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HERMITIAN LIFTINGS IN B(?¢,)

G. D. ALLEN and J. D. WARD

1. INTRODUCTION

Let X be a complex Banach space, B(X) the space of bounded, linear ope-
rators on X and C(X) the corresponding space of compact linear operators. The
symbol 4(X) will denote the Calkin algebra B(X)/C(X) and as is known both B(X)
and A(X) are complex Banach algebras with unit e. For such unital Banach alge-
bras B, set

S={feB* flo=1= |/}

and define the numerical range of xe B as

W(x) = {f(x) : fe S}.

It was shown in ref. [11] that W(x) is a nonempty, compact, convex set and that
the radius of W(x) is an equivalent norm on B. Hereafter W(T) will denote the
numerical range of T e B(X) and W (T) the numerical range of 7+ C(X) in A(X)
or, for short, the essential numerical range of T. In accordance with the terminology
of [3] and [4], we say an element x of B(X) is Hermitian if W(x) is contained in
therealline R;an element x € B(X)is said to be essentially Hermitian if W,(x) < R.
For more information on numerical ranges see refs. [3] and [4].

The main result of this paper is that if X =7, 1 < p < co, then for each
T € B(f,) there exists a Ke C(¢) such that

W(T + K) = WT).

In proving this result we answer a question of F. F. Bonsall [2] in the affirmative,
namely: Is every essentially Hermitian element in B(¢,), 1 < p < oo, a compact
perturbation of a Hermitian element of B(£,)?

2. ESSENTIALLY HERMITIAN ELEMENTS IN B(/ )

The aim of this section is to prove the main result as stated in the introduction.
The key to this is to establish the following fact: every essentially Hermitian element
in B(Z,), | <p < oo, is a compact perturbation of a Hermitian element of B(Z,).
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This result is trivial in B(%,). Indeed, an operator in B(Z,) is essentially Hermitian if
and only if its imaginary part is compact. It has been established by Tam [12,
Theorem 2] that the Hermitian elements of B(£,), 1 < p < oo, p # 2, are precisely
those operators which are real-diagonal with respect to the canonical basis {e;}2;.
Our main result is this: The essentially Hermitian operators in B(¢,) are exactly of
the form real-diagonal plus compact for 1 < p < oo, p # 2.

The proof will proceed in a series of lemmas. First note that every operator
of the form real-diagonal plus compact is essentially Hermitian [3, p. 127] so the
crux of the proof is to verify the converse. The basic idea is to show that for p # 2,
any matrix in B(/,) at a fixed distance from its real-diagonal part must have a
““‘large” imaginary part in its numerical range. In what follows, let

2 = {P: P is a finite or co-finite rank projection onto a subspace of the form
span e, }}.

If Pe ?, P*is defined as I — P.
For Te B(¢,) define the numerical radius

r(T) = sup {|s|: s e W(T)}
and the imaginary radius
r{T) = sup {|Im s|: s W(T)}.

As will be shown, r(T) is a measure of the distance of T to the Hermitian
operators in B(Z,).

If ¥ is any unit vector in £, then ¥’ will denote a linear functional in the
dual ¢, of Z, such that y'(y) = 1= |[¢'|, Gf p> 1, ¥ is unique). In coordinate
notation, if

=0V .)

then

Y’ = (sgn ¥yl sgn yalol, . . L)

where sgn p = ¢ if p= pe®. In Lemma 1, below, the following observation
is used: If ¢ and ¢ are unit vectors in £, having disjoint supports (always with
respect to the canonical basis), and if ¢ and d are complex scalars satisfying
|c|? 4+ |di? =1, then ce + dy is a unit vector in 7, and

(co + dy) = sgnclc|”™ ¢’ + sgn d|d|” Y.

We wish to thank Professor W. B. Arveson for, among other things, pointing
out to us the paper of Christensen [6] and sketching a proof of Lemma 6.
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LEMMA 1. Let of = {A: A is a matrix with respect to the canonical basis
in ¢, with only a finite number of nonzero entries}. Then

sup |PAP|, < c,r(A) < oo, for all Ae o,
Pe?

where c;' = 3L l(p— D)=V —(p— 1) |, p>1, and ¢;* = 1/3, p= 1.
P

Proof. Fix A€ o and define a = sup |PAP!|,. Since 4 has only finitely
Pe?

many nonzero entries there are unit vector ¢ and Y and a projection Pe 2 so
that {(PAP'@, ") =a. Moreover it follows that Pgp = ¢ and Py = y; and so,
¢ and ¢ have disjoint supports. Set ¢ = c¢ + diy for complex numbers ¢ and
d such that [lo|, = |¢|” + |d|? = 1. Thus

r{d) > |Im (Ao, )|
= |Im {{PAPs,0') + (PAP's,6’) 4+ (P'APo,¢")y + (P AP'c, d')}|
= |Im {(PAP dy, sgn d|d|”" ") -+ {(PAP*co, sgnd|d|”y")
+ (PLAP'dY, sgn [c[71") -+ (P*AP co, sgn clcl” o )}
> [Im ((PAPcg, sgn did|" ") -+ (P-APd, sgn clel?¢"y}| — 2r,(d)
= [Im {c sgn d|d|” & -+ d sgn ¢|c|[?"1B}| — 2r,(4),

where § = (P*APY, ¢'). So

ri(d) = % [Im {c sgn d|d|" '« + d sgn ¢|c|?1B}|.

Select ¢ and d to make ¢ sgn d purely imaginary. The maximum of |c| |d]7?,
for |c|? + |d|? = 1, occurs at d = ((p — 1)/p)"/?. By construction |f} < «; so,
[Im {c sgn d |d|""*« + d sgn c|c|71B}]
Y — 1 \(e—1 (=11 —1\V
|G (5 =G )
p p p p

-1
= 3ac,

and the proof is complete for p > 1, p # 2. If p=1, take |¢| = 1 —e¢ and |d]| = ¢
for sufficiently small ¢ to conclude ¢, * = 1/3.
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REMARK. Lemma 1 together with Tam’s result [12, Theorem 1] that if A
is Hermitian on B(/,) then so is PAP, for any Pe P, establishes that Hermitian
elements of B((,), 1 < p < oo, p # 2, must be diagonal with respect to the
canonical basis.

The key to the remainder of the proof lies in showing that

sup |[PAPY|| = C dist (4,9)
Pe?

where 9 denotes the diagonal operators relative to the canonical basis {e;}?2; and '
dist (4, 2) = inf {|4 — D||: D € 9}. The proof of this inequality is quite technical
so the reader may wish to temporarily assume its validity and proceed to the remainder
of the proof of the theorem starting with Lemma 7.

Recall that the diagonal operators & viewed as a subspace of B(Z,) for any
1 < p < oo is isometrically isomorphic to ¢.. Thus, & is a C*-algebra with
the = operation being complex conjugation. An element u of 2 for which w¥u =1,
is called unitary. Recall further that for 1 < p < co, B(¢,) is a dual space and,
as such, is equipped with a weak star topology [8]. For a given operator 4 € B(Z, ,
1 < p < oo, let K(4) denote the weak star closed convex subset of B(/,) generated
by {u*A4u| u a unitary element of Z}. It is the aim here to show that the diagonal
of such an operator A4 relative to the canonical basis, denoted by diag 4, is an
element of K(A4). The above inequality will then be derived rather easily. The neces-
sary preliminary lemmas now follow.

. 2ak
LemmA 2. Let wy, , = ¢ n denote the n roots of unity. Then for any

positive integer j < n,

r—1
E ij n=— 0
k=0
Proof. Note that
n—1 i2_:11'_k_ n—1 1—zn
Ye = zk =
k=0 k=0 l1—z

. 2njf . 2qf

for z=¢ . However j < n implies z=¢ » % 1 with z2=1 and the con-
clusion follows.

In what follows, P, will denote the projection onto the first n coordinate
vectors ey, ..., e,.

LEMMA 3. For each A e B({,) and fixed n, there exist n unitary operators
in 9, u,...,u, such that

P, ( Y 1 u,’fAuk) P, = P, (diag A)P,.

k=11
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Proof. Letay , =0,k =1, ..,nand define o, 4y , — o, ; = Zﬂk,r—: i,...,
n

.,n—1, For r>mn, and k= 1,...,n, o, , may assume any real value. For
A = (a;;)%;-, and the unitary diagonal operators u, = (e*»¥)%,, the (r, s) entry

n
of ufAu, is given by eilss.x—2x g while the (r, s) entry of Y, uif Auy is
k=1

n
Y eleen—trndg,  Thusforr=1,...,n—1
keal

n n . 2nk

Z ei(’rwu,k‘ur,k) = Z el n — 0’

k=1 k=1

and thus the (r, r + 1) entry of ) $ ufFAu, is zero. More generally for s —r = j,
k=1 h

0 <j < u,jan integer

gt O, o = (X, x~— Hgm1, 1) T (@1, — g, T o oo+ (Xpir, ke — %, 1)
2nk .
= -]
n

It follows from Lemma 2 that

n . " i2njk
el(“s,k—“r.k) — n o —
Y Y e 0,
k=1 k=1

K|
and for such r and s the (v, 5) entry of Yy — ufAu, is zero. The case s — r = j,
k=1 N

0 > j > — nfollows analogously and this completes the proof of the lemma.

In ref. [8, Thms. 3.1, 3.2}, Hennefeld has shown that for a Banach space X
with an unconditionally monotone, shrinking basis, B(X)= C(X)** where (-)**
denotes the second dual space of (.). Moreover, this correspondence is given by

AN = ¥ fR)

where 4 € B(X), fe C(X)* and R, is the j® row of the matrix 4. It was also esta-
blished that elements in C(X)* corresponded to infinite matrices in the following
manner: if fe C(X)* and E;; is the compact operator which takes e; to e; and is
zero elsewhere, then f = (f(E;;)){°;—;. In addition, it was established [8, Prop. 3.2]
that, under this correspondence, the finite matrices are dense in C(X)* (here finite
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means only a finite number of nonzero entries). Of course, £, 1 <p < oo,
satisfies the above assumptions on X.

Recall that a sequence {y¥} in a dual space Y* (where Y* is dual to Y)
is weak star convergent to y* e Y* if and only if y*(y) converges to y*(y) for every
yeYt.

LEMMA 4. The operator diag (A) is an element of K(A) for every Ae B(f,),
l <p<oo.
Proof. By Lemma 3, it suffices to show that for given 4 € B(/,), the operators

n

1 . . .
— ufAu, converge to diag A in the weak star topology. Thus it must be
k=1 R

established that

lim (g 1 u,;“Au,,) ¢ = (diag A)p
k

n—r —1 R

for every ¢ € C(¢,)*. In the light of the discussion preceding the lemma, ¢ may be
assumed to be a finite matrix. Thus if @(E;;) = 0 for all i, j > N, then! clearly
for n = N,

@ ( ﬁ 1 u,:"Auk) = ¢p(diag A).

k=1 N
DEFINITION. For a given operator A€ B((,),
I1D2| = sup {||SA — AS|: Se2, |S| = 1}.

The next lemma is similar to [6, Theorem 2.3].
LEMMA 5. For a given A€ B(¢,), |4 — diag || < | D42].

Proof. The proof follows from the inequalities

|diag A — A|| < lim sup

n—->wo

Z l— u,j‘Auk — A “
k=11

£ lim sup max [fufdu, — A
n-oo 1gkgn

= lim sup max |4y, — 4|
n—+00 1gkgn

< [ D421,

where the second inequality follows from the weak star lower semicontinuity of
the norm.
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The next result is due to W. B. Arveson [1].
LEMMA 6. | D42 < 8sup |PAPL|.
Pec?
Proof. For any De 2, |D| <1, write
D=D,— D, + i(Da"'D4)
where 0 < D; < 1. This decomposition implies that
sup {||DA — AD|:De2, |D| <1} <4sup{||[DA—AD|:De2,0< D < 1}.

It is easy to see that any De % can be norm approximated by an element of 2

with only a finite number of values in its range. Such D, in turn may be expressed
n n

as a finite convex combination Y, Z;P; where 0 < /; < 1, Yy A;=1 and P;isa
j=1 Jj=1

projection in 2. For instance, if the operator D attains the values 0 < gy < ..

...<a,=1onthesets Ey, ..., E, and if

then
D= aoPF.,+ (al—aO)PF1 +...+(@,—a,-1) Pr,

where P, denotes the projection onto the set E. Thus
sup {|DA— AD|:De2, 0 <D < 1}
< sup {|[PA—AP||: P2, P?= P}
< sup {|PA— AP||: Pe P} + ¢
< 2 sup {|PAPY|: Pe P} + ¢

For any projection P, |PA — AP|| may be approximated by |P'4A — AP’|
where P’ has finite rank. This fact insures the validity of the next to last inequality
above. Since ¢ is arbitrary, the conclusion follows.

LemMA 7. Let AeB(/,), 1 <p < oo, p#2, be any matrix with only a
finite number n of nonzero entries. Then
. 8r,(4
14 — diag 4] < 2D
c

p
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Proof. Lemmas 1, 5 and 6 imply that

ri(4) = c,sup {|[PAP'|: Pe 2}

. C_Spsup{”DA_ADn:De@, 1D} < 1}

> c—é’ |4 — diag 4|

Thus

14 — diag 4] < 34D

p
and is independent of n.

Recall that an operator T'e B(¢,) is called real-diagonal if 7 is a diagonal
matrix with respect to the canonical basis {e;}{2, with only real entries. An operator
T = (4,)3., will be called block diagonal if it is block diagonal with finite rank
blocks with respect to the canonical basis.

LemMA 8. Let T be an essentially Hermitian block diagenal operator in.
B(), p#1,2,00. Then T is of the form D+ K where D is a real-diagonal
operator and K is compact.

Proof. Set T = {T,}2:, A, = T,— diag T,. Since obviously both diag T
and T —diag T are essentially Hermitian, we may suppose that D = diag T is
Hermitian and 7(7,) — 0. Since by Lemma 7 we have

4, = | T, — diag T,,|| < M

CIJ
it follows that
T—D= {4},
is compact.

THECREM 1. Let 1 < p < 0o, p # 2. Then Te B({,) is an essentially Hermi-
tian operator on B(£,) if and only if T has the form T = D -+ K where D is real-
diagonal and K is compact.

Proof. Assume the contrary holds. That is, Ty = T — (real-diagonal part of T)
is an essentially Hermitian non-compact operator. Then there is a sequence of unit
vectors {®;} tending weakly to zero for which |T®,]|, > ¢, for all i and some
¢ > 0. From this sequence, using standard methods, construct a sequence {y;}
of unit vectors with mutually disjoint finite supports ¥; for which [Py Ty;ll, > ¢/2
for all j, where Py, is the projection to the span of V). Then the operator T =
=Y, P, TyPy, is a non-compact essentially Hermitian (cf. [12, Thm. 1}) block
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diagonal operator which contradicts the hypothesis of Lemma 8. This contradiction
in turn proves the theorem.

THEOREM 2. Let 1 < p < oo. Then for each T e B({,) there exists a K e C(¢,)
such that

W(T + K) = W/T).

Proof. Note that by [11, Theorem 1], W (T) is convex. Now suppose that
the interior of W,(T) is nonempty. Then by [7, Theorem 1], there exists a K € B(£,)
such that W(T 4 K) = W,(T). Now assume that the interior of W, (T) is empty.
The case p = 2 is already treated in ref. [7, Theorem 3.2]. For p # 2, by suitable
translation by «l and rotation we may assume W, (T) < R. By Theorem 1,7 = D -}
+ K where D is real-diagonal. After perturbing D by a compact operator K,
we may assume that the new diagonal operator (a;;){2; has the property

max |a;} = lim sup |a;|
and
min a; = lim inf a;;.
follows that T— K — K, is a Hermitian operator in B(/,) satisfying

W(T — K — Ky) = W,T).

3. REMARKS

As mentioned previously, the numerical radius provides an equivalent norm
in a complex Banach algebra with unit. It might be suspected that the distance
of an element x to the Hermitian elements of a space is related to the size of
the imaginary part of its numerical range. R. R. Smith has pointed out the following
example which indicates that this conjecture is not, in general, true.

Example. Let X = A(D) be the disc algebra of analytic functions continuous
on the boundary. It is easy to establish that for each element fe 4A(D),

W(f) = conv {f(z): ze D}.

Using arguments similar to those in ref. [7, Example 4.1] or using the Riemann
mapping theorem, one may construct a sequence {f;}521, f, € A(D), so that

W(f,) = conv {0, 1, i/n}.

However since analytic maps are open, it may be immediately, verified that the only
Hermitian elements of 4(D) are the real constant maps. Thus dist(f,, Hermitian
elements of A(D)) is greater than or equal to 1/2. This completes the example.
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On the other hand, the spaces B(¢,) and B(£,)/C(¢,) are examples where the
maximum of the imaginary part of the numerical range provides an indication of
the distance of an element x to the corresponding set of Hermitian elements. This
latter property seems crucial in answering any Hermitian lifting property, and the
results of Section 2 carry over to a wide class of Orlicz spaces, where this distance
can be estimated.

We close this paper with a question.

Stampfli [10] has shown that for any operator T'e B(£,), there exists a compact

operator K so that
o(T + K) = oy(T),

where 6(S) denotes the spectrum of S and ¢,(S) designates the Weyl spectrum
of S. This result is the spectral analogue of Theorem 2. Our question is the follow-
ing: does Stampfli’s result extend to B(/,), 1 < p < c0?

The work of the second author was supported by the National Science Foundation under Grant
MCS-76-84072
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