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WEAK LIMITS OF ALMOST INVARIANT PROJECTIONS

C. FOIAS, C. PASNICU and D. VOICULESCU

In this Note we give a new characterization (Corollary 4.6) of strongly reductive
algebras of operators [1] based on a new characterization of the weak limits of ortho-
gonal projections, almost invariant with respect to an algebra of operators (Theo-
rem 2.1).

This paper originates in the following question (connected to the Note [2])
raised privately by C. Apostol: If T is an operator on a Hilbert space H such that
any operator in the normclosure of the unitary orbit

{UTUU : H - H unitary}

of T, is reductive (i.e.PT = PTP for P = P* = P?implies PT = TP), does it follow
that T is normal?

In the sequel we give an affirmative answer to this question (see Corollary 4.4.,
below) as well as a natural generalization of this answer to the case of operator
algebras (see Theorem 4.1. and Corollary 4.6., below).

The proof of those results rely on a new characterization (given in Theorem 2.1.)
of the weak limits Q of sequences (P,)%; formed by orthogonal projections such
that:

I — P)TP,|| >0 (n— o)
for all T belonging to a (norm) separable algebra of operators on a Hilbert space.
We hope that this characterization connecting dilation theory to quasitrian-

gularity, will lead in the future to applications of wider interest.
This paper has been circulated as INCREST —Preprint No. 23, July, 1978.

§1

1.1. We begin by recalling the necessary terminology and notation. Let H
be a complex Hilbert space with the scalar product (.,.). The set of all bounded
linear operators on H will be denoted by £(H). The identity operator on any
Hilbert space will be loosely denoted by 7; also by 0 we shall denote the null element
in any Hilbert space, the null operator on any Hilbert space as well as the subspace
{0} of any Hilbert space. Each time the Hilbert space involved will be determined
from the context. The ideal of compact operators in #(H) is denoted by 4 (H),
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the Calkin algebra by #(H)/#"(H) and the image of Te L(H) in ¥(H)|A (H)
by p(T). The restriction of T'e £(H) to a subspace L < H will be denoted by 7).
By id we shall note the identic representation of #(H) on H. If M = £(H), then
C*(M) will denote the C*-algebra generated in #(H) by M and I(=1Ip).

12. If neNH": =H®H® ... ®H for every B c ¥(H) we define

v

n-times
M(B) = {(X;j){=1, ;-1€ L(H™)] X,;€B, 1< i,j <n}.

Let & be a unital C*-algebra, S < € a subspace (not necessarily closed) and ¢ : S —
— Z(H) a linear norm-bounded mapping. For every n € N we define ¢, : M,(S)—
— L(H™) by:

¢.(a; j)gi:l) = (¢(g; j))f'.j:l

for all (a;))7';. .1 € M,(S). We say that ¢ is a completely contractive mapping if for
everyne N, ¢, is a contractive mapping.
We shall need in the sequel the following two theorems:

1.3. THEOREM. (W. B. Arveson, [4]). Let B be a unital C*-algebra of = B
a subspace (not necessarily closed), 1 € of and ¢ : of - F(H) a completely contrac-
tive mapping such that o(1) = I. Then there exists a completely positive extension
of ¢ to A.

1.4. TueoreM. (W. Stinespring, [9]). Let & be a unital C* -algebraand ¢ : B —
- P(H) a completely positive mapping. Then there exist a complex Hilbert space K,
a bounded linear operator V : H — K and a representation n : B — F(K) such that:

o(x) = V*n(x)V, x€eB

K=\ =n(x)VH.
xeB
For the proofs see for instance [10] (p. 101—111 and p. 95—98).

1.5. An algebra of ¢ #(H) is called reductive if every subspace L < H inva-
riant for & is also invariant for &/* (i.e. L isreducing &/). An operator T € ¥(H)
is called reductive if the algebra o/;: = {g(T")|g == polynomial} is reductive.

Let Y, ¥y o — L(H) be two representations of an algebra & < L(H).
We say that ¥, is in the norm-closed unitary orbit of y,, if there exists a sequence
(U, of unitary operators such that:

Um|yo(T) — Ua(T) Uz Y| = O,

n—>o0

for all Te 4.
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The unitary orbit of Te Z(H) is the set:
0,(T) = {UTU™|U is unitary in £(H)}

and the norm closure of O,(T) will be denoted by O,(T)".
In this paper we shall essentially use the following theorem.

1.6. THEOREM. (D. Voiculescu, [11]). Let o7 be a separable C*-algebra with
unit and p a representation of sf on the separable Hilbert space H. Let 7 be a repre-
- sentation of p(p(sf)) on a separable Hilbert space H,. Then there exists a sequencet
(U1 of unitary operators from H @ H, onto H such that:

p(T) — U (p(T) @ n(p(p(T)))) Uy € 4 (H), neN
lim [\p(T) — Un(p(T) @ 7(p(p(T) Ux =0

Jor every Te o.
§2.

The main result of this paper is given by the following.

2.1. THEOREM. Let H be a complex separable infinite-dimensional Hilbertt
space. Let of = %(H) be a norm-separable norm closed algebra, such that Ie o,
and Qe L(H),0< Q<L

Then the following conditions are equivalent :

() there exists (P)X., P, = PF= P2c ¥(H) for all neN, such that
lim |{{ — P)TP,|| =0, for all Te o and w-lim P, = Q.

n—oo n-oo )
(i) there exists (R)?.1, R,= R¥ = R%2c P(H) for all ne N such that
w-lim(I—R,)TR, =0 for all Tes/ and w-lim R, = Q.

(iii) there exists a representation p of p(C*(s/)) on some separable Hilbert space
H' and a subspace L ¢ H @ H’ invariant for (id @ (p o p))( ), such that:

(2.1.1) ProoPriage= Q.

The proof of this theorem will involve also two other equivalent properties,
namely:

(iv) there exist two linear multiplicative mappings ¢ : &/ » L(QH) and
0 : p() > L(Q(1— Q)H) uniquely defined by the relations:

1/2

(2.1.2) Q'2o(T) = TQ gx,
Tecd

1/2_

(2.1.3) (I — Q)'*(T) = 6(p(T)H U — Q) or

with 6 completely contractive.
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(v) there exist two linear multiplicative completely contractive mappings
o > Z(QH) and 0 : p(f) > £(Q(I — Q)H) uniquely defined by the relations:

2.1.4) 0V24(T) = TQ‘lgg i
Tes
2.1.5) (I — Q"*(I) = B(p(T)(I — QY gir-

Obviously, if the mappings from (iv) and (v) exist, then ¢ = @ and 8 = §.
2.2. Proof of (iii) = (i)
We consider the representation:

Y=d@@pep) @ ...
of C*(f) + A’ (H), on the separable Hilbert space:

H=H®HH ... .
We also consider:

L=L@®0®d0®...c(HOH)®H ® ...=H,

and the operators S, € #(H,) such that:
ShOh®h®.)=hrdhdh.. Dh . Oh®h ® ...

Then S, € (Y(C*(#) + A (H))) and:

w-lim S;'P.S, =00 00 0@ ...

Using Theorem 1.6. there is a sequence of unitary operators U, : H,— H such that:
lim |Uy(x) Ug— x| =0
ko0

for all xe C*(¥) + H(H).

Let g,€ o' (H) be selfadjoint finite-rank projections such that ¢, * I.
Replacing the sequence {U,}7>,by a subsequence we can assume that:

2.2.1) ‘ U000 UE — 0:04s | <

(2.2.2) U(g) U — a,

1
< —.
k
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Because Y¥(q,) = ¢, ® 0D 0@ ..., we have:

lim | (g)(S71PL,S, —(Q © 0@ 0...)) Y(g)| = 0.

n—oo

Then we can choose n, < r, < ... such that:

1
< —.
k

@23) Hx/«qus;,fhl S0 (0 ® 080 @ .. (g

Denoting ¥V, = UkS,,"kl we have:
}cim V() Vi — x|l = llcimllUklP(X) Ug —x||=0

for all x e C*(«) + A (H).
We have:

(2.24) @ ViPLVE — Qall<IV(ad Pr, ¥@) Vil — q04:[+21Vib(g)— aVell-
Using (2.2.2.) we have:

V(g — g Vill = IVidb(gd ViE — aull=

_ . 1
USn ¥(q) SnUF — 4| = 1UM@) UF — qill< —

(2.2.5.) =I
and using (2.2.3.), (2.2.1.):

V(9 Pb(g) VE — .0all =
(2.26.) = |U(9) Sm. Pr,Sul¥(g) U — 4,00, <

< U (9)(Sm PLSes— Q@ 0@ 0 @ ...) Y(g)UF|| +

UG QgD UE — 004l < % .

By virtue of (2.2.4.), (2.2.5.) and (2.2.6.) we have:
% 3
lgu(ViPLVie — Qaull < %

Because g, ~ I, it follows that:
w-lim V,PLVE = Q.

k— o0
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Thus, taking P, = V, PV}, we have: -
w-lim P, = Q.

E—oco
For all x € o/, we can write:
(I — PYxPill = Vil — Pr) VEXV,PLVE| <
< V) VE — x|| + Vi — Pr)¥(x) PLVi| =
= Vi)V — x|

lim|[(I — P)xP,|| =0, for all xe s,
Eosoo

It follows that:

this finishes the proof of (iii) = (i).

Proof of (iv) = (iii).
We observe that ¢(I) = I and 6(p(l)) = 1.
Using Theorem 1.3. of W. B. Arveson it follows that 0 is the restriction of a

completely positive mapping 8 : p(C*(£)) —» L(OU — O)H).
Theorem 1.4 of W. Stinespring used for # provides a Hilbert space H' o

S0 —¢ )H and a representation p of p(C*(s#)) on H’, such that:
Py, p(p(T)mr,= O(p(T)),
2.2.7) Tesd
H' = \/ p(p(T))H,

TeC* ()

where H,: = Q(I — Q) H.
We define F:= V p(p(T)) H,. Using (2.2.7.) and the fact that  is multiplicative

on p(«7), it follows that
(2.2.8) Py, p(p(T)) r = 0(p(T)) Py, i 7, for all Te .
We define the subspaces N = {QY2h @ (I — Q)*h|he QH} c H® H’ and
L=V T®ppT)N<H®H.
Ted
We shall prove that:
2.2.9) PugoPr | go = Pugo PN |Heo-

To this end we consider the operators S:=1@® Py, € L(H ® H'). By virtue

of (2.1.2), (2.1.3.), (2.2.8.) and because F > O —Q)H = H,, we have for all
Tes and he QH:

S(TQVeh ® p(PTHU — Q)h) = TQ*h ® P p(p(TNU — O)¥*h =
= TQUh @ B(p(TNL — Q)" = Q*¢(T)h & (I — Q)*p(T)h.
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Because ¢(I) = I it follows that S(L) = N. But N < L and therefore
(2.2.10.) Sip= Pk .

where P denotes the orthogonal projection of L onto N.
We consider 1 @ 0e H® 0« H® H’'. Writing

he0=u, Bu,+ v, ® v,

with 4, ® u,e L and v, ®v,e(H @ H') © L, and using (2.2.10.) it follows that:
PrgoPy(h @ 0) = PrgoPR(uy @ 4s) = Prgo (ty @ Prus)=
=u; @ 0 = Pugo(y ® u;) = PrgoPr(h @ 0).
Therefore (2.2.9.) is proved, thus it remains to prove the relation:
(2.2.11.) PugoPn iHgo= Q.
Therefore we consider # @ 0 H @ 0. Then
h@0=0h@® (I — Q" + (I — Oh & (—{ — 0)20V)
where evidently Qh @ (I — 0)¥20Y2he N and

d—-Qh®(—I— Q) Q"h)e(H® H)O N.
It follows:
PreoPyth @ 0) = Pugo(Qh ® (I —Q)2QV2h) = QOh.
Thus the relation (2.2.11.) is established and the proof of (iv) => (iii) concluded.
Proof of (if) = ().

For every ne N, T = (T )} ;1€ M () and @ h;, @ k;€ H" we can write:

ji=1 i=1

n | n
3 (TyQhy k) | = lim | 3 (T Ry ki)\ -
= m-oo| ; 77y |
= lim | Y} (R,T;;R,h, ki)|=
m-oo | ;5

= llml Z (T,‘ijhjy Rmki) l <

m—oo ;5T
< Im||T)- | @ Rmhj” ” ® Rk | =
Pl - 00 J=1 { il=1
=iri| & 0| & 0|
s j=1

i=1
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It _fgllows that we can define a completely contractive mapping ¢ :of —
— P(QH) such that ¢(/) = 1, by:

(@(T)Q"*h, Q'*k) = (TQh, k),

where Teof and h, ke H.
Evidently :

1/2

0"2¢(T) = TQ\om

for every T e «/.
On the other hand, for every T, To € «f and &, k € H, we have:

(P(T) $(T) QV*h, Q'*k) = (Q'*@(Ty) 9(Ty) QV%h, k) =
= (T, §(T»)Q"2h, k) = (T\T:Qh, k) =
= (p(T1T) Q*h, Q'2k).

Therefore ¢ is multiplicative.
We remark that for every T € &/ and K € % (H), we have:

(I — Q)TQ = TQ — QTQ = w-lim TR, — QTQ =

n—»oo

=w-lim R, TR, — w-lim R,TQ =

n—>oo n—-co

= w-lim R,T(R, — 0) = w-Jim R(T + K)R,—Q) =

n—-o —>00

=w—lim (R,—0)T + K)R, — Q).

Using this fact it follows that for every neN, T = (T,)];_1€ M(¥), K=
= (Kipljo1€ M(A(H)) and @ h;, @ k;€ H"we can write:

j=1 i=1

Y (- 0T, ! lim (Ryy — Q)T 3R — Oy, k) | -
i,j=1 fj=1M->x®
S lim (7, + K) R — Q) (R, —Q)ki), <
ij=1 m-—0oQ
<tm|7+ K| @ R — O [ & Ry — Ok,
m--00 j,_l f=1

@ 0V — 0P

=T+ K|

QI/Z(I Q)1/2h
1

j
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It foﬂows that we can define a completely contractive mapping 0 : p(s ) —
- L(Q(I—Q)H) such that 8(p(l)) = I, by:

G(THQY — Q)Vh, QY — Q)\*k) = (I— Q)TQh, k),

where Te &/ and h, k € H.
Then:

(U — QP=(TIQ ", Q21 — Q)2%) =
= (U — QM@ H(TIQ " h, (I — Q%) =
= (U = QM*TOh, (I — Q)V*k) = (U— Q)TQh, k) =

= (@(p(THU — Q)" Q¥*h, Q'°(I — Q)%%),

for every Te o/ and A, k€ H.
Therefore:

1/2

(I— QM2 §(T) = dp(T)HI — D)gar-
for every Te .
Using the last relation, for every T;, T, € o and h, k € H we can write:

Op@IP(THOU — QV2h, QU(I — Q%) =
=@(p(T)IUT —Q Y2 $(T,)QV2h, QV2(I — QP*%k) =
= (I — Q)2(Ty) $(T) QV2h, QV(I — Q)2%k) =

= (I — QyPTiQ"2 (To)Q e, (I — Q)*k) =

= (U — QL0 )= Ep(TT) @ U— Q) h, QI—Q)).

Therefore 6 is multiplicative and the proof of (ii) = (v} is concluded.
Since the implications (i) => (i) and (¥)=>(iv) are obvious, the proof of Theo-
rem 2.1. is completed.

§ 3.

The core of the theorem proved in §2, namely the equivalence of the properties
({) and (iii) was already obtained several years ago [6] with a different proof for the
non obvious implication ({) = (iii).

Since this proof might have an intrinsic interest, we shall give it here:

Proof. Let w be a free ultrafilter on N and the W*-algebra:

£ ® L(H) = {(x)1| Xo € L(H), sup [[x,]l < +o0}
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and the ideal:
L= {(x)P.1 € *@L(H)|lim [x,[ = 0}.

H—w

By % . (H) we denote the quotient C*-algebra:
L) = (1> ® LH)L,.

The mapping which associates to (x,)P.; € ¢° @ L(H) the element
w -lim x, € #(H) is zero on I, and hence induces a mapping:

n->w

V2 (H) - L(H).

We observe that  is a unital completely positive mapping.
The dilation of ¥, provides a Hilbert space H, > H and a representation
of #,(H) on H,, such that:

Py ha=Y(x), xeL,(H)
(L (H) H= H,.
We can also define a mapping
J ZH) > £ (H)

by:
](T) = (Tn (:zo.:l + Iw

where 7, = T for all ne N,
Since ( o j)}(T)=T, for every T € $(H), it follows that H is reducing (o j)
(Z(H)) and that for T e #(H) and ) € H, we have:

(3.1) n,(j(T)h = Th,
whence:
T (A (H))H, > n,(j(A' (H))H = H.

Actually, we have even more, namely:
(3.2) n,(j(A(H)) H, = H.
For yed (H), (x)2 € £°® L(H), (2,)21 € (2@ L(H) we have:

!ll(((xn Sl°=1 + Ia)) j(y) ((Zu ;l.o=1 + Ia))) =Ww- hm xnyzn'

n—>00
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But because y is compact, we have:

w-lim x,yz, = (w - lim x,) y(w -lim z,) =

n->w n—-w n—-w

= Y((xa)i1 + L) Y GON Y ((2)n=r + Lo).

Thus, for y e #'(H) and x, z € # ,(H) we can write:

Pyr (x) 7, (j(») 7 ,(2) Py = Py 7 (x) Py T[w(j(y)){PHﬂw(Z) Py.
Because 7 (% (H))H = H, it follows that:

Py n,(JO) Py = 7 ,(J(¥)
and hence:
n,(j(#(H))H, < H.

1t follows that (3.2.) is proved.

We are now in state to complete the proof of the implication.

First we remark that it is enough to prove (iif) without the separability condi-
tion on H' (because it is always possible to replace L by a separable subspace and
consequently to replace p by its restriction to a separable reducing subspace, such
that (ii{) be valid).

We define q: = (P,)1+1,€ L (H). By virtue of (i), n,(g) isan invariant
projection for 7,(j(+£)) and ¥(g) = Q. We have:

(3.3) Pyn (@ = Q.

By (3.1.) and (3.2.) there is a representation p of ¥(H)/A#(H) on H,OH
such that p o p =(n, °J)H oH- Thus the restriction of 7, o j to &/ agrees with the

restriction of id @ (p o p) to & and consequently setting L = n(q)H,, we see, by
virtue of (3.3.), that (i) is valid.

§4.
As an application of Theorem 2.1. we shall give the following:

4.1. THEOREM. Let H be a complex Hilbert space and let of < L(H) be a norm-
separable commutative algebra containing I(=1y) and such that for every represen-
tation 7 of sf in the norm-closed unitary orbit of the identic representation of sf on
H, the algebra n(sf) is reductive. Then the norm-closure o of 'sf coincides with the
C*-algebra generated by .

Evidently it is enough to study the case when H is a complex separable Hilbert
space. Therefore, in the proof of Theorem 4.1., we shall assume that H is a complex
separable Hilbert space.
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We will divide the proof of this theorem into several steps.

4.2. LEMMA. The norm-closure & of p(f) in X (H)|A(H) is a C*-algebra
{obviously commutative).

Proof. We want to prove that p(&#)* = %. If p(£)* ¢ & then by the reflexivity
theorem 1.8. of [11], there exist 4 € & and P = P* = P%*e ¥(H) such that:

(I — p(P)p(T)p(P)=0 for all Te s/, and:

(I — p(P)) p()*p(P) # 0.

“.2.1)

We define 4: = p(C*(&# U {P})). Since % is a separable C*-algebra, there
exists a faithful C*-representation p of ¥ on some separable Hilbert space
H (i.e. p maps € into £(H,)). By virtue of Theorem 1.6, there exists a sequence
(U721 of unitary operators from H @ H, onto H such that:

4.2.2) X — UX @ p(p(X)) U7 =0 (j - o0)

for all X e C*(sZ U {P}).
On the other hand, we observe that the algebra p(p(/)) = L(H,) is not re-
ductive, because:

(I — p(p(P))) p(p(T)) p(p(P)) = 0  for all Te s/ and
(I — p(p(P))) p(p(2))* p(p(P)) # O,

on account of (4.2.1) and the faithfulness of the C*-representation p.
We define now the representation n : & — L(H@ H,) by the relation:

a(T): = T @ p(p(T)), for all Te .

But the algebra =n(s«/) is not reductive. This fact and (4.2.2.) contradict our

assumption on &7.
It follows that p(&7)* = £ and therefore Z is a C*-algebra.

4.3. LemMA. If dim H > 1, then there exists a non-trivial subspace of H
reducing all operators of <.

Proof. If dim H < oo, the lemma is obviously true because of the commu-
tativity of »of. Thus we shall assume that H is of infinite dimension. Also we can
(and shall) assume that &/ is norm-closed.

Let x be a Gelfand character of . If there exists T € & such that:

2(T)=1 and [p(T)|| < 1,

then, with the arguments of [1] we can obtain that there exists a nontrivial subspace
invariant for all operators of o7 and therefore reducing all operators of .
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So, it remains to elucidate the case when, for every character y of <7,
{4.3.1) 2(T) =1 implies ||p(T)|| = 1, for any Te &.

From (4.3.1.) and Lemma 4.2. it follows that ¥ :p(T)~ y(T') defines a
unique Gelfand character of #. Let M be the Gelfand spectrum of the C*-algebra
Z# and let (.%a)Y»IA’(-)(eC(M)) denote the Gelfand representation of # (where
C(M) is the algebra of all complex-valued, continuous functions on M). Since #
is a C*-algebra, this representation is an isomorphism. We can identify the Gelfand
spectrum of & with M (identifying every Gelfand character y of &« with %). So,

the Gelfand representation X — X(-) of & in C(M) is given by:

A e
X0 = p(X)(0)
for all X e o/, y e M.
Using the technique from [1] we can obtain a sequence (P,)2., P, = P¥ = P
for all n € N and an operator 0,0 < Q < I,0 # Q # I, suchthat ||/ — P,)TP,|| » 0
{n - o0) and w-lim P, = Q. By virtue of Theorem 2.1. there exists a represen-

n—-00

tation p of p(C*(/)) on some separable Hilbert space H' and a subspace Lc H @ H
invariant for (@(d@ (p op))(«/) such that PrgoPrimge = Q. Using Theorem
1.6. and the hypothesis, it follows that P, (T ®p(p(T))) = (T® p(p(T))) P, for
all Te o7, and therefore TQ=QT, for all Te o/ (since PugoPrrge= Q). If Q is
not of the form A7, for some scalar A, then any non-trivial spectral subspace of Q
reduces . It remains to study the case when Q = AL, 0 < A < 1. Using again
Theorem 2.1. we infer that there exists a multiplicative completely contractive
mapping 0 : p(«/) - L(H) such that the subspace {A?h @ (1 — A)V2hlhe H} is
invariant for T -+ 6(p(T)) for all T € «. It follows that 8(p(T))= T, for every T e .
We have

(TN = {0Cp(THi-< Ip(T)If < [T}
for all T € o, and therefore:
(I = (IT,
for all Te «.

It follows that #= p(#) and that the Gelfand map (#3)T n——>1A"(-) (eC(M))
is a bicontinuous isomorphism between 7 and C(M). By virtue of the Sz.-Nagy-
Dixmier-Mackey Theorem [5] 2/is similar to a commutative C*-subalgebra of #(H),
and the conclusion of the lemma easily follows.

The remaining part of the proof of Theorem 4.1 is similar to that of [1].

4.4. COROLLARY. Let T e Z(H) be a bounded linear operator such that every
T' € O(T) is reductive. Then T is a normal operator the spectrum of which neither
divides the (complex) plane nor has interior (in the plane).
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Proof. By virtue of Theorem 4.1., T'is a normal operator and lim||T*—g,(T)||=
n—-oo

= 0, where g,, is polynomial for all n € N. By Corollary 3.9. from [8) it follows that
the spectrum of T neither divides the (complex) plane nor has interior (in the plane).

4.5. Let H be a complex Hilbert space. Let us recall the following definitions
([1]): for a set & = L (H) we denote by Appr. Lat. (&) the family of all sequences
(P,)3.4 of orthogonal projections on H, such that:
(4.5.1) lim [ — P,) TP, =0
for every T'e &. For an arbitrary family F of sequences (P,);>, of orthogonal pro-
jections of H, we denote by Appr. Alg.(F) the set of all T e Z(H) such that (4.5.1.)
holds for all (P,),€ F.

In [1] an algebra & — £(H) is called strongly reductive if:

&* < Appr. Alg. [Appr. Lat.(«/)].
4.6. COROLLARY. Let H be a complex Hilbert space and let sf « ¥(H) be a

norm-separable commutative algebra containing I(=1y). The following three properties
are equivalent:

(i) o is strongly reductive,
(ii) the norm-closure of o/ is a C*-algebra,

(iii) for every representation n of & in the norm-closed unitary orbit of the identical
representation of s/ on H, the algebra n (&) is reductive.

Proof. 1t is obvious that (i7) = (1).The implication (iii) = (ii) follows from
Theorem 4.1. It remains to verify the implication (/) = (7if). To thisend, let = : & —
— %(H) be a representation of the algebra .7 such that there exists a sequence
(U,)2., of unitary operators satisfying:

4.6.1.) lim |T — U;'=(T) U,|| = 0,
for all Te /.
Let P e #(H) be an orthogonal projection such that:
(4.6.2.) (I—-P)r(T)P=0
for all Te /.
We set:
P,.=UPU,

for every n e N. Then, for any T € o/, we have:
I — PITP,I < (I — P) U n(T) UpP )| + I — PYT — U (TYUP,]| <
<~ P)n(TYP| + |T — U (DU, || =
= |T — U;'n(TU,]| - 0 (for n - o0)
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by virtue of (4.6.1.) and (4.6.2.). It follows that (P,)°., € Appr. Lat.(%). Since o/
is strongly reductive, for every T € s7, we have:

n—oo

and consequently:

I — P)r(TYy*P|| = ||[{ — P,) U ' n(T)* U,P,|| <
<\ — P T*P,|| + U M(T) U, —T(|-0  (for n—o0).

It follows that (I — P) n(T)*P=0, for all T€ &/. The proof is completed.

Let us finish with the following question: find a direct proof of the implication

(iii) = () (i.e. avoiding the use of (i), as simple as that given above for the impli-
cation (1) = (iii).

o0

10.

11.
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