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INVARIANT SUBSPACES OF COMPACT PERTURBATIONS
OF LINEAR OPERATORS IN BANACH SPACES

LASZLO ZSIDO

In [22] it was proved that if T is a self-adjoint operator on a complex Hilbert
space H and K belongs to some Schatten-von Neumann ideal %, of compact
operators on H, 1 < p < oo, then T + K has nontrivial invariant subspaces. This
statement has been extended in [15] for T self-adjoint and K in the larger Macaev
ideal €, of compact operators and in [12] for T normal, the spectrum o(T) of T
contained in a simple C? Jordan curve, and K€ €,

The proofs of the above results are straightforward whenever o(T + K\
N\ o(T) # @; so one may consider, without loss of generality, only the case o(T + K)
c o(T). For T self-adjoint (respectively unitary) and K€%, 1 < p < +oo, with
o(T - K) < R (respectively (T -+ K) on the unit circle), I. Colojoard and C. Foias
proved in [4] that T + K is d-scalar for some admissible function algebra & on
o(T + K); in particular, T+ K is decomposable. This result is extended by
M. Radjabalipour and H. Radjavi in {18] as follows: if ¢(T) is contained in a closed
C? Jordan curve T,
constant

—_ -1
A=D1 < WD)
for A¢ T, Ke¥, and o(T + K) < I, then T+ K is decomposable.

For a complex Banach space X the operator ideals analogous to ¥, and %,
may be defined in terms of the approximation numbers (see [17], Section 8.1). The
main difficulty in extending the above results for operators on X consists in the
absence of an appropriate determinant theory for operators on Banach spaces,
which would enable the estimate of the norm of the resolvent of T+ K in terms of
the norm of the resolvent of T and the approximation numbers of K. The main result
of this paper (Theorem 3.1) consists just in a resolvent estimate of the above type.
We reduce the general resolvent estimate problem to a finite-dimensional Hilbert
space problem, where the determinant theory is available.

Once a convenient resolvent estimate is obtained for 7+ K, its decomposa-
bility follows by general criteria like [14; Th. 6], [12; Th. 2.2], [19; Th. 4.8]. The
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proofs of these criteria are based on an extension of [13; Lemma 27.1] (see [14;
Lemma 2.2.1], [12; Lemma 2.3], [19; Lemma 4.3]). The proof of this extension — by
our knowledges — has not been published and it is not obvious how the proof of
[13; Lemma 27.1] may be extended. For this reason we prove two analytic tools
(Propositions 4.1 and 4.4), which may present interest in themselves, and then we
complete the proof of the most general of*the above mentloned criteria ({19 Th.4.8]),
using the same arguments as those from [19]. : ~

We note that for operators with spectrum on a stranght lme hence for opera-
tors with spectrum on an analytic curve, the.assumptions of [19; Th. 4.8] lead to
conclusions stronger than decomposability, namely the existence of a functional
calculus with an appropriate algebra of ultradifferentiable functions (for the ideas
we send to [2] and for details to [3; § 6]).

1. RESOLVENT ESTIMATES IN HILBERT SPACES

In thxs sectlon we presenl; some known results concerning.compact operators
and we, prove a technical result Wthh will: be used later.

Let H be a complex Hilbert space, =S(P(H) the C*-algebra of all bounded lmear
operators on H. and #(H) the two-sided.ideal of .Z(H) consisting of all. compact
operators. For every S¢e %(H) we denote by, 4,(S), 4:(S), . . . .the non-zero eigen-
values-of S, taking account of theirvmu]tiplicities,and gnumerating them, so that

Vq(S) Ma(SN

If the number v(S) of the non- zero elgenvalues of S 15 ﬁnlte then for ] > v(S) we
agree that =~
)LJ(S) = 0

Let S e %(H). Then we denote

(S = AsHH 20,/ > 1.

Denoting by ./' (H) the set .of all linear: operators Kon H w1th drm(KH) n, by a
result of DZ. E: Allahverdiev (see {10;.Ch. II, Th. 2.1] or [17; Th. 8.3.2]) we have

(1-1) o u,(S) inf- IIS —Kl, j=

Kg.?'j_l(H) ‘
The following theorem of H. Weyl (see [10; Ch. II, Th. 3.1]) establishes a connection
between the numbers 4,(S) and u,(S) :if f: [0, +00) — [0, 4-00), f(0) = 0, is an
increasing function which ‘-becomes convex following the- substitution s = ¢’, thén

sl

Ef(M (S)D X,f(u,(s)) k>

1,
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In particular, for f(sy = s ‘wé -’havé
, % k
(1.2) Yy ! ;(S)I E #,(S) k>

j=1

and for f(s) = In(1 + s) we pave
P ¥
(1.3) I+ 149D < H (1 + p(S), k =
=1 j=

Now we recall the definition of the Schatten-von Neumann ideals of compact
operators:

%, (H) = {5e(g<H)§ $ (57 < + ool 1 <p <+ o,
) %,

ool H) = C(H).

Endowing % ,(H) with the norm || - [, defined by

i

i t oo °
ISl = ( 5 u,-(S)”),””, l<p <+ oo,

ji=1

I Slleo = sup u{(S) = ISI,

makes it into a Banach space.
For S e %,(H), taking into account (1.2), one can define the determinant of
I — S by the formula

det(I - S) H (1 .y (S))

We note that 1 belongs to the spectrum o(S) of S if and only if dét (I'— S) = 0.
Following (1.3) we have

(1.4) det(Z — $)] < ﬁ L+ (S) < €S

If D = Cis open and the map z — S(z) from D to %,(H) is analytic, then the function
z — det(] — S(2)) from D to C is analytic (see [10; Ch. IV, § 1, Section 8}).

Variants of the next result, for which we refer to [10; Ch.V, Th.5.1], were
obtained by several authors: if Se %,(H) and 1 ¢ (S) then

1
1.5 I— 9N ———— 1+
(15) 1= 57 < — ] IT (1 + ().
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Using (1.4), (1.5) and standard function-theoretical arguments, in the same
way as in [22], [4; Ch.6], [16], [12] and [18], we prove now a technical result concerning
the majorization of the resolvents of operators from %,(H), which depend analyti-
cally on a complex parameter. We include the used function theoretical tools in the
following lemma:

1.1. LEMMA. Let I' be a closed C? Jordan curve in the complex plane C, D
the unbounded connected component of C\I" and let us denote

d(z,I)=inf |z~ (|, ze D.
(er

Then there exists cr = 1 such that for every ¢ > 0 and every analytic function
F:{zeD;d(z,I)>¢e} > C

without zeros and satisfying lim F(z) = 1 we have

|z| =00

1
sup In ! < 2(1 + ——) sup In|F(z)|.
4Gz, N>2ce [F(2)| cre ] dzr>2e

Proof. We denote
C={weC; |w =1},
Q=1{weC; |w| > 1}.

By the classical theorems of Riemann and Carathéodory, there exists a conformal
map &: Q — D such that $(o0) = oo and it can be extended to a homeomorphism
of @ = Q y Conto D = D y I'. Now, by another classical result (see, for example,
{21]), there exists ¢p > 1 such that

crlwy — wo| < |@(w)) — P(Wo)| < crlwy — wol, wy, W, € Q.
Hence
cild(w, C) < d(®(w), I') < c¢d(w, C), we £,
that is
crw| — 1) € d(@W), IN) < ep(lw| — 1), we Q.

We conclude that ¥ : {{ € C; [{| < 1} » D U {co}, defined by

= (t)
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is a conformal map and

1 — ¢! 1—¢! Ly
1= 8 caw. <=5 020 < 1.
£ 14
Now let ¢ > 0 and F: {ze D;d(z,I) > ¢} — C be an analytic function with-
out zeros and satisfying lim F(z) = 1. Taking into account (1.6), we may define

Efad- ]

G: {CGC; Il <

(1.6) crt

_ 1.c
1+ cre

GO = F®Q), 10 < —o
14 cpe

by

Then G is analytic, has no zeros and satisfies G(0) = 1. By the Carathéodory ine-
quality we have

1

sip I < 1+ 2cre sup  In|G(D).
P IGO)I 1 _ 1 Kl< ;C

1+ 2cp e 1 4+cre 14 2 T

Using again (1.6), we get

(zeD;d(z, ) > 2c%6) < T({{e C: el < }) c{zeD;d@ ) > 2),

14 2cpe

so it follows that

1
sup In < 21 + cre) sup In|F(2)].
d(z, r)>2L‘;€ |F(Z)| Cré€ d(z, N>2e

q.e.d.

Now we prove the announced result concerning the majorization of the resol-
vents:

1.2. PrOPOSITION. Let I' be a closed C? Jordan curve in C, D the unbounded
connected component of C\I' and cp > 1 a constant satisfying the statement of
Lemma 1.1. Then, for every ¢ > 0, every complex Hilbert space H and every analytic
map z — S(z) from {ze€ D; d(z, T') > &} to €,(H) such that

1¢06(Sz), zeD, d(z,T) > ¢,
lim |S()]; =0,

|2)~00
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we have

sup  Inj(l — S@) Y < (»3 +--._2_) sup " g In(1 + ,(S())).
cre

d(z,I)>2c3-e d(z, r)>7e j=1

vPro%J‘f. Applying 'Lé.mma" 1.1 to F(z) = det(/ = S(2)), we get

d(z, I')>2¢'§~ 3 d(z, I‘)> 2e

sup  In|det(/ — S(Z))| < 2 (1 + ~—) sup In|det(J — S())}.

Using (1.4) and (1.5), our statement follows.
q.e.d.

2. RESOLVENT ESTIMATES IN BANACH SPACES

The aim of this section is to extend Proposition 1.2 for operators on Banach
spaces.

Let X be a complex Banach space and #(X) the Banach algebra of all bounded
linear operators on X. Denoting by & ,(X) the set of all Ke#(X) with dlm(KX) <n,
for every Te#(X) we define the approximation numbers

a(T)= inf |T—Kl,j=>1

KeF;_(X)
Clearly (see [17], Section. 21})
2.1 a;(ATB) < 1Al (DBl, T,A, BeZ(X),j>1
We remark that, if X is a Hilbert space, then by (1.1) for every compact operator

Te#(X) we have afT) = u(T),j = 1.

2.1. LEMMA. Let Te#(X) be such that d1m(TX) < +oo and 1 ¢ o(T). Let
further Pe¥(X) be a projection with Ker(P) < Ker(T) and dim(PX) < +oo. Then,
defining -the compression Tp €£L(PX) by

Tp(y) = PT(y), yGPX

we have: L
ai{Tp) < |Plloy(T), j =1,

1 ¢0(Tp),
i =Ty N<1+UTHIPINU — T
Proof. Letj = 1. For every K¢ F ;1(X) we have Kp € #;_,(PX), so

o0(Tp) < ITp — Kpll < PIIT - K.
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Consequently,
2(Tp) < 1P inf T — Ki = [Play(T).
KeZj (%)
Since (I — P)X = Ker(P) < Ker(7T), we have
2.2) TP=T.
Using (2.2), for all ye PX

Tp =TI =) y=PA—T)"y = PTPI —T)7'y =
=PI —T)'y—PITU—T)"y=

=PI-DI—-I)"y=y,
SO
(Ip — T — T) e = Ip.

It follows that I, — Tp is surjective, hence, PX being finite-dimensional, it is also
injective. Thus I, — Tp is invertible,and o

(2.3) e — T =1 = 1))

In particular, 1 ¢ o(7p).
Next, by (2.2) we have successively

[—P=(—-T)I—-P),
(I—T)*(I—P)=1—P,
P(I— T)(I—P)=0,

2.4) Pl -T)y'=PI—-T)1P
Using (2.2) and (2.4), we deduce
I—-T)'=I+TA—T)*'=I1+TPI—-T)1P
Therefore we have for all xe X
I —T)?* x|< [[x[| + ITI1PU — T) Px| <
< x|l + K71 — T) el I1Px] <

< (U TP — T)71e1) fixl

6 —~ c. 1056
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and by (2.3) we conclude

=D < T+ ITHAP) T — T
. g.ed.
In order to use Lemma 2.1, we need the following known result:

2.2. LeMMA. If Y is a linear subspace of X with n = dim(Y) < +co then
there exists a linear isomorphism W : I} — Y such that (W) <{n and | W™ <yn.

If Z is a closed linear subspace of X with n = dim(X/Z) < -+oo then for each
0 >0 there exists a projection P€¥(X) such that Ker(P) = Z and |P| < n + 6.

Proof. By the Auerbach theorem (see, for example, [17; 8.4.1, Lemma 1]) there
exist ¥, ..., ¥,€ Yand y¥, ..., ¥ € Y* such that

Iyl =1, I =11<j<n,

<ypyf>: ks 1 S]ak < n.
Defining W:I2 - Y by

W2} jan) = Z %Yjs
j=1
W is a linear isomorphism and

W) = {<», y;'k>}1<j<n'

Now an easy computation shows that | W|| < ya and | W™ < yh.
Applying the Auerbach theorem to X/Z, we deduce the existence of xy, . . ., x,€X
and x¥, ..., x% e X* such that

B )
Il < 14+ —, Ixfl=1,1<j<n,
n
<Xj,x%>=5j,‘, 1<j,k<n,

Z= ("j Ker(x¥).

j=1

Defining P e #(X) by

n
P(x) =Y, <x,xf >x,
=1

it is easy to verify that P is a projection, Ker(P) = Z and |P| < n + 4.
g.e.d.
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We note that the constants }/n and # in Lemma 2.2 are not the best
possibles. For more exact estimates we refer the reader to [9] and [11].
Now we are able to prove our variant of Proposition 1.2 for Banach spaces:

2.3. PROPOSITION. Let I be a closed C* Jordan curve, D the unbounded connec-
ted component of C\I' and ¢y > 1 be a constant satisfying the statement of Lemma
1.1. Assume there exist an operator Ke¥(X), a positive number € and an analytic
function z = T(z) from {z€ D;d(z,T) > &} into L(X) such that dim(KX) =n <oo
and

2.9 1¢0(T(2)K), zeD, d(z,I) > ¢,
(2.6) hm 1T x| =0, xeX.
Then

sup Inj(I — T@2)K)|| <

d{z, r)>vc1.

<14 sup In*(|T@ 1K) +

d(z, l')>2c1-e

©

+ 2In*tn + (3 + ;2—;) n®  sup 2 In(1 + [T@)] «;(K)),
r

d(z, N>2 j=

where, as usual, In*A = Inl for A€[l, +00) and In*2 = 0 for A€ (—oo, 1].

Proof. Let Pc¥%(X) be an arbitrary projection such that Ker(P) = Ker(X).
Then dim(PX) = n. Let further W : I » PX be an arbitrary linear isomorphism.

Similarly as in the statement of Lemma 2.1, for every T €.#(X) we define the
compression Tp e#(PX) by

Tu(y) = PI(y), ye PX.
Using this notation, we define an analytic mapp z — S(z) from {z€ D; d(z, T) > &}
to £(,5) = %,(1,% by the formula

S(z) = WY T(2)K)p W.
By (2.5) and by Lemma 2.1 we have
1¢0(S(z), zeD, d(z,T) > &,
and by (2.6)
lim [ S(z)}l, = 0.

lzls00

Using Proposition 1.2, we conclude that

@D e w0 = @ <(3+ ) s § i+ a5

d(z, I)<2cs d(z, 1)>2¢ |
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Now, by Lemma 2.1 and by (2.1), we have, forallze D, d(z, ) > gandj > 1
1(S@)= 1(S() <

< W] o (T(2DK)p) <
< W] Pl2T()K) <
< WP IT @I o (K.
On the other hand, again by Lemma 2.1, we have for all ze D, d(z, ) > ¢
In||( = T@HK)?| < Infl + [T@I 1K 2] Tp — (T@K)P)™M] <
< Infl + TN IKN AW IPE BT — SEHNTH] <
< 1+ Wn* (TN UKIT W AW P — SE)YI-
Denoting dp  — || W | W] | P|| and using (2.7), we deduce

sup Il — T@HK) ™| <

d(z, I') >2c§~s

<14+ sup In*(|T@I (K] +

d(z, I') >2c§~e

+1n+d,a,w+(3 + i)dp,w sup Y In(l + 1T@)oy(K)).

cre& d(z, N)>2 =)

Finally, by Lemma 2.2, for every 6 > 0 the operators P and W can be chosen
such that dp y < n(n + J), so we conclude that in the above inequality dp , may be
replaced by »%

g.e.d.

3. RESOLVENT ESTIMATES FOR COMPACT PERTURBATIONS

In this section we prove our main result, extending Theorem 1 of [18] for ope-
rators on Banach spaces.
We note that if K is a bounded linear operator on a Banach space X then

lim «;(K) = 0 means that K belongs to the norm-closure of the linear operators
j—o0)
on X with finite-dimensional range. In this case we denote for each t > 0

nk(t) = the number of «;(K) with «(K) > 1 .
t
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3.1. THEOREM. Let I be a closed C? Jordan curve, D the unbounded connected
component of C\I" and cr> 1 be a constant satisfying the 'statement of Lemma 1.1.
Let further X be a complex Banach space, T €% (X) with o(T) cC\Dand f : (0, -+ 00)
— (0, +00) be an increasing function such that

10— 7)) <f( ) leD.

d(, I)

Then, if K is in the norm-closure of the set of finite-rank operators on X and if
o(T + K) c C\ D, we have

In*In* (A — T — K)| <

1
<8+ In*In* (1 In(14+—C)+ In*In*
<8 Inhn QO+ KD +In (14 250 e ()

(%)
d(4, I)
4+ 3n* S

0

Mdl<
t

cr )+4ln+1n+f( 2er )+
d(4, I d(@4, I

N 2¢?
1 3ln+nK(26f(d()?))), JLeD.

<14+ 4In* I+ Q1 + [K]) -z-ln(l +

Proof. Let A< D be fixed. We define

d(l F)

3.1 >0,
(3.1 2
(3.2) n = ng(2f(1/e)).
Since x,..(K) > . , there exists K; e £(X) with dim(K,X) < n such
2/(1fe)”
that for K, = K — K; we have [|K;] < 2f(— Consequently, if ze Dandd(z, ') >
> ¢, we have |(z — T)IK,|| < %, hence (I — (z — T)7'K,)™! exists and

NI =CE-DK)?| <2
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Since o(T)= C\D and 6(T+K)<= C\D, it follows that if ze D and d(z, I') >¢, then

z—T—K)'=
=(I—--T7)'K)'—1)'=
={l—-——T)*'K—C—DT)1'K)(z—-T)1=
=l —(I-C—T)'K)—T) K —Ez—T)K)(z — T)™.
Define
T =U—(—T)' KM z—T)

for ze D and d(z, I') > &. The map z — T(z) is an operator-valued analytic function
with the following properties:

1 ¢ o(T(2) Ky),

lim [7@)] =0
1T \2f( o F))

I~ T— K < f( ))u(I—T(z)Kl)-ln.

d(z,

Applying Proposition 2.3 and taking into account (3.1), we deduce

lln (A —T—=K)7| <

33 S 1"(2f(d(;.lr)))+ : +ln+(2f( a0, r))" 1")+

)n2 S, In(l + 21/20)2(K0).

+ 2In*n 4 (3 + —

Cré

We complete the proof by estimating appropriately the right side of the inequality
(3.3).

1
First, si Kl < [K + 1K K+ ™™ (
est, since 1Kl < KT + 1Kl < IKD o+ 52oand f

1 1
+ M) <t |1 <
i (2f(d(i,l") )“K”) s ( +2”K“f(d(l,T) )) S

<1 +1n+(2|11<nf( d(; F))).

0D ) <o),

we have
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Using (3.3) we deduce that
Inj(2 — T — Ky <
1
<2+ 2In+ | 2(1+}KE +
( (4 E)f(d(/'-,F) ))

2t + (3 + i) 7Y In(l + 2/(1/26) 2, (K).

cre

(34

j=1

Next, since
1

'Kl < jK Kl < jK . j = ,
(K < ai(K) + 1Kl < o(K) + 27009 j=z1

and f(1/2¢) < f(1/e), we have
3, In(1 + 2f(1/26)5(K)) < ¥ 02 + 2/(1/22)2(K) <

<nln2+ ¥ In(l + f(1/e) a(K)).
y=1

On the other hand, taking into account (3.2) and integrating by parts, we get

il In(1 + f(1/e)o;(K)) = Szmmm (1 + @)dnxm =

— mg@fU/e)ln > + Sz’“’" ) Sl
2 Je ot t4 )

Al p (t 2fQ/e) p (t
< S A dr + S ﬁ dr =
20/ ! o t
Ul 3)
K
= ——=dt.
So t

Thus
“ 3f(1e

Y, In(l + 2f(1/2e)a(Ky) < nln2 + S M)
i=t o t

and, using (3.4), we deduce

Inf(A — T — K)1]; <

<24 2+ (2(1 + IlKIl)f(d(;r)))) +

33)
+ 2In*n + (3 + —2—) wlin2 + (3 + i) n Swm LY
0 t

cre cre
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Taking into account (3.2), we have

2f(l) (1 20119 (1
ln*ngngs —"(—)dtgs —Kth.

2f(1He) t 0 t

It follows from (3.5) that

n'(l—T—K)*|<

' N 1 | —4— 2ef(1/¢) nK(t) 3
<242 (2(1+”K")f(d(z,r)))T(8+ Crs)(so ‘ dt) <

<1+ [142n4Q(1 + ”K”))][l i 2]n+f( d(ﬂ1 F))] '

y 7 F2ef(179) 3
[ (2]
C,—B 0 4
hence

In*ln* (i — T — K)) <
< 1+ Int[+] + In*[#x] 4+ In*[x%+] <

1 ]
<4432 +In*n* QA +F KP4+ In[1+ — )+ Intin*
+ It QQ + [K) ( 2”8) f(du,m)*
2ef(1/g)
+3ln+g ) g,
Jo {

By (3.1) we conclude that the first inequality in the statement holds.

Finally, for s > have

=—— W¢
u(K) K|

Sx ) gy S 50 41 < m(n(IKLs),
o I 1k, 1

soforalls >0

ln+S 20 gy < In*In* (| Klis) + In*ng(s).
o ¢

Therefore, for every Ae D

2ef( 2Ci1 }
d@, )

1‘”8 i’ﬂtl). dr < In*In* (2e|lKHf(d(ici) )) - Intny (2ef( d(ic}’;’)))

0
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Since

In*In* (ze:;K;:f(d(z.ci}) )) = ln*[l = InT@2KD = ’"7( d(zc;;‘) )] <
Z s

< 1n+[(1 ~ In QKA + 1n+f( 2¢i ))] <

<2+ In*In*QIKI) + 1n+1n+f( 2cr )

it follows for all A€ D

2ef( 203‘- )
d@, n

]n+S "0 4 < 2 4 In*In* (1 + ]}K}|))+1n+1n+f( 26k )+

t d@4, I
. 2¢%
- Int (zef (d(z, r)))'

Using the above inequality, we get also the second inequality from the statement.

0

g.e.d.
The following consequence of Theorem 3.1 is particularly useful:

3.2. COROLLARY. Let I' be a closed C? Jordan curve, X a complex Banach space,
TeZ%(X) and K in the norm-closure of finite-rank operators on X. Assume

o)cTl, o(T+K)cT.

If there exists an increasing function f : (0, +c0) — (0, +c0) such that

: 1
14 — T)1Y <f( a0 I")) , A C\T,
3
+°°1n+1n+f(z)dt < Joo
Sl 12 ’
S+”M‘Md,<o@ ab >0
I l2 2 2 2
then there exists an increasing function g : (0, +o00) — (0, +o0) such that
10— T— k) < g( 0T ) JeC\T,
+°°ln+1n+g(t)dt < oo
Sl 2 .
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Proof. We may assume, without restricting the generality, that 0 belongs
to the bounded.component of C\I". We denote the bounded component of C\I
by D, and the unbounded component by D.

By Theorem 3.1 there exists an increasing function g : (0, +-00) — (0, +-0c0)
such that

1
O—T—-KY € 2o , 2 €D,
K K <g (d(“))

S+°°ln+ln+gm(t)
1 t?

dr < +o0.

Now I't = {4™; €T} is again a closed C? Jordan curve and Dg' = {47%;
0 # A€ Dy} is the unbounded component of C\I'"!. We choose r, > 0 such that

{AeC; |A Sr} e Dy {2eC;lAl <rg'}

Then
fueC;lul 2r'} @ Dyt = {peC;lul > ry}.
Clearly,
o(T™Yy eI, o(T+ K)Y) I,
Since

(= TH =pt + (T — ), pebgl,

we get for all pe D3ty |p| < rgt,

1y~ _ _2 1 — _2p, ry’®

Defining the increasing function fy: (0, + o00) — (0, +-00) by

fo®) = sup (u — T +rg* + rg*flr5>),

lu'>rg”

we have

0 >

1
— T <o)
e ) “<f°(d(y,r—1)) pe

S+wm_+ﬁ(_tl dr < + 0.
1 2

On the other hand, since

(T+K)y'=T"'"—(T+ K) KT,
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denoting Ky = —(T + K)*KT! and using (2.1) ,we have
(T+K)y'=T1+ K,

ng (1) < ng(l(T + K)Y 1T ), 1> 0.

Consequently,

dfr < 400, a,b>0.

S+°° In* ng (afo(t) 4 b)

o 12

Applying again Theorem 3.1, we conclude that there exists an increasing function
h : (0, +-00) — (0, +c0) such that

1

— T—%—K‘l_ll<h(~——~—
e = (T + B < o

), ue DGl

S+°° In*Inth(r)

1 t?

dt < + oo.

Finally, since
A=—T—-—K12=1"1"4+2(T+K'1—AH1, 0#£4ieDh,

we get for all Le Dy, |A| = ry,

1 re?
A—T—K) <t +rath[——— ) <rat 4+ rgtn [ -1 )
I <t g (d(l_l,r_l)) i z(d(“)

Thus, defining the increasing function g, : (0, -+ co) — (0, +00) by

g(t) = sup (A — T — K)7|| + rg* + r5*h(rs®),

[i<r,

we have

I — T— K <go (d(;r) ) %€ D,

+oIn+In+* gy ()
Sl 12

dt < + 0.

Now our statement follows with g = g, + g

q.e.d.
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4. INVARIANT SUBSPACES OF COMPACT PERTURBATIONS

Using Theorem 3.1, all decomposability and invariant subspace results from
[22], [4], [15], [12], [18] concerning compact perturbations of self-adjoint, unitary
or normal operators with the spectrum on a closed C2 Jordan curve can be extended
to the Banach space setting. These extensions may be proved in the same way as
in the above quoted papers (see also [19], Section 4), by only replacing the used resol-
vent estimate lemmas with Theorem 3.1 or Corollary 3.2. However, for the reason
given in the introduction, we give here a self-contained exposition.

We begin with the following slight extension of a result of N. Sjéberg, for
whose proof we adapted the reasonings from [5], Th. 3 and [3], Th. 1.12:

4.1. PROPOSITION. Let I' be a closed C? Jordan curve, K a closed subarc of T,
N an open neighborhood of K and g : (0, +oc0) — (0, +00) a strictly increasing conti-
nuous function such that

g)=1, lim g(t) = 4 o0,

t—>+oo
+oo] t
S —n—&)dt < + oo
1 t2

Then there exists ¢ > 0 such that for any subharmonic function u : N - R with

1

u(A)y< g (_d() I3

), e NNT

we have
u(2y <e¢, e N, d(4, IN=d{, K).

Proof. Since I is a closed C? Jordan curve, there exists a C! homeomorphism
h of some open neighborhood U of C = {ze C; |z| = 1} onto an open neighborhood
V of I such that #(C) = I'. Reducing U and V, if necessary, we may assume that the

partial derivatives of /# and /1™ are bounded on U and V, respectively. Hence there
exist ¢;, ¢; > 0 such that

4.1) 121 — 2o < ¢} l(z) — M2, 21, 22€ U,
4.2) area h(S) < c,area S, S Borel subset of U.
We define the sequence 1 = o; < o, < ... by

glo)=¢e"1, k=1
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For each integer n > 1 we have

n

Y lne= 1 + % G — Dz — o) + (1 — D20y <

k=1 k=
<1+ Y S o lng(t)dt + ST lng(’)dt:
k=2 Jap, 2 Zn+1 12
=1+ S Ing) 4,
o ?
hence
Z 12, < -+ oo.
k=1
Let ¢ > 0 be such that
“4.3) {2eC;d(4, K) <2} = NnV.
Denoting °
M 10ecic,
TE b
we choose an integer p = 1 for which
4.4 ol + M)1/x, < 1/4, k = p,
and
[o2]
4.5) MY 1o <e.
k=p

We prove that for
¢ = max {e?, g(1/¢e)}

our statement holds.
Let u# : N » R be a subharmonic function such that

1
d(4, I')

u(l) < g( ) Ze N\UT.

If 2e N,d(4, I') = d(4, K) > ¢, then
u(l) < g(l/e) <0,
so it is enough to show that for A € N, d(4, I') = d(4, K) < & we have

u(2) < ev.
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For this purpose we assume that there exists ;€ N such that d(},, I=d(/y, K)<e&
and

(4.6) u(ly) > €7

and we look for a contradiction.
First, there exists 4, € N such that |1, — 4| < M/x, and

u(ly) > e+,
Indeed, assuming the contrary and denoting
4 ={ieC;ll — 2 < M/},
4 =40 {1eC;d(A, T) < la,},

4y =4 n{2eC;d(A,T) = l/a,},
by (4.5) and (4.3)

A= NNV,
so we should have

u(d) < e’*l,  led,,
u(d) < g(a,) = e, Le d,.
By the subharmonicity of u it follows

u(le) < ——I—S u()di =
aread J,

- arell Y| ( SA uAdi -+ S/J

area 4, P +igp-1
area A

u(3)dA ) -

2

But, by (4.1) we have
(4, = {ze C; |hY () — z| < eeM1Ja,} n {ze C;d(z, C) < ¢;1/a,},

hence, taking into account (4.4), an easy geometric argument shows that h7'(4,)
is contained in a rectangle with the lengths of the sides 2¢, M. 1/, respectively Sc,.1/a,,.
Consequently,

area h™(4,) < 10ciM 1/o3.
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Using (4.2), we get

area 4, < 10cie,M - 1/2;  10cie, 1
area 4 M3 /o M ez’

so we should have
u(Zg) < 2e?71,

in contradiction with (4.6).
Now, by induction, we find a sequence 2y, 2,, ... € N such that for all j >0

14

;= Al < M 1ayy, u(4;) > erts,

so u is not bounded above on the compact set

{AeC;ll—A <MY 1 0} N,
k=p

in contradiction with the subharmonicity of w.
q.e.d.

Using Proposition 4.1, it is easy to deduce the following extension of [I3],
Th. XLIII:

4.2. COROLLARY. Let T be a closed C? Jordan curve, K a closed subarc of T,
N an open neighborhood of K and f: (0, +c0) - (0, +-00) an increasing function
such that

dt < +o0.

S+°° IntIntf(2)

1 t?

Then there exists d > 0 such that for any complex Banach space X and any analytic
mapping F: N — X with

IEG)] <f( ) Ae N\

d4, I
we have

IFD) <d, AeN,d(, ) = d(4, K).
Proof. We define the increasing function f: (0, +o00) — (0, + o0) by

fo(t) =In (1 + f(2)?).
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Next we define the strictly increasing continuous function g: (0, - oc0) — (0, +-00) by

i([+ 1), t < 1’
g)={ ? , .
(S fo(s) ds)™ tS Jos)ds, =1
1 ¢
Then
g(l) =1, lim g(t) = + oo,
t—+o00
S*oolig(_’).dt < _;_ Jove)
1 t2
and

0 <2 Szfo(S) dsg(t), 1€ (0, + o).

Let ¢ > 0 be the constant associated in Proposition 4.1 to I', K, N and g and we put

2
cho(s)ds .
d=¢ 7!

Now let F : N — X be an analytic mapping such that

IEG) sf(aa 5

Let also x* € C¥, |x*|| < 1, be arbitrary. We consider the continuous subharmonic
function Fx: N — R defined by

), Ae N\I.

Far(d) = ——In(1 + | < F(}), x*>]3).

2 Sl fols) ds

Then

Fo(d) < g( ) Je N\T,

d(4, I
and so, by Proposition 4.1, for 1 € N and d(4, I') = d(u, K) we have
Fx()) <c,

2¢ Szf‘,(s)ds 1 < d.
[<F(),x*>| < (e — 1)

Since this is true for any x* with |x*| < 1, the proof is complete.
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Now let X be a complex Banach space and T €#(X). Following [8] (see also
[4], Ch. 1 or [19], Section 1), for each closed set S = C we define the linear subspace

— i i i x: C C -

with(Z — T)F, () = x for all 2 C\S

If the interior of ¢(7) is empty, then

/ ; — -1
XAS) = {xeX; the map 4 —» (2 — T)™'x from C\o(T) to X }’

can be extended analytically to C\S.
4.3. LeMMA Let I be a closed C? Jordan curve, X a complex Banach space

and Te¥#(X),o(T) = I', such that there exists an increasing function f : (0, +oc0) —
- (0, +00) with

16— 7)) <f( ) 7 eCN\I,

d(A, I)

S+°° In*ln*f(r)
2

1 t

dr < <+ co.

Then for each closed subarc J of T the linear subspace X(J) of X is closed.

Proof. For J = I our statement is trivial, so we may restrict ourselves to the
case J #T. Let {x,},»; = X;(J) be a sequence and x, € X such that lim ||x,—x,[|=0.

00

Let A€ I'\J be arbitrary. We choose a closed subarc K of I' such that 4,
belongs to the interior of K and K N J = @. Denoting N = C\J, there exists an open
neighborhood V of 1, with

Ve N {ieC;d(, I = d, K)}.

Let d > 0 be the constant associated in Corollary 4.2 to I', K, N and f.
Since for every m > n > 1 the mapping

A ”xn — Xm lﬁl(}" - T)—I(X" - xm)

from C\I in X, can be extended analytically to N and

1% — Xl 2 = T) 2ty — 2l <f( d—()l—F)) JeC\I,

by Corollary 4.2 we have

I — D)7 (x, — x) < diix, — xull, 1€ VNI

7 — c. 1056
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Consequently, the analytic extensions of the mappings A+ (1 — T)7x, to C\J
converge uniformly on ¥ to some analytic mapping F: ¥V = X. For 2¢€ V\[I we
have F(2) = (. — T)x,, so we conclude that C\I's /2 —» (1 — T)x,€ X can be
extended analytically to (C\I') U V.

Since 2, € I'\J is arbitrary, it follows that C\I'3 4+ (A — T)xy€ X can

be extended analytically to C\J, that is x, € X1(J).
q.e.d.

Next we prove the solvability of a generalized Dirichlet problem, extending
Lemma II of [1]:

4.4, Proposition. Let I" be a closed C? Jordan curve, J # I be a closed subarc
of T with end-points 1,, 4, and g: (0, +00) — (0, 4-o0) be a strictly increasing conti-
nuous function such that

gl) =1, lim g(t) = +o0,

l>+ o0

S*”Md,<+w

1 12
Then there exists an open set D and a continuous function-
u:D - [0, +00]
such that D is a rectifiable closed Jordan curve and
IN{4, 4} €« D e {AeC;d(4, Iy = d(4, J)},
{2eD;u(l) = +00} = {4, A},

u is harmonic on D,
1

d(4, I

u(/1)=g( ) JedD.

Proof. We define the sequence 1 =, <f, < ... by
gty=¢eL k=1,

By arguments already used in the proof of Proposition 4.1, we have

1/, < +o0.
1

T8

Denoting
1

(Y Ut —( % 1t
izk izk+1

» k=21,

Sk
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we get a sequence sy, Sy, ... > 0 with
Sk
4.7 £ \.0 when k - oo,
Iy
(=]
/s, < +o0.
k=1
We denote

on=Y 1/s;, k > 1

izk

and we define the continuous increasing function ¢ : [0, ¢,] » [0, 2/t,] by
»(0) =0,
o) =2/, k=21,

@ is linear on [6,,,, ;] for each k > 1.

Considering on I' the counter clockwise orientation, we assume that A 18
the end of J in the negative direction and 7, is the end of J in the positive direction.
We denote by 4, the positively oriented tangent half-line to I' in 4, and for each
A€ 4, let 4,(2) be the line perpendicular to 4, in A. Similarly, we denote by 4, the
negatively oriented tangent half-line to I' in 4, and for each A € 4, let 4,(4) be the
line perpendicular to 4, in A.

There exists 0 < a < o, such that for j = 1, 2 the following statement holds:
for every 4 € 4; with |4 — 4;| < a, we have 4i(2) n J # O and, denoting by (1) the
nearest point of 4;(1) n Jto 4, the mapping

{Aedi -2l <a}simpd)ed
is continuous. We denote by u;*(2) (respectively y; (1)) that point of 4 (2) for which
the direction of the oriented segment starting from p;(%) and ending in y;* (1) (res-
pectively y;j(4)) coincides with the direction of the inner (respectively outer) normal
of I' in Z; and the length of this segment is equal to ¢(JA — 2.
Let us denote by Q* and Q~ the bounded and the unbounded components

of C\I respectively. There exists 0 < b < a such that for Jj =1, 2 the following
statement holds: for every 4 € 4; with |1 — 4;| < b, we have

{ew(D) + (1 — e (1); 0 < & < 1} © {2 Q*; d(4, ) = d(4, J)),
(o) + (1 — e (A); 0 <& <1} & {AeQ;d(4, I) = d(4, J)),

(4.8) {<P(I)~ — A) < 2d(uf (A), J) = 2d(ujt (2), I,
' <

@14 — 4) < 2d(u; (4), J) = 2d(uj (D), I).
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Now we choose k, > 1 such that

tk
4.9) -2 > 16,

ko
G, < b.

For j=1,2 and k > k, we define /;,€4; by |4;x — 4|=0,. Then i pj(2)
(respectively A—>p; (1)), defined on the segment joining 2; and Z;,,, parametrizes a
rectifiable arc I'j (respectively I';"). We connect p1;" (2, x,) with 3" (22 ;,) (respectively
ui (A1) With ps(4:,,)) by a rectifiable arc I'§ (respectively I's) such that
To=I7 Ul Ul Ul Uy ury is a closed Jordan curve and the bounded
component D of C\I, is contained in {1 € C;d(%, I') = d(4, J)}. So we have the
following picture:

By the construction
IN{y, &) € D < {AeC;d(A4, 1) = d(4, ))}

and 9D =Ty U I's U I's u I'f U Iy UIy is a rectifiable closed Jordan curve.
It remains to verify that the generalized Dirichlet problem in the statement is solvable.

Let ¥ be a conformal map of D onto {w e C;lImw|< %} such that Z, corre-

sponds to —co, A, corresponds to oo and the counter clockwise orientation
of dD corresponds .to the counter clockwise orientation of the boundary of

{w eC;|Imw|< %} Let next @ be the conformal map of {w eC; |Imw|< %} onto
{z€ C; Rez > 0} defined by
O(w) = ¢".

Denoting @ = @-Y, it is enough to prove that

+§o g( d((D‘ll(it), I )

s dt < +o0.

(4.10)

- 00
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1
d(@7' (1), I
right half-plane defines a continuous positive function v on {z € C; Re z> 0}, which
takes the value oo only in 0 and oo, is harmonic on {z € C; Re z> 0} and whose
1

d(@1(it), I

Indeed, if (4.10) holds then the Poisson integral of (if) — g ( ) in the

boundary value in it is g( ) Then u=1v- @ satisfies the requirements

of the statement.
For each k > k, we denote
ity = d(ui (), it = Py (A1),
isg = D(us (o)), ik = D(ps (2o))-
Then

e € St < Sk <M < Mgy <. o< O <L < <G <SE <SS <

and
lim ¢ = lim #; =0,
k—oo koo o
lim s = 4+ o0, lim sy = — oco.
k- 00 k—=soo
Since t > g [ —————— | is bounded on each compact interval which doesn’t
d(p~ir), I')

contain 0, in order to verify (4.10) it is enough to prove the following inequalities:

an (% ! d S (R S PN
@ § " (Gammm) < S,k— #(sam) <+

(4.12) S+°°1 (

—8
2
5o !

) se 1 1
-— )dl<+oo,S°—g(——_—-)dt<+oo.
d(@~*(ir),T) —oo 2 \d(@7Y(ir),I)
If k > ko and 1 €[tf,q, 2] then &7(ir) belongs to the subarc of I'y” between
/11+(/11,k+1) and l‘f‘L('ll,kq)a hence by (4.8)

—1_’*— <2 sup ——L———— —
d(@7Uit), I)  Aeliupess ol Q|4 — A1)

1 1
= =2 = lgs1e
‘P(Ml,kﬂ — Al) ©(04+1)
Therefore
1
4.13 — | < gt =ek, teltf,, Bl
(4.13) g (d(tp“l(it),F)) 8(t+1) k+1 Ik
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On the other hand, taking in account (4.9), we have for all k > k,

1

Serr 20(8) =%, 4 sq

-~

‘9

(5T

O +1 2(P(s) 9=k,

m»

Using a theorem of L. V. Ahlfors about the behaviour of conformal maps in the
neighborhood of beak portions of the boundary (see [7], Ch. V, Th. 6.1), it follows
for k = k,

At A -lfips o, ds _
ONitg) — O7irty1) > nS e "
hence, denoting N
(4.14) xkznﬁl’_,
o=k, 4 S,
we have

O7Y(itg) — O7\iti,) = x — 4,
PIRIESE il

By (4.13) we deduce

1
gl—————= ) <¢k, teltie T (f].
(d(¢-l<nr),r)) £ *

Consequently,

tko ’ 1 oo
gl m————= | dt <Py + ¥ il et =
SO (d(qs—l(n), r)) SRR

Xk

0 — -1, — k-1
= ekor,;: + et Z (e'”rl ) < + oo,
K=k,
because by (4.7)
lim — Y — + o0
koo k41

Thus the first inequality from (4.11) is verified. The proof of the second inequality
from (4.11) is completely similar.

Finally, we sketch the proof of the first inequality from (4.12), the proof of the
second one being again similar.

Ifk > kyand t € [s, sif, ;] then @7 (ir) belongs to the subarc of I's" between
B (A2,x,) and pif (4,¢4,), hence by (4.8)

1
d(@~(it), I

< heyr-
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Therefore
1
gl———— ] < ek rest, sl
(d(qs-l(it), r)) (ko S
On the other hand, using again Ahlfors’ theorem, we get for k = k,
O7Yisdyy) — O7MsE) = x, — 4m,
SI:'_+1 > S,;: exk—4n,

where x, is defined by (4.14). Thus

1
gl ———— <e"‘,te S";,S':CX"‘M].
(d(d»-l(u), r)) %
Consequently,
oo ] too dr
S . g(l—) dr < st exo—dn Z ef+1 S — =
51;'; 12 d(¢_1(lt), F) (Sk':)2 k=t :/j' eXk—4m g2

— -k -1
— e"o+"'~o—‘“(s ) 1+ e“’(s ) 12 ( k+1 1) <1 oo

g.e.d.

We note that, choosing in the proof of Proposition 4.4 the function ¢ and
the arcs 'y, I'; appropriately, one can construct D such that D is of class C2 in all
points excepting 4, and A,.

We note also that, using the maximum principle for subharmonic functions,
it is easy to derive Proposition 4.1 from Proposition 4.4.

Using Proposition 4.4, we prove a weakened variant of [14], Lemma 2.2.1,
[12], Lemma 2.3 and [19], Lemma 4.3:

4.5. COROLLARY. Let I' be a closed C? Jordan curve, J# I be a closed subarc
of T with end-points },, %, and f:(0, +00) — (0, +-c0) be an increasing function
such that

S+°° n*n*f) 4 o

1 12
Then there exists an open set D and an andlytic function
¢:D->C
such that 0D is a rectifiable closed Jordan curve and
IN{A, 42} € D e {AeC; d(A; ) =d(4; J)},
0#[|d(DI <1, AeD,

D3u-2

lim | ()] <f(ﬁ) , A€dD.
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Proof . Similarly as in the proof of Corollary 4.2, we define the strictly increas-
ing continuous function g : (0, --o0) — (0, +0o0) by

g)= '
(S In(l + £(s)) ds)— IStTlln(l S fs)ds, 13> 1.

Then
g(l)=1, lim g(t) = + oo,
. t—>+0o0 :
+00
S lng(t)dt < +o0
1 12
and

In(l + f()) < c g(1), 1€(0, + o0),

where ¢ = 2 Sz In(1 4+ f(s)) ds.
/1

Let D and u be such that the requirements of the statement of Proposition 4.4
hold with the above g. Since D is simply connected, there is an analytic function
¥ on D such that Re ¥ = u. It is easy to verify that @ = e ¥ satisfies the conditions
of the statement.

q.e.d.

Now we return to the study of the spectral subspaces X (J). Taking in account
Remark 1 following Theorem 1 of [23], we deduce the following lemma:

4.6. LEMMA. Let I" be a closed C? Jordan curve, X a complex Banach space
and Te%(X), o(T) = T, such that there exists an increasing function f : (0, +-c0) —
— (0, 4+ o0) with

1
I _1 -~ — P C F)
A —T)7 <f(d(,1,r)) Ae C\T

dr < + co.

S+°° In+In+*f(1)

1 2
Then for each closed subarc J of I', such that the interior of J intersects o(T), we have
X (J) # {0}.

Proof.. Clearly, it is enough to consider the case J # I'. Let ,, 2, be the end-
points of J.
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By Corollary 4.5 there exists an open set D, whose intersection with I' is
INAs 75} and whose boundary 9D is a rectifiable closed Jordan curve, and an
analytic function @ on D such that

0|0 <1, ZeD,

lim [ @(u) (1« — T < 1, 2€dDN\ Ay, 2o}

Dopu—i

By [6], Th. 10.3 & has non-tangential limit @(Z) in almost every 2 € 8D with respect
to arc length and by [6}, Th. 10.4

1 S @A) 4, - D(u), peD,
271 Jap A—p 0, u¢ D.

(4.15)

One can consider the integral

1
= N — THYyd2
4= SOD o) (h — T)

ni

and, using the resolvent identity and (4.15), we have

_I__S Q) (A — T)'dl, ue C\(DUT).
2ni

H—T)"4=
op L — 4

Thus AX < X(J), so it is enough to prove that AX # {0}.
Let 4, be in the intersection of the interior of J with ¢(T). Since 4, is a boundary
point of o(T), there exists x, € X such that

Ixoll =1,

1

(1 — T)71d2 \_ :

' )
1Go — Thxoll < 19(k0)] ‘_217[_18 T¢( )
ap A — 4y

Using (4.15), it follows

IR 1 P(%) o |
Ax,| = 20 gixy— L 2Dy — Dxd] >
Il I i 500,1—/10 * 2ni-SODA— [ G DG Dn =
S 100 — | ¢ —2D_ 2~ mydn - — Thxgl>0.
> 10001~ | 5= 570 0 Tl — D>

Consequently, AX # {0}.
g.e.d.
Following [8], a closed invariant subspace Y of T'eZ(X) is called spectral
maximal subspace of T if it includes every closed invariant subspace Z of T with
6(T|Z) = o(T|Y). The operator Te€Z(X) is called decomposable if for every finite
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open covering Gy, . . ., G, of 6(T) there exist spectral maximal subspaces Y, ..., Y,

n

of T'such that ¢(T|Y;) = G; forall 1<j < nand X =Y, Y;. For several character-
j=1

izations of decomposable operators we send to [19].

Now we are able to prove [19; Th. 4.8], essentially in the same way as that one
suggested in [19]:

4.7. THEOREM. Let I' be a closed C? Jordan curve, X a complex Banach space
and Te¥(X),0(T) < T, such that there exists an increasing function f : (0, +00) —
— (0, +00) with

12— )] < f( ) 2eC\T,

d4, )
S+°° In*ln+f(1)

1 t

dt < 4+o0.

Then T is decomposable.

Proof. Let J be a closed subarc of I'. Then, by Lemma 4.3, X(J) is a closed
hyperinvariant subspace of T . Denoting by 7 the linear operator induced by T
on X7 = X/X;(J), we have o(T’) ¢ C\_ the interior of J. Indeed, assuming that
the interior of J intersects ¢(7"), since

I a7AGSS | 1
16— Ty sf(d(“)), e O\,

by Lemma 4.6 we should have (X”)_;(J) # {0}, in contradiction with X)) =
= X1()/X(J) = {0} (see [19], Th. 2.10(d)).

Now, the family of all open subarcs of I' is a base for the topology of I', so
by the-above part.of the proof, by [19], Lemma 3.2 and by [19], Th. 3.3 T is decom-
posable.

g.e.d.

Using Corollary 3.2 and Theorem 4.7, we get immediately:

4.8. COROLLARY. Let I be a closed C? Jordan curve, X a complex Banach space,
TeZ(X) and K in the norm-closure of the set of finite-rank operators on X, such that
oTycl,o(T+K)c<T.

If there exists an increasing function f : (0, 4 00) — (0, +c0) such that

1
- 1 ~= ;'1 C b
G — T) H<f(d(l,r)) eC\I

+oon+in* f{(1)
SI 12
S+°°1I1+I1K(H—Mdt < 4+ o0, a,b>0
| ’2 y b b
then T + K is decomposable.

dt < 4+ o0,
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Similarly to the case of Hilbert spaces (see [15]), for each complex Banach space
X one can define the Macaev ideal

. (X) = {Kez’(X); 3 “‘T") < +oo}-

If Ke%,(X) then
lima(K)Inj=0

Jj=0o
(see [3], Lemma 1.5), so K belongs to the norm-closure of the set of finite-rank
operators on X. Moreover,

+oo |n+
S 1060 4 < 1 o0, Ket ()

1 12

(see [3], Th. 1.10). Applying Corollary 4.8 with f(¢) = ct, it follows:

4.9. COROLLARY. Let I" be a closed C? Jordan curve, X a complex Banach space
and T €L (X) such that 6(T) = I and for some ¢ > 0

c
A=T) < ————, 2e C\TI.
¢ )7 o e

If Ke¥  (X)and 6(T + K) = I then T + K is decomposable.
We remark that, if T€%(X) is such that 6(T) = R and for some ¢ > 0

1A —1)1 < » AeC\R,

[ImA

then for every Ke € (X) with o(T + K) < R, defining the entire function w by

a)(z):ﬁ (l —l—iﬂl—(—) z)
k=1 k
and using Theorem 3.1 and [3; Th. 6.8], one can easily deduce that 7 + K is w-self-
adjoint. A similar result may be proved in the case 6o(T) < I, 6(T 4+ K) < T,
where I' is an analytic curve.
Finally we prove the invariant subspace result in Banach spaces, corresponding
to those from the papers quoted at the beginning of the section:

4.10. THEOREM. Let I' be a closed C? Jordan curve, X a complex Banach
space and T ¥ (X) such that o(T) < I and for some ¢ > 0

1A — 1) < - , LeC\I.

[od
d(, I)
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If Ke € ,(X)and T = K is not a scalar multiple of the identity then T —K has a non-
trivial closed hyperinvariant subspace.

Proof. Let us assume firstly that there exists 2y € o(T +— K)\I'. Then, by the
equality

ST K=(y— DU — (}y — T)'K),

1 belongs to the spectrum of the compact operator (2, — T)7'K, hence it is an
eigenvalue. Therefore there exists xq € X, |xofl = 1, such that

(2o — T)'K(x0) = X0,
(o—T— K)xg=0,

so Ker (g — T — K) # {0}. Since T+ K is not a scalar multiple of the identity,
Ker(ly — T — K) # X. Consequently, Ker(4, — T — K) is a non-trivial closed
hyperinvariant subspace of 7"+ K.

Thus we may restrict ourselves to the case 6(7 + K) = I'.

Let us assume now that ¢(7T 4+ K) contains at least two different points 2,, 5.
We choose a closed subarc J of I such that A, belongs to the interior of Jand /4, ¢ J.
By Corollary 3.2 and Lemma 4.3 X7.4(J) is a closed linear subspace of X. It is easy
to see that the spectrum of (T 4+ K)| X1, x(J)is contained in Jand 4, ¢ J, so X7, x(J)#
# X. On the other hand, by Corollary 3.2 and Lemma 4.6, X7, x(J) # {0}. Hence
X14x(J) is a non-trivial closed hyperinvariant subspace of T + K.

It remains to treat only the case o(7T + K) = {u,} with g, € I'. We may assume,
without restricting the generality, that p, = 0. We shall prove that in this case
T + K is compact and then the existence of a non-trivial closed hyperinvariant
subspace of T4+ K is a consequence of the Lomonosov theorem (see [20; Corollary
8.24)).

Let ¥(X) be the ideal of all compact operators from £(X), M(X) ,?(X)/(é X)
and S the canonical image of S e#(X)insZ(X). We must prove that T=TTK=0.
Taking in account that o(7) = {0} and

c

(4.16) 14 =17 < TN h

Ae C\T,

this follows by an argument from the proof of [24], Lemma 4: for ¢ > 0 sufficiently
small, denoting by y, ., U, . the points on I' with }y, .| = || = &, by Iy ., [, the
normals to I' at y, , respectively u, . and by I' the counter clockwise oriented boundary
of the intersection of {1 € C;d(4, I') < ¢} with the component of C\(I',, U I',)
containing 0, we have

F = i )T — ) = —— G = i) = ) (4= Ty
2ri

I
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letting ¢ — 0 and using (4.16), we get T2 =0, so

(G —T)r=i1+1,2T, i #0.

Using again (4.16), it follows that T=0.

q.e.d.

This research was carried out during a visit of the author at the University of Rome, supported by C.N.R.
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