J. OPERATOR THEORY '
3(1980), 161158 © Copyright by INCREST, 1980

SPECTRA OF COMPRESSIONS OF AN OPERATOR WITH
COMPACT IMAGINARY PART

ANDRZEJ POKRZYWA

Let o stands for a complex separable Hilbert space with the norm |- and
the scalar product (. , . ). L(#)LE(H)) denotes the set of all bounded (compact)
linear operators on #. For an A€ £ (#’), o(A) denotes the spectrum of A, p(A)-the
resolvent set, W(4) (W (A)) - the (essential) numerical range (see e.g. [2]).

S,(8,) denotes thes Macaev (Hilbert-Schmidt) ideal of all compact operators
A€ P¥(s) such that

[l = 3 /21 — 1) < oo, (<|1A||2)2= 3 st < oo),

n=1

where sy, Sy, . . . are the eigenvalues of /AA4* arranged in decreasing order and re-
peated according to multiplicity.

For an operator 4 with the single valued extension property (see e.g.[l])
and xe H#, p,(x) is the union of all open subsets G of the complex plane C such
that there exists the analytic function x(-): G —»# which satisfies the relation
(4 — Dx(A) = x, and we set C\p, (x) = g,(x). For any set Fc C we set
{xe #;0,(x) © F} = & (F). A is called a decomposable operator if for any finite
open covering {G,}i., of a(4), % ,(G,) are closed subspaces and for any x& #
there are x; e SZ"A('(—?;) such that x = x; + x, -+ ... -+ x,,. It is proved in [10] that
an operator A whose imaginary part Im4 = (4 — A¥)/(2i) belongs to the Macaev
ideal is decomposable.

For any Ae C, F, G = C, we define

d(4, F) = inf |4 — i,

ueF

dist(F, G) = max {sup d(i, G), sup d(u, F)}.
m=a neG
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LemMA 1. If o is an n-dimensional space, B e L(#), ImB = K, +K,, where
K,= K%, (Ko< d/8, then for any A€ p(B) such that d(A, o(B)) > d

(B — A~ < (2/d) exp(d(l 4 64| K)|2/d2)).

Proof. By the theorem on the triangular matrix form there are orthogonal
projections 0= 0, < Q; < ... <Q,=1 such that BQ;= Q;BQ;. Setting
Q; — Q-1 = E; we define the operators:

SZZ E;BE; ,

Jj=1

n n
—2 ¥ Qj_l(Kw ~ Y EKX, E,)Ej :
j=1

I=1
n n

Ny = 2i Z Qj—l(Kz - Z EKE, )E;
j=1 I==1

These operators have the following properties: S is normal and ¢(S) = o{B),
B S+ N,+ N,, the operators N, and N, are nilpotents. Using Theorems
I1.5.1.{4], I11.4.1. {5}, 1.10.2.[5] from the books of Gohberg and Krein we obtain
the inequalities

VLIl < 2[ < 4K, o < d/2,

K, =Y EXE
I=21

@

(1)
) n
(IWARES 2!|1< X EX, E < 4Kl

L2

The operator S is normal, therefore
@ S — A7 = ([, o(SH) ™ < d,

and by (1), [[(S — A)IN,[l < 1/2. Hence there exists the operator (1 + (S—A)"1N )2
and

(3) A+ (S = DTN < (1 — (S — D™V, <2
Setting

A+ (S —=DW)HS — )N, = M ,
we have

B— = (S— )l +(S— W)+ M)
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Note also that
M|y < 2{[Nofio/d < 8| Kzll/d
and M is a nilpotent.
To see this last assertion it suffices to observe that the subspaces Q;#(1 < j < n)
are invariant for the operators M, S, N, and N,. Since N,Q; = Q;_N,Q); it follows

that MQ; = Q;_1MQ; and M" = Q,M"Q, = 0. Using the estimation of Sahnovi¢
[11]

I+ M) < exp (1M1 41)),
the inequalities (2), (3) and the identity

B — 27 = (1 + My(1 + (S — )N) XS — )7,

we obtain the inequality that we need.

LemMmA 2. If A€ L(H), (H may be iifinite-dimensional) and ImAe€ &,
then there exists a function m: (0, c0) —(0, co) such that for any ﬁmte-dunens:onal
orthogonal projection Q€ L ()

QA4 — Dlgw) | < m(d(4, 06(Q4 | g:r)))-

Proof. Since the set of finite-dimensional operators is dense in S, with |-,
norm, for any d > O there exists a finite-dimensional selfadjoint operator K| such
that

| Ky, — ImAj, < d/8.
Since

ImQA | o = QK| ow + QUImA — K))| o
and

1OKul pselle < [K4ll2s
10(0mA — K))] owlln< ImAd — Ky, < dJ8,

the assertion of the lemma follows from Lemma 1.

THEOREM 1. Suppose that A€ ¥ (#), Imde S, {P,}{ is a sequence of finite-
dimensional orthogonal projections in #, P,— 1 (strongly). Set P,A|p,w=A,. Let F
be a closed subset of C. Then

1) if x,€ & a,(F), and x,, — x(weakly) then x€ & «(F),

i) if x€ & (F), G is an open subset of C containing F and Q, stands for the
orthogonal projection on & A“(G_) then ||x — Qx| — 0,

iil) if A€ o(A) then d(4, 0(4,)) — 0.

Proof. 1) Let Q be an open neighbourhood of F. Then

= inf{]A — pj; A€ F, ¢ Q} > 0.
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Z 4, (F) is an invariant subspace of 4, and setting 4,|a , (F):B,, , we see that
o(B,) < F ([11, p- 23). Hence by Lemma 2 there is a constant m such that

@ B, — A <m for 1¢Q, n=1,2,....
Let x,(1) be the analytic extension of
(4, — 7%, = (B, — )7,

By (4) |x.(Al < ml|x,|| for A ¢ Q. Since the sequence {x,} is bounded, the sequence
{x,(M)} for 1 ¢ 2 is bounded too. Thus for a fixed y ¢ Q there is a subsequence
{x,.(A)} which converges weakly to some y€#. The equality (4, — A)x,(1) = x,
implies that for any z€ 2#

(s 2) = (4 — Dx,(A), z) — (A4 — Dx,(D), 2 — P.z).
This and (4) give the inequality
K% 2) — (A — Dxo(4), )} < 14 — Allm - |Ix,l - [z — Pzl

Passing to the subsequence and tending to the limit in this inequality we see that
{x,z) == {(4 — Ay, z). Thus x = (4 — A)y, since z was arbitrary. This implies
that

&) x,(A) 5 x(4) = (4 -- 1) Ix, for any A€ p(4) \ Q

because any subsequence of {x,(4)} contains a subsequence which converges weakly
to x(4). We shall show that (5) holds also for A€ 6(4) \ Q. If 4, u ¢ Q then

xn(’:‘) "— xn(u) = ()' - “)(Bn - ;“)—I(Bn - H)—lxn‘
Thus it follows from (4) that
©) (D) — (Il < 14 — pim?lx, || for Z, u ¢ Q.

Suppose now that A ¢ Q, and {x; (1)}, {x;,(1)} are weakly convergent subsequences
to y and y' respectively. Since p(A4) = C, there is a sequence {y;} = p(4) such that
u; — A. Writting the relations

Ky =¥, 2Dl = Ky — ()] + [x,(A) — xx, )] +
LX) — X U] + Der, () — 0, (D] + [0, (D) — ¥'] 2)i <
< [y = XA, 2)] + 1, () — %0, (), 201 +
+ Kx,(A) — ¥, 2l + mRld — gl Nzl (el + fxi, 1D,
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and letting firstly n — co and secondly j —oo, we obtain (y,z) = (), z). This

shows that there exists w-lim x,(1) o x(1) for any A ¢ Q. Moreover we know that
(4 — ) x(2) = x. It follows from (6) that the functions {x,(4), z) are {uniformly
continuous functions in C\Q. Thus their limitis also an analytic function. Hence
the function x(1) is the analytic extension of (4 — A)"'x, and x = w-lim x,€ & ,(Q).
But Q was an arbitrary open set containing F. Thus x € & ,(F).

ii) Since the sequence y, = Q,x is bounded, it contains a weakly convergent
subsequence. Thus ii) will be proved if we show that if y, — y weakly then y = x
and |y, — x| - 0.

Therefore let us assume that y, — y weakly. Note that

Px — y,€ (X 4(G) = (tan E(G, 4,))* =
= ran E(C\ G*, A¥) < ran E(C\ G¥, 4¥) = % . (CN\GH,

where G* = {1€ C; 1€ G}, and E(.,.) stands for the suitable spectral projection.
Since P,x — y, — x— y weakly, i) implies that x — y € Z 4 (C\ G*). But Z ,(C\ G¥)
is orthogonal to & ,(F) (see e.g. [3]), hence x is orthogonal to x — y and ||y||* =
= [x||2 + ||x — ¥[I2 = |x||2. On the other hand |y| < sup ly,ll < |x||. The above
inequalities imply that x = y and ([6], Lemma V.1.2.) ||y, — x| = 0.

iii) Suppose the contrary, namely that A€ a(4) and d(4, 6(4,)) > d > 0.
Then by Lemma 2

IPryll < m|PnfA — 2) Pu yll,

for some positive m and every ye #. Hence |y < mlj(4—A)y] for all ye o#.
But this is impossible, since A€ 6(4) is a boundary point of p(4), and there is a se-
quence {x,} of unit vectors such that ||(4 — A)x,|| — 0.

REMARK. In the above theorem, as well as in Lemma 2, it is not essential that
the projections P, are finite-dimensional. One may prove this using a suitable limit
process. The assumption ImA4 € &, cannot be relaxed. This will be shown in Theo-
rem 3.

The following definition will be usefull in order to characterize the asymptotical
behaviour of spectra in the method of orthogonal projections.

DEFINITION. For A€ Z(#) let S(A) be the family of all compact nonvoid subsets
of the complex plane C such that for every Q€ S(4) there is a sequence {P,}%° of
orthogonal projections in # such that P,—1 (strongly) and dist (2, o(P, 4| p,x))—0.

It may be proved ([8]) that if in the above definition we require the projections
P, to be finite-dimensional and ordered, then still S(4) is unchanged.
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With the help of this definition, the main result of this paper may be written
as follows.

THEOREM 2. Assume that ImAe &,. Then Q€ S(A) if and only if o(A4) =
cQ:=0cg(d)u W (4).

Proof. It follows from the Weyl-von Neuman theorem ([6]) that there exists
an operator K = K* e:£%(#) and a sequence {P,} offinite-dimensional orthogonal
projections in 3% such that P, — 1 strongly and

P(Red — K) = (Re A — K)P,.
Then
(7) ”PnA - APn” = “Pn(K + IIITIA) - (K + iIInA)Pn” - 0>

since the operator K -+ ilm4 is compact. For any A € p(4) we have

“PM(A - 2'O) an” = ”(A - ;'O)an + (PnA - APn)an!VI =
2 ([(4 — A)7H ™ — | P, A — AP, DI P,x]l.

It follows now from the continuity of the resolvent and from (7) that
P4 — 2)Pyxll = Q2I(A — 2)7 D7 Pox]l

for all 4 in a sufficiently small neighbourhood of 1, and for sufficiently large n.
Consequently

lim inf d(4, o(P,4ip #)) > 0 for all A€ p(A).

This and assertion iii) of Theorem 1 imply that dist(a(4), o(P,A!p))— O.
The ““if” part follows now from [7], Lemma 7.
The ““only if”” part follows from Theorem 1 and [7], Theorem 1.

An example of a nondecomposable operator with a compact imaginary part
is given in [9]. The following theorem says something more.

THEOREM 3. Let K be a selfadjoint compact operator. The following conditions
are equivalent :

i) KeG,,

i) for every selfadjoint operator A, the operator A —+ iK is decomposable,

iii) for every selfadjoint operator A, if Q€ S(4A + iK) then o(4 + iK) < Q.

Proof. The implication i) => ii) is proved in [10]. i) = iii) is contained in Theo-
rem 1. To complete the proof it suffices to show that if K ¢ &, then the conditions
ii) and ii1) are not satisfied.
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Let o= ker K. We shall define recursively infinite-dimensional invariant
subspaces J; of the operator K such that for j > 1

) K;=Klx,€S, and 1< |Kl, <2+ |K].

~ n 1
If these subspaces are defined for j < n, then let #, = ( @ # j) , and {e, (2.
j=0
{1y, }&.1 be the orthonormal eigenvectors and eigenvalues of the operator X | 7=

== k,, (o, 1l = 1y, 2l = .. .). Since K, ¢ S, there is a number m = (m,) such that

I'< Zg_f"_’sl S 1+l < THIK].

Since p, (—0 with s—co, a subsequence {u, ; }52,, 1, of the sequence {u, (}52,,,, may

s
sem+1 28 — 1
as the closed linear subspace of H spaned by e, 4, ..

be chosen in such a way that < 1. Now we see that defining .,

<3 Cuoms Cnlimerr Cmkmezrt o

we obtain (8) for j =n--1. It follows from the above construction that #'= @ #;.
j=0
It follows from Theorem IIL.4.2. of [5] that there exist compact selfadjoint
operators A,€ #£(#,) such that

o(A4, + iK,) == {0} and |Klo/m < 4,0 <4IK ) /n, n=12 ... .

Now set @ 4,=4, and let P, be the orthogonal projection on the space @ ;.
1 0

It is obvious that

%) P, — 1 strongly and o(P,(4 + iK)|p,») = {0}.

Let D be the closed disc with center 0 and radius 1/4. Since 6(4+ iK|»,) = {0},
H, c X, (D). Thus X, ;x(D) is dense in .

Since 4, = A} is compact, there is a unit vector x,€ 3, such that 4,x,= 4,x,,
where |4,| = ||4,]l = =~. Hence for some subscquence we have

AXpy = AnXn, s An, = A where |A| = 77

This shows that 4 belongs to the essential spectrum of 4, thus also A€ a(4 + iK).
This and (9) show that iii) is not satisfied. But also 2 4+; (D) cannot be closed, be-
cause Z 44;p(D)=F and A ¢ D. Therefore the operator 441K is not decomposable.
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OPEN PROBLEM

What is the characterization of S(4) in the case when the imaginary part of
A is compact but does not belong to the Macaev ideal? The author conjectures that
then the condition

HAD\W(4) € Q=3 < o(A) UW () and W (4)nQ # O

is necessary and sufficient in order that Q€ S(4). The above condition is equivalent
to Qe S(4), for operators 4 whose essential numerical range has nonvoid interior [7].
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