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ULTRAWEAKLY CLOSED OPERATOR ALGEBRAS

CONSTANTIN APOSTOL

The “Invariant Subspace Problem” remains unsolved since more than 30 years.
The question to be answered is the following: Does every bounded linear operator 7°
acting in a separable complex Hilbert space have a proper invariant subspace?
Scott Brown [3] answered “‘yes” this question in case T is subnormal (i.e. the res-
triction to an invariant subspace of a pormal operator). The way he solved the
problem is beautiful, but the most remarkable fact is that his techniques are strong
enough for significant generalizations as well as for the study of the ultraweakly
closed algebra generated by some operators. We already know three generalizations
belonging to J. Agler [1], to S. Brown, B. Chevreau and C. Pearcy [4] and to
J. Stampfli [14]. Given T, assume that we have

I < asup {{fD] : e o(T)}

where a > 1 is fixed and f is any rational function with poles outside o(T). Then
“‘yes’ holds again as shown by J. Agler for a = 1 and J. Stampfli for a > 1. The
Brown-Chevreau-Pearcy’s theorem solves the problem for contractions 7 for which
o(T)n {4 : |4 < 1}is dominating in the sense of Rubel and Shields (see the Remark
after Theorem 2.3). Along the same lines is our Theorem 2.3. below, a generalization
of Brown-Chevreau-Pearcy’s result. The spectrum of our contraction 7 will include
the unit circumference and the essential norm of the resolvent will grow quickly
enough in the unit disk, near o(T).

In the sequel we shall use the following notation:

H : an infinite-dimensional complex Hilbert space,

By : the open unit ball of H,

ZL(H): the algebra of all bounded linear operators acting in H,

T (H): the set of all trace-class operators acting in H,

S : the adjoint of a unilateral shift acting in H,

& (T): the ultraweakly closed algebra generated by all polynomials in 7,
where T belongs to #(H),

D : the interior of the unit disk.

aco : the closure of the absolutely convex hull.
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Consider the bilinear functional on Z(H)x I (H)
(4, K) » ti(dK), AeP(H), KeJI(H).

This functional allows an identification of .#(H) with the conjugate space
of 7 (H) and the corresponding w*-topology of #(H) coincides with the ultraweak
topology of #(H). Recall that the ultraweak topology in #(H) is the weakest topo-
logy which makes the map

A 2_:1<Ax,, s Vnys A€ L(H),

continuous for any {x,}22; = H, {,}3, < H, such that Z, 1%, ! 7l < ©0, Where
=]

». ydenotes the scalar product in H. The equivalence of the two topologies can be
found in [6], pp. 35, 105.
Let T e £(H) be given. The set

{Ke 7(H) :tr(4AK) = 0, (V)4 e (1)}
is a subspace in J(H) and the corresponding quotient space FT(H) is a predual
of #(T), i.e. o/(T) can be canonically identified with the dual space of 7 T(H). The

norm in J7(H) will be denoted by ||-||,. For any x, y € Hdefine x ® y € 7(H) by
the equation

(x @ »h = <{h,y)x, heH

T
and denote by x ® y the image of x ® y in FT(H). If ¢ and é are subsets in H
T

thenthesets s ® § =« J(H) and ¢ ® 6 = FT(H) will be pointwise defined.
Let H*denote the disk algebra of all bounded holomorphic functions defined
in D and endowed with the norm

Ifllo = sup {{f(A)|:Ae D}, feH=.

The w*-topology in H* will be determined by the predual of H* as defined in [9],
Ch.9. If T is a completely nonunitary contraction (i.e. no subspace reduces T
to a unitary operator) then by [10], Ch. III, Theorem 2.1 we may consider the ope-
rator f(T) for any fe H®, More precisely, we have

AT) = s-lim f(T),
r—»1-0

where f,(1) = f(r4). Now if T is a completely non-unitary contraction we may con-
sider the maps

ST H® - A(T),  OL:(H®, w*) - (A(T), w¥)
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defined by the equations
oT(f) =AT), U =AT), [feH™

The properties of @7 and &% are listed in [10], Ch. III, Theorem 2.1 and [4], Theorem
3.2. We mention only the following consequence of the proof of [4], Theorem 3.2,
(2) : If ®T is bounded from below then &% maps homeomorphically (H™, w*) onto
((T), w¥). In case P is a homeomorphism we shall denote by &7 the w*-continuous
multiplicative functional in &/(T) determined by the equation
ET- 0L = &,

where A € D and &, is the evaluation at A in H*. As seen in the proof of [4], Lemma
4.2, to any w*-continuous linear functional in &/(T) we can associate an element
in II(H).

In the present paper we use the techniques of Scott Brown to put in evidence
some properties of the predual of &7(S) (§1), whence we shall derive a generalization
of the result of S. Brown, B. Chevreau and C. Pearcy (see Theorem 2.3). Moreover
we reduce the invariant subspace problem for a contraction T with o(T) > 0D,
to the case when @% is a homeomorphism (see Theorem 2.2).

1. PROPERTIES OF Z5(H).

Because by [2], Theorem 7, &/(S) is isometrically isomorphic with H®, we
may consider the functional &%, 1€ D. If ¢, € Ker (S — 1), |le,|| = 1, we have

(62 ® e /(S) = {f(S)ep &) = 1), fe H,

consequently &5 = e, é) e;.

Let X be an invariant subspace of S and let P, P, denote the orthogonal pro-
Jections of H onto X, resp. onto Ker (S—A). If 4 € £(H) is given we denote by A4 the
image of 4 in the Calkin algebra. Recall that a set I' = D is called dominating in
D (see [5], [11])if

sup {|f(D] : 4eT} = |fllo , SfeH™
For any 0 < a < 1 we put

Iy(X) = {A€D :||PP,|| > (1 — a¥)"?},

[ (X)={AeD:||PE,| > (1 — a®'}.
It is plain that we have I',(X) > I’ «(X).

) PROPOSITION 1.1, Let O < a < 1 be such that I'(X) is a dominating set. Then
we have

(0e W) : ol < 1 — a} < 760 (By ® By).
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Proof. Let ¢ € 7S(H) be given. For any {4 }iL; < I(X), {o}7; complex
numbers, ¢, € Ker(S — 1,) such that

m

kZ;lldkl < el el = 1, || Pefi>(1 — a®)'2,
we have
i) S m N )
“(/’—‘kg1 uPe, ® Pell. =@ — glo‘kPek ® el=<

m m S
< H(P —kzll 1047 bmisk” +]§ lak] ” Oﬁi - Pek ® e!:”:kz
=llo — 2l e + 3 1l |7 — Pledl <
k=1 k=1

< lip =% 465, ls + alle]l.

Since by [4], Proposition 2.8, [j¢ —z ockfffk |l can be made arbitrarily small we derive
k=1

N
diSt ((,D, H 4 “:!: 566 (BX ®BX)) < a”(p”*‘

We shall prove by induction the relation
. n v . N
() inf {| _ICZI @l prea Mo aCH(Bx®Bx)} < a" ol

Because we already proved (=) for n = 1, assume (+) holds true for » < m and

s
nick ¢, € a7 |j@|l, aco(By ® By), | < k < m, ¢ > 0. But we have

m S i
dist (¢ — Zl(Pk,'ll(p _kz‘]"”‘ [l.8c0 (Bx® By)) < d||@ ~k'§.l @l

i

S
consequently we can find @41 € |lo — ¥, @ [l 255 (Bx® By) such that
K21

lo =% ol < @+ Dllo — 3, o

Since & > 0 is arbitrarily small by the induction hypothesis, (=) follows for
n=m -+ 1. Now we observe that we have

S lioull < lloll ¥ 07 < ol — @
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n N
whence ¥, o, < (1 — @) l|, 350 (By ® By) and this implics
k=1

N
dist (¢, (1 — a)|lo|l aco (Bxy @ By)) = 0.
Thus if (jofle <1 —a we have

s s
pe(l — a) o, dco (By ® By) = aco(By @ By).
LemMA 1.2, For any he H the function

x-h®x , xcH,

is weakly sequentially continuous.

Proof. Since H = span {Ker (S —A)},ep it suffices to assume & € Ker (S — 1)
for some A€ D. But in this case we have

s
A ® x|lx = sup {|[{fSH, x)|:f€ By} =

= | {hy x| sup {If(3)| : f€ Byeo} <

< | <k, x) |
and the continuity becomes obvious.

LEMMA 1.3. Let O <a <1, pe T5H),x,ye H be such that T,(X) isa
s
dominating set and put || — x ® y|lx = b. Then we have
— N _ _
dist (¢, (x + Vb Bx) ® (v + Vb Bx)) < aVb(llylP 4 b)2.
If, moreover, the function
S
xX->x®h , xeX

is weakly sequentially continuous for any he X then

dist (9, (x+ VB Bx) ® (v + VB By)) < ab.

Proof. Let {31ty I'y(X), {0} 71 be given. Because we have ||P P, |l>(1—a?)V®
we can find z, € Ker (S — 4,), ||z¢{| = 1 such that (see [8])
1Pzll > (1 — a®'?, z, L z;,(I — P)z, L. (I — P)z;, k # j.
If we put

m

= —
u= ZV&ka> D:kZ ]/otkzk,x’zPu R y':Pu,
k=1 =1
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then

s s s
"@r=u®v—-{I—-Pu® v,

x‘
R w
E\

f

®

S S S
X®y=u®@y—U—Pu®y,

Hence we derive
S S S S . S
P—(x+XN)QU+V)=0—xQ®y — X QY —xQ)y —xX@®y=
S m S
=0 —x@y— Rafl, + U —Pu® (v+y) —
¢ .
—x®y.
Let n > 0 be fixed. Applying [4], Proposition 2.8 we may suppose ¥, |« | < b and
k=1

S m
o —x®y —,Zlakgfk”*<”' But it is easy to see that we may choose 3" orthogonal

to any given finite-dimensional subspace, thus by Lemma 1.2, we may also suppose
Ix ® ¥ |l« < n. Consequently we may determine x’, ' € X such that
s s
lp — G+ x)® @+ ¥ < 27+ [T — P ® (v + p)ls
It <V, Il <Vo, o+ plIE< b +ivie,

(L — Pul® = k‘él ot I(F — Pz, < a?b
and this implies
_ s _ _
dist (p, (x+ /b By) ® (v + Vb By)) < alb Iyl + by
If the function

S
X=>xQ®h, xeX

is weakly sequentially continuous for any s € X, then as before we may suppose
)
1Pu ® ylls <n, thus
s s
llp — G+ x) @@+l <3+ —P) u® vlly <3n+ab

and the proof is concluded.
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THEOREM 1.4. If fa(X ) is dominating for any 0 < a < 1 then we have

(pe T5H) : ol < 1} = By ® By.

Proof. Let ¢ € TS(H) be given. Applying Lemma 1.3 we can find by induction
two sequences {x}720, {}}%%0 = X such that

Xo=y,=0, bk+1<ak+1vb_k(”yk|[2 + BIME, X1 — Xl < Vb—k,”ykn —nli< ng’

S
where b= ¢ — X, ® Willy, 0 < g, < 1. If {a,)®1 converges quickly enough
S

to zero then x, 5%, =y, ¢ =x®y and | |Ix]| — {lo[i*},| Iy} —ll@l¥2] can be
made arbitrarily small. This implies the inclusion ‘<’ and because the opposite
inclusion is trivial, the proof is concluded.

THEOREM 1.5, Let 0 < a <1 be such that I’ AX) is a dominating set. If the
Sfunction

s
xX>x®h xeX
is weakly sequentially continuous for any h e X, then we have

S
{p e T5(H): oils <1 —a} = By @ By.

Proof. Let ¢ € I 5(H) be given. Applying Lemma 1.3 we can find two sequences
{xk}l?:.o, {y}%.0 = X such that

s
Xo=0g=0, [0 —x ®nllx <dlolle % — xll < (@lloll)™
Yerr — yill < (aH(P”*)"/Z-

It is easy to see that we may also suppose Xy 3 — X, L Xjp1 — Xj, Yy — Ve L
L ¥ie1 — ¥j» k # J, thus we deduce

s
Xy X, iy, 9= X® Y,

e Y e N

Iyl =§ Wiess — 22 < (1 — @) il

Now the inclusion in our Theorem becomes obvious.

In the remainder of this section we shall denote by A the restriction of S to X
Since A is a completely nonunitary operator we may consider the maps

B4: Ho o(A), D4 : (H®, w¥) - (A(4), w¥).
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We already mentioned that in case @/ is bounded from below, @ becomes a ho-
meomorphism.

THeorREM 1.6. (i) If J:a(X ) is dominating for some 0 < a <1 then we have

12401 > A — DlIflle »  feH,

consequently ®F is a homeomorphism.

@) If r «X) is dominating for any 0 < a <1 then for any 1€ D there exists
x,€X, |Ix;]l = 1 such that
A
&4 =x, ® x,.

@i If r « (X) is dominating for some 0 < a < 1 and the function

S
X->Xx®h xeX

is continuous for any h € X, then for any A € D there exists x, € X, ||x;]|= 1 such that

4
oA __
& =x, ® x;.

Proof. (i) Let f€ H® be given and let ¢ € 7 5(H), ¢ > 0 be such that ||¢]|,, = 1,
Lo(f(S)] + & >|lfllo- Now using Proposition 1.1 we can find Ke 7(X), |K]l,, <
< (I — @7 such that {tr (f(S)KP)| + ¢ > ||f]l- Using the relation

tr (fSHKP) = tr (f(4)K)
we derive
1A > (1 — @)l te (DK > (1 — @) (Ifloo — &)
whence it follows
184N > (1 — a) [[fllo

(i) By Theorem 1.4 we know that we have &5 = x (% y for some x, ye X.
Let B denote the restriction of A4 to the invariant subspace span{4*x}®,. Since
EX(S—N)Y=0={B—Wx,p), k=1 and {x,y)=1 it follows that the
range of B— A is not dense. If we take x, € Ker (B — 2)*, |Ix,[| = 1 then for any
polynomial p we have

A
(xz @ x3) (p(A)) = {p(A)x;, x;) = {P(B)x3, X;) = p().

A
Since by (i) &4 is well defined and coincides with x, ® x, on the set of all polynomials
A
we infer 4 = x, ® x,.
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(iii) We proceed as in (if).

COROLLARY 1.7. If either the condition (i) or the condition (iii) of Theorem 1.6
is fulfilled then A has a proper invariant subspace.

Proof. Let 4 € D be given. By Theorem 1.6 we can find x, € X, ||x,|| = 1 such
A

that &4 = x, ®x,. If we put X, = span {(4—2)*x,}7>, then X, | x,, thus X, is an
invariant subspace and X; # X. In case X, % {0} the proper invariant subspace of
A, looked for,is X,; if X,= {0}, x, is an eigenvector and 4 has a one-dimensional
invariant subspace,

2. INVARIANT SUBSPACES

Throughout this section we shall denote by T a fixed contraction acting in H.
For any 0 <a < 1 put

L) =D n (6(T) U {hep(T):alli— T) ) > (1 — |A)}),
LD =D n @@ v dep@ ald — P > (1 — A,

Recall that T'is by definition a contraction of class C,. if T" -5 0 (see [10], Ch. II, §4).

LemMma 2.1. If 6(T) = 0D and {(T) is not dominating for some 0 < a <1
then T has a proper hyperinvariant subspace (i.e. there exists a proper subspace in H
invariant for all operators which commute with T).

Proof. It is easy to see that the set

I)=D n (a(T) U {Aecp(T):al(A— 1) = (1 - [A)7]

is not dominating. Arguing as in [3], Lemma 3.1 (see also [5]) we can find a measu-
rable set ¢ — 0D of positive Lebesgue measure such that for any p€ ¢ we have

Iy={m:e, <t <1} c DN\LD)

for some 0<¢,<1. Further we observe that because o is not countable and D\ {(T")
being open has at most countable many connected components, there exists a connec-
ted component G of D\ _{i(T) such that

F!’-lkCG’ 1<k<43 [J,kEO', #k#/’tja k#]
If g, = €%, 0 < 6, < 0, < 0, < 0, < 2r and if we put
Ij,=1{e":0,<0<0,), TIj,={e":0;<6<8y,

r,, ={tm: e, <t<l-+e,}
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then we can find two simple rectifiable closed curves I'y ,, I'; , enjoying the pro-
perties:

Fl,znaD:{ﬂl}U{ﬂz}, F3,4ﬂaD={,u;,}U{u4}, F1,20F3,4=@ s
r,,nbDcg, I34ND <G, Iyo>n,ur,, I3,.>l,01,,

I'y 5 is surrounded by I'y 5, I's 4 is surrounded by I'; 4.
Since G < p(T) and alj(A — T) Y < (1 — [a[)7%, 1 € G, the operators

1
B .= —.S O — ) G — ) (—T)* d,
2mi Jr,,,
1
Byo=— S O —py) ( — ) (2 —T)"1 A
2ni [

are well defined and the inclusion 0D = I';, U I'; , implies (via Gelfand Repre-
sentation Theorem) B, , 0, B; , # O.

Let Q denote the unbounded domain whose boundary is I', , andlet H'denote
the linear manifold of all vectors 4 € H such that the function

A->@Q@ =D, |A>1
has an analytic extension in Q. It is plain that H’ is left invariant by every operator

which commutes with 7" and its norm-closure H’ enjoys the same property. Let
x € H' be given and let g, be the analytic extension in Q of the function

Ao (A —T) ', [A > 1.

Because I'; , = Q we have

1
By ox = ——.S (h — 1) (4 — pe)ga(A) dA =0
27T1 I3, a

thus H' < Ker B; 4 # H. On the other hand if y ¢ ker B, , and we put z = B, ,y
then the function

1
&= ) =) (= 7 — Ty

2ni Jr,,
is analytic in Q and

@ —-T)gz<z)=%g — ) (=) (@ — D g+ z=2.

Ty,

This shows that g, is an analytic extension in € of the function
A=A —T)%2 |A>1

and ze H' # {0}. It follows that H' is a proper subspace and the proof is concluded.
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REMARK. The idea of the proof used in the above Lemma involves a functional
calculus similar with the techniques of [13].

THEOREM 2.2. If o(T) > 0D and T has no proper hyperinvariant subspace
then ®T is well defined and || ()|l = |/fllos £€ H*™, consequently @ is a homeo-
morphism.

Proof. Using [8], Ch. II, Theorem 5.4 we may suppose either T'e C,. or T*eC,.,
thus anyway T is a completely non-unitary contraction and &7 will be well defined.
Because @7 and ®7" could be isometries only simultaneously we may suppose
T e C,. and by [10] Ch. II, Theorem 2.1, T will be unitarily equivalent with 4 = S|X,
as defined at the end of § 1. To avoid the existence of proper hyperinvariant subspaces
for T we have to assume o(T) = o(T) = o (T) :a,e(f) = a,e(’f’). Now we have to
prove that &4 is an isometry. To this aim put

S =4 —SFA— 5@ — 8, ieD

and observe that S() is a right inverse of 1 — S, S(A)H is orthogonal to Ker(S — 1)
and S(A)(A — S) =1 — P;. This implies

Iyl =1 — Syl = [|SCy|linf {|(4 — S)All :h 1 Ker(S — ), [|bf = 1}=
=[Syl inf {[(A — S)*A| : [|A] = 1} =
=[Sy — 1), (¥) yeH,
thus ||S(A)|| = 1 — |4]|. Since for any A € p(4) we obviously have
inf {|(A — x| s xe X, ||x]| =1} = (4 — A
we infer that for any 4 € {,(T) the inequality
inf {[|{(A — Ax|| : xe X, [|x]| =1} < a(l — |A])
holds true. It follows that
IPPIE =[[P,P] = sup {{|P.x|P : xe X, [|x]| = 1} —
=1 —inf {0 — P)x|P:xeX, ||x]|=1}=
=1—inf {[SA) A — x| :xeX, {|x|| =1} >
z 1 — [ISAIFinf {|(A —Ax|*:x e X, ||x||= 1} >

> 1 — g2

which means Ael",(X) and {,(T)cI'(X). But {,(T) is dominating for any 0 <a < 1,
by Lemma 2.1, thus by Theorem 1.6 (i)

1240l = A — dllflo, feH®, O0<a<l

and the proof is concluded.



60 CONSTANTIN APOSTCL

THEOREM 2.3. If Ca(f ) is dominating for any 0 <a < 1, then T has a proper
invariant subspace.

Proof. Making the same reductions as in the proof of Theorem 2.2 we know
in particular that 7 is unitarily equivalent to 4 — S|X. Let A e {(T) be given. Then
it is easy to see that there exists an orthonormal sequence {x,}32; = X such that

lim [[(2 — 4) x,]| < a(l — |4)

n—oco

and hence

[P PR = PP > lim || Pox,f2 =1 — lim ||(7 — Px,|2 =

r—>00

=1 —1im [|S() (2 —A)x, [ =1 —{[SA)? lim [[(2 —A)x, [ >

>1—at
This shows that we have ¢ (T)< I(X) consequently I',(X) is dominating for
any 0 < a < 1. To conclude the proof we apply Corollary 1.7.
ReMark. If D No(T) is dominating then T has a proper invariant subspace

by the Theorem of Brown-Chevreau-Pearcy [4].

COROLLARY 2.4. If o(T) > 0D and |(A— T) Y =||(A — )|, A€ p(T) then
T has a proper invariant subspace.

Proof. Because we may suppose o(7) = a,(f" ) = a,(f") we derive {(T) =
= {,(T),0 < a < 1.If {(T) is not dominating for some 0 < a < 1 we apply Lemma
2.1 and in the contrary case we apply Theorem 2.3.

TuEOREM 2.5.If T C,., T* € C,. and Ca(T) is dominating for some 0<a<1
then T has a proper invariant subspace.

Proof. As seen in the proof of Theorem 2.3 we may suppose that T is unitarily
equivalent with 4 = S|X and I' (X) is a dominating set. Because by [10], Ch. II,
Theorem 2.1, the isometric dilation W of A4 is a unilateral shift, if we put

fn =% aur itfeH=fG) = 3, a"

n=0

we have for any x,ye X
G ® M) = IS, B = [{x, LAWY =

~ w*
= |{x, (WD) = |[(h ® x)f(W*)|
Applying Lemma 1.2 we infer that the function
x->x®h xekX

is weakly sequentially continuous and the proof is concluded if we use Corollary 1.7
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