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ABSTRACT. The non-zero part of compact defect operators of Berger-Coburn—

Lebow pairs (BCL pairs) of isometries are diagonal operators of the form
L

b L . We discuss the question of constructing an irreducible BCL

-D
pair from a diagonal operator of the above type. The answer is sometimes
yes, sometimes no. This also partially addresses the question of He, Qin, and
Yang. Our explicit constructions of BCL pairs yield concrete examples of pairs
of commuting isometries.
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1. INTRODUCTION

It is well known that the general theory of pairs of commuting isometries is
complicated and the inadequacy of concrete representations of pairs of commut-
ing isometries is a challenging obstacle to the comprehension of multivariable
operator theory. In this paper, we focus on the Berger, Coburn, and Lebow pairs
of commuting isometries [6] from the perspective of pairs of orthogonal projec-
tions (or in short projections) [8, (12 [14], defect operators of commuting tuples of
bounded linear operators [9], and a question of He, Qin, and Yang [11]].

Isometries and projections are connected via the well known notion of de-
fect operators [16]. Let V be a bounded linear operator on a Hilbert space H
(V € B(H) in short, and all Hilbert spaces are assumed to be separable and over
C). The defect operator of V is the linear operator I — VV*. If V is an isometry, then
it is easy to see that

I—VV* =Dy,
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the orthogonal projection onto the wandering subspace VW := ker V*. If, in addi-
tion, V is a shift, that is

ﬁ V' = {0},
n=0

then V is unitarily equivalent to M, on H,(ID), where M., is the operator of mul-
tiplication by the coordinate function z, and H,(ID) denotes the W-valued Hardy
space over the open unit disk D = {z € C: |z| < 1}. Note that dimension of the
wandering subspaces (or rank of defect operators) is the only unitary invariant
of shift operators. Then the classical von Neumann-Wold decomposition theo-
rem [16, p. 3, Theorem 1.1] completely classifies the structure of isometries: an
isometry is simply a shift or a unitary or a direct sum of a shift and a unitary.
Since the structure of unitary operators is completely clear, the defect operator
(or the wandering subspace) plays a crucial role in the classification of isometries.

Now we turn to pairs of commuting isometries. Unlike the case of isome-
tries, the general structure and tractable invariants of pairs of commuting isome-
tries are largely unknown (cf. [18]). However, we still have a suitable notion of
defect operator for tuples of isometries, which encodes a great amount of infor-
mation about operators [9]. The defect operator of a pair of commuting isometries
(V4, V3) is defined by

C(Vl, Vz) =1- V1V1* - Vsz* + V1V2V1*V2*.

On one hand, this notion has some resemblance to defect operators of single
isometries, but on the other hand, the defect operator of a general pair of commut-
ing isometries is fairly complex and difficult to analyze. However, the situation
is somewhat favorable in the case of Berger, Coburn, and Lebow pairs (BCL pairs
in short): a commuting pair of isometries (V3, V3) is said to be a BCL pair if V1V,
is a shift.

The main novelty in the definition of BCL pairs is the shift part, which
brings analytic flavor to pairs of commuting isometries. Let £ be a Hilbert space,
U € B(€) a unitary, and let P € B(E) be a projection. We call the ordered
triple (£,U, P) a BCL triple. Given a BCL triple (£, U, P), we consider the pair
of Toeplitz operators (Mg,, Mg,) on H3(D) with analytic symbols

(11)  ®1(z) = (P+zPH)U*, and P(z) = U(PT +2zP) (ze€D),
where P+ := [ — P. It is easy to see that
M‘D] M@Z = M(PZM@] = MZ/

and hence (Mg,, Mg,) on H(DD) is a BCL pair. And, this is precisely the analytic
model of BCL pairs [7]: up to joint unitary equivalence, BCL pairs are of the form
(Mg,, Mg,) on H2(D) for BCL triples (&, U, P).
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REMARK 1.1. In view of the above analytic model, throughout this paper,
we will use BCL pair (V4, V) on H, BCL pair (Mg,, Mg,) on Hz(D) with @; and
@, as in (L), and the associated BCL triple (£, U, P) interchangeably.

Returning to defect operators, for the BCL pair (Vi, V) = (Mg,, Mg,) de-
fined as in (1.1), one finds that

urPu*—P 0

C(Mo,, Mo,) = 0 0|

on HZ(D) = € ® zH3(D) [11) p. 5], so that zHZ(D) C ker C(Mg,, Mg, ). In par-
ticular, it suffices to study C <M®1' M(p2) only on £. This and the above remark,
then motivate us to define the defect operator of the BCL triple (£, U, P) as

(1.2) C := C(Mg,, Mg, )|¢ = UPU* — P.

We shall reserve the symbol C exclusively for defect operators associated to BCL
triples. Clearly, (UPU*, P) is a pair of projections on £. Therefore, being a dif-
ference of a pair of projections, C is a self-adjoint contraction (see [1} 2} 3, 4] for
the general theory of pairs of projections). A natural question therefore arises:
does the difference of a pair of projections on some Hilbert space £ determine a
BCL pair (Mg,, Mo, ) on H2(ID)? Evidently, in this generality, this problem is less
accessible and a resolution seems to be despairing.

At this point, we return to the above setting and observe, in addition, that if
C is compact, then C| (kerc)L 18 unitarily equivalent to a special diagonal operator:
a compact diagonal operator T on a Hilbert space is said to be a distinguished
diagonal operator if

(1.3) T= )

where I; and I, are the identity operators and D is a positive contractive diagonal
operator. It is important to note that, up to unitary equivalence, a distinguished
diagonal operator always can be represented as a difference of two projections
(see Theorem [B.1). Then, in view of present terminology, Theorem 4.3 of [11],
which is also the entry point of this paper, states the following.

THEOREM 1.2 ([11]]). Let (Mg,, Mo,) be a BCL pair. If C(Mg,, Mo,) is com-
pact, then its non-zero part is unitarily equivalent to a distinguished diagonal operator.

The goal of this paper, largely, is to suggest the missing link between dis-
tinguished diagonal operators and BCL pairs. More specifically, given a distin-
guished diagonal operator T € B(E), we are interested in constructing BCL pairs
(Mg,, Mg,) on H2(D) such that the non-zero part of C(Mg,, Mg, ) is equal to T.
However, in order to avoid trivial situations (cf. [11, Theorem 6.7]), we need to
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impose the irreducibility condition on the pairs: a pair of bounded linear oper-
ators on a Hilbert space is said to be irreducible if the only closed subspaces that
reduce both the operators are the trivial ones.

We will see in Corollary that a BCL pair (Mg,, Mg,) on H2(D) is irre-
ducible if and only if (£, U, P) is irreducible (that is, the pair (U, P) on & is irre-
ducible). Therefore, irreducibility is compatible with BCL pairs and BCL triples.
The following is the central question of this paper.

QUESTION 1.3. Let TeB(&) be a distinguished diagonal operator. Does there
exist an irreducible BCL pair (Mg,, Mg,) on H2(D) such that C(Mo,, Ma,)|¢
= T? Or, equivalently, does there exist an irreducible BCL triple (£, U, P) such
that UPU* — P =T?

It is worth noting that the injectivity of T and the condition that
C(Mo,, Mo,)|e =T,

forces that
(ker C(M@l,quz))L =¢£.

The above question also relates to an unresolved question raised by He, Qin,
and Yang in [11} p. 18], which asks: given a distinguished diagonal operator T,
does there exist an irreducible BCL pair on some Hilbert space such that the non-
zero part of the corresponding defect operator is unitarily equivalent to T? From
this perspective, Question[1.3]seeks for the irreducible BCL pair (Mg,, Mg,) with
an additional property that (ker C(Mg,, Mg,))* = €. Evidently, an affirmative
answer to Question would imply an affirmative answer to He, Qin, and Yang
question.

We prove that the answer to Question [1.3[is sometimes in the affirmative
and sometimes in the negative. In order to be more precise, we proceed to elabo-
rate on the spectral decomposition of defect operators. For X € B(#), we denote
o(X) the spectrum of X, and for y € C, we denote

Ey(X) = ker(X — ply).

Note again that the defect operator C(= C(Mg,, Mo, )|¢) is a self-adjoint contrac-
tion. In addition, if C is compact, then for each non-zero A € ¢(C) N (—1,1), —A
isalso in ¢(C), and (see [11, Lemma 4.2])

(1.4) k) := dimE, (C) = dimE_,(C).

Consequently, one can decompose (ker C) as

(kerC)* = E1(C) & (EDEA(C)) ©E1(C)® (EBE#\(C)),
A A
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where A runs over the set ¢(C) N (0,1). Then
Ig

1

DAIE
X A

C|(kerC)J- = —Ig
-1

D(—MIg_,

A
and hence C| (kerc). 1s unitarily equivalent to a distinguished diagonal operator.
More specifically

I

1

D

[C|(kerC)i} = _Il{
-D
where I; = dimE;(C), I{ = dimE_;(C), D = @ Aly,, and for m € N, I,, denotes
A

the m x m identity matrix.

We are now ready to explain the main contribution of this paper. In Theo-
rem we prove a noteworthy property for finite-dimensional Hilbert spaces:
let £ be a finite-dimensional Hilbert space and let (£, U, P) be a BCL triple. Then

Corollary [B.4|then states that if T € B(&) is a distinguished diagonal operator and
dimE; (T) # dimE_1(T),

then it is not possible to find any (reducible or irreducible) BCL pair on H%(]D))
such that the non-zero part of the defect operator is unitarily equivalent to T.
Therefore, the answer to Question [1.3|is negative in this case. These results are
the main content of Section 3l

In Section 4 we initiate our investigation in search of an affirmative answer
to Question Here we deal with distinguished diagonal operators on finite-
dimensional Hilbert spaces with at least two distinct positive eigenvalues. In
the next section, Section [5, we settle the remaining case, that is, distinguished
diagonal operators with only one positive eigenvalue. The results of Sectiond]and
Section [5| summarize as follows (see Theorem [5.2): let £ be a finite-dimensional
Hilbert space, T € B(£) be a distinguished diagonal operator, and suppose

If T has either at least two distinct positive eigenvalues or, only one positive
eigenvalue lying in (0,1), then there exists an irreducible BCL pair (Mg,, Mg,)
on H2 (D) such that C(Mg,, Mg,)|s = T. On the other extreme, suppose 1 is the
only positive eigenvalue of T. If

dimE,(T) =1,
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then there exists an irreducible BCL pair (Mg,, Mg, ) on H2(D) such that
C(Mo,, Ma,)|e =T,

and if
dlmEl(T) >1,
then such an irreducible BCL pair does not exist.

Therefore, the results of Sections and 5| completely settle Question
in the case when £ is a finite-dimensional Hilbert space (also see the paragraph
preceding Theorem|5.2).

Finally, in Section [f| we deal with the case when & is infinite-dimensional.
We prove that Question[1.3has an affirmative answer for the case when (see The-

orem[6.T)
dimE; (T) = dimE_+(T),

as well as when (see Theorem
dimE; (T) = dimE_(T) £ 1.

Therefore, Question remains open for the remaining cases: £ is an infinite-
dimensional Hilbert space, and T € B(£) a distinguished diagonal operator for
which

|dimE; (T) — dimE_,(T)| > 2.

2. PREPARATORY RESULTS

In this section, we introduce some standard notations and prove some basic
results that will be frequently used in the main body of the paper.

Recall, in view of (L.I), up to unitary equivalence, a BCL pair (V;, V») admits
the analytic representation (V;, V) = (Mg,, Mo, ), where

(2.1) Mg, = (P+ M,PH)U*, and Mg, = U(P* + M,P),
for some BCL triple (£, U, P) (also see Remark[L.1). In particular
ViV = Mg, Mo, = M;.

The following lemma characterizes joint reducing subspaces of BCL pairs
via joint reducing subspaces of BCL triples and vice versa.

LEMMA 2.1. Let (£,U, P) be a BCL triple, and let S C H% (D) be a closed sub-
space. Then S reduces (Ma,, Mo, ) if and only if there exists a closed reducing subspace

E C & for (U, P) such that S = HZ(D).

Proof. If S reduces (M¢1,M¢2), then S reduces M; (as Mo, Mg, = M;),
and hence there exists a closed subspace £ C & such that S = H%(]D)) [13, p. 4,
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Corollary C]. It remains to show that £ reduces (U, P). Let 5 € £. By @2.1), we
know that

Mg,y = PU*y + (P-U"y)z,
is a one-degree polynomial in H%(ID)) So we conclude that
Uy =PU'y+Puyeé (yeé).
Therefore, PU*, PLU* and (hence) U* leave £ invariant. Similarly, using
Ma,)j = UP*5 + (UPn)z € H3(D),

we conclude that UP+ and UP leave £ invariant. Then U(= UP+ + UP) leaves
€ invariant, and hence £ reduces U. Finally, PU*E C &£, UPE C £, and

P = (PU*)(UP),

imply that £ reduces P. The converse simply follows from the representations
in(1).

Recall that a BCL triple (&, U, P) is said to be irreducible if the pair (U, P) on
£ is irreducible. The following is now straightforward.

COROLLARY 2.2. (Mg,, Mo,) on Hz(D) is irreducible if and only if (€,U, P)
is irreducible.

For convenience in what follows, we introduce another layer of notation:
the set of all ordered orthonormal bases of a Hilbert space H will be denoted by
By,. For instance, if {¢; : j € Z} is an orthonormal basis of 12(Z), then we simply
write

{e]- ] (S Z} S BP(Z)'

Weighted shifts and weighted shift matrices will be core objects in our anal-
ysis. Let {A;};cz be a sequence of non-zero scalars. An operator S € B(H) is
called a weighted shift [15] with weight sequence {A;};cz if there exists {¢; : j €
Z} € By such that

Se; = Ajejtq (Z S Z).
For x € ‘H, we say that x is a star-cyclic vector for S if
span{S"x,S"x :m >0} = H.

The finite-dimensional counterpart of weighted shifts is the so called weighted
shift matrix [17]: if {ej :1<j< n} € By, then

Se. — )tiEjJr] if 1 S] <mn,
I Aneéq ifj=mn,
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is called a weighted shift matrix with weight {A]-}}?Zl. For notational simplicity
we denote the matrix of S with respect to the ordered basis {ej};lzl € By as
[As A, ..o, Ay_q], that is

0 0 -~ 0 A,
AM 0 -0 0
(2.2) [S] = [Ams AL, - Apq] = 0 Ay --- 0 0
0 0 - Ayq O

Moreover, if A; = A forallj = 1,...,n — 1, then we simply write the above as
[An; Ja—1(A)], that is

0O 0 --- 0 Ay
A 0O - 0 O
[)\n;]nfl(/\)} =0 A - 00
o0 --- A O

Finally, we introduce the following general notation. Consider the weighted shift
matrix [Ay; A1, ..., A,—1] corresponding to the weights {A;}"_;. Suppose

{)\,’l,/\iz,...,}\[m:1:i1<i2<"'<im:1’l—1}

is the set of distinct elements of {Ay,...,A,_1} and suppose A;, occurs k;-times,
t =1,...,m. Then we write the corresponding weighted shift matrix as

(2.3) [/\H;All s /)\n—l] = [/\i’l/. ]kl ()\i] )/ s /]km ()\im)]'

The above elaboration of notation of weighted shift matrices will turn out to be
helpful in the computation part of this paper. Also, the following elementary
property of weighted shift matrices will be used repeatedly.

LEMMA 2.3. Let S be an n x n weighted shift matrix, and let 1 < j < n. Then

] = ]

’ {Dnj 0 } '

where Dj and D,,_; are respectively j X j and (n — j) x (n — j) diagonal matrices with
non-zero entries on the diagonals.

Proof. The proof follows by a straightforward induction. 1

We also need the star-cyclicity and the cyclicity property of weighted shifts
and weighted shift matrices, respectively, in what follows. The result may be well
known but we shall give the proof for the sake of completeness.

LEMMA 2.4. (i) Let S be a weighted shift matrix corresponding to {e;}!_, € By.
Then ej is a cyclic vector of S forall j € {1,...,n}.
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(i) If S is a weighted shift corresponding to {e;}icz € By, then e; is a star-cyclic
vector of S forall j € Z.
Proof. Suppose S is a weighted shift matrix on # corresponding to {e;}? ; €
By. Fixj € {1,...,n}. By repeated application of (2.2), one can easily see that
S’”ej _ ) %jpCitp ifp=1,...,n—j,
Apijneprjn Hp=n—j+1,...,n
where a;’s are non-zero scalar. In particular,
span{SFfej:p=1,...,n} =span{e;: t =1,...,n} =H,

and hence ¢; is a cyclic vector of the weighted shift matrix S.
Now suppose S is a weighted shift corresponding to {e;};cz € By, and
j € Z is fixed. In this case, it follows that

SPej = amyjejyp (p=0), and SYej=ajgejy (q>0),

where «;’s are non-zero scalars. Clearly, as in the weighted shift matrix case, this
yields the desired result. 1§

Let S be a closed subspace of H. To avoid confusion of notation we denote
by Qs the orthogonal projection of H onto S. The following elementary fact will
be frequently used in the irreducibility part of BCL pairs.

LEMMA 2.5. Let S be a closed subspace of H, and let P € B(H) be a projection.
Then S reduces P if and only if S reduces P*.

Proof. Since P is also a projection, it is enough to prove the lemma in one
direction. Suppose that S reduces P. By assumption, QsP = PQs, and hence

QsP™ = Qs(I=P) = Qs = PQs = P Qs-
This proves that S reduces P-. &

Let T € B(H) be a compact self-adjoint operator. We know that o(T) =
{Aj 11 € A}, for some countable set A, and the spectral decomposition of T as

H=EPE\(T).
ieA
We have the following simple and well known property.
LEMMA 2.6. Let S be a closed T-invariant subspace of H. If @ x; € S, then
x; € Sforallic A A
Proof. Since T is self-adjoint, we know that QsT = TQgs. Fixi € A. Then

TQsyi = QsTy; = AiQsYi,



270 SANDIPAN DE, JAYDEB SARKAR, P. SHANKAR AND T.R. SANKAR

for all y; € E, (T) implies that E, (T) is invariant under Qg, and hence E, (T)
reduces Q. This says that

QsQ, (1) = QE,. () Qs (i€ A).

In particular, if x = @ x; € S, then
ieA
xi = Q, (1)* = Qg (1)Qs* = Qs Qg (1)* = Qsiy
and hence, x; € Sforalli e A. 1

3. EIGENSPACES OF DIFFERENT DIMENSIONS

In this section, we prove that the answer to Question [1.3|is negative in gen-
eral. Our construction is a byproduct of certain dimension inequality. More
specifically, in Corollary 3.4 we prove that Question [1.3)is in negative for all dis-
tinguished diagonal operators T acting on finite-dimensional Hilbert spaces for
which

dim E;(T) # dim E_(T).

We start with the structure of operators that can be expressed as the differ-
ence of two projections [14]. Let A € B(H) be a self-adjoint contraction. Then
ker A, ker(A —I) and ker(A + I) reduces A [10]. Hence there exists a closed
subspace Ho C H such that # admits the direct sum decomposition

H =ker A@ker(A—1I)Dker(A+1)®H,p.

Let us now assume that Hg = K @ K for some Hilbert space K, and suppose,
with respect to

H=kerAdker(A—I)dker(A+I) KK,
A admits the block-diagonal operator matrix representation

0

for some positive contraction D € B(K). The following comes from [14, Theo-
rem 3.2].

THEOREM 3.1. With notations as above, the diagonal operator A is a difference of
two projections. Moreover, if A = P — Q for some projections P and Q, then there exists
a projection R € B(ker A) such that

P=R@I®0®Py; and Q=RO0PIDQy,
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where
p, 1 I+D u(1 —p*?1/2
U7 2 | u*(1- D?)1/2 I-D
Qu = 1 I-D u(I — p?)1/2
U= 2 | u(1- D212 I[+D ’

], and

are projections in B(K & K), and U € B(K) is a unitary commuting with D.

Therefore, given a diagonal operator A as above, Theorem B.I|parameterizes
pairs of projections in terms of the positive contraction D and a unitary U € {D}/,
whose differences are A. In particular, if D = Al for some A € [0,1], then

1+A V1-A2
I —=u

(3.1) Pu=1 a2 10
U Sk

The following result, in particular, presents an orthonormal basis of the range
space of Py.

LEMMA 3.2. Let H and K be Hilbert spaces, U : H — K a unitary operator, and
let A € [0,1]. Define the projection P : H & K — H & K by
A —AZ 7%

J1—\2 _
le u %k

If{ej:i€ A} € By, then{\/%eiEB\/%Uei:ieA} € Byanp-

Proof. For each x € H, a simple calculation shows that

1 Vs 1
(3.2) Pxo0) = g A Ux:P(O@\/%Ux).

2 2
By duality
VI—AZ . 1-A T—A
(3.3) PO@Y) = U y@Ty—P( U y@O),
for all y € K. The above equalities imply that
(3.4) ranP = {P(x®0):x e H} ={P(0dy):y € K}.

On the other hand, since {e; : i € A} € By, by we have

1+A .
IPe o) = /3= (i€ A).

Then and the first equality of readily implies that { Ve @/ A Ue;

i€ A} € Bianp, which completes the proof of the lemma. 1
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Similarly, and the first equality of implies that {q/%u*ei <)

v/ %ei S A} € Branp- We also note that the index set A is at most count-

able.
Recall that C = UPU* — P is the defect operator of the BCL triple (£, U, P)
(see (T.2)). Then, using the notation P+ = I — P, we find

(3.5) C = P+ —uprtu*.

The following appears to be a distinctive property of defect operators on finite-
dimensional spaces.

THEOREM 3.3. Let (€,U, P) be a BCL triple. If € is finite-dimensional, then
dimE;(C) = dimE_1(C).
Proof. Suppose o(C) N (0,1) = {A; : 1 <i < m} (possibly an empty set). By
[11) Lemma 4.2] (or, see (L.4)), it follows that —A; € ¢(C) and
dimE, (C) =dimE_, (C) (i=1,2,...,m).
Then, for eachi = 1,...,m, choose a unitary U; : E_, (C) — E,,(C). We set

m

m
Ki=@E\(C), and K- =EPE_,,(C),
i=1 i=1

m
and U’ := @ U;. Therefore, U’ : K_ — K is a unitary. Also, set
i=1

£:=EC)®E(C)®E(C) @Ky B Ky

Clearly
E=E(C)oE(C)ekydEq(C)dK-,
and hence
Iy 0 0 0 0
0 Ige 0 0 0
w=1| o0 0 0 Ip, 0,
0 0 I, 0 0
0 0 0 0 u’

defines a unitary W : £ — E. If we define C := WCW*, then a simple calculation
shows that C is a diagonal operator

Ok, (c)
Ig, (c)
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where
m
X := @ /\Z‘IEAZ,(C)'
i=1

Moreover, P, := WP-W* and P, := W (UP+U*)W* define projections in B(£), and
C = WCW* = W(P+ —UP*U*)W* = P, — P.

By Theorem [3.1] there exist a projection R € B(E(C)) and a unitary Y € B(K)
commuting with X such that

P :R@IEl(C) @OE,l(C) @®Py, and P, :R@OEl(C) @IE,l(C)@QY'
where the projections Py and Qy on K & K are given by

p 1 I+X Y(I— X?)1/2
YT 2| yr(I—x2)12 I-X
1 I-X Y(I— X%)1/?
) Y*([_xZ)l/Z I+X

}, and

Qy

From the definition of X above, we have

2
1 mol A 1 212 V1-4
SUEX) =P (S, (), and S(1-X?) :@1(2 It (©)-
i=1 i=
Going back to the proof of Lemma a closer inspection reveals that equalities

m
similar to and also hold in the present setting. Indeed, if x = @ x; €

i=1
K4, then

R0 (@1 )oY T rn)-nfos(B 1)),
i=1 i=1 i=1

and by duality

000~ (@ YV ) (0 15) 0 (& v w0)
i=1 i=1 i=1

So we find (as similar to (3.4))
ranPy = {Py(x®0):x € £y}, and ranQy ={Qy(0®x):x € K }.

Moreover, the vectors on the right-hand sides of Py (x @ 0) and Qy (0 @ x) in the
above pair of equalities readily imply that 7 : ranPy — ranQy defined by

T(Py(x@0)) = Qr(0©x) (x€Ky),
is a linear isomorphism. In particular, rankPy = rankQy. Also note that

rankP; = rank(P') = rank(UP+U*) = rankP;.
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Finally, since
rankP; = rankR + dimE; (C) 4 rankPy, and
rankP, = rankR + dimE_1(C) + rankQy,

we must have that dimE;(C) = dim E_;(C). This completes the proof of the
theorem. 1

We are now ready to prove that the answer to Question [1.3|is negative in
general.

COROLLARY 34. Let € be a finite-dimensional Hilbert space and let T € B(E)
be a distinguished diagonal operator. If

dim El(T) 7& dim E,l(T),

then it is not possible to find a BCL pair (Me,, Mo, ) on H2(ID) such that the non-zero
part of C(Me,, Mo, ) is unitarily equivalent to T.

Proof. Assume by contradiction that (Mg,, Mo, ) is a BCL pair on Hz (D)
such

C(M(D1r M@z) |(kerC(M¢l,Mq)2))L ~T.
Then dim€ = dim(ker C(Mg,, Mg,))". Since € is finite-dimensional, and
(ker C(Mo,, Ma,))" C €,

it follows that
& = (ker C(Me,, Mg,))™,
and hence
T= C(beyM@z)|(kerc(M@1,M¢2))i =C € B(¢).
An appeal to Theorem [3.3|then says that
dim E{(T) = dim E1(C) = dimE_1(C) = dim E_1(T),
which is absurd. &

Therefore, in hope of an affirmative answer to Question in the setting
of finite-dimensional spaces, we must assume that dim E;(T) = dimE_4(T). We
settle this issue in the following two sections.

4. DIAGONALS WITH MORE THAN ONE POSITIVE EIGENVALUE

Let £ be a finite-dimensional Hilbert space, and let T € B(E) be a distin-
guished diagonal operator. In view of Corollary it is natural to ask: does
Question[I.3]has an affirmative answer whenever

dimE; (T) = dimE_+(T)?
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As we will see in this and the following sections, the answer to this question is
still case-based. Note that in view of Corollary for an affirmative answer to
Question[1.3]it is enough to construct an irreducible BCL triple (€, U, P) such that
UPU*-P=T.

From now on in this section, we alwasy assume that £ is a finite-dimensional
Hilbert space and T € B(E) is a distinguished diagonal operator such that

dimE; (T) = dimE_+(T).

We begin with the scrutinization of the effect of T on the geometry of £. Itis clear
from the definition of distinguished diagonal operators that

o(T) ={%A;:j€ A},
where A = {1,2,...,n} forsomen € Nand 0 < Aj<lforallj=1,...,n(note
that T is injective). Then, by the spectral theorem, we have
& = @(E,(T) ® E_, (T)).
i€eA
Moreover, for each i € A, implies that
ki := dlmE/\l(T) = dimE_)\i(T) < ©00.

In this case, note that the dimension of £ is an even number. Now we collect a
number of basic facts about T and the finite-dimensional Hilbert space £.

LEMMA 4.1. Foreachi € A, fix a unitary U; : E) (T) — E_,,(T), and a basis
el:it= i € en:
! 1,...,k B, (1) Th

) UA{\/l—)\zt ft,)\ft /1 )\Zt t=1,. ,ki}GBg,where
ic

: 1+A 1- A - 1-A; .

fi 5\/ —; li@\/zluiei and  fi = > lei@(— —; l)uieltr

forallt =1,... ,kjandi € A
1+A,

I \/17)\1311*
(i) Qi = BT T2 s g projection on Ex (T) @ E_,.(T), i €
- ﬁu 1A prol A M
2 i 2 “E_j(T)

A, and
P = @IE\ T)GE ) (T) Qi)

ieA
is a projection on £.

i) U{ff:t=1,...,k} € Branp,and U {fl :t=1,...,k;} € B,,.p..
ieA i€cA
(iv) foreacht =1,...,k;and i € A, we have

Tfl = A2 fl+ M J1 = A2f], and Tfl = Ay /1 — A2ff — A2fL
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Proof. By Theorem 3.1} or more specifically, by (3.1), we conclude that

1+)\,‘ I \Y 1_A,2 u*
Q= Z 2 | eBELMOEL(T),
Ui e ()

defines a projection on E),(T) @ E_,,(T). Let P := Q* € B(&), where Q :=
@ Q; € B(E). Then

i€A
P =@, (nee_, (1) ~ Q).
ieA
is a projection in B(€). Next, we fixan i € A. Since {¢} : t = 1,...,k;} € Bg, (1,
it follows that {Use} : t = 1,...,k;} € BE_AI,(T)/ and hence, by Lemma {f; :
t=1,...,ki} € Brang,, Where

N S P C S P
fii= 5 el @ — Uiet (t=1,...,k).

Similarly, Lemma applied to I — Q; yields that {ﬁl tt=1,... .k} € B oL
where

- 1—A; T+ AN
== le;@(— . ’)U,»elt (t=1,...,k).

Therefore
i firt=1... k} € Be, (ryoE_,, (1)
and hence, from the definition of P, it follows that
U{fi:t=1...,k} €Banp, and |[J{fi:t=1,...,k} € Boyp..
i€eA i€EA

Now by changing A; to —A;, we have

T—A; ¢1+m 1A 1—A; _—
{\/ > e; D TU,et, 5 et@( 5 )Ulet.t—l,...,k,},

isin BE/\i(T)EBE—Ai(T) forall i € A. Since

1- A . 1A . . -
¢ 214@¢ 21w4: 1-A2ff — A\;fi, and

1+A; 1— A : -
oo (— [T ued) = Miff 1227

2
for all i and £, we conclude that

U{V1-2fioafi AfioJ1-Rfit=1,.. &k} € B,
ieA

Finally, since
Tel = Ajel, and T(Uel) = —A;(Uel),
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an easy combination of the basis vectors f} and f} defined as above implies that
Tfi = A2fi 4 A/1— A2fi, and TF =An/1—A2fi — A2,
forallt =1,...,kjand i € A. This completes the proof of the lemma. 1
Before we prove that Questionhas an affirmative answer whenever o (T)
has at least two distinct positive numbers, let us introduce the following notation:

given a scalar A and a natural number m, we denote by [A],, the m X m constant
diagonal matrix with diagonal entry A. That is

A
4.1) Alm =
A

mxm

THEOREM 4.2. Let & be a finite-dimensional Hilbert space, T € B(E) be a distin-
quished diagonal operator and suppose dimE; (T) = dimE_1(T). If T has at least two
distinct positive eigenvalues, then Question [1.3|has an affirmative answer.

Proof. We need to construct an irreducible BCL triple (€,U, P) such that
T = PL — UP-U* (see (3.5)). We continue to work in the setting of Lemma
and consider the projection P constructed in the same lemma. Recall that

o(T)={£A;:i€ A},

where A = {1,...,n}. We now construct the required unitary U € B(&). In view
of £ = ranP* & ranP and Lemma iii), define U on ranP+ by

ufi = \J1-22fi & (-1,
forallt=1,...,kjandi =1,...,n, and define U on ranP by
Mfin® (J1-23) iy if1<t<kandl<i<n,
Ufi = i fitle (M) fitl ift=kiand1<i<n,
mfte(J1-2%)A if t = kyandi = n.

Then U maps an orthonormal basis of £ to an orthonormal basis of £, and hence
U € B(€) is a unitary. Suppose

Uy Up }
U - 7
{ Uy Up

on & = ranP! @ ranP. We now compute matrix representations of the entries

n .
U{ftl:1<t<ki}€
=1

{Uij}lz -1 with respect to the ordered orthonormal bases
1=

noo
B,npr and U {f{ : 1 <t <k;} € Branp (see part (iii) of Lemma4.1). Observe that
i=1

U1 = Quanpl Ulpanpr and Uz1 = QranpU|,,,p., and hence we obtain the matrix
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representations of Ui : ranP+ — ranPt and Uy : ranP+ — ranP with respect
to the above orthonormal bases of ranP+ and ranP as
k )

(U] = diag([,/l —A%]kl,..., [,/1 —A%] n

and (see for the notation)
(U] = diag([— A1y, - -, [ Ak, )-

Moreover, since Uiy = Q. prUlranp and Uz = QranpU|ranp, it follows that

Uy : ranP — ranPt and Uy : ranP — ranP admit weighted shift matrix repre-
sentations as (see (2.2) and (2.3) for the notation used below):

[Uiz] = [A1; Jig—1(A1), iy (A2), -+ Tk, (An)], and

= [ (18 (18] (1)

Next, we verify that P+ — UP+U* = T. Let

Tin T ]
T = ,
{ Ty Ty

on £ = ranP! @ ranP. Since
(T o —Unuy, —Up U]
PL _ uplu* — | ‘ranP 11 21 ,
— Uy Uy, —Ux U;, |

the verification of P+ — UP-U* = T amounts to verify the following equality
(4.2) { I T :| = _IranPl —Un ufl —U u;l_ .
T In —UxnU;, — Uy U, |

Note that Uj; and Up; are the only matrices that appear in the entries of the right
side matrix. Since Uy; and Up; are diagonal operators, it is easy to conclude that

Ueanpt — Uil ] = diag([)\%]kl, cees M%]k,, ), and
~ (U] = Uty = diag([ay/1 - A3] L [T a3] ).

n .
By part (iii) of Lemma we find that the action of T on the bases | {f} : 1 <
i=1

n

no_ .
t < ki} € Bupr and U{ff : 1 <t < ki} € Branp forces Tjj, i,j = 1,2, to
i=1

be diagonal operators and yields that the corresponding entries on either side of
are the same. This completes the proof of the fact that P+ — UP+U* = T.

Now all we need to verify is that (U, P) is irreducible. Let S be a non-zero
subspace of £, and suppose that S reduces (U, P). We write

S=rPLS®PS.

Since S is non-zero, either P+S # {0} or PS # {0}. Suppose P-S # {0}. For the
irreducibility of (U, P), it is enough to prove that S = £ (the other case PS # {0}
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will follow similarly). To this end, assume for a moment that ranP*+ = P1S. Since
Ai # Oforall i € A, it follows that the diagonal operator Up; : ranP+ — ranP
(see the definition of Uy above) is a linear isomorphism. On the other hand, since
S reduces (U, P), by Lemma2.5|we have

43)  Un(P"S) = QranpUlianpe (PS) = QranpU(P*S) € QranpS = PS.
Combined together, these facts yield
PS D Uy (P1S) = Uy (ranPt) = ranP,
and hence ranP = PS. Then
S =PtS® PS = ranP @ ranP = &,
will prove that (U, P) is irreducible. Therefore, for the irreducibility of (U, P), it
suffices to prove that
ranP+ = PS.
To this end, observe first that by the matrix representations of Ui, and Uy, it
follows that
/\2fti+1 ifl<i<nandl <t <k;
(4.4) Upln fi = { —A2, fif1 if1<i<nandt =k,
—MA nfl ifi=nandt =k,
and hence
(4.5) Ul =[—MAy; ]kl,l(f)\%), Tk, (=Ad),..., Jk, (—A2)] : ranP+ — ranP+,
is a weighted shift matrix (see ). Next, since

Uiz = Quanpt Ulranp,  and U1 = QranpU|anp,
Lemma [2.5|implies that
(4.6) Ul (PS) C PES.
Now we consider the spectral decomposition of the diagonal operator Uj; as
ranPt = GE?\ (Em(un)).
i
By PtS # {0}, we have a non-zero x € PLS C ranPt. Suppose x = ‘EB X;,
where =
X € Em(un) (ieA).
Since S reduces (U, P) and Uy = P p1 Ul ,p1, it follows from Lemma [2.5|that
Uy1 (PHS) = Pppr U(PES) C Pypi S = P18,

that is, P~ S is invariant under Uy;. Since Uy is an invertible diagonal operator,
we are exactly in the setting of Lemma [2.6|and hence

x; € PLS (i € A).
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Now since x # 0, there exists j € A such that X; £ 0.
Claim. Either £/ or flis in PLS.

To prove this claim, let us first represent x; with respect to { ft] tt=1,...,k}

€ BEW(UH) as
ki .
xj=Y af].
t=1
Let t( be the largest value of t,1 < t < kj, such that a;, # 0, and let
p= k] —to+ 1.
Then
to .
xj =) wf],
t=1
and hence
fo .
(UpUn )P (xj) = Y ar(UnoU )P (f])
t=1
to—1 . .
= Y ar(Unaln)P(f]) + sy (UnaUn)P (F)) = y + 2,
t=1
where
to—1 ) {
(4.7) y= Y a(UpUn)P(f)), and z=ay(Ulxn)"(f]).
t=1

Recall from that Ujp Uy is a weighted shift matrix. Then, by Lemma we
see that

0 D
(UppUy )P = [Dmp Op} ,

where m = dim(ranP+) and Dy, D;,—, are respectively, p x p and (m — p) x
(m — p) diagonal matrices with non-zero diagonal entries. In view of the action
of UjpU>; on basis elements as in and keeping in mind that p = k; — o+ 1,
it follows that

’)/tft]+k]-ft0+1 € EM(UH) if t < to,
j +1 . .
(U12U21)p(fg) = 'Ytof{ S Em(un) ift=tpandj < mn,
]
WffeEm(Un) ift=tpand j =n,

for some non-zero scalars ¢, ¢, and . Consequently, it follows from equa-

tion (4.7) that
]/ €E (ull)/
V1A
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and there exists a non-zero scalar 7 such that
_ At ~rl
z=7N or 7Yfy,

2
172‘j+1

according as j < n or j = n. The above equality ensures that z € E F(Un)

orz e Em(un) according as j < n or j = n. In summary
1
(Un2Un1)P(xj) =y +z,

withy € EW(UH), and z € Em(un) orz e Em(un) according as

j < norj=n. Now since P8 is invariant under U1, Lemma 2.6 yields
yePtS and ze€ PLS.

Since z is a non-zero scalar multiple of f{+ or f} according as j < morj = n, it

follows that either f{“ or f{ is in P+S depending on whether j < norj = n.
This completes the proof of the claim.

Since UypUp; is a weighted shift matrix corresponding to |J { ftl 1<t <
icA
ki} € Byanp (see part (iii) of Lemma &), it follows from Lemma 2.4 that for any

i€ Aandanyt, 1 <t <kj, ftl is a cyclic vector for UypUyg, that is, for any i € A
and any t with 1 <t <k;,

ranP+ = span{ (U, Uy )" fi : m > 0}.
Since either f{ or {H is in P*S we finally obtain that ranP+ = P+S. The proof
for the case PS # {0} is similar. 1

5. DIAGONALS WITH ONE POSITIVE EIGENVALUE

In this section, we focus on all the remaining cases of distinguished diagonal
operators on finite-dimensional Hilbert spaces. As we will see, Corollary [3.4and
Theorem together with the main result of this section will settle Question[1.3|
completely in the case of finite-dimensional Hilbert spaces.

We continue to follow the setting of Lemma

THEOREM 5.1. Let & be a finite-dimensional Hilbert space, T € B(E) be a dis-
tinguished diagonal operator, and assume that dimE;(T) = dimE_1(T). Then Ques-
tion [1.3| has an affirmative answer whenever at least one of the following two hypotheses
hold:

(i) T has only one positive eigenvalue in (0,1);
(i) 1 is the only positive eigenvalue of T with dimE;(T) = 1.

Moreover, if 1 is the only positive eigenvalue of T with dimE;(T) > 1, then the
answer to Question [1.3]is negative.
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Proof. Suppose that T has only one eigenvalue A lying in (0,1). Then
o(T) = {£A},
and dimE) (T) = dimE_,(T). Moreover
E=E_)\(T)®E\(T).

Assume that dimE, (T) = 1. Then dim€ = 2, and hence the distinguished diago-
nal operator T € B(&) has two eigenvalues £A. Consequently, the simple block
constructed in [11, Example 6.6] yields an irreducible BCL pair (M¢1,M¢2) on
Héz (D) such that the non-zero part of C(Mg,, M, ) is unitarily equivalent to T.
Let us now assume that

k := dimE,(T) = dimE_,(T) > 2.
Let{e;:t=1,...,k} € Bg (1), and let Uy : Ex(T) — E_(T) is a unitary. Set

1+A 1—-A ~ 1—-A 1+A
fri=1/ 5 Et@\/TU/\Et, and ftIZ\/Tet@<— T)U/\et,

forallt =1,...,k By Lemma 4.1) we have

{\/17/\2,3 ft,/\ft@\/lf)tzt t=1,. k}EBg,

and P defines a projection on Ey(T) @ E_,(T), where

1+A V1-A2
%IE/\(T) 2 u}k\

P =1, (r)eE \(1) —

V1-A2 Y
VU A ey
Also we know that {f; : t=1,...,k} € Byanp, and {f; : t=1,...,k} €B, p., and

Tft:)Lth+)\\/1—)\2~t, and Tﬁ:)\i\/l—)\zt—)\zﬁ,

forallt = 1,...,k. With the projection P as above, we now proceed to construct
the required unitary U : £ — £. Let a(# 1) be a unimodular scalar. Define U on
ranP+ by

up— [HVIfe COR) =1,
TAWVIORe (-Nf f2<t<k,
and on ranP by
uf, M1 ® (VI=AD) e if1<E <K,
Tl (VI-AYA if t = k.

As in the proof of Theorem with respect to £ = ran P+ & ran P, set

Upp Uspp }
u= .
{ Uy Unxp
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Then, with respect to {f; : t = 1,...,k} € Bunp and {f; : t = 1,...,k} €
B...pL, it is easy to see that Uy = Q,,,pLU|.npe : ranPt — ranPt and Uy =
QranpU| anpy : ranP+ — ranP are diagonal operators with

[Uy1] = dlag( aV/1— A2, [\/l - /\2] k—l)' and [Uy| = diag(—aA, [—Alx_1).

Similarly, Ujp = Q,,,,p. Ulranp : ranP — ranPt and Uy, = QranpU|ranp : ranP —
ranP are weighted shift matrices, where

[Ua] = [A; Jk—1(A)], and  [Ux] = {\/1*)\2 Ji1 M)}

Then the verification of P+ — UPLU* = T, along with the irreducibility of the
BCL triple (£, U, P), follows exactly the same line of argument as in the proof of
Theorem [4.2] This completes the proof for A € (0,1) case.

Now we assume that A = 1. We know that £ = E_1(T) @ E1(T) and

IE, (T) 0
5.1 T = 1 .
G l 0 —Igm

For the moment, assume that T = P+ — UP-U* for some unitary U and projec-
tion P on £. Then Theorem B.T]immediately implies that

PLZ[IENT) 0}, and UPLU*:{O 0 }
0 0 0 I, n

on & = E1(T) ® E_{(T). Tt is clear from the representations of P+ and UP+U*
that UE1(T) = E_1(T) and UE_1(T) = E1(T). Consequently, there exist uni-
taries A : E1(T) — E_1(T) and B: E_1(T) — E;(T) such that

a=[0 4],

Therefore, given a distinguished diagonal operator T € B(£) as in (5.1), a BCL
triple (£,U, P) solves T = P+ — UP+U* if and only if there exist unitaries A €
B(E1(T),E_1(T)) and B € B(E_1(T), E1(T)) such that

0 A 0 0
U—{B 0}, and P_[O IEl(T)].

Thus, we consider a BCL triple (£, U, P) with U and P as above. Suppose
1=dimE_1(T) = dimE;(T).

In particular, £ 22 C2. The only non-trivial proper P-reducing subspaces of £ are
Ei(T) and E_1(T). But neither of these is invariant under U, and hence (£, U, P)
is irreducible. Now we assume that

dimE_1(T) = dimFE(T) > 2.
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Let« € o(U), and let x € £ be an eigenvector corresponding to «, that is, Ux =
ax. Note that « is a unimodular scalar. Write x = x1 & x; € E_1(T) & E{(T).
Then

Ax) = ax; and Bx; = axp.
Consider the subspace S = span{xj, xp}. Since A and B are unitaries, it follows
that S reduces both U and P. Finally, dim€ > 4 implies that S is a proper non-
trivial subspace of £ and this completes the proof of the theorem. 1

We summarize all the results obtained so far for finite-dimensional Hilbert
spaces (Corollary 3.4} Theorem 4.2} and Theorem 5.T)) in the following theorem.

THEOREM 5.2. Let & be a finite-dimensional Hilbert space and let T € B(E) be a

distinguished diagonal operator. If

dim E; (T) # dim E_,(T),
then it is not possible to find a BCL pair (Mg,, Mg, ) on H2(D) such that the non-zero
part of C(Ma,, Mo, ) is unitarily equivalent to T. If

dlmEl(T) = dimE_l(T),
then there exists an irreducible BCL pair (Mg, Mo, ) on Hz (D) such that

C(Mo,, Ma,)|e =T,

whenever at least one of the following three hypotheses hold:
(i) T has at least two distinct positive eigenvalues;
(ii) T has only one positive eigenvalue in (0,1);
(iii) 1 is the only positive eigenvalue of T with dimE;(T) = 1.
Moreover, if 1 is the only positive eigenvalue of T and
dimE; (T) > 1,

then it is not possible to find any irreducible BCL pair (Mg, , Mo,) on H2 (D) such that
the non-zero part of C(Me,, Mo, ) is unitarily equivalent to T.

In particular, it follows that Theorem [5.2] settles Question [I.3| completely in
the finite-dimensional case.

6. DIAGONALS ON INFINITE-DIMENSIONAL SPACES

In this section, we analyse Question([I.3|for distinguished diagonal operators
acting on infinite-dimensional Hilbert spaces. As we have seen in Corollary
(or see Theorem5.2), for a finite-dimensional Hilbert space £ and a distinguished
diagonal operator T € B(E), if

dim Eq(T) — dim E_1(T) # 0,

then Question is always negative. Here, however, at the other extreme, we
prove that if £ is an infinite-dimensional space, then under the above assumption
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Question [1.3] still could be affirmative. For instance, we prove that if T is a dis-
tinguished diagonal operator acting on an infinite-dimensional Hilbert space &,
and if

|dimE; (T) — dimE_1(T)| < 1,

then Question[1.3is always in the affirmative.
We begin by showing that Question[1.3]is in the affirmative whenever

dimE; (T) = dimE_4(T),

(may be zero also). Part of the proof proceeds along the lines of the proof of Theo-
rem[4.2] Those similarities will be pointed out and subsequently omitted in what
follows.

THEOREM 6.1. Let & be an infinite-dimensional Hilbert space, and let T € B(E)
be a distinguished diagonal operator. If

dimE;(T) = dimE_¢(T),
then there exists an irreducible BCL pair (Mg, Mg, ) on H3(D) such that
C(Mo,, Ma,)|e =T
Proof. Let o(T) N (0,1] = {Ay : n € Z}. Since dimEq(T) = dimE_1(T), it
follows that o(T) = {£A, : n € Z} (see (1.4)), and
ky :=dimE, (T) = dimE_, (T) <o (n € Z).

It also follows that
E=EP(Er,(T)BE_, (T)).
nez
Fixn € Nand {ef : 1 <t <kn} € B, (1) Then as in Lemman there exists a
unitary Uy, : Ey, (T) — E_,,(T) such that {Upe} : 1<t <kn}€Bg 5, (1), and

Qn:

14+A 1-A2 5 s
[ anEM,(T) 2 Uy

1-A2 1-A
—Un 5 "Ie, (1)

defines a projection on E, ,(T) ® E_,, (T). Moreover, {f/' : 1 <t <ku} € Brang,
and {f{' : 1 <t <kn} € B, 51, Where

1+A 1-A 1+A
fli=\| e @ | S5 e, and ! = /= @( 2”)une;',

forallt =1,...,k,. Consider the projection P := ( &) Qn) . It follows
n=1

that
61)  J{f:1<t<ke} €Bppr, and |(J{f':1<t<kn} € Branp-

nez nez
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Define the unitary U : £ — £ by specifying
U(f) = 1= Mff' @ (~An)ff!, and

. {Anfggl@ﬁ—@m] 1<t <ky,

u(ff) = ~
(ft ) )\n+1f{l+1 @./1— }\%+1 1n+1 if t = ky,

forall 1 <t <k, and n > 1. It is easy to see that P — UP-U* = T. Suppose

Uy Up }
U - 7
{ Uy Up

with respect to & = ranP* @ ranP. It is clear from the definition of U that with
respect to the orthonormal bases of ranP+ and ranP as in (6.1), the matrices of
Uy : ranP+ — ranPt and Uy; : ranPt — ranP are diagonal:

(62) [Un] = dlag([ 1-— A%’]kn)nEZ’ and [u21] = diag([_/\”]kn)neZ’
and Ujply; : ranP+ — ranPtisa weighted shift defined by

—AZ I if 1<t <k,

UpUx (ff1) =
12 21(ft) {—/\n)\n+1f1n+1 ift = ky,.

Now let S be a non-zero closed subspace of £. Assume that S reduces (U, P). In
particular, S reduces P, and hence, we may write

S=rPLSaPS.

Assume, without loss of generality, that P-S # {0}. It is enough to prove that
S = & (as the PS # {0} case would follow similarly). However we have the
following claim.

Claim. If P-S = ranP+, then S = £.

To prove the claim we assume that P-S = ranP+. Then Uy (P+S) C PS
(see in the proof of Theorem[4.2) and the matrix representation of Up; imply
that

U{ff:1<t<ka} CPS.

nez

On the other hand, since | {ﬁ” :1 <t < ky} € Branp and PS is a closed
nez

subspace of ranP, it follows that ranP = PS. Then § = ranPt @ ranP = &, from
which the claim follows immediately.
Therefore, all we need to check is the fact that

PtS = ranP".
Again, as in the proof of Theorem [4.2 (see and (£6)), since P*S reduces

UjpUyy, and UyplUy; is a weighted shift on ranPt, Lemma would prove the
above equality if we can show that fJ' € P1S for some n. To this end, consider a
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non-zero vector x € P+S. As Uy € B(ranP) is diagonalizable with eigenvalues

{V/1—= A% :n € Z}, it follows that
ranP+ = @ Em(ull),

nez

and hence x = Y x;,, where
nez

Xn € Em(ull)

Since P+S reduces Uy, Lemmayields that x,, € PLS for all n € Z. Choose m
such that x,,, # 0 and let
km

Xm =Y arfi".

t=1
If tg = max{t : &y # 0,1 < t < ky,}, then a similar argument as in the proof of
Theorem [4.2] shows that

(UppUyy 01" € E iz (),
for all s < t(, and, there exists a non-zero scalar & such that
(Unplyy om0 (fm) = afn L

Then we conclude, proceeding again along the same line of argument as in the
proof of Theorem that f{"“ € P1S. Since the proof of the other case that
PS # {0} is also similar, this completes the proof. 1

Now we prove that the answer to Question |1.3[is in the affirmative when-
ever |[dimE;(T) — dimE_1(T)| = 1. However, unlike the above theorem (and
except for the general idea), the proof of the present case is different from that
of Theorem In other words, the irreducible BCL triple constructed below is
fairly different from those constructed in Theorem5.2and Theorem|[6.1]above and
requires more effort.

THEOREM 6.2. Let € be an infinite-dimensional Hilbert space, and let T € B(E)
be a distinguished diagonal operator. If
dim E;(T) = dim E_1(T) £1,
then there exists an irreducible BCL pair (Mg, Mo, ) on Hz (D) such that
C(Mo,, Mo,)|e = T.

Proof. Assume, without loss of generality, that dimE_1(T) = dim E{(T) +
1. Further, assume that dim E;(T) > 0, thatis, Ag := 1 € ¢(T), and set o(T) N
(0,1) = {A, : n > 1}. Then o(T) = {£A, : n > 0}. Also, set kg = dim E{(T) so
that
dimE_1(T) = ko +1,
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and let {f) : 1 <t < ko} € Bgpyand {f) : 1 <t < ko+1} € Bg_(p). For
eachn > 1 we use the same notations used in the proof of Theorem ky ==
dimE,, ( 1, (T) = E_,,(T)is aunitary, {ef : 1 <t <ky} € Bg, (1) and

/1+Ann \/munet, and ft_/ ?@(_ 1+2)\nune?)

for all 1 < t < ky,. For notational convenience, we let

]—":U{ftmzlgtgkm}, and F=J{fl: 1<t<ka}U{f) 1 1<t <ho+1}.

m=0 n=1

Note that our goal is to construct an irreducible BCL triple (£, U, P) such that
— UP+U* = T. Clearly
FUFe Bg.
We simply consider the projection P € B(&) such that F € B, . and F € Byanp.

The construction of U on &£, however, needs more care. We proceed as follows:
on F, define U as

ﬁ0+1 ifn=0and 1 <t < ko,
Uf = VI= A2, @ (=An)fly ifn>1land1<t <k,
1-A2 il (=A,q)fi ! ifn>1landt =k,

and on F, we define

f? ifn=0and 1< t<k,

~ ML+ /1= A2 f ifn=0andt=ky+1,
Uufl = . \/72~n .
Anffla ® 1= A2f1 ifn>1and1<t<ky,
An+1f1n+1@ 1—)L%+1f"+1 ifn>1landt = k.

It is now clear from the definition of U and P that P+ — UP+U* = T. Suppose

Uy Up }
U = 7
{ Uy Up

on £ = ranP! @ ranP. Since U;; = Qranpl UlianpL, we have

ifn=0and 1 <t <k,

U it = { V1= A fly ifn>1and1<t<ky,
IR i > land t =k,

and hence
0 ifn=0and 1 <t < ko,
UfUn fi' = (1= A2)fF ifn>1land 1<t <k,
(1=2A2_DfE ifn>Tandt = ky.
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In particular, U], Uy, is a diagonalizable operator with o (U, Uyp) = {1 — A2 Fn>o0-
Therefore

{fto : 1 < t g kO} U {flgl} € BEO(U{]UH) = BEl_/\%(uiklull)’
and, for all n > 1, we have
(6.3) {fl 1<t <kn}U {fn+1} E, o (Ufyth):

Now we prove that (U, P) is irreducible. Suppose S C £ is a non-zero closed
subspace, and suppose that S reduces (U, P). Then, as before, we write

S =PtS @ PS.
Assume, without loss of generality, that P-S # {0} (as the other case that PS #
{0} would follow similarly). Our goal is to show that S = €.
Claim. fI' € PLS forsomen >1and 1<t <k,

Proof of the Claim. Pick a non-zero x € PLS, and suppose x = @ x;;, where
n=0

Xn € Ey_j2 (Uj,Uyy) for all n > 0. Since PLS reduces u;, Uy, Lemmaimplies

(as in the proof of Theorem that x, € PLS, n > 0. Let ny be the smallest
non-negative integer such that x,,, # 0.
Case 1. Suppose ng > 1. Using the above orthonormal basis of E; _ > (Uf1 Uy1),
no

represent x;,, as
kng—1
0

+1
an — Z + ,Bf]:lno +1

t=1
for some scalars a}? and B. If a}° = 0 for all t and 1 < t < ky,, then clearly B # 0
and hence, fl?noofl € S;. Suppose a° are not all zero. Let ty be the maximum

value of t,1 < t < ky, — 1, such that oc?o # 0. Then
n ng+1
Z ‘Xt ’ + 'Bfkno +1

Since Uy; (P+S) C PLS, it follows that Uﬂfto (xn,) € PLS. The action of Uy; on
F now yields

5 kno_tO 1o .
k (,/1—/\,10) fk”0 ifm=mngand t = ty,

—to
U .
ft - ’)/tf/:‘/lnooftoth if m= no and 1 < t< tO/

’Yknoﬂf;?fo_to ifm=mnp+1landt= k11,

kny—t kn, —to
for some scalars ¢ and 7y, Ny In particular, U,,° 0 t (W ) ’ f,i1 0 and
(]

kng—to ,ng kng—to n0+l 1o
Uy p Uy Espan{fl /--'/fkn0,1}/
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for 1 <t < ty. Then

kng 1o k"o to no kng—to ng+1
2 o't AU
to—1 K —t,
kny—to k to +1 ny —to
= (D aue Ui ) el (Vi)
t=1

and, by (6.3), it follows that

kny—t
Uy xy € span{fi”,..., i} @ span{f;" }
< E1—A,210 (UjyUn) @ El_)‘ﬁoﬂ(uﬁ Up).

K —t,
As ocZ)O (1 /1— /\%O> o # 0, this implies by an appeal to Lemma that f,:lnoo €

P+S and proves the claim. 1
Case 2. Suppose ng = 0. Then xg € Eg(Uj1Uj;), and hence (see the basis
preceding (6.3))
ko
xo =3 i f} +Bfi,s
t=1
for some scalars  and oc?. By the definition of U1, we have
1—A2f2  ifk =1,
Ujyxo = P L kf . l
BV1—Af .y ifk > 1
Therefore, if B # 0, then Uj; (P+S) C PLS yields that fkllf1 or f,?z is in P+S
according as k; > 1 or k; = 1. Suppose now that 8 = 0 and let t) = max{t : a? #

f
0}. Then xo = ZO zx? fto By the definition of U on F, it follows that
t=1

ko— 1
WtV = f 4 g € span{fl,.., £},
forall1 <t < ty, and

Pk —tot D 0 — Ay i+ 41— A3A.

Consequently, U2ko—to+1)x, € S as
to—1

0
2oty = 37 al oy ppen o (WAl + 1= 237
1

b=
to—1

00 0 1 0 1
= ( Z 0 frikg—tor1 T “to)\lf1) +ag /11— A2 fL.
t=1

As S is invariant under P, it follows that

PUPko=to) (xg) = af /1 A3 € PS,
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that is, fll € PS. By the definition of U on F, we have in particular that

U MfR+1/1-A3f ifk =1,
P A 1= 2R ik > 1

Therefore, we have that either f21 or f12 in P+S. We conclude that, in either case,
fir e PLS forsomen >1and 1 < t < ky,. This completes the proof of the claim.

Therefore, we can fix f/" € PLS forsome 1 < t < k,; and m > 1. Since
F € B,,,p., the definition of U on F implies that there exists a non-zero scalar ¢
such that

(U(Pruy== k=t fm = of},

and hence, f? € §S. Since S is invariant under U, applying U repeatedly on ff we
see that

(1<t <kU{ff:1<t<kg+1}CS.
Similarly, since F € Banp, by a repeated application of the definition of U on F
implies

(PU)tf,?O 41 = anon-zero scalar multiple of 7
foralll <t < ki, and

PU)IS kit 0 — 4 non-zero scalar multiple of f
ko+1 p t

forall1 <t < k; and n > 1. Combining the last three observations, we deduce
that
{f:1<t<k}UFCS.

At this point, we note that it is enough to prove that
U{f:1<t<ki} CS,

neN

as that would imply that S contains the orthonormal basis 7 U F € Bg and
completes the proof of the fact that S = £. To this end, again using the definition
of Uon F,foreach1l <t <ky,andn > 1, we find

(PLu)fN,?O+1 ifn=t=1,
(Pru)fr ifl1 <t <ky,
(Pru)f*! ift=1andn > 1.

kn—l

Since S reduces (U, P), we finally conclude that J {f/' : 1 <t < k,} C S. The
neN

ftn =

proof of the case when 1 is not an eigenvalue of T (that is, k) = 0 case) works
exactly along the same lines. 1
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7. CONCLUDING REMARKS

In summary, the main results of this paper gives a complete answer (some-
times in the affirmative and sometimes in the negative) to Question[1.3)except for
the case of infinite-dimensional Hilbert spaces £ for which

|dimE; (T) — dimE_{(T)| > 2.

In addition, Theorem [6.2] points out a crucial difference between the finite and
infinite-dimensional cases: if T € B(€) is a distinguished diagonal operator, then
the equality dim E;(T) = dim E_1(T) is a necessary condition for the existence of
an irreducible BCL pair (V3, V) on H2 (D) such that C(Vy, V2)|¢ = T, only when
£ is finite-dimensional.

Now we return to the original question of He, Qin, and Yang [11} p. 18]. As
pointed out in the paragraph following Question[I.3} all the affirmative answers
in this paper also yield an affirmative answers to the question of He, Qin, and
Yang. More specifically, suppose T € B(E) is a distinguished diagonal operator.
If £ is finite-dimensional and

dimE; (T) = dimE_(T),
then there exists an irreducible BCL pair (Mg,, Mg, ) on H2(D) such that
C(M<I>1fM%)|(kerC(z\/1q>1,1\/1@2))L =T,

whenever at least one of the following three hypotheses hold:

(i) T has at least two distinct positive eigenvalues;
(ii) T has only one positive eigenvalue in (0,1);
(iii) 1 is the only positive eigenvalue of T with dimE;(T) = 1.

If € is infinite-dimensional, then the same conclusion holds whenever
|dimE; (T) — dimE_{(T)| < 1.

Finally, we remark that the general questions considered in this paper are
those which are fairly routine in the theory of single isometries but appear to be
somewhat challenging in the theory of pairs of commuting isometries. Moreover,
the complication involved in the range of our answers seems to further indicate
the intricate structure of pairs of commuting isometries and shift invariant sub-
spaces of the Hardy space over the bidisc [18].
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