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SCHRODINGER OPERATORS WITH SINGULAR
POTENTIALS

ALLEN DEVINATZ

I. We shall consider Schrédinger Hamiltonians, # = —A 4+ ¥V defined on
R", where V is a complex valued singular potential. Several recent papers [2], [7]
have considered questions of closure and maximal accretiveness for such operators.
In this paper we shall also consider such questions and obtain results which include
recent results of R. Jensen [6].

We shall use the method of semi-groups and in particular those semi-groups
associated with a Wiener process. In this connection 1 learned much from a paper

of R. Carmona [3]. But also sec the papers of N. Portenko [8] and Berthier and
Gaveau [1].

2. We shall suppose that ¥ = U -+ iW belongs to L] ,(R") and shall be con-
cerned with the maximal realization of H = —2A\ -+ ¥ whose domain is given by

D(H) = {ue L*: Vue Li,c and Hue L%} .

If we take U+ = max(U, 0), U~ = max(—U, 0), then we shall suppose that

. 1 Ui(x—v e PRI
2.1) lim esssup ——S ( ~~“—)~ S T 2 e "dridy = py < oo.
a-00 X 42 g !yl”_z [

We can now state the main result of this paper:

THEOREM. If uy < 1, then there exists a real A so that H + 2 has an m-accreiive
closure. If wo < 12 or if We L, then H is closed and H -+ J. is m-accretive for
some real /.

In [6] R. Jensen assumed that V is real, belongs to Li,. and that there exists
an ry > 0 so that (for n = 3)

(2.2) sup __ T2

> 2(n — 2) a2

S _V._('\' ~1'v)— dy < gy < L.
(¥ <ry lpjn==
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Under these conditions he showed that H is selfadjoint. Actually Jensen proved
somewhat more. He assumed that ¥V = V;, — V,, where V, > 0 satisfies (2.2) and

2.3) Vix) 2 —axi*—5b, a,b>0.

However, this extension represents no essential difficulty once the theorem has
been proved for V; = 0 (see [4], Theorem 2). It is not difficult to show that the
class of functions which satisfy (2.1) with g, < 1, contains as a proper subclass
the class of functions which satisfy (2.2).

The proof of our theorem will be constructed with the help of a number
of lemmas. Toward this end let w(¢) be an n-dimensional normalized Brownian
motion, i.e. a Wiener process. Instead of w(z) we shall use the process &(t) == V—2iv(r),
since the differential generator of the latter process is 4, whereas the differential
generator of the Wiener process is 4/2.

Lemma 1. If o < 1, then for every t€ R+,

7
=(&(s:
24 esssup £.e SO yrelnds <

Proof. For the genesis of this proof see [l],[3],[8]. We shall expand

t
expS U~(&(s))ds into a power series and get an estimate on the (k + 1)-st term.
0

For simplicity of notation let us drop the superscript on U~ and replace it by U,
but keeping in mind that it is non-negative. We may write

@.5) E[S' U(g”(s))ds]k-:k! S; S' 5' Exli[lv(c(sj)) ds, ... ds,.

0 ~1 J
For0 < s < sy < ... < $§ <t we have the standard formula
oy 2
x ¢ UG exp {— ———ﬁf(s . “)}
2.6 E XX U@s)) = S i IV ) dy,
( ) JI;I] (C( ,l)) Rin JI:II [47T(Sj —_ Sj_.l)]"/z )’.I

where y, -- x, and dy; is Lebesgue measure on R".

Integrate both sides of (2.6) with respect to s; over the interval [s,_,, 1]. After
a suitable change of variables we have

v.l‘k - yk—llg}
exp {— ——"E 1 S
! { (s, — sp-1) 1 S ,c “;‘ - ze*r dr.

= k= -
Seon {[4n(s, — s, D1"* 4nl2 |y — Yo"

(2.7)S

- 'S
ey
4(r—sk_ l)
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Now multiply (2.7) by U(y,) and integrate over R” with respect to dy,. The resulting
integral is

oo

L YO ), o,
(2.8) 471.17/2 Re iyk|”—2 S T 2 e_z dT dyk.

rykﬁ

_4(r:sk_1) i
By hypothesis there exists a #, > 0 so that 0 < ¢ < ¢, implies that for almost all
V-1, (2.8) Is <py < 1. If we repeat this process k times we see from (2.5) and (2.6)
that

t k
esssup E[S U(E(s)) ds] < k! ik,

0

Thus

t
UG(s) d 1
esssup E.e SU s £ - — —< 00,
x b~ Ho
so that (2.4) is true for 0 < 7 < ¢,
By exactly the same reasoning as above it is clear that for every se R*

t -5
U(¢m) dr
esssup E.e SS < oo, 0<t<1,.
X

For any bounded Borel measurable function u, and ¢ < ¢, let us set

t
U¢()) dr

(2.9 T(t) u(x) = E.e §, u(E(t)) .

This is well defined and is again a bounded Borel measurable function. Thus for
s <ty t <ty we have

S
SO U(z)) dr

7(s) T(t) u(x) = E.e T(u(E(s)) .
But by the Markov property,
St R St-{-su . g
T() u(E(s)) = Ey o [e 0 7 e #s) = Efe ¥ 7 T + )i



28 ALLEN DEVINATZ

tis
Let I, be the indicator function of {S U(¢(r)) dr < n} Since Ue L}, (R*), for

almost all x, }, = 1 a.s.- P,. Taking v > 0 and using the monotone convergence
theorem we gct

s t-s
S U(i(7) dr g U(S(D) dr
0 oS

T T u(x) = Ee Ele u(C(t + ). F:l =
{ veeen U v 4
=limEe0 Ele’ T Lu((t + s)IF] =
(t+s . \‘!+s P
. U(<(r)) dr . U(&(r)) dr
= lim E.e B“ ¢ Lu(i{t - s))=Ee-? ¢end w(é(t + 5)).

Take - : 1 and we get (2.4) for 6 < ¢ < 2t,. Proceeding by induction we get (2.4)
for all re R+,

In the last paragraph we have, of course, just repeated the standard proof
that {7(#)} is a semi-group, making sure that all manipulations were valid by the
introduction of the indicator function 1.

LemMa 2. Under the hypothesis of Lemma 1, the semi-group defined by (2.9)
may be extended so as to be a semi-group of bounded operators from LP — L7,
P <p oo, If py < g, T(t) may be extended to be a bounded map from
L? 5 I=, g <p<oo, lg+-1/q = 1.

Proof. The proof of this may be found in [3] and [5]. We shall reproduce it
here for the reader’s convenience. Let

it
a\ U(s) ds
KN(q, 1)? == esssup £.& }0 .
X

It is clear that 'T()u e < K(1, t) 27w, Further, if u€ L n L® we have

I !
U s . N s .
E () e Yo =( wyEeh™ D ax < K1, 1) )y

LSRN

LT, < S

R

The Riesz-Thorin interpolation theorem can now be used for 1 < p < co.
For the second part of the lemma we apply Holder’s inequality to get

t
) - s P°\ UGE(s) ds , Y , o
IT() u(x) < (EJu(€@))P}Mr (Ee -0 < (@n)=re K(p', O,

Since ¢’ < p, the result follows.
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For uc L*, let us now consider the semi-group

('t
(210) S(t) u(x) = Ee - SO V(E(s)) ds

u(S(?)) -

LemMa 3. If po < 1, the semi-group defined by (2.10) may be extended as a
bounded semi-group from L — L?, 1 < p < co. If uy < 1/q, then S(t) may be extended
as a bounded operator from LP — L, q" < p < oo. The semi-group {S(t)} is strongly
continuous in t when considered from LP — LP, | < p < co, and indeed S(t) — I
as t — 0 in the strong topology.

Proof. The boundedness properties of the operator S(r) is an immediate
consequence of Lemma 2. The semi-group property is also a consequence of
Lemma 2 and a standard argument as given e.g. in the proof of Lemma 2.

To prove the strong continuity of S(¢) as a function of 7, when S(¢) is acting
from L7 — L7, 1 < p < oo, it is enough to prove it for C§° functions u(x). From to’s
formula we have

t
- SO V(&(s)) ds

S(0) u(x) — u(x) = Ee w(E(N)} — ulx) =

§
4 . - So V(<(o)) do

- -«ES Hu(E(s)) ds — — S' S(s) Hu(x) ds .

0 0

Since Hue LYR™) and [|[T(t){|, < M we see that

IS(Ou — ulj, < MS’ VHully ds = Mt||Hull, >0 as t—> 0.

0

For 1 € p < oo, we may write p =1+ 06,5 = 0. Thus

1S(1) u — ull :S |S(Hu(x) — u(x)P dx <

Rn

<11 S@u ~ ulfe ) 150 u() — (vl dx <

Rn
< Kifull [[S(Ou — ufly » 0 as 1> 0.

Lemma 4. Let U be a non-negative function which satisfies (2.1). Then for
every & > Q there exists a C, > 0 so that for every u€ H*(R")

@.11) S Ulul < (o + &) | VulP + C, ljuf.
Rn
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Proof. The function U; = U/(p, -+ ¢) satisfies (2.1) with some u; < 1 replacing
to. Let {T(¢)} be the semi-group given by (2.9) with U replaced by U,. From Lemma 3
it follows that {T'(r)} has a selfadjoint infinitesimal generator in L2, say 4,, which
is bounded above. Let us assume at first that Ue L%,.. 1t then follows by Ito’s for-
mula that CP(R") = D(A4;) and u€ Cimplies A, = Hyu = Au + Uyu. Indeed,
using Ito’s formula,

Ti(t) u(x) — u(x)
t

— Hyu(x) = S‘ (T(s) — I) Hy u(x)ds.

0
Since

sup 1i(T(s)y — NHwlh, -0 as t -0,

Ogs<t

we have the assertion.
Let i, be a real number so that 4, — A < 0. If ue C$® we have

(Au, u) — A_luj® +S Uyui> < 0.
R

After an integration by parts this yields
S Unlu® < | 7l + Adlufi?,
R»
or, if we use the definition of U;, we get (2.11) in this case:
2.11") S Ulul® < (o -+ &) || Vull? + Cllul?.
Rn

In case U€ L] (R?) let us set

U — U ifU<n,
" n  otherwise .

If {T,(0)} is the semi-group corresponding to U,, and {T(¢)} the semi-group corres-
ponding to U, it is immediate from (2.9) that | T,(¢)}|, < |[T(t)}|,, where I < p < co.
Let A be the infinitesimal generator of {7(f)} and A, the infinitesimal generator of
{T.(t)} in L2. Let 2, be a real number so that 4,/ — A is positive definite. From the
formula

O, — A)-1 = Sw e 7% T(1) dr

0
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it follows that A, — A, is positive definite for all n. Thus from (2.11") we get for
every n,

S U lul? < (o -+ &) || Tull® + Cllulf? .
Rn

Applying Fatou’s lemma we get (2.11).
The following lemma is essentially due to R. Jensen [6] (but see also [2]).
The proof given here follows his basic idea but differs somewhat in the details.

LemMA 5. Let U be a non-negative function which satisfies (2.1 with po < 1.
There exists a Ay = 0 so that if ) > Ay, uec LAR"), Uue L ,(R") and (as a distri-
bution)

2.12) —Au+iu—Uu<0,
then u < 0.

Proof. Let {T(r)} be the semi-group given by (2.9). From the proofs of Lemmas
1 and 2, it is clear that there exists a 4, > 0 so that ||T(2)||, < exp A¢t, 1 < p < co.
Let us set

U = U fU<gn,
n  otherwise .
If {T,(#)} is the corresponding semi-group then ||T,(1)]|, < [IT(1)]}, < exp Ay,
1 < p < o0.If 4, is the infinitesimal generator of {7,(¢)} in L2, then 4, is selfadjoint,
D(A4,) = H*R"), and A, u = Au + U,u.

Let ge LPn L=, g 20,41 > A, and let u,c H? be the unique solution in
L2 to the equation
(2.13) —Au, + Au, — U, = g.

Since
{oe)
uy = 2= ) g =\ e T mgd
0

it follows that
0 < u,(x) < Kliglloo, ace.,
(2.14)
Hetallz < Kllgllo-
If we multiply (2.13) by u, and integrate by parts we find

IIW.,Hiz(g,u,.)—/lnu,,H%JrS U,,iu,,tstngnHS Ullu, {2 <

R" R»

< Kllgllz + (o + o)l V[ -+ Clllglis
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where the last inequality follows from (2.11). Thus there exists an M > 0 so that
for all n

(2.15) "u. < M.

Now let Y be a non-negative element of C§°. Since u, can be approximated in
H*® by non-negative elements of C$°, in the computations which follow there is no
loss in gencrality if we suppose that u, itself is such an element. Keeping this in
mind we have trom (2.13)

(W, g) = (W, —du, + 2u, — Uu,) =
(2.16)
ms (o= Au - Ay — W, 0, > (U — U, dru , 1),

where {.) indicates the distribution pairing. Now,
(N -2 A — D,y = (=2 -+ — Uiy y — 2008 V) —

— {uN L uy < =2V, uy — udy

we also have

2NNy — (uNY = 2w, Ty - (e, u, M)

Let us now choose a sequence {,,} < C& so that y,,= 1 on B(0, m). ¥, - -0 outside
of B0, m - 1.0 <, <1and so that Oy, iV, < K. If we usey,, instead
of ¥ in the lasi equality we see from (2.14) and (2.15) that these terms go to zero
as m — co. Also, for fixed m we have, since 0 < v, < K,

U U—U)uu,—-0 asi—o00,ae.,
and
1‘ljm(U - Un) “”nt < Kll/;nUE” e L*.

Using Lebesgue’s convergence theorem we see that
S Y (U—U)uu, >0 asn-ooco.
th

If we use all of these facts in (2.16) we see that (v, g) < 0. From this the con-
clusion of the lemma is immediate.

Levivia 6. Let S(t) be the semi-group given by (2.10), A its infinitesima]
generator, and iy, a real number so that J > 7y implies (A — A)™ exists. If
C=(A— A)yYL>n L=, then :

2.17) —AC ¢ H.
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If o < 1/2 or if ImVe L, then
(2.18) —A4 < H

Proof. Recall we had set V = U 4 iW. Let

Ut — Uu* if U* <n,
" n otherwise,

w if \W|l <n,
W, = n if Wzn,

, —n f W< —n.

Let V,= U} — U; +iW,, let {S,(t)} be the semi-group corresponding to the
potential ¥, given by (2.10), and A, its infinitesimal generator in L2, It is almost
immediate that :

(219) _An =H,= ~A -+ Vn s D(An) = H2(Rn) = D(Hn) .

Indeed, the proof is as follows. Let H, , be the closure in L? of H,|C°. Since V,
is bounded, H, , = H,. By Ito’s formula (see the proof of Lemma 4) it follows that
H,=H,, < —A4,. On the other hand let ¥,;; be the complex conjugate of ¥, and
Hf = —A + V;}. 1t is elementary that HY = H;} and if {S;}(¢)} is the semi-group
corresponding to V;}, then S,()* = S;;(¢t). Thus H < —A,5 and taking adjoints
—A, < H,. .

From standard semi-group theory we know there exists a %, so that 1 > A,
implies (4 — A)~! exists. Further, we have already essentially. noted in the proof of
Lemma 4 that 4 > 4, implies (4 — 4,)~! exists for all n. Let ge L*n L~ and
u, = (A — A4,)"*g. From (2.19) it follows that

(2.20) Au, = Au, + Vu,—g.

From the representation (2.10) we see that S,(t)g(x) » S(t)g(x) a.e. in x
From the representation of (1 — 4,)~* in terms of the semi-group {S,(¢)}, it follows
that , - u = (1 — A)~'g, a.e. and in L2 Further, it follows from Lemma 2 that
[u,(x)| < K|lgllo. Thus we have V,u, - Vu a.e. and |[V,u,| < K|g|lw!V|. By Lebes-
gue’s dominated convergence theorem V,u, — Vu in L. It follows from (2.20)
that, as a distribution, we have Au = Au -+ Vu — g. This is the content of the
inclusion (2.17).

To get (2.18) we first consider the case yy < 1/2. From Lemma 2 it follows
that (A — 4)~1L? < L*. The proof then proceeds exactly as above. In case We L},
and gy < 1 we take any g€ L? and set u, = (4 — A4,)~'g. It follows that u, - u =

3-~c. 2238 31
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= (A — A)~'g in L2 Further ||u,|, < K|lg|'; and from (2.19) that u, € H®. If we mul-
tiply (2.20) by u,, integrate by parts and use Lemma 4 we see that there is a constant
K so that for all n
@221) hvuii+| G <k

Rn

Applying Fatou’s lemma (to a subsequence of {u,} if necessary) we see that

S Ut < K.
Rn

Now, there exists a subsequence of U} u,, again denoted by the same symbols,
so that Uju, » U*u, a.e. To show that this convergence is in L}, we adopt an
argument from [2]. By Egoroff’s theorem, it is enough to show that for every ¢ > 0,
there exists a 6 > 0 so that if E is any measurable set contained in a fixed bounded

set with |E| < 6, thenS Utlu,l < € for all n. But for every R > 0
E

Ut ] < - RUF + — UF w2,
2 2R

so that

{ Uil <iRS U+ + K.
E 2 E 2R

Fix. R sufficiently large so that K/2R < ¢ and then 6 sufficiently small so that
R S U+ <e.
E
Since by Lemma 4 we have

S Uy |2 < (o + &) || Vit B + Clllu B
Rn )

it follows from (2.21) and the fact that ||u,ll; < K]|g|ls, that there is a constant K
so that for all n
| Uik <x.
Ru

We can now use the same argument as before to show that U, u, —» U u in L|,..
Finally, since We L%, and W, = W, u, —» u in L%, it follows that W,u, —» Wu
in Ll,. Using these facts in (2.20) we see that we have (2.18).

Proof of Theorem. Let u€ D(H) and let g = (4 -+ H)u, A > A,. There exists
a ve D(A) so that g = (1 — A)v. Since the manifold C of (2.17) is a core for A4,
there exists a sequence {v,} < C so that (1 — A)r, = g, > g in L2 From (2.17)
and Kato’s inequality we have

—Alvn - ul + )vlvn - ul - Uﬂlvn - u| < ’gn - gl .
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Let w, be the solution to
—AW” + )'wn - U_wn = ,gn - g, >

where, of course, we have taken 4, large enough to assure us that this has a solu-
tion. From Lemma 5 it follows that |v, — u| < w,. Further ||w,|l < K||g, — gll. = O
as n — 00. Since v, — v in L? it follows that v = u. Thus D(H)< D(4) so that H
has a closure and from (2.17), —4 = H.

Suppose now that puy < 1/2 or that We Li,. Let ue D(H) and g = (A+H)u,
A > A,. There exists v€ D(4) so that g = (1 — A)v. Using (2.18) and Kato’s
inequality we find

—Alu—v|+Au—v|—-Ulu—v €0,

which by Lemma 5 implies u = v. Thus H = —A4, so that by (2.18), H = —A. The
proof is complete.

Research supported in part by NSF Grant No. MCS76 —04976 A02
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