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A PROOF OF A THEOREM ON TRACE REPRESENTATION
OF STRONGLY POSITIVE LINEAR FUNCTIONALS ON
OPx-ALGEBRAS

KONRAD SCHMUDGEN

1. INTRODUCTION

In [4], the following theorem was shown.

THEOREM 1. Let @ be a dense linear subspace of a Hilbert space. Suppose that
D[¢.) is a Fréchet space. The following are equivalent :

(1) 9[4,] is a Montel space.

(2) For any Op=x-algebra & on @ with 4=~ each strongly positive linear
functional f on & is a trace functional, i.e. fis of the form f(a) = Tr ta, ac o, where
teS(9),. '

The proof given in [4] for the main part (1) = (2) of the theorem relied ona
method developed by Sherman [6]. Because Sherman’s proof is very long, it is desirable
to make it simpler. The purpose of the present note is to give another proof of the
above-noted result (1) = (2) which will be stated separately as

TrEOREM II. Let of be an Opx-algebra on D and let f be a strongly positive
linear functional on sf. Suppose that D[¢ ) is a Fréchet-Montel space.

Then there exists an operator t € ©,(D), such that fa) = Tr ta forallae of.

Our proof of Theorem II is based on topological arguments. It makes use of
Theorem 4.4 (more precisely, of Proposition 4.1) in [4). Let us recall some part of
Theorem 4.4 from [4] in a convenient formulation for later use.

PROPOSITION. Let o/ be an Opx-algebraon 9 such that D¢ «)is a Fréchet-Montel
space. Let f be a t g-continuous linear functional on <.
Then there is an operator t € S(D) so that f(a) = Tr ta for allac .

The present approach to Theorem II is shorter than Sherman’s original proof
and it]gives a more general result.

Some arguments used here independently appear in [1]. In the case of Fréchet-
Montel |domains which have an unconditional basis another proof of Theorem II was
also given in [5].
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2. DEFINITIONS AND NOTATIONS

We collect the definitions we use in what follows (for more details about Opx-al-
gebras we refer to [2]).

Let &9 be a dense linear subspace of a Hilbert space s# and let L¥(2): =
:={acEnd 2 :a9 < 2,a*9 < 9}. Endowed with the involution a — a*: = a*|9,
L*(9)is a #-algebra. An Opx-algebra o7 on & is a =-subalgebra of L*(9) containing the
identity I = I. o is said to be self-adjoint on @ if

2 =N 2@,

By the graph topology 44 on 2 we mean the locally convex topology defined by the,
seminorms ||p||,: =|lag|, ac . In the case & = L+(2) we write £,. The uniform
topology 7o on & ([2]) is generated by the family of seminorms

P (@:=sup|{ap, ¥)|

pyen
taken for all bounded subsets m of 2[¢4].

Let o, ={acsef :a*=a}, o,={acA:{ap,9)>0 Y pecP}anda>b iff
a—bess, fora,be of,. A linear functional f on &7 is called strongly positive if
fla)=20 Vac,.

Further, let S (/)= {te B(#): ta and t*a are of trace class for all ac o 1# = D,
' < 2}, S A= {te G ):t> 0}, ,(D)=S(L*(2)) and &(D), = E(L (D)), -

A Montel space is a barreled locally convex space in which each bounded set is
relatively compact.

3. PROOF OF THEOREM 11

For convenience, the proof will be divided into several steps stated as lemmas.

LEMMA 1. Let a be a symmetric operator on a unitary space 9. Let Y,n €D and
teeR, O0<e< 1.If

@A +linlEyKa@y -+ n), 2 + 1) = (1 — &) {ah, ),V A€ C, A0,
then

{an,my < (1 +e)la(y +n), W +ny, V ieC.

Proof. From our assumption it follows that

Mlay, ¥y + Kap, ny +ian, ¥y — (1 — &) {ay, ¥y (A4 + |In|l?)

is non-negative for all 1 € C. Hence the discriminant must be non-negative, that is,

eay, ¥y Kan, my — (1 — e){ay, Y [nl*] — Kay, m)I* > 0.
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Because 0 < & < 1, this gives
(1 + e)<{ay, Yyecan, ny — (1 + &) Kay, n)|* =0.

Therefore
M+ e)ay, ¥) + (A + )ay, n) + (1+e) Kan, yy+elan, ny=

takes only non-negative values for all A € C. This proves the assertion.

LEMMA 2. Let f be a strongly positive linear functional on an Opx-algebra
SLonDandlet a,x € o.

If Kxp, 9))| < <aw, ¢) for all ¢ €D, then |fx)| <Y 2f(a).
Proof. Let x=x;+ix,, x,=x{" € of, Xo=x5 € A|(x @, @) |< {ap,0) V@D

implies that + x; < a and +x, < a. Hence + f(x,) < f(a) and =+ f(x,) < f(a)
which gives

PP = f(x)* + f(x2)* < 2f(0)*.

LEMMA 3. Let {a;, i € N} be a sequence of operators a; € L*(2) and {a;, i € N}
a sequence of positive real numbers.

There is a real sequence {B;,ic N} with p, = a3,0 < p;<c?, VieN and an
orthonormal system {¢@,, i € N} of vectors ¢; € 9 so that

ey ;}Billai(l — E)oll? < 4; of || ap]?

Jor all pe€D,neN, whereby E, = P, + ... + P, and P; denotes the projection on
the one-dimensional subspace generated by ¢,.

Proof. Let {¢;, i € N} be a real sequence with 0 <¢; < 1/2and [J (1 +¢,) < 4.
i=1
By induction on n we prove that

@ 3, Billad — EolP <[ Y (+e) ] Y ?laelP, Voe2
i= i=1 i=1
which implies (1).
Suppose that 8y, ..., fi, and ¢,, ..., ¢, are already chosen so that (2) is ful-
filled. Let
3 Bur1 = (1 + @y 1B, D) 2001

Further, let

n+1
L= inf{ 21 Billaol?; llell =1, pe (I — E,.)Q}’
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We choose a unit vector ¢,,, € (I — E,)@ so that
nt1

) (I — &,41) glﬁi”ai‘%u”z < L1

We prove that (2) is true for n +1. Let ¢ € 9. We apply Lemma 1 with

n+1

a= Z ﬁiai—'-ai:‘p =Quiy, 1= (1 - En+1)¢
i=1

and ¢ = g, 1. By the definition of I,,, we have

(A2 + D7 Calh + ), W + ) =

=(2 + U — E,r)olp) _2:1 BillaApnir + I — E,.00l? > 1n+1(4>)

n+1

(24 (A — &) X Billag,lP = (1 — e)<ay, ) for all AeC, 1 # 0.
) i=1
Putting A = (@, @,+1) it follows from Lemma 1 that

n+1

X Billat — Eolt = Can,my < (U + &) alp + m), 2+ ) =

5 n+1
) = (1 + &41) §1 Billa(Pyr10 + (I — E, o

Applying the induction hypothesis we obtain

n41 a1

Z Billad — E, )0l <1 + &,41) Z Billal — E)ol|? <
i=1 ) i=1

<+ &40 [[li {a+ 8,—)] Y llal? + Burr(ll@nrr0ll + |[a"+1En]H[a,,+1(DH)2:i (§)

=1

n+1

n+1
< [ T +e) ]z Hlaol?
(&1 i=1

which gives (2) for n + 1.
We have to say some words about the first step of induction. We take B, = a?
and choose ¢, €9, ||@,|| = 1, such that (4) is fulfilled for n = 0, E, = 0. Then,

by the same arguments, (1) is true in the case n = 1.

Now let o/ be an Op=-algebra on &. Suppose that Z[#.]is a Fréchet-Montel
space. Then there is a sequence {a; i€ N} of operators ;€ & so that |jp| <
< llaoll < ligivr0ll YV ee?,ie N, and the seminorms [[¢[l,, i€ N, generate £.
Using Lemma 3 for these operators a;, the next Lemma is mainly aconsequence of the

Montel property of 2[¢x].
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Lemma 4. For each n € N there is a number k, € N such that
kn
(©) nlla,(I — Ei,) o|* < Zlﬂi“ai(l — E.)o|* Voe2.

Proof. Assume that this is not the case for a number n € N. Then for every
k € N there is a vector & € & so that

x
nlla, (I — E)&|? > ;ﬁillai(l— ENER

Let
Y= (I — E).
After norming the vectors we obtain |la,y,|| = 1. Then
k
@) n* > Z} Billal® = Billaghl?

for i € k. Consequently,
fgpN la:ill® < sup (llayall?, - . . llagr % n¥B) < +oo.

Thus, {y, k € N} is a Z»-bounded sequence. Since 9[¢,] isa Montel space, there
is a £ g-convergent subsequence ¥, — ¥, € 2. By (7), we have

s
n > Y Bilay. |2 for s <r,seN,
i=1

which gives

s

nt > Y, Billaolt  for all seN.

Since
1 :klignanl.brk” = ”an'#OH’

it follows that yy+#0.
Clearly, Yoe(I —E)Z VseN because Y, € (I — E,)9. Hence by the
definition of I, we get

Wl 72 > Woll ¥ Bllaaholl > 1, > (1 — o) 3 Bilmo, | >

= 12 Billap,|*  for i <.
Obviously, .
llaspsli® < 2n2{olI72/B;
for i<simplies the Z4-boundedness of the sequence {¢,, s € N}. Using again the
Montel property of 2[¢4], it follows that this sequence would have a cluster point.
This is a contradiction because {¢,, s € N} is an orthonormal system.
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LemmMma 5.

ko
®) nlla,d — Eelllel < Z 20;||a;p|* for all 9 €D, neN.

Proof. n?|ja,(I — E; )(0”2 }:, dlad — Ek)(P”2

K a n
§ Z ;llapl? < (21 206.~|Iai</)||) ’
i=

i=1

ie. et — E)oll < ¥ 2ol
Since

lell < llapll  V @€, ieN,
the last inequality immediately implies (8).

Now we consider an arbitrary element x € o/. Then there is a constant C,
and an r e Nso that l|x¢]|<Cx[|a,<p|l and {[x*p||<C,lla,¢|| VY@ e2D.Let ne Nsuch
that n > C, and n >

LEMMA 6.
kn
® KU —Ex,)x(I — Ei)e, o)l < ¥20,llapl?,
i=1
Kn
(10) KU — Ex)xEe,0, o)l < ¥ 2a;]la:0]?,
i=1
k.
(1) (B, x(I — Ex,)p, 9)| < Z 20llapl? VY @e2.

Proof. KU — Ex)x(I — Ei)p, o)l = [{x(I — Ek 9, (I — Ex o)l <Cyllad —
—E)oll I — Ec)ell < nla,d — Ex)ol lloll < 21206 lla;@l®. Similarly, (10) and
(11) will be verified. g t

Next we inductively choose a sequence y = {y,, i € N} of positive real numbers
so that y? < B; and

(12) yilla Bl < 9, fork=1,...,i; ieN.
Using this sequence we define
hy(k, @): = sup vilaiEioll, keN, p € 2.
Let
m= {kLeJth(k, ©)E0}.

pe2
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Since
hk, o) = villa;Ee| Y ikeN, pe9,
we have
3};1?]1“ail//” = sup hy(k, ¢)” YaEell < 1/y..

weg

Hence m is a £x-bounded subset of the domain. Let
W = {ae Ap, @ < 1}

be the corresponding 0-neighbourhood for 7,5. Assume that 3¢; <1 Vie N.
LEMMA 7. If x € W, then

k'l
(13) [(xe, @)l < Y 8wllaiol® for all ¢ € 9.
i=1

Proof. First we note that

hyk, ) = _sup villa:Eell

i=1,.

because

villaEell < villaEllEell < vilaBel for k <i, i,keN,pe9.
From
1> p,(x) = KxE, Ep)lhk, o)
it follows that forp e 2 and ke N

[KExExp, o)l < hy(k, @) =_ sup 72” a; Ek‘ﬂ||2

.....

k
Z Billa: Ekq)lF g i + 4odllael? < Z 2;la;0]%

(12) i= i=1
Here was applied #; < of and 3«; < 1. Since

X = (I —_ Ek,,)x(I - Ek,.) -+ (I —_ Ek")xEk" + E)c,_ x(I —‘Elc,,) -+ Ekank" s
the last inequality together with (9), (10), (11) imply (13).

From Lemma 7 it is only a small step to complete the proof of theorem II. Let
S be a strongly positive linear functional on the Op*-algebra . Since £ = ¢, by
the closed graph theorem, the hermitian part .7, is cofinal in the ordered vector space

L+(9D),. Hence, f can be extended to a strongly positive linear functional on
L+(2) (3], p. 82). Thus, we may assume that o = L+(2).
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Now we choose the positive sequence {u;,ie N} such that 3a; < 1 and
16a;f(aa) <27 V ieN.Let # ' be the t4-neighbourhood constructed above.
If x € # ', then according to Lemma 7

kn

1{xe, @I < <2 8u,ai" a0, <p> Voeg.
i=1
By lemma 2, we get

| fi<V2r ( E Soc;ai*ai) <1,

that is, fis t4-continuous on L*+(2). Applying the proposition stated in Section 1 to
L*(9), it follows that there is an fe &,(9)so thatf(a) = Trta V a € L*(9). Since
S(P,) =TrtP, = {tp, ) > 0 for each one-dimensional projection P,,0c9,t
is a positive operator. This completes the proof of the theorem.

4. REMARKS

1) By using some arguments of the preceding section we can give a second
proof of the following theorem which was shown in [4].
THEOREM. Let of be a self-adjoint Op=-algebra on a domain 9. Suppose there

is an operator ce &£ such that the canonical embedding map of the domain 9(c)(endow-
ed with the norm ||o|2 = |lcol|® 4 |\@||?) in the Hilbert space H# is compact. Then:

each strongly positive linear functional f on & is of the form f(a) = Trta, ac A,

where t €S (H),.

Proof. First we extend f to a strongly positive linear functional on the vector
space & +%(2) spanned by &/ and the vector space # (%) of all operators in L+(2)
with finite-dimensional range. Now, by remark 3.2 in [4], it is sufficient to prove
that for each a € &/ there is a b € of so that for every ¢ > O there exists an operator

x, € F(9) with
(e — x)o, 9)| < 2ellbol? ¥V @ D.

Let b = aa* -+ c*c + I. Puttinga, = b,a, =0 V k > 2; Lemma 3 yields
| BT — Eo|l* < 4lbol V ¢ €D, neN.
Further, for every ¢ > O there is a number », € N such that

Id — Eu) ol < &llb( — E)oll.

Indeed, otherwise we would have

Wall > ellbyal
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for certain elements , € (I — E,)9, |y,|| = 1. By the definition of the vectors ¢,
(see the proof of Lemma 3) this implies

lbpall < 2[lby]l <2/e.

Since b has a compact inverse and the set {¢,} is orthonormal, this is a contradiction.
Finally, for x, = ak, we obtain

(e — x)0, pplI< I — E,)oll la*ell <
< ellol — E)oll e || < 2&lbol? ¥V 92

which completes the proof. 7

2) The investigations in Section 3 and the proof of Corollary 2 in [5] suggest
the following problem:

Suppose that [, ] is a Fréchet-Montel space. Does 74 coincide with the order
topology on L*(9)?

I in addition 2[4,] has an unconditional basis, this is true ([5), Cor. 4.2).
In the preceding proof we only showed that all strongly positive linear functionals on
an Op=-algebra &f are tg-continuous provided 9D[<»] is a Fréchet-Montel space-
We remark that for ordered vector spaces the order topology is always finer
than any locally convex topology for which the positive cone is normal ([3],
p- 118), in particular finer than 1. We note that the question has an affir-
mative answer if L+(2) contains an operator with compact inverse.
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