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ABSTRACT. We give a complete characterization of invariant subspaces for
(Mz,, ..., M,) on the Hardy space H?(ID") over the unit polydisc D" in C",
n > 1. In particular, this yields a complete set of unitary invariants for invari-

ant subspaces for (M,, ..., Mz,) on H?(D"). As a consequence, we classify
a large class of n-tuples of commuting isometries. All of our results hold for
vector-valued Hardy spaces over D", n > 1.
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1. INTRODUCTION

An important problem in multivariable operator theory and function the-
ory of several complex variables is the question of a Beurling type represen-
tations of joint invariant subspaces for the n-tuple of multiplication operators
(Mz,,...,Mz,) on H*(D"), n > 1. Here H?(D") denotes the Hardy space over
the unit polydisc D" in C” (see Section 2 for notation and definitions). The main
obstacle here seems to be the subtleties of the theory of holomorphic functions
in several complex variables. This problem is compounded by another difficulty
associated with the complex (and mostly unknown) structure of n-tuples, n > 1,
of commuting isometries on Hilbert spaces.

In this paper, we answer the above question by providing a complete list
of natural conditions on closed subspaces of H?(D"). Here we use the analytic
representations of shift invariant subspaces, representations of Toeplitz operators
on the unit disc, geometry of tensor product of Hilbert spaces and identification
of bounded linear operators under unitary equivalence to overcome such diffi-
culties.
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As motivation, recall that if n = 1, then the celebrated Beurling theorem [3]
says that a non-zero closed subspace S of H?(ID) is invariant for M, if and only if
there exists an inner function § € H* (D) such that

S = 6H?(D).

Note also that it follows (or the other way around) in particular from the above
representation of S that
S©6z8 =06C,

and so .
S=FP"(Se:zS).
m=0

One may now ask whether an analogous characterization holds for invariant sub-
spaces for (My,, ..., M,,) on H>(D"), n > 1. However, Rudin’s pathological ex-
amples (see Rudin page 70 of [20]) indicates that the above Beurling type property
does not hold in general for invariant subspaces for (M,,, ..., M;,) on H*(D"),
n > 1: there exist invariant subspaces S; and S, for (M;,, M;,) on H?(D?) such
that:

(i) &1 is not finitely generated, and
(ii) S; N H*®(D?) = {0}.
In fact, Beurling type invariant subspaces for (M,,,..., M;,) on H?(D"), n >
1, are rare. They are closely connected with the tensor product structure of the
Hardy space (or the product domain D").
Therefore, the structure of invariant subspaces for

(Mz,,...,M,) on H*(D"), n>1,

is quite complicated. The list of important works in this area include the papers
by Agrawal, Clark, and Douglas [1], Ahern and Clark [2], Douglas and Yan [6],
Douglas, Paulsen, Sah and Yan [5], Guo [9], [10], Fang [7], Guo, Sun, Zheng and
Zhong [11], Rudin [21], Guo and Yang [12], Izuchi [14], Mandrekar [17] etc. (also
see the references therein).
In this paper, first, we represent H?>(D"™), n > 1, by the H?(D")-valued

Hardy space H1212(]D>") (D). Under this identification, we prove that

(Mz;, Mz,,..., M, ,) on H*(D"t1),
corresponds to

(Mz, My, ..., My,) on Hp ) (D),
where x; € H;;( (D)) (D),i=1,...,n,is a constant as well as simple and explicit
B(H?(D"))-valued analytic function (see Theorem or part (i) of Theorem

below). Then we prove that a closed subspace S C lej(2 (D) (D) is invariant for
(Mz, My,, ..., My, ) if and only if S is of Beurling [3]], Lax [15] and Halmos [13]

type and the corresponding Beurling, Lax and Halmos inner function solves, in
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an appropriate sense, n operator equations explicitly and uniquely (see Theo-
rem 3.2} or part (ii) of Theorem I.T|below, and Theorem 5.2).

Recall that two m-tuples, m > 1, of commuting operators (Ay,..., Ay) on
H and (By, ..., By) on K are said to be unitarily equivalent if there exists a unitary
operator U : H — K such that UA; = B;U foralli =1,...,m.

We now summarize the main contents, namely, Theorems and re-
stricted to the scalar-valued Hardy space case, of this paper in the following state-
ment.

THEOREM 1.1. Let n be a natural number, and let H, = H?*(D"). Let x; €

H;;( H) (D) denote the B(Hy)-valued constant function on D defined by

ki(w) = M, € B(Hy),
forallw € D, and let My, denote the multiplication operator on H%{n (D) defined by
MKl'f = Kif/
forall f € HIZ_In (D) and i =1,...,n. Then the following statements hold true:
(i) (Mz,, Mz, ..., M, .,) on H*(D"*1) and (Mz, My, ..., My, ) on le{n (D) are
unitarily equivalent;
(ii) let S be a closed subspace of lein (D), and let W = S & zS; then S is invariant

for (Mz, My, ..., My,) ifand only if (Mg,, ..., Mg, ) is an n-tuple of commuting shifts
on H,,(D) and there exists an inner function © € H;SO(W,H") (D) such that
S = 0H},(D), and K0 = 0O,
where, forallw € Dandi=1,...,n,
®;(w) = Py (Is — wPsMZ) ™ M|y

The representation of S, in terms of W, ® and {Mq)i}?:l, in part (ii) above
is unique in an appropriate sense (see Theorem [5.2). Furthermore, the multiplier
®; can be represented as

@;(w) = PwMo(Iyp () — wMZ) ™ MpMy|w,

forallw € Dandi = 1,...,n. For a more detailed discussion on the analytic

functions {®;}"" ; on D we refer to Remarks d

As an immediate application of Theorem I.T|we have (see Corollary [3.6): if
S C HI%In (D) is a closed invariant subspace for (M;, My, ..., My, ), then the tu-

ples (M;|s, My, |s, ..., Mx,|s) on S and (M;, Mg,, ..., Mg,) on H3,(D) are uni-
tarily equivalent, where W = § ©zS and
@;(w) = Pw(Is — wPsM;) ™" Myw,

forallweDandi=1,...,n. Ourapproach also yields a complete set of unitary in-
variants for invariant subspaces: the n-tuples of commuting shifts (Mg, . .., Mg, )
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on H3,(D) is a complete set of unitary invariants for invariant subspaces for
(Mz, My, ..., My,) on HI2{,, (D) (see Theoremfor more details).

We also contribute to the classification problem of commuting tuples of
isometries on Hilbert spaces. On the one hand, n-tuples of commuting isome-
tries play a central role in multivariable operator theory and function theory,
whereas, on the other hand, the structure of n-tuples, n > 1, of commuting
isometries on Hilbert spaces is complicated. In Corollary as a byproduct
of our analysis, we completely classify n-tuples of commuting isometries of the
form (M;|s, Mx,|s, ..., Mx,|s) on S, where S is a closed invariant subspace for
(Mz, My, ..., My,) on H(%n (D).

This paper is organized as follows. In Section 2 we give various background
definitions and results on the Hardy space over the unit polydisc. In Section 3, we
prove the central result of this paper — representations of invariant subspaces of
vector-valued Hardy spaces over polydisc. In Section 4 we study and analyze the
model tuples of commuting isometries. Section 5 complements the main results
on representations of invariant subspaces and deals with the uniqueness part.
In Section 6 we give some applications related to the main theorems. The final
section of this paper is devoted to an appendix on a dimension inequality which
is relevant to the present context and of independent interest.

2. PREREQUISITES

We start by briefly recalling the relevant parts of the Hardy space over the
unit polydisc. Let n > 1, and let D" be the open unit polydisc in C*. The Hardy
space H>(D") over D" is the Hilbert space of all holomorphic functions f on D"
such that

. , 1/2
1| 2y = ( sup / |f(rel®, ..., rel)|? dG) < oo,
0<r<1 T
where df is the normalized Lebesgue measure on the torus T", the distinguished
boundary of D". It is well known that H?(ID") is a reproducing kernel Hilbert
space corresponding to the Szego kernel S;; on D", where

n

Su(z,w) = H(l —ziw;) ' (z,w e D).

Clearly
S; Yz, w) = (—1) Ikl kK,
0<|k|<n

n
where |[k| = Y kjand 0 < k; < 1foralli =1,...,n. Here we use the notation z
i=1

for the n-tuple (z1,...,2z,) in C". Also for any multi-index k = (ky,...,k,) € Z",
and z € C", we write zk = leq . -zl,i”.
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Let £ be a Hilbert space, and let H2(D") denote the £-valued Hardy space
over D". Then HZ(DD") is the £-valued reproducing kernel Hilbert space with the
B(&)-valued kernel function

(z,w) — Sp(z,w)lg (z,we D).
In the sequel, by virtue of the canonical unitary U : Hz(D") — H*(D") ® &
defined by

Uizky) =z"ey (kezZb,ycé),
we shall often identify the vector valued Hardy space H*(D") ® £ with H2(D").

Let (M;,, ..., M;,) denote the n-tuple of multiplication operators on Hz(D") by
the coordinate functions {z; i, thatis,

(M, f)(w) = wif (w),
forall f e H%(]D)”), welD"andi=1,...,n. Itis well known and easy to check that
Mz fll = [Ifll, and [[MZ"f] =0,

asm — oo and for all f € H% (D), that is, M, defines a shift (see the definition
of shift below) on H2(D"), i =1,...,n.If n > 1, then it also follows easily that

Mz Mz, = Mz; Mz, and M;:,MZ]. = MZ].M;"_,

forall1 <i < j < n. Therefore, (M;,,..., M;,) is an n-tuple of doubly commuting
shifts on H2(D"). Evidently the shift M, on H2(ID") can be identified with M, ®
I on H?(D") ® €. This canonical identification will be used throughout the rest
of the paper.

We recall that a closed subspace S C H2(ID") is called an invariant subspace
for (M, ..., M,) on H%(ID)”) if, foralli=1,...,n,

Zl‘S cS.

Now we review and adapt some standard techniques for shift operators
which are useful for our purposes (see [16] for more details). Let H be a Hilbert
space. Let V be an isometry on H, thatis, |Vf|| = ||f| forall f € H. Then V
is said to be a shift [13] if there is no nontrivial reducing subspace of H on which
V is unitary. Equivalently, an isometry V on H is a shift if V is pure, that is,
[V f|| — 0 for all f € H. Now if V is a shift on H, then

H = @ VmW/
m=0
where W is the wandering subspace [13] for V, thatis, W = ker V* = H o VH.
Hence the natural map ITy : H — le/v(]D)) defined by
Iy (V™) = 2"y,
forallm > 0 and € W, is a unitary operator and
Iy V = M,I1y.
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Following Wold [23] and von Neumann [22], we call I1y the Wold—von Neumann
decomposition of the shift V.

We will need the following representation theorem for commutators of shifts
proved in [16]. Here we only sketch this proof and refer the reader to [16] for more
details.

THEOREM 2.1. Let H be a Hilbert space. Let V be a shift on H and C be a bounded
operator on ‘H. Let Iy be the Wold—von Neumann decomposition of V, M = I1yCIIy,,
and let

O(z) = Pw(ly —zV*) " 'Clw (z€D).
Then CV = VCifand only if © € Hy ), (D) and
M = M.

Sketch of proof. For the necessary part, let CV = VC. Then MM, = M;M,
and so

M = Me,
for some (unique) bounded analytic function ® € H?SO(W)
n € W. Since ©(z)n = (Mgp1)(z), it follows that

O(z)y = (IyClIyn)(z) = (IyCn)(2),

as I'I;;n = 1. Now a simple computation shows that (cf. [16])

(D) [19]. Letz € D and

Iy =Y V"PyVv*",

m=0

in the strong operator topology, from which it follows that

Cn = i V™ Py, VA Cy,
m=0
and so
o(z)y = (v ( L v"Pwvcry) ) (2) = (1 MZ(PwV™Cy)) (2).
m=0 m=0

Using the fact that Py, V*™Cy € W for all m > 0, from here we get

e}

O(z)n = Y 2"(PwV*™Cy) = Py(Iy —zV*)~'Cr.

m=0
The sufficient part easily follows from the fact that IT{; MIIy, = C. This proves
the theorem. 1

As usual, here H;;(W) (D) denotes the Banach algebra of all B(€)-valued
bounded analytic functions on the open unit disc ID (cf. [19]).
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3. MAIN RESULTS

With the above preparation, we now turn to the representations of joint in-
variant subspaces of vector-valued Hardy spaces. Let n be a positive integer.
Let & be a Hilbert space, and consider the vector-valued Hardy space Hz(D"+1).
Our strategy here is to identify M., on H % (D"*+1) with the multiplication operator
M; on the H% (D")-valued Hardy space on the disc D. Then we show that under
this identification, the remaining operators {M.,, ..., M;, ,, } on H2(D"1) can be
represented as the multiplication operators by n simple and constant B(Hz (D"))-
valued functions on ID. For this we need a few more notations.

For each Hilbert space L, for the sake of notational ease, define

L, =H*D" @ L.

When £ = C, we simply write £, = Hy, that s,
H, = H>(D").

Also, foreachi =1,...,n, we define

kei(w) = My, ® I,
for all w € D, and write

Kei = Xi,

when L is clear from the context. It is evident that x; € H%"( L) (D) is a constant
function and My, on H%H (D), defined by

Myf =xif (f € Hz, (D)),
is a shift on H%n (D) foralli =1,...,n.

Now we return to the invariant subspaces of Hz(D"*1). First we iden-
tify H2(D"™) with H?(D) ® &, by the natural unitary map U : HZ(D"*1) —
H?(D) ® &, defined by

a(zlflzgz e Zl:ﬂ:llﬂ) = Zkl X (Zliz .. .Zﬁ"+];7),
forallky,..., ky41 = 0and 5 € €. Then it is clear that
UM,, = (M, ® Ig,)U.
Moreover, a simple computation shows that
aMZl-H’ = (IHZ(]D)) ® Ki)ﬁ/
where K; is the multiplicational operator M, on &, that is
Kl = MZI'/

foralli = 1,...,n. Therefore, the tuples (M;,, Mz,,..., M;, ) on H% (D"*1) and
(M; ®Ig,, IHZ(ID)) ®Ky,..., IHZ(ID)) ® Ky) on H? (D) ® &, are unitarily equivalent.



452 AMIT MAJI, ANEESH MUNDAYADAN, JAYDEB SARKAR AND T.R. SANKAR

We further identify H?(D) ® &, with the £,-valued Hardy space H%n (D) by the
canonical unitary map U : H*(D) ® &, — H%n (D) defined by

u@ten) =",
forallk > 0 and 7 € &;,. Clearly

U(Mz ® ISVI) = Mzu.

Now for each i = 1,...,n, define the constant B(&,)-valued (analytic) function
on D by

Ki (Z) = Kir
for all z € D. Then x; € Hp En)(D)’ and the multiplication operator My, on
H%n (D), defined by
(M (2"17)) (w) = w™(Kinp),
forallm 20,7 € £ and w € D, is a shift on H%n (D). It is now easy to see that

U(Ip ) @ Ki) = M UL
foralli =1,...,n. Finally, by setting
u=ud,
it follows that U : H2(D" 1) — H%n (D) is a unitary operator and
UM,, = MU, and UM, = MU,

1

foralli = 1,...,n. This proves the vector-valued version of the first half of the
statement of Theorem [1.1]

THEOREM 3.1. Let € bea Hilbert space. Then (Mz,, Mz, ..., M, ,,) on HA(D"+?)
and (Mz, My,, . .., My,) on H%n (D) are unitarily equivalent, where k; € H;so(gn)(D) is
the following constant function, forallw € Dandi =1,...,n:

ki(w) = My, € B(&En).

Now we proceed to prove the remaining half of Theorem [L.1]in the vector-
valued Hardy space setting. Let S C H%n (D) be a closed invariant subspace for

M, My, ..., My ) on H% (D). Set
1 n En
V=M|s, and V;= My]ls,

foralli =1,...,n. Clearly, (V,Vy,...,V,) is a commuting tuple of isometries on
S. Note thatif f € S, then

V™ flls = IPsM" fllls < 1M flllz (my/

thatis, V;,i = 1,...,n, is a shift on §, and similarly V is also a shift on S. Let
W = § © VS denote the wandering subspace for V, that is

W = ker V* = ker PsM},
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and let ITy : S — H3,(ID) be the Wold-von Neumann decomposition of V on S
(see Section 2). Then Iy is a unitary operator and

ITyV = M,I1y.
Since

VVi=ViV,

applying Theorem 2.]to V;, we obtain

IIyV; = Mg 11y,

where
®;(w) = Py(Is —wV*) Vi,

forallw € D, @; € H%"(W) (D), Mg, is a shift on H3, (D) since V; is a shift on S

andi =1,...,n. Now since Ily is unitary, we obtain that
[TyM, = VI, and ITjMg, = VI,
foralli =1,...,n. Finally, if we let is denote the inclusion map is : S — H%n (D),
then ITs : H3,(D) — H%n (D) is an isometry, where
IIg =igolly.
Clearly IIsITg = isig. This implies that
ran [Ig = ranig,
and so
ran[Ig = S.
Now, using isV = M:is and isV; = Msz'g, we have
[IsM, = M,ITs, and IIsMg, = M ITs,

foralli = 1,...,n. From the first equality it follows that there exists an inner
function © € H%O(W £) (D) such that

Ils = Mp.
This and the second equality implies that
K0 = O;,
foralli =1,...,n. Moreover, ran IIg = S yields
S = OH, (D).
To prove that (Mg, ..., Mg, ) is a commuting tuple, observe that
Mo, Mo I1y = Mo, 11y V; = Iy V;V; = 11y V;V; = Mo Mg, 11y,

and so
Mo, Mo, = Mo, Mg,
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foralli, j=1,...,n. For the converse, let us begin by observing that if S :@le/v (D)

for some inner function ® € H%O(W &) (D), then S is invariant for M, and

PsM:Ps = PgM?.

In particular
PsM;|s = PsM; € B(S),

and so {®y,..., P, } is a well-defined set of B()V)-valued analytic functions on D.
Furthermore, if (Mg, ..., Mg, ) is an n-tuple of commuting shifts on H3,(ID) (so,
in particular, @; € H;?O(W) (D) foralli =1,...,n; see Remark and k;0 = O9;,
then it follows obviously that x;§ C S foralli = 1,...,#, thatis, S is invariant
for (M,q, Y ). This proves the last part of Theorem in the vector-valued
Hardy space setting.

THEOREM 3.2. Let £ be a Hilbert space, S C H%ﬂ (D) be a closed subspace,
and let W = S ©zS. Then S is invariant for (M, My,, ..., My,) if and only if
(Mg, ..., Mo,) is an n-tuple of commuting shifts on H3,(D) and there exists an inner

function © € H%Q(W,Sn) (D) such that

S = 0OH}, (D), and K0 = O;,
where, forallw € Dandi=1,...,n,
®;(w) = Pyy(ls — wPsM:) ™ My |yy.
A few remarks are in order.

REMARK 3.3. Note that since |[wPsM;|| < 1forallw € D, the B(W)-valued
function @;, as defined in the above theorem, is analytic on D. Here the Mj;-
invariance property of S assures that @; € Hy,,, (D) foralli=1,...,n.

REMARK 3.4. Clearly, one obvious necessary condition for a closed sub-
space S of H(%n (D) to be invariant for (M;, My,, ..., My,) is that S is invariant
for M, and, consequently

S = OH}, (D),

is the classical Beurling, Lax and Halmos representation of S, where W = § ©
zS is the wandering subspace for M;|s and © € H%O(W,Sn)(D) is the (unique
up to a unitary constant right factor; see Section 5) Beurling, Lax and Halmos
inner function. Moreover, since x;S C &, another condition which is evidently

necessary (by Douglas’s range inclusion theorem) is that
k® = OI;,

for some I; € B(H3,(D)), i = 1,...,n. In the above theorem, we prove that I} is
explicit, that is

I;=® ¢ H;go(w) (D),
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foralli=1,...,n,and (I3,...,I}) is an n-tuple of commuting shifts on H%V(]D))
This is probably the most non-trivial part of our treatment of the invariant sub-
space problem in the present setting.

REMARK 3.5. Let £ be a Hilbert space, and let S C H%n (D) be a closed
invariant subspace for (M, My, ..., My, ) on H2 (D) Let W, ® and
(@}, € HE ey (D),
be as in Theorem 3.2} Now it follows from Ps = MgMg that
PsM:™ = MoM;™ M5,
for all m > 0. Hence the equality
(Is — wPsM3) Z w"PsM:™,

m=0
yields
(Is = wPsM;) ™" = Mo (I () — wMZ) ™ Mg,
sothat, forallw e Dandi=1,...,n,
@;(w) = PwMe (i () — wME) " MMy, |-

A well known consequence of the Beurling, Lax and Halmos theorem
(cf. page 239, Foias and Frazho [8]) implies that a closed subspace S C Hz(DD)
is invariant for M if and only if § = H%(ID) for some Hilbert space F with
dim F < dim €£.

More specifically, if S is a closed invariant subspace of H2(D) and if W = S &z,
then the pure isometries M;|s on S and M on H,(DD) are unitarily equivalent,
and dim W < dim £. The above theorem sets the stage for a similar result.

COROLLARY 3.6. Let £ be a Hilbert space, and let S C H%n (D) be a closed
invariant subspace for (Mz, My, ..., My, ) on H?:n (D). Let W =S ©2z8, and
@;(w) = Pw(ls — wPsM:) "Myl (w € D),
foralli =1,...,n. Then (M;|s, My,|s,..., My,|s) on S and (M, Mo,, ..., Ms,)
on H3, (D) are unitarily equivalent.

Proof. Let W, © and {®;}! , C H%C’(W) (D) be as in Theorem Then it
follows that

X : H},(D) — OH3,(D) = S,
is a unitary operator, where
X = Mp.
It is now clear that X intertwines (Mz, Mg, ..., Mg, ) on H3,(D) and

(MZ|S/ MK] |S/ .. '/MKn|S)/
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on S. This completes the proof of the corollary. 1

Let £ be a Hilbert space, and let S C H%n (D) be an invariant subspace

for M. Then S = ©H3,(D), where W = S ©zS and © € HEy ¢,y (D) is the

Beurling, Lax and Halmos inner function. A natural question arises in connection
with Remark under what additional condition(s) on ® is S also invariant for
(Mg, ..., My,)? An answer to this question directly follows, with appropriate
reformulation, from Theorem 3.2)and Remark

THEOREM 3.7. Let &€ be a Hilbert space, and let S C H(%n (D) be an invariant
subspace for M, on H%n (D). Let S = OH3,(D), where W = S©zS and © €
Hgzw e, (D) is the Beurling, Lax and Halmos inner function. Set

forallw € Dandi = 1,...,n. Then S is invariant for (My,, ..., My, ) if and only if
(Mg,, ..., Mg,) on H},(D) is an n-tuple of commuting shifts, and

Ki® = @‘Di,

foralli = 1,...,n. Moreover, in this case, (M;|s, My, |s,..., My,|s) on S and
(Mz, Mo,, ..., Mg,) on H}, (D) are unitarily equivalent.

Thus the n-tuples of commuting shifts
(Mg,, ..., Mg,) on Hz(D),

o0}

for Hilbert spaces £ and inner multipliers {®;}!" ; C Hy (0) (D), yielding invari-

ant subspaces of vector-valued Hardy spaces over D"*! are distinguished among
the general n-tuples of commuting shifts by the fact that

@i(w) = Pr(Is — wPsMz) Mgz (w € D),
where S = ®H2 (D) for some inner function ® € H?(ﬁ &) (D), and
Ki@ = @@i,

foralli = 1,...,n. Moreover, in view of Remark the above condition is
equivalent to the condition that

@;(w) = PwMo (I m) — M) ™ Mg My, w,
for some inner function ® € H%"( LE) (D) such that, foralli =1,...,n,

Ki® = @@i.
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4. REPRESENTATIONS OF MODEL ISOMETRIES

In connection with Theorem [3.1] (or part (i) of Theorem 1), a natural ques-
tion arises: given a Hilbert space £, how to identify Hilbert spaces F and B(F)-

valued multipliers {¥}? ; C Hg 7 (D) such that (Mz, My, ..., My,) on Hzfn (D)

and (M;, My,, ..., My,) on H(%n (D) are unitarily equivalent. More generally, given
a Hilbert space &, characterize (n + 1)-tuples of commuting shifts on Hilbert
spaces that are unitarily equivalent to (M, My, ..., My, ) on H%n (D).

This question has a simple answer, although a rigorous proof of it involves
some technicalities. More specifically, the answer to this question dependes on
the rank (a numerical invariant) of an operator associated with the Szegt kernel
on D"+, First, however, we need a few more definitions.

Let (Ty, ..., T) be an m-tuple of commuting contractions on a Hilbert space
. Define the defect operator [12]] corresponding to (T3, ..., Tn) as

S;ll(Tlr o T) = Z (_1)‘”’1"{(1 o T;IchmTfkl .. T];';kml
0<k|<m
where 0 < k; < 1,i =1,...,m. This definition is motivated by the representation
of the Szego kernel on the polydisc D" (see Section 2). We say that (T, ..., Ti) is
of rank p (p € NU {oo}) if the rank of the defect operator is p, that is,
rank [S,,}(Ty, ..., Tw)] = p,
and we write
rank (Ty,...,Tn) = p.

The defect operators plays an important role in multivariable operator theory

(cf. [9], [12])). For instance, if £ is a Hilbert space, then the defect operator of the
multiplication operator tuple (M,, ..., M, ) on H2(D") is given by

Su' (Mzy, .., Mz,) = Py ) @ I,

where Pz ) denotes the orthogonal projection of H 2(D") onto the one dimen-
sional space of constant functions. Furthermore, as is evident from the definition

(and also see the proof of Theorem , the defect operator of (M;, My, ..., My,)
on H(%n (D) is given by
Syt1(Mz, My, ..., M,) = Pe(p) @ Ppa(pn) © I
In particular,
dim & = rank (M, My,, ..., My,) = rank (M;,,..., M;,).

Now let £ and K be Hilbert spaces, and let (V, V; ..., V},) bean (n + 1)-tuple
of commuting shifts on C. Suppose that (V,V;...,V,) and (M;, My, ..., Mx,)
on K and H%n (D), respectively, are unitarily equivalent. In this case, it is nec-
essary that M, on H%n (D) and V on K are unitarily equivalent. As VV; = V;V
and V;V; = V;V; for alli,j = 1,...,n, Theorem implies that (V,Vy,..., Vy)
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and (Mz, Mg,, ..., Mg,) on H3,(D) are unitarily equivalent, where W = K &
VK, and
®;(z) = Py(Ix —2V*) Vi,
forallz € Dandi = 1,...,n. Since (M, My,,..., My,) on Hgn (D) is doubly
commuting, another necessary condition is that (V, V,..., V1) is doubly com-
muting. In particular, V*V; = V;V*, and so
forallm > 0andi = 1,...,n. Using V*"|,, = 0 for all m > 1, this implies that
@i(z) = Py Vj|yy for all z € D. Again using VV;* = V*V, we have
Vi(l-VV*) = (-VV")V,
foralli =1,...,n. This implies that W is a reducing subspace for V;, and hence
we obtain
Di(z) = Vilw,
that is, @; is a constant shift-valued function on D for alli = 1, ..., n. This obser-
vation leads to the following proposition.

PROPOSITION 4.1. Let (V,V4,...,Vy) bean (n+ 1)-tuple of doubly commuting
shifts on some Hilbert space H. Let W = H © V'H, and let
(I’l(Z):Vlh/v (izl,...,l’l),
forall z € D. Then W is reducing for V;, i = 1,...,n, and (V,Vq,...,Vy) and
(Mz, Mg, ..., Mg,) on H3),(D) are unitarily equivalent.

In particular, if £ is a Hilbert space and (M;, Mg, ..., Mg,) on H%(]D)), for
some {®;}! ;| C H;;( £) (D), is a tuple of doubly commuting shifts, then

®;(z) = P;(0) (zeD),

that is, @; is a constant function foralli =1,...,n.

Now wereturnto (V, V,...,V,), whichin turnis an (n + 1)-tuple of doubly
commuting shifts on H. For simplicity of notation, set U; = V, U; 1 =V, for all
i=1,...,n,and let

n+1
D =ran S;}rl(V, Vi,oo., V) = ﬂ ker U,
i=1
be the wandering subspace for (V,Vy,...,V,) (cf. [18]). From here, one can use
the fact that (cf. Theorem 3.3 in [18])

kez'
to prove that the map I' : H — H% (D"!) defined by
r(uky) =25y (ke z™,5€D),
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is a unitary and
I'u; = M,T,

foralli = 1,...,n+ 1. Therefore, (V,Vy,...,V;) on H and (M;,,...,M;,,,) on
H2(D"1) are unitarily equivalent. In addition, if £ is a Hilbert space, and

dim & =rank (V,V3,...,V,) (=dimD),

then it follows that (see the equivalence of (ii) and (v) of Theorem 3.3 in [18])
(Mz,,...,M;,,,) on H5(D"™1) and (M;,,..., M,,,) on Hz(D"*!) are unitarily
equivalent. But then Theorem yields immediately that (M,,..., M;, ) on
H2/(D"!) and (Mz, My, ..., My,) on Hgn (D) are unitarily equivalent. This gives
the following theorem.

THEOREM 4.2. In the setting of Proposition[4.1|the following hold: (V, V4, ..., Vy)
on M, (Mz, My,,..., My,) on H)Z/V(D), and (Mz, My,, ..., My, ) on H%n(ID)) are uni-
tarily equivalent, where & is a Hilbert space and

dim £ = rank (V,Vy,..., V).
Therefore, an (n + 1)-tuple of doubly commuting shift operators
(MZ/ M(Dll ey M@n)/
is completely determined by the numerical invariant rank (M., Mo, ..., Mo, ).

COROLLARY 4.3. Let £ and F be Hilbert spaces. Let (M, My,, ..., My, ) be an
(n + 1)-tuple of commuting shifts on H%(D). Then (Mz, My,, ..., My,) on H%(D)
and (Mz, My,, ..., My, ) on H(%n (D) are unitarily equivalent if and only if

(M, My,, ..., My,)
is doubly commuting and
dim £ = rank (M;, My,, ..., My,).

The above corollary should be compared with the uniqueness of the multi-
plicity of shift operators on Hilbert spaces [13].

5. NESTED INVARIANT SUBSPACES AND UNIQUENESS

Now we proceed to the description of nested invariant subspaces of H%n (D).
Let S and S; be two closed invariant subspaces for

(M, My,, ..., My,) on H (D).
Let W] = S] (S) ZS]', and let

@j/i(@U) = PW]'(IS]' - pr]'M;)_lMKi|WjI
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forallw € D, j = 1,2,and i = 1,...,n. Hence by Theorem [3.2] there exists an
inner function ©; € H?S’O(W- < )(]D) such that
]’ n

Sj = 0;H}y (D),
and
(5.1) k0 = 0;P;;,
forallj=1,2,andi =1,...,n. Now, let

81 C S,
that is
©1Hjy, (D) € ©,Hjy, (D).
Then there exists an inner multiplier ¥ € H%O(WLWZ ) (D) [8] such that
01 =06,Y.

Using this in (5.1), we get

O YDy = 01D = k01 = K,O¥ = 0Py,
and so

Y1, = D,

foralli = 1,...,n. On the other hand, given two invariant subspaces S; =
@jH%Vj(D),j =1,2,for (M, My,,..., My,) on H(zgn (D) described as above, if there
exists an inner multiplier ¥ € Hy,,, 1y, ) (D) such that ©@; = ©,Y¥, then it readily
follows that &1 C S,. We state this in the following theorem.

THEOREM 5.1. Let £ be a Hilbert space, and let S; = @1H12/V1 (D) and S; =
GZH%VZ(]D) be two invariant subspaces for (M, My,, ..., My,) on H%” (D). Let
@;i(w) = Py, (Is; — wPs; M)~ My |,
foralw e D, j=1,2andi=1,...,n Then Sy C S, if and only if there exists an
inner multiplier ¥ € H;’;(WLWZ)(]D)) such that © = @Y and Y &1 ; = ;¥ for all
i=1,...,n.

We now proceed to prove the uniqueness of the representations of invariant
subspaces as described in Theorem Let & be a Hilbert space, and let S be an
invariant subspace for (M, My, ..., My, ) on H%n (D). Let S = @H%V(ID)) and

kK@ =00, (i=1,...,n),
in the notation of Theorem 3.2} Suppose that @ € H;O(W) (D) is an inner function,
for some Hilbert space W, and

A2
S = OHZ (D).
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Also assume that
Ki@ = @61',
for some shift Mg on HIZ/T/(D) and i = 1,...,n. Then as an application of the

uniqueness of the Beurling, Lax and Halmos inner functions (cf. Theorem 2.1 in
page 239 of [8]) to

OH}y(D) = OHZ, (D),
we get
e = @T,

for some unitary operator (constant in z) T : W — W. Then, the previous line of
argument shows that

TCDZ' = 5{[’,

foralli =1,...,n. This proves the uniqueness of the representations of invariant
subspaces in Theorem 3.2}

THEOREM 5.2. In the setting of Theorem ifS = @H%(D) and k,0 = OP;

. Ay ¢ . ~ 00 . ~ 2
for some Hilbert space W, inner function ® € HB(W) (D) and shift Mg, on HVTJ(D)’

i =1,...,n, then there exists a unitary operator (constant in z) T : W — W such that,
foralli=1,...,n,

© =01, and TP, = O;T.

6. APPLICATIONS

In this section, first, we explore a natural connection between the intertwin-
ing maps on vector-valued Hardy space over D and the commutators of the mul-
tiplication operators on the Hardy space over D"*!. Then, as a noteworthy added
benefit to our approach, we compute a complete set of unitary invariants for in-
variant subspaces of vector-valued Hardy space over D"*1. We also test our main
results on invariant subspaces unitarily equivalent to H%n (D). As a by-product,
we obtain some useful results about the structure of invariant subspaces for the
Hardy space. We begin with the following definition.

Let £ and £ be two Hilbert spaces. Let S and S be invariant subspaces
for the (n + 1)-tuples of multiplication operators on H%n (D) and H%n (D), respec-

tively. We say that S and S are unitarily equivalent, and write S = S, if there is a
unitary map U : S — S such that, foralli =1,...,n,

uMz|S - Mz|§u al’ld uMKZ|S = MK1|‘§U.
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6.1. INTERTWINING MAPS. Recall that, given a Hilbert space &, there exists a
unitary operator Uy : H2(D" ™) — H%n (D) (see Section 3) such that

Ugle = MZUg, and UgMZiH = MKiUg,

foralli = 1,...,n. Let F be another Hilbert space, and let X : Hé(ID)”‘H) —
HZ(D"*1) be a bounded linear operator such that

(6.1) XM;, = M., X,
foralli=1,...,n+ 1. Set

X, = UrXUj.
Then X, : H‘%n (D) — Hffn (D) is bounded and
(6.2) XnMz; = M X, and XuMy; = My, Xy,

foralli = 1,...,n. Conversely, a bounded linear operator X, : H%n (D) —
H7% (D) satisfying yields a canonical bounded linear map X : H2(D" 1) —
H2%(D"1), namely
X =UrX,Ug
such that holds. Moreover, this construction shows that
X € B(Hg(D"*1), HE(D"1))
is a contraction (respectively, isometry, unitary, etc.) if and only if
Xy € B(HE, (D), H3, (D))
is a contraction (respectively, isometry, unitary, etc.).

For brevity, any map satisfying will be referred to module maps.

6.2. A COMPLETE SET OF UNITARY INVARIANTS. Let £ and & be Hilbert spaces,

and let {¥y,..., ¥} C Hg((g)(]D)) and {¥,..., ¥} C H;;Q(g)(D>' We say that

{¥1,..., ¥ }and {‘?’1, .., '{an} coincide if there exists a unitary operator 7 : £ — g
such that, forallz€e Dandi=1,...,n,

T¥(z) = ¥i(z)T.
Now let S C Hgﬂ (D) and S C H%(]D)) be invariant subspaces for
(Mz, My, ..., My,)

on Hgn (D), and H(%jn (D), respectively. Let S = S. By Theorem this im-
plies that
(Mz, Mg,, ..., Mg,) on Hy, (D),

., M @) on H)Z/Nv (D) are unitarily equivalent, where W = S 6 zS,

®;(w) =Py (Is—wPsM;) "My, and &;(w)="Py;(Is—wPsM:) " My,
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foralweDandi=1,...,n. LetU : H},(D)— H)%(]D)) be a unitary map such that
UM, = MU, and UMg, = MzU,
foralli =1,...,n. The former condition implies that
u= IHZ(]D)) X T,
for some unitary operator 7 : W — W, and so the latter condition implies that
T®(2) = Bi(2),
forallz € Dandi =1,...,n. Therefore {&Py,...,P,} and {51, .. .,q~>n} coincide.
To prove the converse, assume now that the above equality holds for a given
unitary operator 7 : W — W. Obviously U = Ippp) ® T is a unitary from
Hz, (D) to H%(D). Clearly UM, = M,U and UM, = Mg U foralli =1,...,n.
So we have the following theorem on a complete set of unitary invariants for
invariant subspaces.

THEOREM 6.1. Let € and & be Hilbert spaces. Let S C H%n (D)and S C H(%V(D)
be invariant subspaces for (M, My,, ..., My,) on Hgn (D) and H% (D), respectively.
Then S = S ifand only if {®1,..., Py} and {Py, ..., P, } coincide.

Now, if we consider the Beurling, Lax and Halmos representations of the
given invariant subspaces S and S as

S = OHyy(D), and S =OH% (D),

where © € H%"(ngn) (D) and © € H;;(W,En) (D), then, in view of Remark (3.5} the

multipliers in Theorem [6.1|can be represented as the following, for all w € I and
i=1,...,n

(DI(ZU) = PWM@(IH%V(D) — ZUM;)_lM(BMKAW/ and
51(%{)) = PWM@(IH%(ID)) — wM;)_lM(%MKi|VN\/‘

6.3. UNITARILY EQUIVALENT INVARIANT SUBSPACES. Let £ and F be Hilbert
spaces, and let X, : H%n (D) — Hffn (D) be a module map. If X, is an isome-
try, then the closed subspace S C Hzfn (D) defined by
S = X,(Hg, (D)),

is invariant for (M, My, ..., My, ) on H}_-n (D) and S = H%n (D). In other words,
the tuples (M;|s, My, |s, ..., Mx,|s) on S and (M, My,, ..., My, ) on H%n (D) are
unitarily equivalent. Conversely, let S C Hffn (D) be a closed invariant subspace
for (Mz, My,, ..., My,) on Hzfn (D), and let S = H%n (D) for some Hilbert space €.
Let X, : H(%n (D) — S be the unitary map which intertwines (M, My, ..., My, )
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on Hgn (D) and (M;|s, My, s, - .., Mk,|s) on S. Suppose that is : S — Hggn (D) is
the inclusion map. Then

Xn =igo )?nr
is an isometry from H%n (D) to H%n (D), XyuM; = M;X;, XyMy, = My, X, for all
i=1,...,n,and

ran X, = S.
Therefore, if S C Hftn (D) is a closed invariant subspace for (M;, My, ..., My, )
on H%-n (D), then S = H(%n (D), for some Hilbert space &, if and only if there exists
an isometric module map X, : H%n (D) — Hffn (D) such that S = Xn(H?;n (D)).
Now, it also follows from the discussion at the beginning of this section that X :

HZ(D"*1) — H%(D"*!) (corresponding to the module map Xj) is an isometry
and XM, = M, X foralli = 1,...,n. Then Theorem[7.Ttells us that

dim £ < dim F.
Therefore, we have the following theorem.

THEOREM 6.2. Let € and F be Hilbert spaces, and let S C Hzfn (D) be a closed
invariant subspace for (Mz, My, , ..., My, ) on Hz. (D). Then S = Hg (D) if and only
if there exists an isometric module map Xy, : Hgn (D) — H%ﬂ (D) such that

S = X,Hz, (D).

Moreover, in this case
dim £ < dim F.

Of particular interest is the case when F = C. In this case (see Section 3)
the tensor product Hilbert space F, = HZ(D”) ® C is denoted by Hj, that is,
H, = H*(D").

COROLLARY 6.3. Let S C HI2-I,, (D) be a closed invariant subspace for (M, My,,
oo, My,) on H%{n (D). Then S = HIZ{n (D) if and only if there exists an isometric module
map Xy, : H%I,, (D) — H12Jn (D) such that

S = X, (Hp, (D).

The above result, in the polydisc setting, was first observed by Agrawal,
Clark and Douglas (see Corollary 1 in [1]]). Also see Mandrekar [17].

We now proceed to analyze doubly commuting invariant subspaces. Let
F be a Hilbert space, and let S C H%_-ﬂ (D) be a closed invariant subspace for

(Mz, My, ..., My,) on H%_-n (D). Set
V:Mz|Sr and Vi:MKi|Sr

foralli = 1,...,n. We say that S is doubly commuting it V;'V; = V;V* for all
1<i<j<nand VV =V*Vforall=1,...,n.
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Now let £ be a Hilbert space, and suppose that H%n (D) = S. Inview of The-
orem|6.2|this implies that (V, V3,...,V;) on S and (M;, My,, ..., My,) on H%n (D)
are unitarily equivalent. Because H%n (D) is doubly commuting this immediately
implies that S is doubly commuting.

Conversely, let S be doubly commuting. From Theorem [3.7]we readily con-
clude that (M;, Mo,, ..., Mg,) on H)Z/V(D) and (V,Vp,...,V,) on S are unitarily
equivalent.

Using (Mz, Mg,, ..., Mg,) in place of (M, My,, ..., My,), in Theorem
we see that (V,Vy,..., V) on S and (M;, My, ..., My,) on Hgn (D) are unitarily
equivalent, where £ is a Hilbert space. Now, proceeding as in the proof of the
necessary part of Theorem one checks that there exists a module isometry
Xy H%n (D) — Hffn (D) such that

ran X, = S.
This proves the following variant of Theorem

THEOREM 6.4. Let F be a Hilbert space. An invariant subspace S C H%_wn (D) is
doubly commuting if and only if there exists a Hilbert space £ and an isometric module
map Xy, : Hg (D) — H% (D) such that

S = X, Hz (D).

Moreover, in this case
dim £ < dim F.

The above result, in the polydisc setting, was first observed by Mandrekar
[17]. Also this should be compared with the discussion prior to Corollary 3.6/ on
the application of the classical Beurling, Lax and Halmos theorem to invariant
subspaces of the Hardy space over the unit disc.

7. APPENDIX: AN INEQUALITY ON FIBRE DIMENSIONS

Given a Hilbert space £, the n-tuple of multiplication operators by the coor-
dinate functions z;, i = 1,...,n, on H2(D") is denoted by (Mzgl, cee, Mzgn ). When-
ever £ is clear from the context, we will omit the superscript £. Clearly, one
can regard £ as a closed subspace of H2(ID") by identifying € with the constant
&-valued functions on D”.

In this appendix, we aim to prove the following result.

THEOREM 7.1. Let & and &, be Hilbert spaces and let X : H%l (D") — H%z (D)
be an isometry. If
XME = MEX,
foralli=1,...,n, then
dim &; < dim &,.
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We believe that the above result (possibly) follows from the boundary be-
havior of bounded analytic functions following the classical case n = 1 (see the
remark at the end of this appendix). Here, however, we take a shorter approach
than generalizing the classical theory of bounded analytic functions on the unit
polydisc. We first prove the L2-version of the above statement.

THEOREM 7.2. Let & and &, be Hilbert spaces and let X : Lg (T") — L, (T")
be an isometry. If
XM s, = M X,
e ] e ]
forallj=1,...,n,then
dim &; < dim &,.
Proof. By the triviality, we can assume that
m:=dim &, < oo.

Let {17]'};”:1 be an orthonormal basis for &,. Since {ey : k € Z"}, where
Helk 9 k c Z”),

is an orthonormal basis for LZ(T"), this implies that {exy; : k € Z",j =1,...,n}
is an orthonormal basis for L%z (T"). Let {f; : j € ]} be an orthonormal basis for

X(&1), where ] is a subset of Z . In view of the intertwining property of X, this
implies that {exf; : k € Z",j € ]} is an orthonormal basis for

X(L (T")) C LE,(T"),

and so, an orthonormal set in L%z (T™). It follows from the Parseval’s identity that

dim& =dim(X&) =Y IfIIF =YY ¥ (MK, £)I?

j€] jeJl=1kezZ"
m
S X i MAAE= ) X )P
je€Jl=1kez" je€JI=1kezZ"

on the one hand, and on the other, by Bessel’s inequality,

mziw zzz (e )P

I=1je] kezZ"

This proves dim & < m and completes the proof of the theorem. 1
Proof of Theorem[7-1] Define X on {exn : k € Z", 51 € & } by

X(exty) = ex X1,
forall k € Z" and 57 € &;. The intertwining property of the isometry X then gives

(X(exn), (€1€)>L2 () = {ewtr el iz (o),
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forallk,l € Z" and 5, € &;. Therefore this map extends uniquely to an isometry,
denoted again by X from L%l (T") to L%z (T™), such that

XM, =M . X,
e ] e /
forallj =1,...,n. The result then easily follows from Theorem[7.2] &

If X : H (D") — Hg, (D") is an isometry, and if XM;, = M X for all
i =1,...,n, then it is easy to see that X = Mg, for some isometric multiplier
O € H%"(gl,gz)(ID)”) (that is, Mg : H%l (D") — H%Z (D") is an isometry). In the
case n = 1, the conclusion of Theorem follows from the boundary behavior
of bounded analytic functions on the open unit disc: Mg is an isometry if and
only if @(e'?) is isometry a.e. on T (cf. [19]). Unlike the proof of the classical case

n = 1, our proof does not use the boundary behavior of ©.
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