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MAXIMAL OPERATORS ON HYPERBOLOIDS

A. EL KOHEN

INTRODUCTION

In a paper in 1976 {8], E. M. Stein introduced and studied the following maxi-
mal function:

() = sup | {05 — 1) do(s) |
where f is any Borel measurable function on R”, £ the unit sphere in R” and do

e .. . . n
the area measure on 2. His positive result is the following: forn > 3 andp >

b
n—I1

m is a bounded operator on L?(R"). One of the applications of this result is a Fatou’s
theorem for the following Cauchy problem:

Ou =0, u(0) =0, u(0)=rf

02 02 02
where ] = — — —— — .« —— .
ot 9x2 Ox}?

For the local version of Stein’s result, say on compact Riemannian manifold,
one can obtain similar theorems using the theory of Fourier integral operators.
(This was carried out in collaboration with R. Coifman, Y. Meyer, A. Nagel, E.
Stein and S. Wainger).

When studying the Cauchy problem it is natural to consider other initial
hypersurfaces than R”. In particular, the hyperboloids

22— xt—xt— ... —xl=c

are of special interest. In this paper we obtain global L? estimates for various maxi-
mal functions. Here we cannot use the local version since the behavior at infinity is
crucial and differs in essential ways with the Euclidean case. We, thus, will follow
Stein’s program using the intrinsic harmonic analysis of these symmetric spaces.
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Finally, I would like to thank Professor R. Coifman for his guidance and
advice in this work.

§1

In this paragraph, we want to give some aspects of harmonic analysis on the

hyperboloids.
Let G be the group of hyperbolic rotations in R"*!. G leaves invariant the
quadratic form: 72 — x} — .., — xZ and preserves the orientation of the space.

Now, let K be the isotropy subgroup corresponding to the vector 1 = (1,0, 0, ..., 0)
in R"*1, clearly we have:

K= ueG,u:(l O)WithReSO(n)}-
0 R

Also, we have: G = KAK, the Cartan decomposition of G, where:

chs shs
A= ueG,u:a(S)=( shs chso), s=0
0 0

On G we have the following integration formula. For an adequate normalization of
the Haar measures and all sufficiently nice function f,

Sf(u)du=5 Swg F(k a(s)ky)shs"~ds diey dly.
G K 0 /K

It can be shown that the homogeneous space G/K can be identified with the hyper-
boloid:
H={({tx,..,x)JeR™, 2 _x2— . —xl=1,t>1}L

The corresponding G-invariant measure induced on H is the area measure do on H.
A function fon G is said to be bi-invariant if f'is invariant under left and right
translations by K. For such functions the spherical Fourier transform is defined by

7oy = S Fu) @3(u) du
G

where @% are the zonal spherical functions for G. The functions €% are bi-invariant
and as function of s are given by:

'(3)

Di(s) = Ty S (chs — cosg shs)® sin"2¢ do
mr ( 2 ) 0
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where ¢ = — —+ iA. See [10].

For nice function f, we also have the inverse Fourier formula:

Sfw) = S°° F )@@y 2 da
0

where | ¢(4) |72 d4 is some measure on R..
A Fourier multiplier is defined by:

Mf(u) = S°° m(A) O+ ()] (2] dA

0

where m(4) is an element of L*(R..).
§2

We, now, introduce the following analytic family of operators

~ 1 1
M:f(x) = ; [e’x — yP~"da(y)
f( ) (es _ 1)2a+n—z F(O() Ssx f
where f is in the Schwartz space on H, [x] =2 —x}—x3— ... —x% if

X=(t, X, X, ..., %,) and S¥={yeH, [e.x—3y] =0, (¢x —»)-1 <0} is a
geodesic ball in A with center at x.

The reason for multiplying by the factor —(—-———~—11)2+—2 in the definition of
ef — a+n—

M= will appear later on.
We first prove:

. l—n _ . .
THEOREM 1. For each > 0 and each o with Re o« > 5 M2 is a Fourier

multiplier bounded on L*(G|K) and is given by:

M) = | m2) g fw)] el 2 2

Jo

AN
2 eE(a—l) a n2at+n—2
- — S (che +cosf she)’—* sin®**"~2 0 do
2n7 (ef — 1)a+n-2 F(OC -+ 5 ) 0

with

m(d) =

where ¢ = % 4 i4.
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Proof: 1t is easily seen that Mg‘ commutes with the action of G. Also for «,

Rea> 0, Jfflg is clearly bounded on L%*G/K). By the analogue of Theorem 10.9 {2]
for G (the proof given for SL(2, C) in [2] carries in the same way for G) one can write:

M f) = { i @355l e | 2dd
0
where m? is the spherical Fourier transform of the function:

1 I
(ee — 1)2a+n -2 F(a)

251 (el — yI~

where y¢1is the characteristic function of S1. A simple calculation gives:
&

a—1ge(a—1)
me(l) = ———%~———— —1——S (che — chs)*~1¢4(s) shs" 1 ds.
(e — 1= I(o)

Also, by (7) p. 156 [5],
n—-2 n— 2 —-n
Py(s)=2 2 r(—g—)shs T 1 (chs)
2

where P!(z) is the Legendre function of order u and degree v. Hence, by the change
of variable x = chs, we have:

n—2
2 _2"_1_,( »il_ )ee(a—l) che n— 2 g__"
() = h =lix? — 1 2 x)dx.
) = ), e =D RS @
By (29), p. 159 [5],
n-2 n-2 n—2
=D P, =I"P, @
where
Pf(x) = - g fyx— ey de.
( )
For y;, > 0, y, = 0, it is easily seen that:
InJve = Jn+vs
Thus:
’—',_3 +oa—1 n
272 ecla~1) F( _) —
2 oot —
mi(d) = —- I G (che).

(ee . 1)21+n-—2 + il
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Now, again, by (29) p. 159 and (7) p. 156 [5], we have:

(2
2 ¢@—1 § (che + cosd she)?~=sin?**+7—20 d.

my(l) = — pa—
2n % (e® —1)ntn-2 F(oc + ——2—)'0

The last integral is clearly absolutely convergent and uniformly bounded in 4 when-

ever Rea > l—z——n which finish the proof.

In the sequence, we need the following lemma,

. , 1 —n
LEMMA 1. For o, o' with Rea> Rea’ > —2— , we have:

| n
i —-(¢'—¢) , ,
. m:/(l)eZ 12 +n-—1(1 — tz)a—a -1 dr

2
W= —"—
m() r(ot—a')So

’

with shi =tshi-
2 2

Proof: Since —Rea — 2%2 # 1,2, ..., by (3) p. 122 [5] we have:

a n—-2
a2 v 2T e
P, 2 (x)= ! (“’1) F(l-+iz,-1——
_.2-+i1. F(cx—l—l x—1 2
‘ 2
—id a7 LR
2°2 2
Hence
1 F(%)e_ﬁ 1 ] |
mg(4) =—‘—-———*—F(—— il, —+14, a-+ .n_; — — - che
2 (e® — 1)atn-2 2 2 272
Also by (2) p. 78 [5], we have:
1
F(a,b,c;z) = ——@——S F(a, b, ¢; uz)us=1 (1 — u)—s—1du
Is)(c—s) Jo

for Rec> Res> 0 z # 1 and {arg(l — z)| < 7. By using the expression of m? in
term of F and the above identity, we obtain:

2a—a’

mi(4) = Te—o)

1 v 2 er—e) a’+!'—;—2 ,
S mE(A)e? u (1 — u)*==-1dy
N .

’

with sh? §2— =ush? > By letting u = ¢2, we get the desired formula.
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LEMMA 2. For a, o' with Rea> Rea’ + % » we have:

| Mefix) P<C ! Se]m' f(x)]zch—tdt
sh -5 J0 2
2

2—n
whenever Rea >

and where C depends only on a, o', n.

Proof: We use Lemma 1 and Cauchy-Schwarz inequality to obtain:

Ij/lgf(x)P < (const) (Sl ‘ Ir/fg‘.'f(x)'lzdt) (gl e —enpda’+2n-2(] __t2)2a—21’—2dt) .
0 Y0

. &' &
Now, from the relation sh ? = tsh E where 0 < r << 1, we have: ¢’ <g, therefore

e =9 < 1. The only condition for the constant C to be finite is the existence of the

. ro, . . 1 .
mtegralS platan-2(] — (2)2-2'-2qs that is whenever Rex — Rea’ > o Since,
0 .

Reoa, Rea’ > l—g-f , the condition of Lemma 2 follows.
§3

We now define the maximal function:

ef(x) = sup | M2f(x)]

and to study the properties of 1% we introduce the following g-function:

‘1

i

where ¢.* is the heat diffusion semi-group on the homogeneous space G/K = H
given by:

() = (Sw | MEf(x) — copenf() [ flfa

oo

ooty = & C D apusiey

0

and where ¢, is some constant to be precised later on.

To study the L2-boundness of the operator §¢ we need to estimate the function
m%(A). The result is given in the following lemma,
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LEMMA 3. For & small, we have:

3

n-3
1) m(l) = —5 — —S (1 — SZ)H 2 cosdes ds + O(e?)
(o S0
uniformly in A < 1.
P B
1 n ) 2 2
2 mi(A)y=-—T{—||— J _,(de) + O((4e) )
) @=5 (2)(2) g

uniformly in A = 1.

Proof: 1) is an easy consequence of (8) p. 156 [5] and Taylor expansion of the
function:

che — chs
R
2 2

To prove 2) we use the expansion for a Legendre function and the estimate for the:
remainder term given in [7].

We-no'w define
" (‘Z_)F(“ )
Ce = Mi(A) fom0 = — .

4 F(oc—l—n“l)F(oc—l—n_H)
2 2

To estimate the L*norm of g (f) we need, first, to establish some formulas:
For f right invariant function, and k a bi-invariant function we have:

(@) SG | f|edu— S:’ eI ( {otefoifio dv)cu

(b) B xkxf(v) = k(AP *£(v).

Both formulas can be proved in the same way as in {2] for SL(2, C). We, now, have,
using formula (a): :

SG | Zof) | 2(w)du = Sw

% (191210 = cipunfio) du =
0 G

=Sm - Sw lc(x)i‘ZdAS Dy kex (o)l f(v) do,
o the Jo

G
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‘where
1 1
(ee — 1)2a+n—-2 F(a) Sl

k(u) = WD[eT — ul) =t — c,p.(u).

Using formula (b) we have:

S Pk f(o)k * f(v) dv = k(d) S 24 f(0)k* f(v) dv =
(0 . G

- k(x)s E?f(u)dus ®2(ou L) fu) du =
G

G

= Tc(x)s 1) duS ®2(out) k= f(v) dv.
G G
Now by formula (a) and the fact that ¢%(u) = $7(11) we obtain:

S D kxf(v) kxf (v) do :jk(z) |2S f)®7 5 (u) du.
G G
Hence:

{ Bwran = Im—c,e” e o () oy  fopfidus
¢ o the o G

b A P 7}) de (> s . n _
p So Im2(2) — c,e - § LRI WOLAYOLS

S )'2 Hf“2

“The L? boundness of g, will then follow from:

LemMA 4. The integral:

o0 _e( Ly gm de
NECETTR =

1—n

s finite, uniformly in A > 0 whenever Rea >

Proof: Near ¢ = 0, we consider three cases:
Case 1: g small. By Lemma 3, we have:

mi)— e G ) — o).
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Also we have:

B/a d B4
S eyt & = 22
0 € 4

which is finite for any finite B.
Case 2: ¢l large. By Lemma 3, we have:

—erf1 i
m) —c,e TG Zo (——1———)
()2 +a
uniformly in A. Also
0 1 CE_;A B Al—n—2
Si eyt ¢ 204 n—1
)

n—1>0.

which is finite for any 4> 0 since o -+

Case 3: 0 < B < el € A < oo. In this case, we have

o(L
) — cee” () = oq)
and |

which is finite.
For ¢ large, one can easily see from the integral representation of mZ(2) that

m:(/l):O( ¢ )

n+1
ez ©

uniformly in A. We therefore have:

—53}_ a
() — ¢y (*”)=0(f )

oo 82
~de is finite.
4 en—[»l)e

To prove the lemma, we write:

uniformly in A. Also the integralS

Sw ) — ee” ) ,2%2 S' (& ~ 0) + Sl @ ~ 1)+S°°(e/1~ ) +S;’°

o the 0 o 1

and use the estimates above.

Now, we have:
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2—n

THEOREM 2. m® is a bounded operator on L*G/K) whenever Rex >

Proof: By Lemma 2, we have

| M2 f(x)? < (const)

1 oo
SSmaﬂm%nim
sh—- = ?

2—n
whenever Re o > RT. Hence:

\M f(x)* <(const) ( Sw M f(x) — ¢, ps ﬁf(x)}z»t‘i—’t +
(V]

| S : t
-+ sup S '@ f(x)2 ch — dt) <
oy & Jo 2
2

< (const) (g ()*(x) + sup Qe f(x).%).
&>
Since .- is the diffusion semi-group, a known result on semi-groups of operators
[9] and the L? boundness of g, finish the proof.
Theorem 2 and an interpolation argument give:
THEOREM 3. m® is bounded operator on LP(G/K) in the following two cases:

Di<p<2andRea >1—n+2,
P

2)2<p<ooandReoc>i(2—n).
P

To prove Theorem 3, we need:

LemMMA 5. Define:

*(x) — sup _L_|
0= smiey

[ J0) do(y)l.
Ss

The map f — f* is a bounded operator on LP(G/K) for all 1 < p < co.
Proof: See also [1]. Let:

1
f86) = sup = SS: () da(y)
ra=sup e {10 da(y)]-
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We first show that £ — £ is a bounded operator. To do this, we cover H by a coun-
table number of balls of the form S} such that Y x; . is bounded, where ;  is the

characteristic function of S;'. We then have:

XA )< Xiaf ()

where

fi(x)=sup

53 csn| S|

[,/ da(y)‘l -
Hence:

Wea f*lp < e fll, < Coill sl

forall 1 < p < oo, where C,; is the norm of the Hardy-Littlewood maximal opera-
tor on the space of finite measure S3:. Since for each pair x;, x; there exists an element
8ij€ G such that x; = g ;x;, the geometric constant C,; does not depend on i.
Thus:

175 < ISt £ < 1 S X fills <
SC Y e f B <
B(CP|fIE

where B is a finite constant such that 2 Xie < B, foralll < p < oo. This shows that
— f& is bounded on LP(G/K) for all 1 < p < oo. To show that f— f%, let m be the
bi-invariant function given by m(s) = |B}|. It is easily seen that

1

Ao”Z(X)SC!ﬂ*ler

(x)

for an appropriate constant ¢ > 1. Since

! is in LP(G/K) for all 1 < p < oo,
m
for fixed 1 > r> 0, we have:

1

—(i_‘_—)” * is bounded on LY(G/K),
m r

ot i1s bounded on L*G/K).
(1+myz

The last assertion is a consequence of Kuntz-Stein convolution theorem. Using

complex interpolation, we obtain that l—lm» » is bounded on L'+7(G/K) for all
—+m



52 A. EL KOHEN
0 < r < 1. A linear interpolation between p = 1 + r and p = oo finishes the proof
of Lemma 5.

To prove Theorem 3, we use complex interpolation. In the first case we inter-

polate between p == 2, Rex > 2*;—” (Theorem 2) and p=1-+r, r> 0, Rex > 1

using Lemma 5 and the fact that for Rex>>1, it%/is dominated by f*. In the second

. 2—
case we Interpolate between p = 2, Rea> —~2—'} and p = oo, Rea> 0.

To calculate Jq:f(x) for o = 0; let x =1, then:

1 1
- R el — yp-14d _
(e — D=+ I'(x) Ss; SOe1 =yt daty)
1 1

(eé‘ — 1)2:14—:1—2 I"Ej

M:f(1)=

Sw S fika(s)D)[e*1 —ka(s) 1o~ shr—s dsdk.
0 /X

From the invariance of [-] with respect to X, we have:
[ef1 — ka(s)l] = [e* k71 — a(s) 1]=[e* 1 — a(s)1] =
= (¢® — chs)? — sh2s = e — 2echs + 1 =
= 2¢° (che — chs).

Hence,

Mf)=

eya—1 ]
(_69_61;2 — 1%& f# (s) (che — chs)*~sh"~1sds
ef — w+n— 20

where f* (s)= S f(ka(s)1) dk. Now,

K

F(loc) SO £# (s)(che — chs)*—1sh"—1gds =

—1 ¢ .. @ _ .
_ (s) — (che — chs)*sh"~2sds =
I'(e 4+ 1) So 7 ds

= L Se 4 (f*(s)sh"-25)(che — chs)*ds  (a> 0).
I'le + 1)y ds

The last integral converges for «> —1 giving the analytic continuation of M= (1)

for > —1. We therefore have:

@) f#(e)sh" 2.

M f(D)u—0= WZ
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_1_ e~ ¢
Hence, MYf(1)= ﬁT sh" 2 S f(ka(s)1)dk. By translation by elements
. - K
of the group G, we have:
—~ n-2
oS — L (-—Sh—s-) S fuka(s)1) dk
2 ef—1 K
where x = ul. The integral
S f(uka(s)1)dk
K

is the spherical mean on the hyperboloid. From the proof of Theorem 3, it is clear
that the same conclusions are valid for the family of operators,

La— n—2 ~y

mef(x) = sup 2¢° (e——) | M, ()]
e>0 Sh8

whenever n > 3. For a = 0, we have:

mf(x) = m®f(x) = sup S f(uka(e)1) dk l
> 0| Jg

Thus,

THEOREM 4. m is a bounded operator on LP(G/K) whenever "
n

<p<K ™
and n = 3.

Theorem 4 is the analogue of Stein’s result stated in the Introduction.

§ 4.

As a consequence of Theorem 3, we have a Fatou’s theorem for the following
Cauchy problem:
B
Ou=0, wug=0, 0—u =f

nH

where 5 is the normal derivative to H. The solution to this problem is given by:
n

(1 U, (x) = c,(e° — 1) M f(x)

1-n

—n

for a :? and c,= % n_2 . In formula (1) xe€ H, ¢> 0 and u,(x) = u(e’x).

Formula (1) can be derived directly from the general fornﬁu'lé g&en in [6]. In fact,
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for a general spacelike and sufficiently smooth hypersurface Sin R”+!, the solution

to the following Cauchy problem:
Ou _0

Ou=0, uws=0, %;S

where
S o2
R N N

-n
2

and — the normal derivative to S, is given by:

on
~{ rore - orras@,
P | -

()
in the sense of the analytic continuation of the integral as function of «, where
e Xp)

2 2 —
22— xf—...—x%, P=(,x,

[P]=
_‘.} 7] _|__ 1
y(a, n) =7 2 22e—Dbinp (oc — 14+ 3 ) I'(a)
and
SP={0eS,[P—0]>0and (P— 0)-1<0}
Formula (¥) is a straightforward application of Green’s theorem (for details see [6])
When
S=H=1{t,x,...,x,)e R+ 2x7 — — xi=1, t>1},
we have the following picture:
S=H R
SP
X
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where x is the intersection of the line through O and P with H. Since [P]> 1 and
[x] = 1, one can write P = e°x, ¢> 0. Formula (*), now, can be written,

g= 2=

2

uB) = )= ——{ SOl —Fae0) o,
P m) )3

where P = ¢°x and S = S7T.
Using the definition of M2 given in § 2, we have:

F(oc)(e8 — 1)2a+n—2 ~

u(x) = -t —— M f(x), ,_,
(e, n) = 5"
Also:
I;((X) (e&’_ ])2d+n—2 B (ee _ 1)2a+n~2
i |
(o, 1) 7 2 D2e—1)4np ((x — 1 n —; 1)

3—n. 1 !%" .

whose value at « = i 5w (e® — 1). Hence:

i 1-n -
U(x) = 5-m " (e 1)Ms“f(x);m _ 8-
2

which shows formula (1).

THEOREM 5. For

<p < oo, fe P, wehave:
n+l p\ f »

fim L u,(x) = £(x)
-0 g

a.e. When n =1 this holds for 1 < p < oco. The convergence is also dominated in

the LP norm if in addition p < co,n=1,2,3 and p< 2(”_—51’ n> 4.
n—

Theorem 5 is an immediate consequence of Theorem 3.
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