J. OPgi(lll&"g)OgﬁlngORY © Copyright by INCREST, 1980

EQUALITY OF ESSENTIAL SPECTRA OF QUASISIMILAR
QUASINORMAL OPERATORS

L. R. WILLIAMS

In this paper all Hilbert spaces are complex. If # is a Hilbert space, we denote
by £(#) the algebra of all bounded linear operators on #. (In this paper, we shall
use the term operator to mean an element of £() for some Hilbert space #.) An
operator 7 is said to be guasinormal if T commutes with T*T. If T is an operator
and TT* < T*T, then T is said to be hyponormal. It is known that every quasinormal
operator is hyponormal (cf. [1], [5]). If # and 2¢ are Hilbert spaces and X: o# — A~
is a bounded linear transformation having trivial kernel and dense range, then X
is called a quasiaffinity. If T, € £(3#) and T, € £(2¢") and there exist quasiaffinities
X:# - A and Y: A - A satisfying XT, = T,Xand T,Y = YT,, then T, and T,
are said to be quasisimilar. If T is an operator, let ¢(T) denote the spectrum of 7. If
T € £(s#) and 5 is an infinite dimensional Hilbert space, let T denote the image of T
in the Calkin algebra £(#°)/€ under the natural quotient map and let ¢.(7T) denote
the essential spectrum of T, i.e., the spectrum of T (€ denotes the norm-closed ideal

of all compact operators in £(£)).
Let T; and T, be quasisimilar hyponormal operators on infinite dimensional

Hilbert spaces. S. Clary proved in {3] that ¢(T,) = ¢(T%,). The present author showed
in [9] that there are several cases which imply o.(T}) = o (7). For example, if T,
and T, are both biquasitriangular, if 7} and T, are both weighted shifts (bilateral or
unilateral), or if 77 and T, are both partial isometries, then ¢.(7}) = ¢.(T,). The
purpose of this paper is to prove that if 7, and T, are both quasinormal, then
0(T1) = 0o(T3).

Suppose that 7 is an operator. Then T is unitarily equivaient to T} @ T,
where T, is normal and Ty is pure (or completely non-normal), i.e., if .4 is a reduc-
ing subspace of T, and T, | # is normal, then # = (0). The operator T} is called the
normal part of T and T, the pure part of T. (Note that either of the operators T; or

T, may be the zero operator on the zero Hilbert space.)
Suppose that s is a Hilbert space. In this paper, we shall let

#=Y o,

ne=1
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where #, = #, n=1,2,... . If Te&(s#), we shall let
A (o]
r=% &7,
n=1
where T,=1T, n=1,2,... . We shall let ¥4 denote theunilateral shift on 3’9,

1.€., V(X1 Xoy. . .) = (0, Xy, X5,...) for each (x;, x5,...) in . If 3 is one dimen-
sional, we shall write simply ¥V for the operator V. Note that 7 and Vs commute,
a fact that is used implicitly in our proofs. A. Brown proved in [2] that if T is quasi-

normal, then T is unitarily equivalent to N @ VP where N is a normal operator
and P is a positive definite operator on a Hilbert space ##, i.c., (Px, x) > 0 for all x
in 57 except x = 0. It is known that quasinormal operators are subnormal (cf. [5],

Problem 154) and it is clear that N is the normal part of T and VP is the pure part
of T. J. Conway proved in [4] that the normal parts of quasisimilar subnormal opera~
tors are unitarily equivalent. Thus, in order to prove that two quasisimilar quasi-
normal operators Ty and T, have equal essential spectra, it suffices to study the
pure parts of T, and T,. Hence we shall begin by considering the pure parts of quasi-
normal operators.

We shall need the following additional notation and terminology. If T is an
operator, let #(T) denote the kernel of T and %(T) the range of T. If P is a positive
definite operator on an infinite dimensional Hilbert space, then let A(P) = o(P) N
n{reR:¢ >”F|I}. Let T be an operator on an infinite dimensional Hilbert space.
Recall that T'is Fredholmif 4(T)is closed and both #(T) and A (T*) are finite dimen-
sional. If T"is Fredholm, let

i(T) = dim(s#(T)) — dim(#"(T*))

denote the index of 7. It is well-known that ¢(7) = {2 C:T — 1 is not Fred-
holm}. A hole in ¢ (T) is a bounded component of C\¢,(T). It is also well-known
that if H is a hole in ¢ (T, then i(T — 1) is constant on H. (See [5] and [6] for facts
about Fredholm operators and essential spectra.)

In the following (Lemmas 1—5 and Corollaries 1 and 2), let £ be an infinite
dimensional Hilbert space, let P be a positive definite operator on #, and let E(-)
be the spectral measure of P. Recall that a point ¢ in 6(P) belongs to ¢ (P) if and
only if ¢ is an accumulation point of ¢(P) or an eigenvalue of P of infinite multiplicity
{cf. [1], [6]). Thus if ¢ € 6. (P), then Z(E([c — &, || P||])) is infinite dimensional for each
positive number ¢. Since A(P) < 6(P)\g,(P), it also follows that if ¢ € A(P), then ¢
is an isolated eigenvalue of P of finite multiplicity. Thus A(P) is countable and ||13 i
is its only possible accumulation point. Also A(P) # @ if and only if | P|| < || P]l.
Furthermore, if A(P) # O, then || P|| € A(P).

We shall first prove the following lemma.

Lemma 1. || P|| = sup {r: 0 <t < || P|| and R(E(t, | P|l])) is infinite dimensional}
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Proof. Let d = sup{r: 0 < t < || P|| and Z(E([t, || P|l) is infinite dimensional}.
The preceding discussion implies that if ¢ > || P]|, then Z(E([t, [|P|ID)) is finite dimen-
sional, whence d < ]|F||. Moreover, if t€ o (P), then Z(E([t — s, || P[|])) is infinite
dimensional for each positive number &, so d>=sup{t:t€o (P)} = \|ﬁ\|. (Note

that since P is positive, the spectral radius of P is equal to I Pl

LeMMA 2. Suppose that ||P|| < (|P||. Let {¢,} e , be the sequence of eigenvalues
of P in A(P) repeated according to (finite) multiplicity. Then VP is unitarily equivalent
to (Z ® ¢, V) ® VauP,, where Py is a positive definite operator on a subspace - of

neA

A and || Pyl < || PI.

Proof. Let # = R(E([O, Hﬁ”])) and, for each n in A, let #, denote the one
dimensional eigenspace corresponding to the eigenvalue ¢,. Then # =3}, ® #,) @ .
Let Py = P| 4. Then "

P=(} ®c)® P

ncA

It is clear that V#}/’\ is unitarily equivalent to (Y, @ ¢,V) ® VP, that Py is

neA
a positive definite operator on ., and that || P,l| < HIS]I.

LemMaA 3. If A is a complex number satisfying |A| > Hﬁll, then A (V;‘;I; — 4)
s finite dimensional.

Proof. Since || V4P| = ||P], the proof is complete if ||P] = [|P|l. Suppose
that || P|| < || P|l. Then, according to Lemma 2, Vxlg is unitarily equivalent to
Yoo V_,{[ﬁo. Now A¢ U(V_/ﬂl/;o) since

121 > 1P| = ||Pol) = [|VotPoll;

moreover 4 ¢ o(c, V) except for at most a finite number of n’s. Thus ¢ (V;‘;I; — )

(A = (VaP)*— 1)) isfinite dimensional. (Here we have used the facts that o' (V'* — 1)
is one dimensional for 4| < 1 and ' (V* — 4) = (0) for 4] = 1.)

LEMMA 4. If A is a complex number satisfying |A| < ||17H, then Ji’(Vj;,IA’ —A)is
infinite dimensional.

Proof. Choose t suchthat|A| < r < | Pl Let
M= R(E(L, || PID)
and let P, = P | #. Now

1P2x]} = ¢ x|}
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for each x in . Hence P; is invertible and
PTH < 1t
Suppose that x € #4. Let x; = x and let

xn+1=ﬂ‘P1—1xn, n=12,...
We have
Xl < (A/B"x, »=0,1,2, ...
It follows that

§ fx,lIF < oo

Hence X = (X, Xp, .. .)€ 2’ and, since Px,,, = Ax,, n=1,2, ... , we have
VPR — A% Thus %€ #/(VEP — 2) for each x in . Therefore, #'(VEP — 2)
is infinite dimensional since Lemma 1 implies that .# is infinite dimensional.
CoroLLary 1. {Ae C: | <[P} < o (VP).
Proof. If ||FH> 0, then the result follows easily from Lemma 4. If we observe

that 2 (V%P)is infinite dimensional, we see that the result also holds when ||f|| =0.

The next corollary follows from Lemma 2, Corollary 1, and from the fact that
if )| P|] < ||P||, then A(P) consists of isolated points whose only possible accumulation

point is ||P].
COROLLARY 2. a(V”f’):{A eC: |2 <|| P} andae(Vxl?’)z( U {AeC:|A|=cHu
ceA(P)
u{reC: |2 <P}

Note that in Corollary 2 we used the fact that ¢(V) is the closed unit disk and
o.(V) is the unit circle.

LemMa 5. If c € A(P) and A, and 2y are complex numbers satisfying
[[4); 221 0 a(P) = (Ial, [A.]) n 0(P) = {c},
then
dim (X (VEP — 1)) = dim (A (VEP — 2y)) + dim (A (P — ).

Proof. Since A(P)#@, we have ||P|| < ||P||. By Lemma 2, V,#}; is unitarily
equivalent to (Y, ® ¢,V) @ VP, where {c,},c,is the set of all eigenvalues of P
neAd
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in A(P) repeated according to multiplicity. Since
| VaePoll = || Poll < |IP]l,

it follows that both 1, and A, do not belong to o( V/]{]A)O). Note also that 4, int(a{(c,V}))
if and only if ¢, > ¢ and 4, € int(a(c,V)) if and only if ¢, > c. Thus

dim (A (VEP — 4y)) = card {ne A: ¢, > ¢}
and

dim (J((V;'}Ig — A))=card{neAd:c, > c}.
Hence, the proof is complete.

We discuss next Vx»I; where 5 is a finite dimensional Hilbert space. Thus,
in Lemmas 6 and 7 and in Corollary 3, let ## be a m-dimensional Hilbert space, where
m is a positive integer, and let P be a positive definite operator on #.

Lemma 6 and Corollary 3 are easy to verify.

LEMMA 6. Let {c,}_, be the set of eigenvalues of P (repeated according to

multiplicity). Then VP is unitarily equivalent to Yy ol

n=1

COROLLARY 3. 0(VP) = {A € C: |}|<||P|} and o (VP) = \U {4 € C: || =c}.

cea(P)
The proof of the following lemma is similar to that of Lemma 5.

LemMma 7. If c € o(P) and A, and A, are complex numbers satisfying

(4il, 12201 0 o(P) = (1A, 14:]) 0 6(P) = {c},
then

dim (X (VEP — Ap)) = dim (X (VEP — 2y) + dim (£ (P — ¢)).

A A
THEOREM 1. Suppose that #, and 3¢, are nonzero Hilbert spaces, that X: # 1~ 3 ,

A A
and Y: #y — Sy are bounded linear transformations having dense ranges, and that
P, and P, are positive definite operators on #, and H o, respectively.

If
XV P, = Vee,P,X and VauP,Y = YV Py,
then

. (Va,P1) = 0 (Va,Ps).
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Proof. 1t follows from Lemma B of [3] that
o(Vw,Py) = 6(Vr,Ps).

Since hyponormal operators are spectraloid, we have || P,|| = ||P,|| (see Corollary 2).
Ba taking adjoints in the given equations and using the fact that X and Y have dense
ranges, we can deduce that

dim (A (Vi Py — 2)) = dim (A (V5P — 7))

for each complex number A. (cf. {5], Problem 42.) In particular, if we take 1 = Q,
we have dim #; = dim 2#,. For definiteness, assume that #°, and #, are both
infinite dimensional. (The proof is similar if dim(s#,) = dim(#,) = m.) We know

from Lemmas 3 and 4 that #~ (V;";,.I;i — A) is finite dimensional for |4} > Ilf’"iH and
infinite dimensional for ‘4| < I P:il, i =1,2. Since

dim( (VP — 1) = dim(H (V,Ps — 1)

for each 1, we have ||P,|| = ||B,]l. If ||P;|| = (|P, |, then it follows from Corollary 2
that

0. (Ve Pr) = 6 (Vor,Py).

So assume that {|I~’1|| < || P,ll. Suppose that Aea(Vﬂfl)\oe(VflI;I). Corollary 2
implies that 1 belongs to a hole Hin o ( folgl). We want to show that A € a(ngl;z)\

\o-e(V#zI;g). Assume, to the contrary, thatle Ue(V;g’z};;). Since Corollary 1 implies
that

LR VA VAR
we have |1, = ¢ € A(P,). Choose complex numbers 4, and 4, in H such that
(A4l 1221 0 0(Py) = (1A, [A2]) 0 a(Py) = {c}.
Now i(Vse,P, — Ay) = i(Vae, Py, — 45) implies that
dim (X (V% Py — 1)) = dim (X (Vs Py — 1)
(since A~ (Vm};1 — A) = (0) for each complex number 1). This implies that

dim (X' (V3,P, — 1)) = dim (A (V. P, — 1,)).



QUASISIMILAR QUASINORMAL OPERATORS 63

This last statement contradicts Lemma 5. Therefore, Aea(V;szAz)\oe(szPAz).
We have shown that

o (Vae,Py) € o (Vo ,Py).
Thus the proof is complete by symmetry.

The following corollary can be deduced easily from Theorem 1 and its proof,
from Corollaries 2 and 3, and from Lemmas 5 and 7.

COROLLARY 4. Supposethat V P1 and V. P2 satisfy the hypotheses of Theorem 1.
(1) If #, is infinite dimensional, then dim(#y) = dim(#,), || Pyl = || Py},

A(P) = A(P,), and if ¢ € A(P), then dim(A (P, — ¢)) = dim(H (P, — ¢)).
() If dim () = m, where m is a positive integer, then dim(3#,) = m, o(P)=
= g(Py), and if ¢ € o(Py), then dim(A (P, — ¢)) = dim(H (P, — ¢)).
Lemmas 2 and 6 and Corollary 4 imp]y the following corollary.
COROLLARY 5. Suppose that V., P1 and V,szz satisfy the hypotheses of Theo-
rem Y. Then if P, is compact, then P, is also compact and Vx P1 and Vs, P2 are
unitarily equivalent.

Suppose that 5#, and #, are separable Hilbert spaces, T is a hyponormal
operator in £(o#,), T, € £(#,), X: #, — I, is a bounded linear transformation,
and XT; = T,X. J. G. Stampfli and B. L. Wadhwa proved in [8] that if 7, is the
unilateral shift of multiplicity one, then X = 0. It was proved in [9] that if T, is a
non-normal hyponormal injective weighted shift (bilateral or unilateral), then X = 0.
The following theorem shows that the above result is true also in the case that T,
is a pure quasinormal operator. The proof of this theorem uses the ideas in the proofs
of the above mentioned theorems.

THEOREM 2. Suppose that # , and H , are Hilbert spaces (of arbitrary dimensions),
T# is a hyponormal operator in £(H°,), P is a positive definite operator in $(H#,), and

X: H - 9%2 is a bounded linear transformation. If XT = Vi, }A’X , then X = 0.
In order to prove the above theorem, we shall need the following lemma.

LeMMA 8. Suppose that P is a positive definite operator on a nonzero Hilbert
space H#, E(-) is the spectral measure of P, m is a positive integer, and & is a number
that satisfies 0 < ¢ < ||P|. If x € Z(E([e, || P|[D)), then there exists a bounded sequence
{x4}5nq of vectors in H such that x,, = x and Px,q, = ex,, n =1, 2,

Proof. Let P, = P|Z(E([e, || P|]])). We have
1Pl = eyl
for each y in Z(E([e, || P}|])). Hence P, is invertible and
1P < 1fe.
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Now let x,, = x, let x,, = eP{'x, for n = m, and let x, = (1/e)P,x,+, for n < m.
Note that |jx,|} < ||x|| for n>m. Hence {x,}2., is a bounded sequence of vectors
in # and clearly Px,, =¢x, , n=1,2, ... .

Proof of Theorem 2. Without loss of generality assume that s, (0). We first
consider the case that #, is separable. Let E(-) be the spectral measure of P. Suppose
that ¢ satisfies 0 < ¢ < || P|l, x € Z(E([e, || P|I])), and m is a positive integer. According
to Lemma 8, there exists a bounded sequence {x,};_, of vectors in #, such that
Xm=x and Px,, =ex,, n=12,... . Foreachdin D= {AeC: |} < 1}, let

f(la &, X, IT’I) = (}'xla A2X2’ j'3)(3’ . ')°

Observe that f(4, ¢, x, m) € 3?2 and V},ﬁf(/l, g, x, m) = eAf(4, ¢, x, m). Rewriting our
equation as
T*X* = X*V3 P,
we get
T*(X*f(4, &, x, m)) = eAX*f(4, &, x, m).
Since T* is hyponormal, X*f(4, ¢, x, m) is orthogonal to X*f(y, ¢, x, m) for 4 # p.
Since ), is separable, we have X*f(4, ¢, x, m) = 0 for all but countably many A’s

inD. Letz = (zy, 2,, 24, .. .) be a vector in 9%2. Then
(f(li 8’ x’ m)’ Z) = Z (xn, Zﬂ) }'n
n=1

1s a power series in A, and thus continuous on D. Hence the map A — f(4, &, x, m)

is continuous when 9%2 is equipped with its weak topology. Thus the map
A = X*f(4, ¢, x, m) is also weakly continuous. It follows that X*f(4, ¢ x,m) =0
for each Ain D and for each ¢, x, and m.

We show next that the collection of all vectors of the form f(4, ¢, x, m) spans

.}A’fg. Suppose that z = (zy, 25, 23, . . .) isavectorin y}z satisfying (f(4, &, x, m), z) =0

for all f(4, ¢, x, m) in 9%2. Fix ¢, x, and m. The power series

o

2 (x)l’ Z") )"n = (f(l’ 87 A’, ’71)’ Z)

n=1
is identically zero on D. Thus (x,, z,) =0, n = 1,2,... . It follows that for each
positive integer n, (x, z,) = Oforall xin # = | Z(E([s, || P|l]). Since P is posi-

_ O<e<|[P|
tive definite, we have E({0}) = O, ; thus # = 5#,. Hence z = 0 and thus the collec-

tion of all vectors f(4, ¢, x, m) spans J,. Therefore, X* = 0.
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We now consider the general case. Let
I = {(T*))»T* ... (T*2» Th: n is a positive integer
and j; and k; are nonnegative integers, i = 1,2, ..., n}.
Observe that I' is a countable set. Suppose thate € 5#,. Let 5, be the subspace
of J#, that is spanned by {Se: S € I'}. Note that #, reduces T. Let T, = T|#, and

let Xy: #y — #, be defined by X,z = Xz for each z in #,. Then T§ is hyponormal
in £f) and X, Ty = Vi, }A’XO. Thus, since #, is separable, the above case implies

that X, = 0. In particular, X,e = Xe = 0. Since e is an arbitrary element of s,
we have X = 0.

The following is the main theorem of this paper.

THEOREM 3. Suppose that T, and T, are quasisimilar quasinormal operators
vn infinite dimensional Hilbert spaces. Then ¢ (T,) = o (T5).

Proof. According to [2], T is unitarily equivalent to N; @ Vg, }’i on /' ; + .9&-
where N; is a normal operator on the Hilbert space J; and P, is a positive definite
operator on 3, (i = 1, 2). Proposition 2.3 of [4] implies that N, and N, are unitarily
equivalent. If either T, or T is normal, then Lemma 2 of [7] implies that both T}
and T, are normal. Thus, in this case, 7 and T, are unitarily equivalent and ¢ (7}) =
= ¢.(T,). Hence we may assume that both 5#; and 5, are nonzero. In order to com-

plete the proof, it suffices to show that O’e(Vx’lﬁl) = Ge(szlA)g). There exist quasi-
affinities X and Y such that

X(Nl @D V#1P1) = (N2 (&) V”zpz) X
and

(Nl @ Viflpl) Y = Y(Nz (57) V;e’le).
[X1 Xz] and [Y1 Yz]
Xs X, Y; Y,

be the matrices of X and Y, respectively, with respect to 27", @ 3’91 and 4, @ 3/22.

Let

A matrix calculation shows that X,N, = V#2ﬁ2X3 and Y;N, = V#lﬁl Y3. Theorem 2
implies that X = Y3 = 0. It follows that X, and Y, have dense ranges and a matrix

calculation shows that X,Ve P, = Vi P,X, and VXII;IIQ = Y4VJ¢ZI;2. Hence,
by Theorem 1, o . (Vr,P,) = 6. (V#,P,).

As mentioned before, J. Conway proved in [4] that the normal parts of quasi-
similar subnormal operators are unitarily equivalent. In that paper he also provided
an example which showed that the pure parts of quasisimilar subnormal operators
need not be quasisimilar. Close scrutiny of his example will reveal that one of the
two quasisimilar subnormal operators is not quasinormal. However, a slight modi-
fication of his example will show that the pure parts of quasisimilar quasinormal
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operators need not be quasisimilar. We shall need the following lemma in the con-
struction of the example. (The reader should notice the contrast between the follow-
ing lemma and Theorem 2.)

Lemma 9. Suppose that 5% is a Hilbert space and P is a positive definite operator
on K. Then there exist a quasiaffinity W and a positive definite operator R in £(J2 )
such that WV }; = RW.

Proof. Suppose that x = (x;, X, ...) GJ%. Then, by the Holder inequality,
we have

102 31 < (% (1/22""))1/2 (5 )

2 < 12y

for each positive integer n. Since absolute convergence implies convergence in a

Banach space, we have Y 12"y x, ex#,n=1,2,... . We also have
k=1

| oo
Y, (1/2%) x,

k=1

gk

2 o]
< Y 72772 1x P < 2] x|
| n=1

n=1

1

Define W on 9% by the matrix [0, [y, Where o = (1/2") 1, n= 1,2, ..., k =

= 1,2, ... . The above estimates show that W is a bounded operator on .%2 Sup-
pose that Wx = 0. Then

Y129 x=0n=12, ... .
k=

1

Suppose that z € #. Then

% 072 002 = ( § 029wz =0
k=1 k=1

Hence the power series ¥ (i, z)A* converges on D, = {1 €C: |4 < 1/2} and thus
E=1

represents an analytic function f there. But since f(1/2") = 0,n = 1, 2, .. ., it follows

that f is identically zero on Dg. Thus (x,,z) =0, k = 1,2, ..., and since z isan

arbitrary vector in 5, it follows that x = 0. We have shown that (W) = (0).

Since W is Hermitian, it follows that W is a quasiaffinity. Let R = P (1/25)P.
k=1

An easy calculation shows that WV, }’; = RW.

The following example is a modification of the above mentioned example of
Conway.
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ExampLE 1. Let & be a Hilbert space with an orthonormal basis {e,}%_,. Let
V be the unilateral shift on 5# defined by

Ve,= e,41, n=1,2, ... .

According to Lemma 9, there exist a quasiaffinity W and a positive operator R in
£(s#) such that WV = RW. Define U in £(#) by Ue, = (1/12"e,, n=1,2, ... .
The operator U is a quasiaffinity and 1/2VU = UV. Let

T,—V®I2V®12R on # @ @ #
and

T, = f/@ 1/21A2 onff@??.
The operators T, and T, are clearly quasinormal. Define X :;? & H G—)%; -
J? (45} .2” by
X((31, X5, Xgy «-.) @ X0 @ (V15 Yos Voo <. D) = (Xy, Xp, X3, ...) D
& Wxo, Y15 Yo Voo - .)
and Y:y? @9%—-».9/ @ H G-),}% by
Y((X15 X9, X3, +-.) @ V15 Vo Vs -+ -)) = (Xa, Xy o) D Uxy @ (¥ Yoo V3, - . ).

It is clear that X and Y are quasiaffinities and a routine calculation shows that
XT, = T,X and T, Y = YT,. Hence T; and T, are quasisimilar. Note that the pure
part of T is ¥ @ 1/2V and the pure part of T, is V. We shall show now that V' @ 1/2V°
and V are not quasisimilar by using the same argument that Conway uses in his
above mentioned example. Suppose that there exists a quasiaffinity Z: 9%’ @ H - ;?f
such that

ZWV @ 12V) = VZ.

Define W: # — # by
Wx = Z0 & x).

Let # = ZW). Then A is an invariant subspace for ¥ and wW(12V) = (f/]///u)W
Note that .

WV — D] My = (1Y — 1w

and that W*: # — A is injective. Since V is completely nonunitary, 19/% is a nonu-

nitary isometry thus for 1/2 < || < 1, 1 is an eigenvalue of (V|.4)* and thus also
of (1/2)V*. The last statement is clearly a contradiction. Therefore, the pure parts
of T, and T, are not quasisimilar.
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J. Conway also proved in [4] that subnormal operators are similar if and only
if their normal parts are unitarily equivalent and their pure parts are similar. Hence
the two quasisimilar quasinormal operators constructed in Example 1 are not similar.
Thus the equality of the essential spectra of quasisimilar quasinormal operators is
not a result of similarity. The following example shows that two quasisimilar quasi-
normal operators need not be similar even if both operators are pure.

ExaMpPLE 2. Let 5 be a Hilbert space with an orthonormal basis {e,}&_,.
Let

o=1,d =1/2, dy, =, = 1/4, n=1,2,...,

and

d2n+1 = Copt1 = 15 h = l: 25 LI
Define positive definite operators P; and P, on 5 by

Pe, = c,e, and Pye, = d,e,, n=1,2, ...
Define an operator Y; on & by the following: let Y,e, = e, and for each positive
integer n let Yye,, = €,,4+5 and Y e,,41 = €5,,. Let
X,=P}PrYH® and Y, = PPYy(PyD), n=1,2,. ...

Observe that, for each positive integer #, we have

”Xn“ = || Yn” =1, Xn+1P1 = PZXn’

and
Yn+1P2 = PlYn'

Let
X=yY ®X,and Y=Y, @Y,
n=1

n=|

Then X and Y are quasiaffinities on y;,

XVyP, = VuP,X,
and

VeP,Y = YVP,.

Hence T, = VxP; and T, = VP, are quasisimilar quasinormal operators. We
show next that 75 and T, are not similar. The operator T, is unitarily equivalent to

Y, @ ¢,V and T is unitarily equivalent to Y @ d,V. 1t follows that

n=1 n=1

(T2 — 1/2)x]| > 1/4||x]]

for each x in #. Thus T, — 1/2 has closed range. Since 1/2V is one of the direct
summands of i‘ @ d,V and 1/2V — 1/2 does not have closed range, it follows that

n=1

T, — 1/2 does not have closed range. Hence T, and T, are not similar.
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In contrast to the above examples, we have the following theorem. (Note that
if Tis quasinormal, then both T and T* commute with T*T. Thus % (T*) © A (T)
reduces T*T.)

THEOREM 4. Suppose that Ty and T, are two quasisimilar quasinormal operators.
IfT# T\ (TF)O A (Ty) is compact, then Ty and T, are unitarily equivalent. In particular
if #(T¥) © A (Ty) isfinite dimensional, then Ty and T, are unitarily equivalent.

Proof. We know that the normal parts of T, and T, are unitarily equivalent.

Let V#lﬁl and V;fzi)z be the pure parts of T, and T,, respectively. We observed in
the proof of Theorem 3 that there exist bounded linear transformations X and Y
havin g dense ranges such that

XV Py = Ve PsX and Vi PY = YV P,.

Since T#T|A(TF) © A (T, is unitarily equivalent to PZ, it follows from Corollary 5
that the pure parts of T, and T, are also unitarily equivalent. Thus 7; and T, are
unitarily equivalent.

REMARK. Note that the only Hilbert spaces considered in [4] are separable ones.
However, all of the results of [4] that are mentioned in this paper are valid for Hilbert
spaces of arbitrary dimensions.
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