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ON THE WEAKLY CLOSED ALGEBRA GENERATED
BY A WEAK CONTRACTION

PEI YUAN WU

For a bounded linear operator T acting on a complex, separable Hilbert space,
let {T}', {T}"’ and Alg T denote the commutant, double commutant and the weakly
closed algebra generated by T and I, respectively. Let Lat T and Alg Lat T denote
the lattice of invariant subspaces of 7" and the (weakly closed) algebra of operators
which leave invariant all the subspaces in Lat T. It was shown in [5] and [9] that
Cy(N) contractions and completely non-unitary (c.n.u.) Cy; contractions with finite
defect indices satisfy {T'} n AlgLat T = AlgT. (Indeed, in the latter case we
showed that they are even reflexive.) In this paper we generalize these to c.n.u. weak
contractions with finite defect indices, that is, we show that {7}’ n AlgLat T =
= Alg T also holds for such more general contractions (Theorem 3). As an applica-
tion a question raised in [8] is answered. If T and T, are the contractions considered
above, we obtain necessary and sufficient conditions for the splitting of Alg (7} @ T3)
(Theorem 4), which generalize previous results for Cy(N) and C,; contractions.

Let T be a c.n.u. weak contraction with finite defect indices defined on
H=[H:® ALI © {Ow ® 4w :we H} by T(f®g)— PE'f@e'g) for
f® ge H, where L2 and H? denote the standard Lebesgue and Hardy spaces of
Cr-valued functions defined on the unit circle, @ is the characteristic function of T,

4=U— (-D#@T)% and P denotes the (orthogonal) projection onto H. (For the
definition and properties of weak contractions, readers are referred to Chapter VIII
of [3] or to our previous paper [8].) Recall that T is multiplicity-free if it admits a cyclic
vector. For other equivalent conditions for 7 being multiplicity-free, compare Theo-
rem 5 of [6]. We start by showing that {7} n Alg Lat T = Alg T holds for multi-
plicity-free T.

LeEMMA 1. Assume that T is a c.n.u. ﬁyltiplicity-free weak contraction with
finite defect indices defined on H = [H; @ ALY © {Ow @& Aw :we H2}. If OL(t)
is not isometric for almost all t, then

{TY n AlgLat T = Alg T = {¢(T) : o € H*}.
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Proof. Let H, and H, be the invariant subspaces for T such that T, = T|H,
and T; = T|H, are the Cy and C,, parts of T, respectively, and let m denote the mini-
mal function of Ty. By virtue of [9], Theorem 3, we may assume that 7, is not
missing. Let S {7} n AlgLat T and let S, = S|H,, S; = S:H;. It is easily seen
that Sy € {T,}’ n AlgLat T, = Alg T, and S; € {T}}' n Alg Lat ;= Alg T;. Hence
there exist #, ¥ and ¢ in H*™ with n Am = 1 such that S, = y(To) Y (T,) and
S, = o(T;), where n Am = 1 denotes that # and m have no nontrivial common
inner divisor (cf. [5]and [9], resp.). If S’ = n(T)S, then S’ € {T}’ and hence S’ =
=P [; ((): ] , where A is a bounded analytic function while B and C are bounded
measurable functions satisfying AQ; = @;4, and BO; + CA = 44, for some
bounded analytic function A, (cf. [4]).

Since H, corresponds to the =-canonical factorization @y = ©,, @,,; of O,
in the functional model

Hy={Ouu ® A0¥u:uc H:} © {Ow @ Aw :we H}}

{cf. [3], Theorem VII.1.1). Hence
g [G*eu ]: P[A 0 ] [@*eu ]= P[ AO, u ]:
A@:,u B C A@iiu BG)*eu —l— CA@:,U

_ P[ AO . u ]
AAO%u
‘On the other hand,

s [Oet |=waan St ] =2 Von ]
A®%u A0%u YAOky

Thus for any u € H;, there exists some we H such that YyO,u — AO,u = Ow
and Yy4OFu — A4,Ofu = Aw. If u =0, then O;w = 0 and Aw = 0, whence
w = 0. Therefore the linear mapping # — w on H? is well-defined. In a similar
fashion it can be shown that it is continuous, hence bounded. That it commutes
with the unilateral shift on HZ is obvious. Thus there exists a bounded analytic function
@ such that $u = w for all w € H? (cf. [3], Lemma V.3.2). Therefore y©,, — A0, =
= @rP. Let & # 0 be an outer scalar multiple of @, and let Q be a contractive ana-
lytic function such that Q@,, = 0,.Q = §I. Multiplying both sides of the above
equation by Q from right, we obtain

(D Y6 — A8 = ©,PQ.
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On the other hand, corresponding to the canonical factorization @, = 0,0,
of O,
H={0u®v:ucH,vc AL} & {Ow @ 4w :we HE}

(cf. [3], Theorem VIL.1.1). Note that {P(0 ® v) : v € ALZ} is dense in H, (cf. proof
of Lemma 2 in [9]). Hence S'(P(0 ® v)) = PO @ Cv) and S'(P(0 @ v)) =
= n(TPe(TYP0 @ v)=PO®nev) for ve AL.. Tt follows that P(0 @ (C—no)) =
= 0, which implies that there exists some w € H such that @;w =0 and (C — no)v =
= Aw. Since ®yadmits a scalar muitiple, @ (¢)is invertible a.e. on C", and we deduce
that w = 0. Hence (C — n¢)v = 0 for all v € AL2. Therefore we obtain

2 C =ne.
Define the linear operator X : H —» (H; © OH2) @ A*Lf by

X(f@g) = P(2f) & (—44/+ Org) for fDgeH,

1
where 4, = (I — ©0%)° and P, denotes the (orthogonal) projection from H?
onto H2 © ©,;H? Let U be the operator on H: @ ©,,;H? defined by

Uh = Py(e'h) for he H:© OyH:

and let ¥ be the operator of multiplication by e on A4,LZ. It can be easily verified
that X intertwines T and U @ V (cf. [8], Lemma 3.4). Note that U is unitarily
equivalent to T (cf. [3], Prop. VIL.2.1) and so, by the assumption that T is multi-
plicity-free, U is quasi-similar to S(m), the operator defined on H?* © mH? by
S(m)h = P'(e"h) for he H2 © mH?, where P’ denotes the (orthogonal) projection
from H? onto H? © mH?(cf. [6], Theorem 5). Let Y, : H? © O, H: - H* © mH*
be a quasi-affinity intertwining U and S(m). On the other hand, note that ¥ isunitarily
equivalent to the bilateral shift W on L2. Indeed, since T is multiplicity-free and
©,() is not isometric for almost all 7, rank 4,(t) = rank 4(f)=1 a.e. (cf. [3], p. 273
and [6], Theorem 5). Let {,(£)}1 be an orthonormal base of C"” composed of eigen-
vectors of 4,(t), that is, such that

w0 = [HOKO TE=1

where 0 < 8,(f) < 1 a.e. Then the linear transformation 4, — x,6,, where v € L%
and xy(¢) = (v(t), ¥,(t))cn, extends to a unitary operator Y, 1 A,LZ > L? intert-
wining V and W (cf. [3], pp. 272—273). Let Y = Y, @ Y.

Consider K= {P'h@® h:he H*} = (H® © mH?) @ L% Obviously, K is

a (closed) invariant subspace for S(m) @ W. Let K; = X 'Y 'KeLatT and let
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" = §(Tw(T)S = &(T)S’ = P [g; 50c] € AlgLat T. Then S”K, < K, and hence
YXS'(f @ g) € K for any f @ g e K;. We have
3 YXS"(f ® g) = YXP(SAf © (6Bf + 6Cg)) =
= Y[Py(QOAf) ® (—4,04f + Or6Bf + 0Cg))] =
= Y[Py(QYdf — QOPQf) @ §0;COTN—A,f+ Org)] =
= Y[Py(QYof — 604,,PQf) ® dnp(—A.f+ Org)] =
= Y[P(Qydf) @ onep(—A4.f+ Or8)] =
= Y[(Yo)U)P(Qf) @ One)(V)(—4+f + Org)] =
= (YONSM) Y(PL(Qf)) @ (dn@)(W)Y(—A.f+ Org),
where we make use of (1), (2) and the fact that —A,4f+ Op(Bf+ Cg) —
— ©;CO7Y(—4,f -+ Org) (cf. proof of Theorem 3.5 in [8]).
Next we want to show that there exists some f @ g € K, such that YX(f @ g) —

=Ph@® heKwithh Am=1. Let (e H; © O,;H? be a cyclic vector for U
and let Y,& = P'pe H?> © mH? Assume that

P() = PP = pi2) exp [i S :: - i k@)dt] <1

2n o —_

is the canonical factorization of p, where k(t) = log |p(¢)| a.e. Fix M > 0 and
leto = {t : |p. ()] = M}. Let

1

eit_l_l
1(h) = e
7(4) = exp [271: Sa

et — 2

(—k()) dt] for || < 1.

Then it is easily seen that 7 and tp are both in H®, and Y;(Py(1&)) = P’(zp). That
& and P'p are cyclic for U and S(m), respectively, implies that the same hold for
Pi(t€) and P'(1p) (since 7 is outer). Without loss of generality, we may assume that
¢ and P’p, where p e H*®, are cyclic for U and S(m), respectively. In particular,

p A\ m=1. Consider the element f @ g == PO, ® (40 + ;~A®f’§,-9p¢1))
1
in H. Indeed, since for the self-adjoint operator 4,(¢), ||4.(¢)|| = 6,(¢t) a.e., we have

;—A@Iif)p!/q = »51* OFQ4,pY, € L2 If we let E; = {t :6,(8) = »1*} for each
1 1 J



ON THE WEAKLY CLOSED ALGEBRA 145

1
j =1, then XEjé—AGiiprlzleALﬁ and X —é—A@Lpr//l - %A@iiﬂpd/l in

1 1 1

norm as j — oo, which shows that SI;AG)i,-Qpl,bleEﬁ and hence f@ gec H,
1
as asserted. We (/ieduce that

X/ ® g) = Py(Q0,.8) @ (—A,@*eé + ©,40%¢ + @%A@Lm%) -

1

1
= P55 @ (—A*G*gé 4,005 + - A*®T®ii9p¢1) _

1

~ P ® (-;— A*épwl) — (U)D) @ (V) (51—

1

A*P'/’l) =

1

1
— U V) (é ® S—A*pwl)
1
and hence

YX( ® g) = 5(S(m) @ W) (Ylf ® Y, (% A*pwl)) -

= 8(S(m) @ W)(P'p @ p) = P'(6p) ® (p) € K,

where (6p) A m = 1. Thus f @ g < K| is what we wanted.
Let & = dp. From (3), we infer that

@ ' YXS'(f ® &) = (YO)Sm)(P'h) @ (Sne)(W)h =
= P'(Yy6h) ® onoph.
On the other hand, since YXS"'(f ® g) < K,
%) YXS"(f @ g) = PH @I for some h' € H2
It follows from (4) and (5) that m|yy0h — k' and dneh =K', and so m|(y — ne)dh.
Since 6 is outer and h Am=1, mlyy —ne. Thus S,=n(T) (T, =

= ) (To)*(neo)(T,) = o(T,). From S, = ¢(T,) and the fact that H, V H, = H, we
conclude that S = @(T). It follows immediately that

{TY nAlgLat T = Alg T = {¢(T) : ¢ € H*}.

LEMMA 2. Let T be a c.n.u. weak contraction on H and let Hy, H, be the
(hyper)invariant subspaces for T such that Ty = T|H, and T, = T|H, are the C,
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and Cy, parts of T, respectively . For Se {T}', let S, = S|H, and S, = SH,. leerr
Se{T}" ifand only if Sy {To}" and S, € {T}}".

Proof. Assume that S e {T}’. By Theorem 3.1 of [7], there exists an operator
W e {T}" such that H, = WH. For any V € {T,}’, consider VW as an operator on H.
Then VWT = VTW = TVW, which shows that VWe{T}. Since Se{T}’, w
have SVW = VWS = VSW, that is, SV = VS on WH= H, or S,V = VSO.
Hence S, € {T,}"". Since H, = m(T)H (cf. [3], Prop. VII1.2.4), where m denotes the
minimal function of Ty, in a similar fashion we may show that S, e {T;}"".

Conversely, assume that Sye {T,}"" and S,e{T}}". Let Ve{T}
Vo= VIHy, V, = V|H,. Then Vye{T,} and V,€{T}}. By assumption, V,S, =
= SoVp and VS, = SV, that is, VS = SV on H, and H,. Thus V'S = SV on
H, V H,= H, whence Se{T}".

After these painstaking computations, we are now ready to prove our main
result.

THEOREM 3. Assume that T is a c.n.u. weak contraction with finite defect indices
defined on H = [H? @ AL © {O;w ® 4w :we H2} by

T(f&® g) = P("f @ ¢'g) for f@geH.

(1) If ©4(r) is isometric for t in a set of positive Lebesgue measure, then {T}' 1t
NAlgLat T = Alg T'= {T}".

(2) If O(2) is not isometric for almost all t, then {T} nAlgLlatT = Alg T =
= {o(T) : ¢ € H*}.

Proof. Let Ty = T|H,, T, = T|H, and m be as in Lemma 1. For Se {T} n
n AlgLat T, let S, = SiH, and S, = S|H;. As before, S,e {T,}' n AlgLat T, =
= Alg Ty and S, e {71} n AlgLat T, = Alg 7.

(1) In this case, Alg T = {T}"" (cf. [8], Theorem 4.4). Since S,€ {T,}"’ and
S, € {T\}"", Lemma 2 implies that Se {7}’ = Alg T.

(2) Since T, is of class Co{N), there exists a (bi-) invariant subspace K, < H,
for T, such that Ty|K, is quasi-similar to S(m) on H2 © mH? (cf. [2]). On the other
hand, it follows from [6] Theorem 2, [8] Corollary 3.6 and our assumption that for
the Cy; contraction T there exists a bi-invariant subspace K; < H, for T, such that
Ty|K, is quasi-similar to the bilateral shift M on L2 Then K = K, V K, is bi-in-
variant for 7, whence T’ = T|K is a weak contraction (cf. [8], Theorem 4.1). Since
S(m) @ M is a quasi-affine transform of T”, they are quasi-similar to each other
(cf. [6], p. 194). We conclude that 7" is multiplicity-free and @.(¢) is not isometric
for almost all ¢ (cf. [6], Theorem 5).
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Assume that Sy = n(To) ™ W(Ty) for n, Yy € H® withn A m =1, and S, = ¢o(77)
for p e H®. Since S’ = S|Ke{T'} nAlgLatT’, S = p(T") for some pe H™
by Lemma 1. Hence p(7")|Ky = #(To) W(TY)IK, and p(T)HK; = ¢(T)|K;, which
imply that mlnp —  and p = ¢ (since T;|K, is not of class C,). Thus mpe — .
We infer that n(Tp)e(Ty) = W(Ty) or o(T,) = n(Te) ™ W(Ty) = S,. This implies that
S = @(T) on Hy and H,, whence on Hy YV H; = H. This completes the proof.

Now we can give necessary and sufficient conditions for the splitting of
Alg (T} @ T,) for weak contractions 7; and 7,. These generalize previous results
for Co(N) and Cj; contractions (cf. [1], Theorem 3.1 and [8], Theorem 3.10, resp.).

THEOREM 4. For j = 1,2, let T; be a c.n.u. weak contraction with finite defect
indices. Let m; be the minimal function of the Cy part of T; and let E; = {t : Or,(t)
not isometric} for each j. Then the following are equivalent:

() Alg(li @ Ty) = Alg T, @ Alg T;
(2) Lat (T, @ Tp) = Lat T @ Lat Ty;

3) my A my=1,E, n E, has Lebesgue measure zero and T\(E, U E,) has
positive Lebesgue measure, where T denotes the unit circle in the complex plane.

Proof. Note that E, U E, = {t : ©r,gr,(f) not isometric}.
(1) = (2). This is proved in Proposition 1.3 of [1].

(2) = (1). We have only to show that AlgT, @ Alg T, Alg(T, @ T,).
Let S,€AlgT, and S,€AlgT,. Then S, @ S,e{I1 ® T}’ and S, P S, ¢
e AlgLat T, ® AlgLat T, = Alg Lat (T, @ T5) (cf. [1], Prop. 1.3). We conclude
from Theorem 3 that S, @ S,€ Alg(T; @ T).

(3)-= (1). (3) implies that T\ E;, T\ E, and T\(E, U E;) all have positive
Lebesgue measure. Hence Alg 77 = {73}, Alg T, = {T,}"’ and Alg(T; ® T,) =
= {Ty, @ T,}"’ (cf. [8], Theorem 4.4). Since m; Amy = 1 and E; n £, has Lebesgue
measure zero, {1, @ T}’ = {T,}’ @ {T,}"’ by Theorem 4.7 of [8] and Proposition
1.3 of [1]. (1) follows immediately.

(1) = (3). (1) implies that {T} @ T,} = {T3} @ {To} (cf. [1], Prop. 1.3).
Thus m; Am, = 1 and E; n E, has Lebesgue measure zero by Theorem 4.7 of [8].
Assume that T\ (F, U E,) has Lebesgue measure zero. Then, by Theorem 3,
Alg(T, @ Ty) = {o(T, & T,): ¢ € H®}. We consider the following three cases
separately:

(i) Assume that both E, and T\ E, have Lebesgue measure zero. In this case
Ty is of class Co(N). Note that for any ¥, n € H®, Y(T)) € Alg T, and #(T,) € Alg T,.
Hence (1) implies that (7)) @ #(T,) = o(Ty @ T,) for some @ € H*. It follows that
mly — ¢ and n = @ (since T, is not of class Cy), or my|y — n, which is certainly
absurd.
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(if) Assume that both E, and T\ E, have Lebesgue measure zero. A similar

argument as in (i) applies.

(#ii) Assume that both E; and E, have positive Lebesgue measure. Then neither

Ty nor T, is of class C,. As in (i), for any y, 3 € H®, there exists some ¢ € H®
such that Yy(T,) @ n(T,) = o(T, & T,). So Y = ¢ and n = ¢, or Y = n, which is
again a contradiction.

S
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