yo T =111
MAz = [(b,.. . by, By, )] (0, BBy B

i I

= (0} /6)) - (bl /), ) (b, by B Bp)]; and

P _ _
(b1, ... bey, by, b)) = (bY, . by by, By

It is straightforward to check that A is a locally compact groupoid under these
two operations with the unit space A” which is homeomorphic to I'.
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Define i : I’ x T — A to be the embedding such that its image is Ago. De-
finep’ : A — I'(T, o) in the obvious way. Then conditions (i)—(iii) of Definition
follow. The rest of the proof is straightforward. 1

By arguing along the lines of Theorem 3.1 in [4] it can be shown that the
topological twist A in the above theorem is unique.

The following theorem is a generalization of Theorem 3.3 in [4]. In par-
ticular, we consider partial local homeomorphisms instead of local homeomor-
phisms.

THEOREM 5.7. Let T be a locally compact Hausdorff space and let o : dom(c) —
ran(c) be a partial local homeomorphism. Define a topological graph E := (T, dom(0),
id, o). Fix a topological twist

TxI0 5% AL I(T,0).

Denote B := j*(A). Then the twisted topological graph algebra O(E,B) is isomorphic
to the twisted groupoid C*-algebra C*(I'(T,0), A).

Proof. Denote Q : T x I'" — T the natural projection. We may identify B =
j*(A) with (p') ~1(j(domo)) which is a clopen subset of A. Let x be an equivariant
complex-valued continuous function with compact support on B; then using the
above identification and extending by zero yields an equivariant complex-valued
continuous function with compact support on A which we denote by ¢(x). It
is straightforward to check that this yields a linear map . Let 7 : Co(T) —
C*(I'(T, o), A) be the injective homomorphism as described in Remark[5.3|

Fix two equivariant complex-valued continuous function with compact sup-
port x,y on B, fix h € C.(T), and fix A € A. Let A € B and write p(A) =
(t,1,0(t)). Then

(k) p(x)(A) =

So ¢(h-x) = 7t(h) * P(x). Now let A € p~1(Typ) and write p(A) = (t,0,t). By
condition (i) of Definition A = i(z,t). Asin the convolution formula following
Definition [5.1) where (e,1,0(e)) +— A, is a section of p over the image of j we
compute

Pp) = py)(A) = ) x(AeA Dy(Ae) = Y, x(Z- Ae)y(Ae)

o(e)=t o(e)=t
= 2(x,Y)cy(r)(t) = 7({x,¥)co(m) ) (A)-
So p(x)* * ¢(y) = 7({x,y)c,(r))- Hence ¢ is bounded with the unique exten-
sion i to X(E, Bg), the twisted graph correspondence over Cy(T) obtained as the
completion of the equivariant complex-valued continuous functions with com-

pact support on B; moreover, (¢, 77) is an injective representation of X(E, Bg) in
C*(I'(T,0),A).
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Now we prove that (i, 7r) is covariant. By Definition (1.1 we have Ef, =

E2 N dom(a)o. By Lemma 1.22 of [§], Egg = dom(c). By Proposition 3.10 of [21],
¢~ (K(X(E,B))) N (ker ¢)* = Co(Eyg) = Co(dom(0)).

Fix a nonnegative function f € Cc(dom(c)) such that ofg,pp(f) is injective and

there is a continuous local section ¢ : supp(f) — B. In order to prove that (i, 77)

is covariant, it is enough to show that (1) (¢(f)) = 7(f). By Lemma 4.63(c) of
[26], there exists a unique continuous map

T:{(ML,AN)eAXxA:p(A)=p(A)} =T
such that T(A,A’) - A = A’. Define a map x : B — C by

() = {rup(pm»,m f(p(A)) ifA € p~'(supp(f)),

0 otherwise.

It is straightforward to check that x is an equivariant continuous function with
compact support on B, and ¢(f) = Oyy. Fix A € p~1(Tpp) and write p(A) =
(t,0,t) € supp(f). Then
p(x) + p(x)"(A) = p(x) (AN )p(x) () (where p(A') = (t,1,0(t)))
= Qoi ' (M)f(p(A) = n(f)(A).
So (¢, 7r) is covariant.

The existence of a T-action p on C*(I'(T,c), A) such that B,(7t(f)) = 7(f)
and Bz(¢(x)) = zy(x) forallz € T, f € Cyo(T) and x € Lp follows by arguing
as in Proposition 11.5.1 of [27]. It is straightforward to show that the C*-algebra
generated by the images of i and 7t exhausts C*(I'(T,c), A). Therefore by the
gauge-invariant uniqueness theorem (see Theorem 6.4 of [9])), the twisted topo-
logical graph algebra O(E, B) is isomorphic to the twisted groupoid C*-algebra
C*(I'(T,0),A).

6. TWISTED GROUPOID MODELS FOR TWISTED TOPOLOGICAL GRAPH ALGEBRAS

In this section, we prove our main theorem.

LEMMA 6.1. Let E be a topological graph. Denote by o : OE \ Egg — OE the

one-sided shift map. Then o is a partial local homeomorphism on 0E with dom(c) =
OE \ Egy.

Proof. For u € OE\ Egg, take an open s-section U (see page 206) contain-
ing p1. Then we have 0(Z(U)) = Z(s(U)). It is straightforward to check that
the restriction of o to Z(U) is a homeomorphism onto Z(s(U)) in the subspace
topologies. &

By Lemma we can define a new topological graph.
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DEFINITION 6.2. Let E be a topological graph. Define a topological graph
as follows:

E = (E°,E',7) := (OE,0E \ Egy, 1, 0).

LEMMA 6.3. Let E be a topological graph. Then the range map r : OE — E°
is a proper continuous surjection. Define a projection map Q : oE \ Egg — El' by
Q(u) := py. Then Q is also a proper continuous surjection.

Proof. First, we prove that r is a proper continuous surjection. By condi-
tion (i) of Lemma r is continuous. By Lemma 1.4 of [11], r is surjective. For
any compact subset K C E?, we have r~1(K) is compact because r 1 (K) = Z(K)
(note Z(K) is compact by Proposition 3.15 of [34]). So r is proper.

Now we prove that Q is a proper continuous surjection. By condition (ii)
of Lemma Q is continuous. By Lemma 1.4 of [11], Q is surjective. For any
compact subset K C E!, we have Q~1(K) is compact because Q! (K) = Z(K). So
Qisproper. 1

Let E be a topological graph and let p : B — E! be a principal circle bundle.
We get a principal circle bundle Q*(p) : Q*(B) — JE \ Egg which is the pullback

bundle of B by Q. Then there is a linear map Q. : X(E,B) — X(E, Q*(B))
obtained as the extension of the natural map Q. : CS(B) — C$(Q«(B)) induced
by Q and a homomorphism 79 : Co(E?) — Cy(9E) induced from . Let (jx, ja) be
the universal covariant representation of X(E,B) in O(E,B), and let (jy ¢/, ¢)

be the universal covariant representation of X(E, Q*(B)) in O(E, Q*(B)).
We next apply Proposition 4.4 to obtain a homomorphism i : O(E,B) —

LEMMA 6.4. With notation as above the pair (v, Q) defines a regular factor map
from E to E. And the pair (jy g o Q«,j 4 g © 7'x) is a covariant representation of X (E, B)
in O(E, Q*(B)). Hence there is a unique homomorphism h : O(E,B) — O(E, Q*(B))
such that hojx = jy go Qs and hojg = j, p or.. Moreover, h is injective.
Proof. By Lemma (r,Q) defines a factor map from E to E. Note that
E? =domo = E! :aE\EQg

and so EO EO Hence, 1’(E0 ) = EO and so (r,Q) is regular. Therefore
by Proposmon the pair (j JxE° Qs j AE° r4) is a covariant representation of

X(E,B) in O(E, Q*(B)) and there exists a unique map h : O(E, B) — O(E, Q*(B))
with the prescribed properties. Since r and Q are both surjective, the injectivity
of h follows by the same result. 1

The following theorem is inspired by Proposition 5.5 of [33]].
THEOREM 6.5. The map i : O(E,B) — O(E, Q*(B)) above is an isomorphis.
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Proof. Since h is injective by Lemma [6.4 we need only show that  is surjec-
tive. It is sufficient to prove that the image of / contains the images of jy z and
Jaz

o Firstly we show that the image of /1 contains the image of j, ¢. By the Stone-
Weierstrass theorem, we only need to prove that for each y € JE there exists
f € Co(oE) satisfying f(p) # 0and j, z(f) € h(O(E,B)), and that the image of
h separates points of JE.

Fix u € oE. By the Urysohn’s lemma, there exists f € Cy(E”) such that
f(r(@)) = 1. Then jypor(f) = hoja(f) € h(O(E,B)), and ru(f)(n) =
flr(p) =1.

Now we prove that /1 separates points of dE. Fix distinct u, v € JE.

Case 1. r(u) # r(v). Take an arbitrary f € Co(E?) such that f(r(u)) #
F(r(v)). Then j, g o r.(f) = ho ja(f) € K(O(E, B)), and r () () £ r-(f)(v).
Case2. p € EQ,, v ¢ E}y, and r(v) = p. Take a precompact open s-section U
of v; which admits a local section ¢ : U — B. Take an arbitrary x € CS(p~1(U))
such that x does not vanish on the fibre p~!(v1). Define f : Q~1(U) — C by
f(a) := |xo@(ar)|? Then f € Cc(Q1(U)). So

hojx (x)(1ojx (x))* = jx, £0Qu (%) (jx £°Qu (X)) =14 £ (O, (1,0, (x)) = £ (P (F))
:jA,E(f) (by the covariance of (]X,E']A,E))'

Notice that f(¢) = 0and f(v) # 0.

Case 3. r(p) = r(v),p,v ¢ Egg, u1 # v1. Take a precompact open s-section
U of v; which does not contains y#; and admits a local section ¢ : U — B. Take
an arbitrary x € C$(p~!(U)) such that x does not vanish on the fibre p~1(v1).
Define f : Q~1(U) — Cby f(a) := |x o ¢(a1)|? Then f € C.(Q~'(U)). Similar
arguments from Case 2 gives j, z(f) € h(O(E,B)). Notice that f(u) = 0 and
f(v) #0.

Case4. |p|=n>1,lv| >n+1l,andp=vy---v,. For1 <i<n+1 Takea
precompact open s-section U; of v; which admits a local section ¢; : U; — B. Take
an arbitrary x; € C&( p‘l(ui)) such that x; does not vanish on the fibre p~!(v;).
Define f; : Q7 1(U;) — Cby f;(«) := |x; 0 ¢;(a1)|* Then f; € C.(Q1(U;)). So

n+1 n+1 n+1

(T resmtea) (Emonten) = (Mo 0) ([eoc-)

= jag(fr (fuo @ ) (fus100")).

Notice that f1 -+ (fy 00" 1) (fur100™)(u) =0and f1--- (fuo o™ 1) (fuy100™)
(v) #0.

Case 5. |ul,|v| Zn+1(n > 1), 41 pn = v1---Vy, and py4q # Vy41. For
1 < i < n. Take a precompact open s-section U; of v; which admits a local section
@; : U; — B. Take an arbitrary x; € C¢(p~!(U;)) such that x; does not vanish
on the fibre p~!(v;). Define f; : Q~1(U;) — C by fi(a) := |x; o ¢;(a1)|?>. Then
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fi € C(Q71(U;)). Take a precompact open s-section U, .1 of v, 11 which does
not contain ;1 and admits a local section ¢, 41 : U, +1 — B. Take an arbitrary
Xpp1 € CE(p~'(U,y1)) such that x,, 1 does not vanish on the fibre p~! (v, 1).
Define fy41 : Qil(ur%l) — Cby fur1(a) == [xp410 (Pn+1(‘xl)‘2- Then f,11 €
Ce(Q (U4 1))- Similar arguments from Case 4 implies that

n+1 n+1

(1} h o]'x(xi)) ( 11 h on(xi))* _ jA,E(fl o (fa 0" Y (frsr 0 ™).

Notice that f1 -+ (fu 00" 1) (fur100™)(u) =0and f1--- (fuo o™ 1) (fur100™)
(v) #0.

Therefore we deduce that the image of 1 separates points of dE, and that the
image of 1 contains the image of j , 7.

Now we show that the image of h contains the images of jy z. Fix x €
Ce(Q*(B)). Take a finite cover {U;}! ; of (Q o Q*(P))(supp(x)) by precompact
open s-sections such that for each i there exists a local section ¢; : U; — B. Take

n
a finite collection {h;}""_; C Cc(E') such that supp(h;) C U;, 3 h; = 1on (Qo
i=1

Q*(P))(supp(x)). Since each ((Q o Q*(P))«(h;))x € CZ(Q*(B)) and é((Q °

Q*(P))«(h;))x = x, we may assume that (Q o Q*(P))(supp(x)) is contained in a
precompact open s-section U which admits a local section ¢ : U — B.
Take an arbitrary y € CS(p~1(U)) such that y(b) = b/¢(p(b)) for all b €

p~1((Qo Q*(P))(supp(x))). Define f : r~*(s(U)) — Cby f(u) := x(pos|y' o
r(u), (s|" o r(1))u). Then f € Ce(r~1(s(U))). We claim that Q.(y) - f = x. Fix
(b,ev) € Q*(B).
Case 1. (b,ev) ¢ supp(x). Then x(b,ev) = 0. If b ¢ p~1(U), then Q. (y)
(b,ev) = 0,50 (Qu(y) - f)(bev) =0.1fb € p~1(U), thenv € r~1(s(U)), so
f) =x(pos|yt or(v), (sl or(v))v) = x(g(e),ev) = (¢(e) /b)x(b,ev) = 0.

Case 2. (b,ev) € supp(x). We compute that
(Q:(y) - )b ev) = y(b)f(v) = (b/ p(e))(9(e)/b)x(b, ev) = x(b, ev).
So Q«(y) - f = x and we finish proving the claim. Hence
h(ix(W))iag(f) = jx e (QeW))ig g (f) = ix g (*)-
Therefore the image of & contains the image of j » because we just showed that

the image of /i contains the image of j , z. We are done. 1

Recall that by Lemmal6.1} the shift map ¢ is a partial local homeomorphism
on dE.

DEFINITION 6.6. The boundary path groupoid of a topological graph E is de-
fined to be the Renault-Deaconu groupoid I'(dE, ¢) (see Definition 5.4).
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THEOREM 6.7. Let E be a topological graph and let p : B — E! be a principal
circle bundle. Let Q*(p) : Q*(B) — 9E \ Egg be the pullback bundle of B by Q. Denote

by j: oE\ Egg — T'(9E,0) the embedding such that j(ev) = (ev,1,v) for all e €
El,v € OFE with s(e) = r(v). Let A be the topological twist A over the boundary path
groupoid I'(JE, 0)

TxI% 5 AL r(9E,0)
such that j*(A) = Q* (B) (see Theorem5.6). Then O(E, B) is isomorphic to the twisted
groupoid C*-algebra C*(I'(dE,0), A).
The result follows directly from Theorems

EXAMPLE 6.8. In 1989 Rieffel introduced quantum Heisenberg manifolds

Dy, where y,v € R and ¢ € N as key examples of his deformation quantiza-

tion theory (see [31]). Work of Abadie et al. (see [1]) showed that each quan-
tum Heisenberg manifolds D;, , is isomorphic to a twisted topological graph C*-
algebra Oy (g, 1) (without using the language of topological graphs) with EY =
E' = T?, r = id, s is translation by a parameter depending on y,v € R and L is
a Hermitian line bundle determined by the integer c. Kang et al. (see [7]) proved
that Dy, , is a twisted groupoid C*-algebra.

APPENDIX

In this appendix, we provide an alternative proof of Theorem [5.6|by using
the cocycles approach.

Firstly, we can present the principal circle bundle in the following way.
There exist an open cover {Ny },co of dom(c) and a 1-cocycle {sup}4,pco, Such
that

B2 [ [(Nu xT)/(t,z,a) ~ (t,zsap(t), B)-

aEO

For k1,k; > 1, we have a principal circle bundle over (Hi«ll dom(c)) x (H;'(Q
dom(0))

k k
(T N (T2 Nay ) XT) [t b B b 2, 0 )
~ (bt ety 280 (B) - sy gy (Hry)
S (1) sp w0 (t,)r B By Bl By)-

kp ko

Note that there is an embedding i, i, : I kllk2—>(H§11 dom (o)) x ( ;(i 1 dom(¢)) by

sending (t1,k; —kp, t2) to (ty,...,c"171(ty),ta,...,0%271(t,)) for all t; € dom(c*1),
t, € dom(c*2). Define a principal circle bundle py, , : Ak k, — Tk, to be the
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restriction of the above bundle to I}, ,, that is

Akl,kz = {(tl,. . .,U’klil(tl), i’2,. . .,0k271<t2),z,061,. . .,akl,o/l,. . .,IX;Q)}.

k
For k > 1, there are embeddings 1o : Ito — [Idom(c); ik : Tox —
i=1
k
dom(c¢), and similarly we get principal circle bundles Ay over I} o, Agy over
i=1
I'v k- Moreover, we regard I g as a copy of T via the homeomorphism o : Ino —

T. Denote by Ag the trivial principal circle bundle T x T over T.
For kl, kz = 1, define h(k]/kz)/(kllkz) = id.
Forl <ki <li,1<ky <Ilpywithky —ky, =11 — I, define

o1 1
Rk ko) (1 0) * Prey oo Dk ks N I03,1) = P13, (T ey O Ty 0,)

as follows. For any (ty, .. .,Ukl_l(tl),t2, .. .,Uk2_1(t2),z, N1, Wy, &Y, ..,oc;Cz) €
pk_l}kz (Teyk, N I7,1,), choose arbitrary a1, . ..,ocll,(x;(ﬁl, . ..,04;2 such that
k=14 (1) € N ;N Na/kw_,i =1,...,1; — k;. Define

h(klrk2)7(11/12) (tl, e ,(Tklil(tl), tr, ... ,U’kzil(tz),Z, o, .- .,Dékl,Déll, - ,DC;Q)
I1—1 Ir—1 k I1—1
= (tl,...,(Tl (tl),tg,...,az (tz)'zs‘xl/czﬂaklﬂ(g1(t1))“.s”‘;2”‘11(01 (tl)),
uq,...,ocll,o/l,...,a;z).
It is straightforward to prove that h, 1,) (1,,1,) i @ homeomorphism. Denote its

inverse by h;, 1,) (k, k,) With the formula given as follows. For (t1, ..., o1=1(ty), by,
-1 -1
.,0'12 (i’z),Z,(Xl, .. .,0611,06/1, .. .,IX;Z) € pll,lz(l’kllkz n Flplz)’

h(llrlz),(kllkz)(tl,...,Ullil(tl),tz,...,(leil(tz),z,txl,...,Dcll,all,...,tkfz)
k1—1 ko—1 k -1
= (tl,...,U'l (l’l),tz,...,O' 2 (t2)’ZS“k1+l"‘;,<2+1 (0’ 1(t1)) s .5“11“;2 ((T] (tl)),
041,-.-,06k1,06/1,--.,0€;’<2)-

Similarly, for any k1, k2, I1, I > 0 with k1 —ky =11 —I5, we are able to define a home-
omorphism h(kl,kz),(h,lz)‘ It is straightforward to check that for ki, kp, 1, I, mq, mp
>0 with kl - kz = ll - lz = My —my, We have P, © h(kl,k2)r(ll/12) = Pky,kyr and

-1
Rt 1) (1, ma) OBk ko) (11 10) = Pk ko), (g ) O Py ey (T e VT 1, Doy g ) - By Lem-
ma we may construct a locally compact Hausdorff space A, for z € Z by

A; = LI Aty A~ iy ) 1) () 2 A € e (T N T 1,) -
{k1,kp>0:ky —ko=2}
For ky,ky, 11,12 2 0,if ky — ka # Iy — Ip, then Iy, i, N I}, 1, = @. So we get a locally

compact Hausdorff space A := Ie_[Z Az
z
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Now we endow A with a groupoid structure. For k; > 1,¢; € dom(oki ), i =
kq

1,2,3, forz1,z; € T, suppose that (tl,...,akl_l(tl)) € [T Na,, (tz,...,0k2_1(t2)) €
i=1

k2 k3
[T1(Ny N N,),and that (t3,...,0%71(t3)) € [T Nyw; define
i=1 ! ! i=1 !

(tl,. . .,O'kl_l(t1),t2,.. .,Ukz_l(tz),z1,oc1,. . .,Oékl,ﬂcll,. . .,0(;(2)
- (tp, .. .,(Tkzil(tz),tg,. . .,U’k371(i‘3),22,06/1/,. . .,DC;CIZ,DC/{/,. . .,0(]/(/3/)

= (tlr e ,O'klil(tl), t3, e ,0'k371(t3),21225“£/“i (i’z) s -S,x]/{/z“;(z (O'kzil(tz)),

" ///)
7

LSV T C AP Vit
define
(t1,...,00 N (E), by, 027 N (1), 21,0, . .. SOy, 0, ,vcfcz)_l
= (ty,..., 0" ), by, ., 01N (1), 2, ).
More simply,

(tl,. . .,O'klil(ﬁ), t2,. ..,(Tkzil(tz),zl,ﬂél,. . .,Oékl,txll,. . .,DC;<2>
Aty ..., 027N (k) ts, ..., 03T (13), 20,4, .. .,zx,’cz,ocll”, ) ..,zx;(’;)

= (tl,. ..,U'kl_l(tl),tg,.. .,0'k3_1(i’3),2122,0(1,. . .,Oékl,l’éllﬂ,. . .,Dé]/g).

It is straightforward to check that A is a locally compact groupoid under these
two operations with the unit space A° which is homeomorphic to . Define
i: 9 xT — A to be the embedding such that its image is Agg. Define p’ :
A — I'(T,0) in the obvious way. Thus A is the desired topological twist in Theo-
rem[B.6l

In [7] Kang et al. constructed A by using cocycles for the case when ¢ is a
homemorphism and T is a compact metric space.
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