
J. OPERATOR THEORY
82:1(2019), 173–188

doi: 10.7900/jot.2018apr12.2232

© Copyright by THETA, 2019

UNIVERSALITY AND MODELS FOR SEMIGROUPS OF
OPERATORS ON A HILBERT SPACE

B. CÉLARIÈS, I. CHALENDAR, and J.R. PARTINGTON

Communicated by Florian-Horia Vasilescu

ABSTRACT. This paper considers universal Hilbert space operators under-
stood in the sense of Rota, and gives criteria for universality of semigroups in
the context of uniformly continuous semigroups and contraction semigroups.
Specific examples are given. Universal semigroups provide models for these
classes of semigroups: following a line of research initiated by Shimorin, mod-
els for concave semigroups are developed, in terms of shifts on reproducing
kernel Hilbert spaces.
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1. INTRODUCTION

In this paperH will always denote a separable infinite-dimensional Hilbert
space and L(H) the space of bounded linear operators onH.

DEFINITION 1.1. An operator U ∈ L(H) is universal if, for every T ∈ L(H),
there exist a closed subspace M of H invariant for U, a constant λ ∈ C and a
bounded linear isomorphism R :M→H such that

T = λRU|MR−1.

The concept of a universal operator was introduced by Rota [15], [16] where
he showed that the backward shift of infinite multiplicity is an explicit example of
such operator. The invariant subspace problem provides a motivation for study-
ing universal operators since every operator has a nontrivial invariant closed sub-
space if and only if all minimal (with respect to the inclusion) invariant subspaces
of any universal operator are of dimension 1. See also Chapter 8 of [3] and [5]
for further information on this topic. More recently, Schroderus and Tylli ([18],
Theorem 2.2, Corollary 2.3) have studied universality from the point of view of
spectral properties of the operator.
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We first study the Caradus theorem which gives sufficient conditions im-
plying the universality of an operator. We then introduce the notion of positive
universality which is natural in view of producing a consistent definition of uni-
versality for a strongly continuous semigroup.

After an analysis of a relevant definition for the universality of a semigroup,
we give a complete answer for uniformly continuous groups in terms of the uni-
versality of the generator.

We then study examples of universal C0-semigroups of contractions and
quasicontractions, and produce a large class of universal semigroups arising from
Toeplitz operators with anti-analytic symbol.

The very last section of the paper deals with C0-semigroups which are not
quasicontractive. Under the conditions of concavity and analyticity, which imply
the existence of a Wold-type decomposition, we can provide models for such
semigroups.

2. UNIVERSALITY OF AN OPERATOR

Surprisingly, there are many universal operators since Caradus gave a large
class of operators (defined below) with this property.

DEFINITION 2.1. Let U ∈ L(H). We say that U is a Caradus operator if it
satisfies the conditions:

(i) ker U is infinite-dimensional;
(ii) U is surjective.

Caradus [1] proved that every Caradus operator is universal.
The standard example of a Caradus operator (given by Rota) is the back-

ward shift of infinite multiplicity, which can also be realised as the backward
shift S1 on L2(0, ∞), defined almost everywhere by

S1 f (t) = f (t + 1), (t > 0),

for f ∈ L2(0, ∞).
The condition that ker U is infinite-dimensional is clearly necessary for uni-

versality, but surjectivity is not (as can be seen by taking a direct sum of a uni-
versal operator with any other operator). However, if U is universal, then U|M is
similar to a multiple of the backward shift for some invariant subspaceM, and
thus U has a restriction that is a Caradus operator.

The proof of Caradus’s theorem in fact shows that Caradus operators have
the formally stronger property of positive universality, defined as follows.

DEFINITION 2.2. An operator U ∈ L(H) is positively universal if, for every
T ∈ L(H), there exist a closed subspaceM ofH invariant for U, a constant λ > 0
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and a bounded linear isomorphism R :M→H such that

T = λRU|MR−1.

In fact positive universality is equivalent to universality, as the following
result shows.

PROPOSITION 2.3. Let U ∈ L(H). Then U is universal if and only if it is posi-
tively universal.

Proof. Let V ∈ L(J ) be an arbitrary positively universal operator as given
by Caradus’s theorem, e.g. the backward shift on L2(0, ∞), so that αV is also
positively universal if α ∈ C \ {0}.

Now there is an invariant subspaceM for U, and α ∈ C \ {0}, so that we
can write U|M = αR−1VR with R : M → J an isomorphism. Then U|M =

|α|R−1WR, where W = αV/|α|, which is positively universal.
Finally, if T ∈ L(K) is any operator, then we can write W|N = λQ−1TQ,

where N is invariant for W, Q : N → K is an isomorphism, and λ > 0.
So U|P = λ|α|R−1Q−1TQR, where P = R−1(N ) is invariant for U, and so

U is positively universal.

It was shown by Rota [16] that the backward shift S1 of infinite multiplicity
also has the property of 1-universality for all operators T ∈ L(H) of spectral
radius strictly less than 1; that is, such an operator can be written as

T = RS1|MR−1,

whereM is an invariant subspace for S1 and R :M→H is an isomorphism. An-
other famous example of a universal operator is due to E. Nordgren, P. Rosenthal
and F. Wintrobe [12] who proved that Cϕ − Id is universal on the Hardy space
H2(D), where ϕ is a hyperbolic automorphism of the unit disc. E. Pozzi [13], [14]
studied universal shifts and weighted composition operators on various spaces,
and C. Cowen and E. Gallardo-Gutiérrez produced examples of universal anti-
analytic Toeplitz operators [5].

3. UNIVERSAL SEMIGROUPS

3.1. BASIC FACTS ON SEMIGROUPS. A family (Tt)t>0 in L(H) is called a C0-
semigroup if

T0 = Id, Tt+s = TtTs for all s, t > 0 and ∀x ∈ H, lim
t→0

Ttx = x.

A uniformly continuous semigroup is a C0-semigroup such that

lim
t→0
‖Tt − Id‖ = 0.
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Recall also that the generator of a C0-semigroup denoted by A is defined by

Ax = lim
t→0

Ttx− x
t

on D(A) := {x : lim
t→0

(Ttx− x)/t exists}. Moreover (Tt)t>0 is uniformly continu-

ous if and only if D(A) = H , that is, if and only if A ∈ L(H). See for example
[6] for an introduction to C0-semigroups.

Since a C0-semigroup (Tt)t>0 is not always uniformly continuous, its gen-
erator A is in general an unbounded operator. Nevertheless, provided that 1
is not in the spectrum of A, the (negative) Cayley transform of A defined by
V := (A + Id)(A− Id)−1 is a bounded operator and is called the cogenerator of
(Tt)t>0. In Theorem III.8.1 of [22] the following equivalence is proved:

V ∈ L(H) is the cogenerator of a C0-semigroup of contractions if and only if V is
a contraction and 1 is not an eigenvalue of V.

Not only contractivity is preserved by the cogenerator. Indeed, Sz.-Nagy and
Foias ([22], Proposition 8.2) proved that a C0-semigroup of contractions consists
of normal, self-adjoint, or unitary operators, if and only if its cogenerator is nor-
mal, self-adjoint, or unitary, respectively.

3.2. DEFINITIONS OF UNIVERSALITY FOR SEMIGROUPS. Let (St)t>0 be the C0-
semigroup on L2([0,+∞)) such that for all t > 0,

St :

{
L2([0;+∞)) → L2([0 + ∞)),
f 7→ f (·+ t).

Then for any t > 0, by Caradus’ theorem, St is universal.
Therefore, for any C0-semigroup (Tt)t>0 on L2([0,+∞)), there exist some

sequences (Mt)t of closed subspaces of L2([0,+∞)), (λt)t of complex numbers
and (Rt)t of bounded isomorphisms fromMt onto L2([0, ∞)) such that, for every
t > 0,

Tt = λtRt(St)|Mt
R−1

t .

This possible definition of universal semigroups is not fully satisfactory
since λt,Mt, and Rt depend heavily on t.

A much more natural and appropriate definition is the following.

DEFINITION 3.1. Let (Ut)t>0 be a C0-semigroup (respectively uniformly con-
tinuous) on a Hilbert space H. It is called a universal C0-semigroup (respectively
uniformly continuous) if for every C0-semigroup (Tt)t>0 (respectively uniformly
continuous), there exist a closed subspaceM invariant by every (Ut)t>0, λ ∈ R,
µ ∈ R+∗, and R :M→H a bounded isomorphism such that, for all t > 0:

Tt = R(eλtUµt)|MR−1.
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Using this definition of universality for semigroups, a certain amount of
caution is required: for the backward shift semigroup on L2(0, ∞) each St is uni-
versal, but the semigroup as a whole is not, as we shall see later.

3.3. UNIFORMLY CONTINUOUS GROUPS. It is very natural to find a criterion in-
volving the generator which captures all the information pertaining to the semi-
groups. The easiest case to deal with is when the semigroup is uniformly contin-
uous since its generator is bounded. In this situation the semigroup extends to a
group parametrised by R.

THEOREM 3.2. Let (Ut)t∈R be a uniformly continuous group whose (bounded)
generator is denoted by A. The following assertions are equivalent:

(i) for every uniformly continuous group (Tt)t∈R, there exist a closed subspace M
invariant for (Ut)t∈R, µ > 0, and R : M → H a bounded isomorphism such that, for
all t ∈ R:

Tt = RUµt |MR−1;

(ii) A is universal.

Proof. (i)⇒ (ii) Let B be a bounded operator on H and (Tt)t∈R be the uni-
formly continuous semigroup generated by B. LetM be a closed subspace of H,
µ > 0 and R :M→H an isomorphism such that

Tt = R(Uµt)|MR−1.

For all x ∈ H, we can differentiate ϕ : t 7→ Ttx at t = 0 and we get:

Bx = R(µA|M)R−1x,

which proves that B is universal.
(ii)⇒ (i) Let (Tt)t∈R be a uniformly continuous semigroup whose generator

is denoted by B. Since A is positively universal by Proposition 2.3, there exist a
closed subspaceM ofH, µ > 0 and R :M→H an isomorphism such that

(3.1) B = µR(A|M)R−1.

It follows that, for all t ∈ R,

etB = R(eµtA)|MR−1,

and then Tt = R(Uµt)|MR−1.

EXAMPLE 3.3. Take A = S1. To calculate the group (Ut)t∈R it is conve-
nient to work with the Fourier transform F , which, by the Paley–Wiener theorem
[17] provides an isometric isomorphism between L2(0, ∞) and the Hardy space
H2(C+) of the upper half-plane C+. Then S∗1 is the right shift by 1 on L2(0, ∞),
and the operator FS∗1F−1 is the analytic Toeplitz operator with symbol z 7→ eiz.

That is, for t ∈ R, FU∗t F−1 is the analytic Toeplitz operator with symbol
x 7→ exp(teix), where x ∈ R, and FUtF−1 is the anti-analytic Toeplitz operator
with symbol x 7→ exp(te−ix).
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Note that the shift semigroup (St)t>0 on L2(0, ∞) is not universal even for
the class of all uniformly continuous contraction semigroups. Its infinitesimal
generator A is defined by A f = f ′ and hence ker(A − λI) has dimension at
most 1 for every λ ∈ C. Hence if B is a non-zero bounded operator with kernel
of dimension at least 2, then we cannot have an identity of the form B − λI =
µR(A|M)R−1, and so we have no identity of the form etB = eλtR(Sµt)|MR−1.

3.4. CONTRACTION SEMIGROUPS. Note that a subspace M is invariant for the
cogenerator if and only if it is invariant for every member of the semigroup [7].

The following theorem ([3], Theorem 8.1.5) can be traced back to [22]. Recall
that an operator T ∈ L(H) is said to be C0· if ‖Tnx‖ → 0 for all x ∈ H.

THEOREM 3.4. Let T ∈ L(H) be a contraction operator of class C0·. Then there
is an invariant subspaceM of S1 such that T is unitarily equivalent to S1|M.

This easily implies the following result.

THEOREM 3.5. Let (Ut)t>0 be the semigroup on H = L2(0, ∞) whose cogenera-
tor is S1. Then for every C0· contraction semigroup (T(t))t>0 on a Hilbert spaceH there
is a common invariant subspaceM for (Ut)t>0 and an isomorphism R : M→ H such
that T(t) = RUt |MR−1 for all t > 0.

Proof. Consider the cogenerator W of (T(t))t>0. This is a C0· contraction,
by Sections III.8–9 of [22], and thus can be written as W = RS1|MR−1 for some
invariant subspace M of S1 and isomorphism R : M → H. The result then
follows by standard calculations.

This semigroup can also be expressed using co-analytic Toeplitz operators
on the Hardy space H2(C+). For, with F denoting the Fourier transform once
more, we have that FS∗1F−1 is the multiplication operator (analytic Toeplitz op-
erator) with symbol eiz, and thus FU∗t F−1 has symbol

exp(t(eiz + 1)/(eiz − 1)) = exp(−it cot(z/2)).

If a semigroup (Ut)t>0 is quasicontractive, i.e., it satisfies ‖U(t)‖ 6 eωt for
some ω ∈ R, then clearly (e−λtU(t))t>0 is a C0· contractive semigroup provided
that λ > ω. We therefore have the following corollary.

COROLLARY 3.6. Let (Ut)t>0 be the semigroup on H = L2(0, ∞) whose cogen-
erator is S1. Then for every quasicontractive semigroup (T(t))t>0 on a Hilbert space
H there is a common invariant subspace M for (Ut)t>0, a constant λ ∈ R, and an
isomorphism R :M→H such that T(t) = eλtRUt |MR−1 for all t > 0.

Note that the backward shift semigroup (S̃t)t>0 on L2(0, ∞;H) is also uni-
versal in this sense: see Theorem 10-18 of [7]. Note that the example in Theo-
rem 3.5 is defined on the simpler space L2(0, ∞).
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The operator S1 is the adjoint of a completely non-unitary unilateral right
shift of infinite multiplicity. There are many Toeplitz operators that are unitarily
equivalent to it, and thus have similar properties.

The following result is well-known, and we give a simple proof to illus-
trate it. We shall perform calculations on the Hardy space H2(D) of the disc, but
analogous results hold for Hardy spaces of the half-plane.

LEMMA 3.7. Let φ be an inner function. Then the analytic Toeplitz operator Tφ

is unitarily equivalent to a unilateral right shift of multiplicity dim Kφ, where Kφ =

H2 	 φH2.

Proof. This follows easily from the orthogonal decomposition

H2 = Kφ ⊕ φKφ ⊕ φ2Kφ ⊕ · · · ,

which has been used in many places, for example, [2].

If we take φ to be irrational (not a finite Blaschke product), then V = T∗φ is
the cogenerator of a C0 semigroup on H2, and it is easy to check that exp(t(φ +
1)/(φ − 1)) is a singular inner function for each t > 0. We therefore have the
following theorem.

THEOREM 3.8. (i) Let φ be an inner function that is not a finite Blaschke product.
Then the semigroup (Ut)t>0 consisting of anti-analytic Toeplitz operators T∗φt

, where

φt = exp(t(φ + 1)/(φ− 1)), t > 0,

is universal for the class of C0· contraction semigroups.
(ii) Moreover, if a semigroup (Ut)t>0 has the form Ut = T∗φt

, where φt = exp(tψ)
is a singular inner function for each t, then φ := (ψ + 1)/(ψ− 1) is inner, and if it is
irrational the conclusions of part (i) apply.

Note that the semigroup corresponding to φ(z) = −z (inner, but rational) is
given by the function φt = exp(t(1− z)/(1 + z)). This is unitarily equivalent to
the shift semigroup (St)t>0, which is not universal.

REMARK 3.9. It was shown by Gamal’ [10], [9], extending work of Clark
[4], that if B is a finite Blaschke product and φ is an irrational inner function, then
the Toeplitz operator Tφ

B
is similar to an isometry U ⊕ S, where U is unitary and

S is a unilateral shift of infinite multiplicity. It follows that the semigroup with
cogenerator TB

φ
is universal for the class of contraction semigroups, in the sense

of Theorem 3.5.

REMARK 3.10. It was shown by Sz.-Nagy [21] that every bounded C0 group
on a Hilbert space is similar to a group of unitary operators. One might there-
fore hope for the existence of a universal unitary group (Ut)t∈R such that every
bounded group (Tt)t∈R could be represented in the form Tt = R(Ut)|MR−1 for
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some isomorphism R and invariant subspace M for (Ut). However, by look-
ing at cogenerators, we see that (Ut) would possess a unitary cogenerator such
that every point on T with the exception of 1 would be an eigenvalue of infinite
multiplicity. In a separable Hilbert space this is impossible, since eigenvectors
corresponding to distinct eigenvalues are orthogonal.

4. C0-SEMIGROUPS CLOSE TO ISOMETRIES

LetH be a complex infinite dimensional and separable Hilbert space.
Recall that T ∈ L(H) is bounded below if there exists C > 0 such that

‖Tx‖ > C‖x‖ for all x ∈ H. Equivalently, T is bounded below if and only if T∗T
is invertible. In the sequel, the spectral radius of T is denoted by r(T).

In order to state a theorem following from the work of Shimorin [19], we
introduce the following definitions.

DEFINITION 4.1. Let T ∈ L(H).
(i) The operator T is pure if

⋂
n>0

TnH = {0}.

(ii) The operator T has the wandering subspace property if H is the closed linear
hull (span) of {TnE : n > 0}, where E := H	 TH.

(iii) For T ∈ L(H) bounded below, its Cauchy dual is denoted T′ and defined
by T′ := T(T∗T)−1.

DEFINITION 4.2. Let D = D(0, r) be the open disc of C centered at 0 and of
radius r > 0. Let E be a Hilbert space and let H be a Hilbert space of holomorphic
functions on D taking values in E. A reproducing kernel on H is a map

k :

{
D× D → B(E),
(λ, z) 7→ k(λ, z).

such that
(i) ∀λ ∈ D, ∀e ∈ E, k(λ, ·)e ∈ H;

(ii) ∀λ ∈ D, ∀ f ∈ H, ∀e ∈ E, 〈 f , k(λ, ·)e〉H = 〈 f (λ), e〉E.

4.1. UNITARY EQUIVALENCE WITH A SHIFT ON A REPRODUCING KERNEL HIL-
BERT SPACE. The following theorem is a consequence of the work of Shimorin
[19] but not stated explicitly. For completeness we will prove it in detail, by
putting together the ideas developed in [19].

THEOREM 4.3. Let T ∈ L(H) such that T is bounded below, pure and with the
wandering subspace property. Then, there exist a reproducing kernel Hilbert space H of
holomorphic functions from D(0, r), where r = r(T′), to E = H	 TH, and a unitary
operator U : H → H such that

T = U−1ΣU,



UNIVERSALITY AND MODELS FOR SEMIGROUPS OF OPERATORS ON A HILBERT SPACE 181

where Σ :

{
H → H,
f 7→ (z 7→ z f (z)),

∈ B(H). Moreover, the reproducing kernel k is such

that k(0, ·) = (z 7→ IdL(E)).

Proof. Step 1. We first construct U.
Since T is bounded below, its Cauchy dual T′ is well defined. Denote by L

the adjoint of T′ and denote by P the orthogonal projection onto E.
Claim 1. P = Id− TL.
Indeed, let Q = Id− TL. Since LT = Id, it follows that

Q2 = I − 2TL + TLTL = Id− TL = Q.

Moreover, Q is a self-adjoint operator since TL is self-adjoint. It suffices to show
that ker(TL) = E. Since, T is left invertible, we get

ker(TL) = ker(L) = ker((T∗T)−1T∗) = ker(T∗) = (TH)⊥ = E.

We now define the linear mapping U in the following way:

U :

H → Hol (D(0, r); E),
x 7→ ∑

n>0
(PLnx)zn.

The convergence of the series follows from the fact that r is the spectral radius
of L.

Claim 2. U is one-to-one.
Indeed, let x ∈ ker(U). Then, for every n ∈ N, PLnx = 0. We prove that

x ∈ ⋂
n>1

TnH. Let n > 1 and note that, according to Claim 1,

n−1

∑
k=0

TkPLkx =
n−1

∑
k=0

TkLkx− Tk+1Lk+1x = x− TnLnx.

It follows that

x = x− TnLnx + TnLnx =
n−1

∑
k=0

TkPLkx + TnLnx.

Since for all k ∈ {0; n− 1}, PLkx = 0, we get x = TnLnx ∈ Tn H.
Let H ⊂ Hol (D(0, r); E) be the image of U. Since U is one-to-one, U is an

isomorphism of vector spaces. We define on H a scalar product by setting

∀ f , g ∈ H, 〈 f , g〉H = 〈U−1 f , U−1g〉H ,

so that U is unitary.
Step 2. The second step consists in checking that H is a reproducing kernel

Hilbert space.
For λ ∈ D(0, r) and e ∈ E, we have

〈 f (λ), e〉E =
〈

∑
n>0

(PLnU−1 f )λn, e
〉

E
=
〈

∑
n>0

(λL)n(U−1 f ), Pe
〉

E
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= 〈(Id− λL−1)(U−1 f ), e〉E = 〈U−1 f , (Id− λL∗)−1e〉H
= 〈 f , U(Id− λL∗)−1e〉H.

On the other hand, for z ∈ D(0, r), we have:

((U(Id−λL∗))−1e)(z)= ∑
n>0

PLn[(Id− λL∗)−1e]zn

=P
(

∑
n>0

(zL)n[(Id−λL∗)−1e]
)
=P(Id−zL)−1(Id−λL∗)−1e.

Therefore H is a reproducing kernel Hilbert space of holomorphic functions, with
reproducing kernel defined by

k(λ, z) = P(Id− zL)−1(Id− λL∗)−1.

Step 3. The third step consists in proving that z 7→ k(0, z) is a constant function
whose value is IdE. To that aim we prove that, for every f ∈ H and every e ∈ E,

〈 f , k(0, ·)e〉H = 〈 f (0), e〉E.

Let f ∈ H and x = U−1 f . Let e ∈ E. Note that

f (0) = Px = 〈Px, e〉E = 〈x, e〉H = 〈 f , Ue〉H.

However, by Claim 1, Pe = e = e − TLe. Hence, TLe = 0 and so Le = 0 since
T is bounded below. Therefore Ue = ∑

n>0
PLnxzn = e, that is, Ue is the constant

function z 7→ e. Then,
〈 f , k(0, ·)e〉H = 〈 f , z 7→ e〉.

Step 4. The last step consists in proving that T is unitarily equivalent to Σ. Let
x ∈ H and let z ∈ D(0, r).

(UT)(x)(z) = ∑
n>0

P(LnTx)zn = ∑
n>1

P(LnTx)zn = z ∑
n>1

PLn−1(LT)xzn−1

= z ∑
n>1

PLn−1xzn−1 = zU(x)(z) = ΣU(x)(z).

This concludes the proof of the theorem.

We can now obtain a representation theorem for C0-semigroups whose co-
generator satisfies the hypothesis of the previous theorem.

COROLLARY 4.4. Let (Tt)t>0 be a C0-semigroup on H which admits a cogenera-
tor V. Assume that V is bounded below, pure and with the wandering subspace property.
Then, there exist a reproducing kernel Hilbert space H of holomorphic functions from
D(0; r) → E (with r = r(V′) and E = H	 VH) and a unitary operator U : H → H

such that, for every t > 0,
Tt = U−1StU

where St :

{
H → H,

f 7→ (z 7→ et 1+z
1−z f (z)),

∈ B(H).
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Proof. By Theorem 4.3 applied to V, there exist H and U such that V =
U−1ΣU. Let (St)t>0 be the C0-semigroup whose cogenerator is Σ and the gener-
ator is A. We have that A = (Σ + Id)(Σ− Id)−1. Since Σ is a multiplication op-
erator on H, A is also a multiplication operator on H and, for every f ∈ dom(A),
and for every z ∈ D(0, r),

A( f )(z) =
z + 1
z− 1

f (z).

We now prove that St is the multiplication operator whose symbol is z 7→ et z+1
z−1 .

Since dom(A) is dense in H, it suffices to show that, for every f ∈ dom(A),

∀z ∈ D, St( f )(z) = et z+1
z−1 f (z).

Let f ∈ dom(A) and

Φ :

{
R+ → H,
t 7→ St( f ).

Note that Φ is differentiable, and for every t > 0, Φ′(t) = A(Φ(t)). Let z ∈
D(0, r). We prove that for all e ∈ E,

〈St( f )(z), e〉E = 〈et z+1
z−1 f (z), e〉E.

Let e ∈ E and

ϕ :

{
R+ → C,
t 7→ 〈St( f )(z), e〉E.

For every t > 0,

φ(t) = 〈St( f ), k(z, ·)e〉H = 〈Φ(t), k(z, ·)e〉H.

Since Φ is differentiable, φ is also differentiable and, for every t > 0,

φ′(t) = 〈Φ′(t), k(z, ·)e〉H = 〈Aφ(t), k(z, ·)e〉E = 〈AΦ(t)(z), e〉E

=
〈 z + 1

z− 1
Φ(t)(z), e

〉
E
=

z + 1
z− 1

φ(t).

Furthermore, φ(0) = 〈S0( f )(z), e〉E = 〈 f (z), e〉E. Hence, φ is the solution of a
linear Cauchy problem of order 1, which gives that, for every t > 0,

φ(t) = et 1+z
1−z φ(0), and then 〈St f (z), e〉E = et z+1

z−1 〈 f (z), e〉E = 〈et z+1
z−1 f (z), e〉E.

This concludes the proof.

4.2. SEMIGROUPS MODELLED BY A SHIFT. The aim of this section is to produce
explicit examples on which Corollary 4.4 can be used. We first recall some defini-
tions.

DEFINITION 4.5. LetH be a complex infinite dimensional separable Hilbert
space.
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(i) T ∈ L(H) is called a 2-isometry if T∗2T2 − 2T∗T + Id = 0 (i.e. ∀x ∈ H,
‖T2x‖2 + ‖x‖2 = 2‖Tx‖2).

(ii) T ∈ L(H) is called a 2-contraction if T∗2T2 − 2T∗T + Id > 0 (i.e. ∀x ∈ H,
‖T2x‖2 + ‖x‖2 > 2‖Tx‖2).

(iii) T ∈ L(H) is concave if T∗2T2 − 2T∗T + Id 6 0 (i.e. ∀x ∈ H, ‖T2x‖2 +
‖x‖2 6 2‖Tx‖2).

Note that the set of 2-isometries is the intersection of the sets of concave
and 2-hypercontractive operators. Moreover an isometry is a 2-isometry but the
converse is false since the shift on the Dirichlet space D is a 2-isometry but it is
not isometric (cf. [8]).

THEOREM 4.6. Let (Tt)t>0 be a C0-semigroup onH such that for every t > 0, Tt
is pure and concave. Then there exist r > 0, a Hilbert space E and a reproducing kernel
Hilbert space H of holomorphic functions from D(0; r) into E and a unitary operator
U : H → H such that, for every t > 0,

Tt = U−1StU

where St :

{
H → H,

f 7→ (z 7→ et 1+z
1−z f (z)),

∈ B(H).

The proof of Theorem 4.6 relies on several lemmas stated below.

LEMMA 4.7. Let (Tt)t>0 be a C0-semigroup such that T1 is concave. Then, (Tt)t>0
has a cogenerator.

Proof. This is a very slight adaptation of the proof of Lemma 2.1 in [8]. Let
A be the generator of (Tt)t>0. The growth bound ω of (Tt)t>0, defined by

ω = inf{w ∈ R : ∃M > 1 such that ∀t > 0, ‖Tt‖ 6 Mewt}

is such that, for every t > 0,

ω =
1
t

log(r(Tt))

where r(Tt) is the spectral radius of Tt. Moreover, we have

sup{<(λ) : λ ∈ σ(A)} 6 ω

(see for instance Chapter IV, Section 2, Proposition 2.2, of [6]). To prove that the
cogenerator is well-defined, it suffices to show that ω < 1 (since then 1 ∈ ρ(A)).
We show that r(T1) 6 1. This comes from the fact that, since T1 is concave, then,
for every n ∈ N∗,

‖T1| 6
√

1 + (‖T1‖+ 1)n.

Then, r(T1) = lim
n→+∞

‖Tn
1 ‖

1
n 6 1, and thus ω 6 0, which concludes the proof.
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LEMMA 4.8. Let (Tt)t>0 be a C0-semigroup which has a cogenerator V. Let A be
its generator. The following assertions are equivalent:

(i) for every t > 0, Tt is concave;
(ii) ∀x ∈ H, φx : t 7→ ‖Ttx‖2 is concave;

(iii) ∀y ∈ D(A2), <(〈A2y, y〉) + ‖Ay‖2 6 0;
(iv) V is concave.

Proof. The proof uses similar methods to those of Proposition 2.6 in [11]. For
the sake of completeness we give the details.

(i)⇒ (ii) Let x ∈ H and φx : t 7→ ‖Ttx‖2. We prove that

∀t > 0, ∀τ > 0, φx(2τ + t) + φx(t) 6 2 φx(t + τ).

Let t > 0 and τ > 0. Since Tτ is concave, one has

‖T2
τ Ttx‖2 + ‖Ttx‖ 6 2‖TτTtx‖,

which is the above inequality. Since φx is continuous, it follows that φx is concave.
(ii)⇒ (i) Let t > 0 and x ∈ H. Since t 7→ ‖Ttx‖2 is concave, we get

‖T( 1
2 0+ 1

2 2t)x‖
2 >

1
2
(‖T0x‖2 + ‖T2tx‖2),

that is,
2‖Ttx‖2 > ‖x‖2 + ‖T2

t x‖2.
(ii) ⇒ (iii) Let y ∈ D(A2). Then, the function φy : t 7→ ‖Tty‖2 is twice

differentiable and, for every t > 0,

φ′′y (t) = 〈A2Tty, Tty〉+ 2〈ATty, ATt, y〉+ 〈Tty, A2Tty〉

= 2(<(〈A2Tty, Tty〉) + ‖ATty‖2).

Taking t = 0, one gets

φ′′y (0) = 2(<(‖A2y, y‖) + ‖Ay‖2).

Since φy is concave, φ′′(0) 6 0, which gives the result.
(iii) ⇒ (ii) We prove first that, for every y ∈ D(A2), φy is concave. Let

y ∈ D(A2). Note that φy is twice differentiable. Let t > 0. Note that Tty ∈ D(A2),
and that φ′′y (t) = 〈A2Tty, Tty〉+ 2〈ATty, ATt, y〉+ 〈Tty, A2Tty〉 6 0. Hence, φy is
concave.

We now prove the result for every x ∈ H. For x ∈ H, we show that φx :
t 7→ ‖Ttx‖2 is concave. Let t, s ∈ R+. Let τ ∈ [0, 1]. Since D(A2) is dense in H (in
fact,

⋂
n>1

D(An) is dense in H: see Chapter 3, Theorem 3.2.1 of [20]), there exists

a sequence (yn)n such that, for every n ∈ N, yn ∈ D(A2) and yn → x. However,
for every n ∈ N, φyn is concave so

φyn((1− τ)t + τs) > (1− τ)φyn(t) + τφyn(s)

and hence
‖T(1−τ)t+τsyn‖2 > (1− τ)‖Ttyn‖2 + τ‖Tsyn‖2.
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Letting n→ +∞, we get

‖T(1−τ)t+τsx‖2 > (1− τ)‖Ttx‖2 + τ‖Tsx‖2,

which concludes the proof.
(iii)⇒ (iv) Let x ∈ H. Let y = (A− I)−2x. Note that y ∈ D(A2). Then,

‖V2x‖2 + ‖x‖2 − 2‖Vx‖2 = ‖(A + I)2y‖2 + ‖(A− I)2y‖2 − 2‖(A2 − I)y‖2

= 4〈A2y, y〉+ 8〈Ay, Ay〉+ 4〈y, A2y〉
= 8(<〈A2y, y〉+ ‖Ay‖2) 6 0.

Hence, V is concave.
(iv)⇒ (iii) The previous calculation shows that

∀y ∈ Im(A2), <〈A2y, y〉+ ‖Ay‖2 6 0.

However (A− I)2 is a bounded linear operator such that there exists an a priori
unbounded operator T with dense domain such that (A − I)2T = I. Hence,
Im(A− I)2 is dense in H. We then get

∀y ∈ H, <〈A2y, y〉+ ‖Ay‖2 6 0,

which concludes the proof.

The next result is Theorem 3.6 in [19].

LEMMA 4.9. Every concave operator has a Wold-type decomposition. In particu-
lar, every pure concave operator has the wandering subspace property.

The last step is the following lemma.

LEMMA 4.10. Let (Tt)t>0 be a C0-semigroup which has a cogenerator V. Assume
that V has a Wold-type decomposition. Assume that, for every t > 0, Tt is pure. Then,
V is pure.

Proof. The proof mimics the proof of Proposition 2.5 in [8]. The spaces
H1 =

⋂
n>0

VnH and H2 defined as the closed linear hull of {Vn(H 	 VH)} are

two closed subspaces of H invariant by V such that H = H1 ⊕H2, U := V|H1. ∈
L(H1) is unitary and S := V|H2. ∈ L(H2) has the wandering subspace property
(this is the Wold decomposition of V, see Lemma 4.9). We want to prove that
H1 = {0}.

Note that, for every t > 0, Tt and A commute. From this, we deduce that,
for every t > 0, Tt and V = (A + I)(A− I)−1 commute. Let t > 0. We show that
H1 is invariant by Tt. Let x ∈ H1 =

⋂
n>0

VnH. Let n > 0. Since x ∈ VnH, there

exists y ∈ H such that x = Vny. Then, Ttx = TtVnx = VnTtx ∈ VnH, which
proves that Ttx ∈ H1.

We now consider the semigroup (T̃t)t>0 induced by Tt on H1. Let B be the
generator of (T̃t)t>0. Note that B is the restriction of the generator A of (Tt)t>0
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to dom(A) ∩ H1 (which is a dense subspace of H1, see Chapter 2, Section 2 of
[6]). The cogenerator of (T̃t)t>0 is U. Since U is unitary, B is skew-adjoint (that is,
B∗ = −B), and hence, for every t > 0, T̃t is unitary. However, for every t > 0, Tt
is pure. This proves thatH1 = {0}.

Combining these lemmas with Corollary 4.4, we have completed the proof
of Theorem 4.6.

REFERENCES

[1] S.R. CARADUS, Universal operators and invariant subspaces, Proc. Amer. Math. Soc.
23(1969), 526–527.

[2] I. CHALENDAR, E.A. GALLARDO-GUTIÉRREZ, J.R. PARTINGTON, Weighted compo-
sition operators on the Dirichlet space: boundedness and spectral properties, Math.
Ann. 363(2015), 1265–1279.

[3] I. CHALENDAR, J.R. PARTINGTON, Modern Approaches to the Invariant-subspace Prob-
lem, Cambridge Tracts in Math., vol. 188, Cambridge Univ. Press, Cambridge 2011.

[4] D.N. CLARK, On Toeplitz operators with unimodular symbols, in Operators in Indef-
inite Metric Spaces, Scattering Theory and other Topics (Bucharest, 1985), Oper. Theory
Adv. Appl., vol. 24, Birkhäuser, Basel 1987, pp. 59–68.

[5] C.C. COWEN, E.A. GALLARDO-GUTIÉRREZ, An introduction to Rota’s universal op-
erators: properties, old and new examples and future issues, Concr. Oper. 3(2016),
43–51.

[6] K.-J. ENGEL, R. NAGEL, One-parameter Semigroups for Linear Evolution Equations,
Graduate Texts in Math., vol. 194, Springer-Verlag, New York 2000.

[7] P.A. FUHRMANN, Linear Systems and Operators in Hilbert Space, McGraw-Hill Int. Book
Co., New York 1981.

[8] E.A. GALLARDO-GUTIÉRREZ, J.R. PARTINGTON, C0-semigroups of 2-isometries and
Dirichlet spaces, Rev. Mat. Iberoamericana 34(2018), 1415–1425.

[9] M.F. GAMAL’, On Toeplitz operators similar to a unilateral shift, Issled. po Lineı̆n. Oper.
i Teor. Funkts. 34(2007), 85–104, 141; English J. Math. Sci. (N.Y.) 48(2008), 830–840.

[10] M.F. GAMAL’, On Toeplitz operators similar to isometries, J. Operator Theory 59(2008),
3–28.

[11] B. JACOB, J.R. PARTINGTON, S. POTT, A. WYNN, β-admissibility of observation and
control operators for hypercontractive semigroups, J. Evol. Equ. 18(2018), 153–170.

[12] E. NORDGREN, P. ROSENTHAL, F.S. WINTROBE, Invertible composition operators on
Hp, J. Funct. Anal. 73(1987), 324–344.

[13] J.R. PARTINGTON, E. POZZI, Universal shifts and composition operators, Oper. Ma-
trices 5(2011), 455–467.

[14] E. POZZI, Universality of weighted composition operators on L2([0, 1]) and Sobolev
spaces, Acta Sci. Math. (Szeged) 78(2012), 609–642.



188 B. CÉLARIÈS, I. CHALENDAR, AND J.R. PARTINGTON

[15] G.C. ROTA, Note on the invariant subspaces of linear operators, Rend. Circ. Mat.
Palermo (2) 8(1959), 182–184.

[16] G.-C. ROTA, On models for linear operators, Comm. Pure Appl. Math. 13(1960), 469–
472.

[17] W. RUDIN, Real and Complex Analysis, Third edition, McGraw-Hill Book Co., New
York 1987.

[18] R. SCHRODERUS, H.-O. TYLLI, On universal operators and universal pairs, Proc. Ed-
inburgh Math. Soc. (2) 61(2018), 891–908.

[19] S. SHIMORIN, Wold-type decompositions and wandering subspaces for operators
close to isometries, J. Reine Angew. Math. 531(2001), 147–189.

[20] O. STAFFANS, Well-posed Linear Systems, Cambridge Tracts in Math., vol. 103, Cam-
bridge Univ. Press, Cambridge 2005.

[21] B. SZ.-NAGY, On uniformly bounded linear transformations in Hilbert space, Acta
Univ. Szeged. Sect. Sci. Math. 11(1947), 152–157.

[22] B. SZ.-NAGY, C. FOIAS, H. BERCOVICI, L. KÉRCHY, Harmonic Analysis of Operators
on Hilbert Space, second, enlarged edition, Universitext, Springer, New York 2010.

B. CÉLARIÈS, UNIVERSITÉ DE LYON, UNIVERSITÉ LYON 1, INSTITUT CAMILLE

JORDAN, CNRS UMR 5208, 43 BLD DU 11/11/1918, F-69622 VILLEURBANNE, FRANCE

E-mail address: celaries@math.univ-lyon1.fr

I. CHALENDAR, UNIVERSITÉ PARIS-EST, LAMA, (UMR 8050), UPEM, UPEC,
CNRS, F-77454, MARNE-LA-VALLÉE, FRANCE

E-mail address: isabelle.chalendar@u-pem.fr

J.R. PARTINGTON, SCHOOL OF MATHEMATICS, UNIVERSITY OF LEEDS, LEEDS

LS2 9JT, U.K.
E-mail address: J.R. Partington@leeds.ac.uk

Received April 12, 2018.


	1. INTRODUCTION
	2. UNIVERSALITY OF AN OPERATOR
	3. UNIVERSAL SEMIGROUPS
	3.1. Basic facts on semigroups
	3.2. Definitions of universality for semigroups
	3.3. Uniformly continuous groups
	3.4. Contraction semigroups

	4. C0-SEMIGROUPS CLOSE TO ISOMETRIES
	4.1. Unitary equivalence with a shift on a reproducing kernel Hilbert space
	4.2. Semigroups modelled by a shift

	REFERENCES

