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SOME ASSORTED INEQUALIT.IES' FOR POSITIVE LINEAR
MAPS ON C*-ALGEBRAS

MAN-DUEN CHOI

§ 1. INTRODUCTION

The general structure of positfve linear maps on C*-algebras is highly combi-
natorial (see Appendix B); yet its subtlety should surpass its complexity. In this
paper we try to exhibit some special features of positive linear maps, by means of
2 x 2 operator-matrix manipulations. The main results hére, concerning some assor-
ted inequalities of the Schwarz type, appéar non-trivial even if all C*-algebras in-
volved are limited to the finite-dimensional matrix algebras. It is noteworthy that
some preliminary results presented here are well known, but we include the proofs
for completeness; this article should thus be considered as a partly expository paper.
The readers are also referred to [1; 4; 16] for some recent research on the subject.

Throughout the paper, C*-algebras possess a unit  and are written in German
type ¥, B. #(#’) denotes the algebra of all bounded operators on the Hilbert space .
4, denotes the algebra of all n X n complex matrices. .#,(2) is the algebra of
#n X n matrices over .

For an operator T' € #(5¢), we denote by C k(T) for the unital C*-algebra gene-
rated by T. T is said to be invertible if T has a bounded inverse T-. T is said to be
positive (in notation T = 0) if T is hermitian and the spectrum of T is included in
[0, 00) — in the matrix case, T is also said to be positive semi-definite; the unique
positive square root of T is denoted by T'/2, A linear map @: A — B between two
C*-algebras is said to be unital if (1) =1I; & is said to be positive if $(A4) is positive
for every positive A in U; @ is said to be 2-positive if

¢(All) ¢(A12) All A12'
is positive for every positive
P(Ay) P(Az) » Az Ay,
in My(A).

We present m § 2 some basic 2 X 2 operator-matrix manipulations for pre-
liminaries.
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In § 3, we are concerned with some Schwarz-type inequalities and the cognate
conjectures for every unital positive linear map @: % — B. The main theorem
(Theorem 3.2) says that if 7 > A*4 and TA = AT then &(T) = P(A*)P(4) and
®(T) = O(A)P(A*). This covers several known results in literature. In particular
letting T'= I, we get Russo-Dye’s Theorem [12]: every unital positive linear map is
contractive. Another special case is Kadison’s inequality [10] with 4 = 4* and
T = A%

It has been indicated by Ando [1, Section 2] that each positive linear map pos-
sesses a sort of 2-positive effect. We will extend Ando’s argument to the utmost in
§ 4. Along with other results, the following formulation (Theorem 4.6) may reveal
the strongest effect that a general positive linear map ¢: U —» B can ever take: If

[T S] € /(W) is positive, and if the four operators {T, S, S*, R} together are

S* R
&(T) #(S)

linearly dependent (in particular if S == S¥%), then € 4 (*B) is posi-
y dep (in p ) [Q(S*) ¢(R)] 2(B)

tive, too.

Finally, we supply two counter-examples to demonstrate the fallacy of some
plausible conjectures. In Appendix A, we show that a unital linear map @ satisfying
D(A*A4) = P(A*)P(A) for all 4 need not be 2-positive. In Appendix B, we deal with
a positive linear map that is not “decomposable”.

§ 2. 2 X 2 OPERATOR-MATRIX MANIPULATIONS

We begin with a well-known fact (see e.g., [13, p. 385] for a more general
result).

LeMMA 2.1. Let R, S, T € B(#) with T being positive and invertible. Then

{g ;J? 0 if and only if R > SET-1 S,

1/2 —1/2
Proof. Write P=[T , 0 :[1 0 ]and Xz[T T S]-
S* R 0 R— S*T-18 0 I
A direct computation yields P = X*QX. Note further that X is invertible (namely,
T~V _ T-18
X 1= { 0 7 ]), therefore P and Q are congruent to each other and
P=20<=0 >0.
It is clear 0= 0 < R > S*T-1S. Thus the equivalence P >0 <« R > S*T-1§
follows.

Next, we present a natural construction of certain 2 X 2 normal operator-
matrices.
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LEMMA 2.2. Let T, A € B(H) with T> A*A and TA = AT. Then T > AA*,

. *31f2
and 4 e ] is a normal operator in B(H @ ).

(T — A*A)? —A*

Proof. First of all, assume that 7' is invertible. Letting {X = AT-12 = T-124,
we derive that

T > A*A = [ > T-12A*AT- 12 =TX*X

= X is a contraction
=1 = XX* = T-Y2 AA*T-12
=T = AA*.

For a general positive T, we have that T - I/n is invertible for all positive integer n.
Hence, the argument above shows that T+ I/n = AA* for all n. Let n approach to
infinity; we get T > AA* as desired.

A (T — A4%)-12
(T — A*A)'2 —A*
computation shows that the condition N*N = NN* is a consequence of the equality

Moreover, write N = [ ] - A direct 2 X2 matrix

* A(T — A* A2 = (T — AA*)'4.
{Now an operator-theory specialist may recognize the verity of (*) immediately by
means of functional calculus (cf. [9, p. 327]). However, we offer below an elementary
proof which arises from communication with Chandler Davis.] Put S = [0 A*] ,

0
T — 4*4 0 . ’
R= [ 0 T — Adr ] The given hypotheses on T and A4 yield SR =RS and

R = 0; thus SR'?2 = R'? §| i.e.,

0 A*[(T — A*A) 0 (@ —arayr 0 0 4
[A 0][ 0 (T — AA*)"2 ] —[ 0 (T— AA%)P ][A 0 ] ’

ie.,

[ 0 AX(T — AA*)W] _ [ 0 (T — A*A)'24%
A(T — A*A)"? 0 T (T — 44%)v24 0 ]

Therefore the equality(*) follows; this implies N*N = NN* (N is normal) as as-
serted.
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§ 3. SCHWARZ-TYPE INEQUALITIES

The following is a well-known Schwarz-type inequality covering Kadison’s
inequality {10, Theorem 1]. For completeness, the short proof is provided.

LeMMA 3.1. Suppose that ®: N—B is a unital positive linear map between iwo
C*-algebras. Then P(A*A) = S(A*)P(4) and D(4*A) > D(A)P(A*) for every
normal A e,

Proof. Let 5 be the underlying Hilbert space of B and let 4 be a fixed normal
operator in . Then C*(A4) is a commutative C*-algebra. By Neumark’s Theorem
(see [14, the Introduction Section or the combination of Theorems ! and 4]), @ res-
tricted to C*(4) admits a decomposition #(X) = V*r(X)V for all X e C#(A), where
m is a representation of C*(4) on a Hilbert space 2, and V is an isometry from #
into 2. Hence

D(A¥)D(A) = VFn(A*)V-Vin(A)V < V*(A)n(A)V =
= V(A% A)V = D(4* A).

Replace 4 by A*; the other inequality
P(A)P(AF) < P(AAF) = B(A*A)
follows too.

The theorem below is general enough to cover several known results about
positive linear maps.

THEOREM 3.2. Suppose that ®: W — B is a unital positive linear map between
two C*-algebras. If T, A are operators in W with T = A*A and TA = AT, then
D(T) = P(A*)P(A) and O(T) = P(A)DP(A®).

Proof. It follows from Lemma 2.2 that T > AA* and

A (T — A4*)\2
(T — A4 —A*

is a normal operator in %, (). Let O: .#, (A) - A be the compression map

[ju jm:|+—> Ay then @ © @: .4, (A) — B is a unital positive linear map. By
21 22

Lemma 3.1,
P2ON*N) =P - ON*)- - O(N), & - ON*N) = P - O(N)-® - O(N*).

Since N*N :[(f

lities follow.
REMARK 3.3. In case T = I, the theorem above reduces to a well-known
fact discovered by Russo and Dye [12, Corollary 1]: Every unital positive linear

;)1], we have O(N*N)=T, O(N)=A; thus the desired inequa-
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map between two C*-algebras is contractive. Incidentally, the short proof given in
the preceding paragraph (for the very simple case T = I) appears to be more
elementary than any other known proofs of Russo-Dye’s Theorem.

Much of the theory of normal operators can be extended to a larger class
of operators. A natural way is to weaken some conditions of normal operators.
Recall that an operator 4 is said to be quasinormal if A*A4 commutes with A; A4 is
said to be hyponormal if A*4 = AA*; A€ B(H) is said to be subnormal if there
exist a Hilbert space # = 5 and a normal operator N € #(") such that N is repre-

. A B .
sented by an operator-matrix of the form [0 C] corresponding to the decompo-

sition "= S @ L. It has been known (see [9, Chapter 16] ) that the implications.

normal = quasinormal => subnormal = hyponormal

hold in general, but all of the reverse implications are invalid in the infinite-dimen-
sional case.

At this point, it is reasonable to formulate a plausible generalization of Lemma.
3.1 as

CONJECTURE 3.4. Suppose that &: W — B is a unital positive linear map be-
tween two C*-algebras. Then P(A*A) 2 P(A*)P(A) and P(A*A) > d(A)P(A*)
Jor every “hyponormal’ operator A € .

REMARK 3.5. From Theorem 3.2 (with T'= A*A), we see that the statement
of Conjecture 3.4 is true if the word “hyponormal” is replaced by ‘“‘quasinormal”.
Indeed, we proceed to establish further in Proposition 3.6 that the analogous result
remains true for any “subnormal’ operator. It may be pertinent to note here that
there is an algebraic characterization for subnormal operators [2, p. 76 and p. 80).
Namely, an operator 4 € B(#) is subnormal if and only if for each positive integer #,.
the associated (n + 1) X (n + 1) operator-matrix

I 4% ... A%
A A*A4 ..

e B(H" 1)
A . AT

is positive. Consequently, if 4 € A = B(H) is a subnormal operator and if = is a
*-representation of the C*-algebra 21 on a Hilbert space # ,, then n(A4) € B(#,) re-
mains subnormal.

PROPOSITION 3.6. Suppose that @: W—B is a unital positive linear map between
two C*-algebras. Then ®(A*¥A) = G(A*)DP(A) and S(A*A4) = D(AP(A*) for
every subnormal operator A € U.
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Proof. Assume that AcU < #(#)and Aissubnormal;i.e., there isa Hilbert space

*
corresponding to the decomposition J'= # @ L. [Here, 4 s stand for entries we

A" 2 A and thereis a normal operator N e #(X) of the expression N = [ g #* ] s

do not have to specify.] Let @ :C*(N)— B(#) be the compression map[X ¥ ] > X.
¥ #

We claim that @(C*(N))<U. Thus @~ O is a well-defined unital positive linear map
from C*(N) into B. From Lemma 3.1, we get

B O(N*N) = 6o O(N*)- & » O(N), P> O(N*N) > P ON) - do O(N¥).

Since N*N = | 44 #], it follows that G(4*4)>d(A*)B(4) and B(A*A) >

# ¥
2 P(A)P(A*) as desired.
To see the claim, note that every element in the commutative C*-algebra C¥*(N)
can be approximated uniformly by finite sums Yo, N*"N". Since N*”N" is of the

A:i:m An # ’
# *
Another apparently stronger conjecture has been proposed in [18}:

form [ ], the claim follows immediately.

WORONOWICZ’S CONJECTURE. Suppose that ©: W —B is a unital positive linear
map between two C*-algebras. If T, A are operatorsin A with T =z A*A and T ZAA*,
then O(T) = G(A¥)P(A) and O(T) = P(A)P(A*).

PrOPOSITION 3.7. Conjecture 3.4 and Woronowicz’s Conjecture are equivalent.

Proof. Conjecture 3.4 is the special case of Woronowicz’s Conjecture with
T == A%A.

Conversely, suppose that we are given a unital positive linear map @: % — B
and T = A%4, T > AA*. Granting the truth of Conjecture 3.4 in general, we wish
to show that &(T) = P(A*)P(A) and H(T) = P(A)P(A*).

Without loss of generality, we may assume further that T'— AA4* is inver-
tible. (Otherwise, replace T by T - I/n; any conclusion drawn on T + I/n can be
carried forward to T, by letting n approach to infinity.) Let # be the underlying
Hilbert space of U, and let #>° = H#PH @... be the direct sum of countably

infinite many copies of . Put

A 0
(T — A*ADV2 0
M = 0 ml O € B(#>),
. ml

and
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V= 0 = the natural isometric imbedding of # into 3.

Then
T — AA* S 0
S* m* — (T — A*4) 0
M*M — MM* = ,
0 0 0

with S = —A(T — A*A)"2. When m?[ is sufficiently large, we apply Lemma 2.1
(the fact T — AA* being invertible is needed here) to deduce that M*M — MM*
is positive, i.e., M is hyponormal. Now consider the compression map &: C*(M)—
— () defined by O(X)=V*XV. It is evident that O(C* (M))< . Thus ¢ - O:
:C*(M) — B is a unital positive linear map. Taking Conjecture 3.4 for granted,
we get

@ o OM*M) = & - O(M*) - & - O(M),
o OM*M) =& - OM) - & - O(M*).

As O(M*M) = T and O(M) = A, it follows that &(T) = G(A*)P(4) and &(T) =
= P(A)D(A*); therefore Conjecture 3.4 implies Woronowicz’s Conjecture.

§ 4. TWO-POSITIVITY

We are going to show that every positive lincar map must possess the 2-posi-
tive effect to a considerable extent. The readers are referred to [3, Theorem 4, p.
524] for a precise distinction between the class of positive linear maps and the sub-
class of 2-positive linear maps.

In the present section, positive linear maps are not required to be unital.
Indeed, in some cases, we assume that ¢: 2 — B is a positive linear map with &(J)
being a positive invertible operator in B. Thus, if T is a positive invertible operator
in A (i.e., T = &l for some ¢ > 0), then ¢(T) = eP(I) must also be positive and
invertible.

For the sake of contrast, we give below a simple characterization of 2-positive
linear maps.

PROPOSITION 4.1. Suppose that ¢: U — B is a positive linear map between two
C*-algebras with (1) being positive and invertible. Then the following are equivalent :
(i) @ is 2-positive,
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(i) ®(R) = O(S*)D(T)~1D(S) whenever R, S, T are operators in W with T
being positive and invertible, and R > S*T-1S.

(iil) P(S*T-18) > B(SHD(T)~1®(S) whenever S, T are operators in W with
T being positive and invertible.

Proof. (ii) <> (iii) is trivial.

By Lemma 2.1, it follows immediately that (ii) is equivalent to

i) &T) D(S)

D(S*) P(R)

Obviously (i) = (il'). It remains to show (ii') = (i). Suppose that & satisfies (ii'}

]; O whenever T is positive and invertible and [T S] =0.
S* R

and [g 2} is a given positive operator in .#Z,(A). Thus

[A + Ifn S] >0
s* R

and A -+ I/n is invertible for each », and an application of (ii’) leads to

P4+ Ifny H(S)]_
[ ®(S%)  P(R) ]/

for each n. Therefore

[(D(A) <1§(S)}>0
®(S*) Ry

and @ is 2-positive. This proves (ii") = (i).

In view of Proposition 4.1, we describe some analogous properties of positive
linear maps in Propositions 4.2-4.3.

PROPOSITION 4.2. Suppose that : U — B is a positive linear map between two
C*-algebras with ®(I) positive invertible. If T, S are operators in W with T being posi-
tive and invertible, and T > S*T-1S, then ®(T) = O(S*)P(T)~* &(S).

Proof. Define ¥: ¥ —» B by
Y(A) = &(T)129(T2 AT ?)P(T)~ 1.
Thus ¥ is a unital positive linear map. By Russo-Dye’s Theorem [12, Corollary 1,

p. 415] (see also Remark 3.3), it follows that 1= Y(X*)¥(X) forevery contractive X
in A. From the given hypothesis 7' > S*T-1S, we have that

I > T \28*T-1§T-1/2 = (T—I/ZST-1/2):£< (T—I/QST—I/Z),
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i.e., T-12ST~12 is contractive. Plugging in X = T-'2ST~'2, we get
I > W(T-V2S* TP (T—12ST-112) =
= G(T)~1PO(S*)YD(T) 1 O(S)yP(T)~ 12,

Therefore, &(T) = $(S*)P(T)~'P(S) as desired. 7

It is well known that each unital paositive linear map &: U — B has the fol-
lowing effect: &(T-1) = ®(T)~! for every positive invertible T' [4, Corollary 2.3],
and @(S?) = P(S)? for every hermitian S (Kadison’s inequality [10]). The next
proposition is the unification of these results without requiring @) =1 (cf. [1,
Corollary 3.1]). -

PROPOSITION 4.3. Suppose that &: ¥ — B is a positive linear map between two
C*-algebras with &(I) being a positive invertible operator in B. Then ®(ST-1S) =
= O(S)P(T)2D(S) for every hermitian S € W and positive invertible T e A.

Proof. Again, define ¥: W —» B by
Y(A) = ¢(T)-f1’2¢(T1’24T1/2)¢(T)“1/2,

Thus ¥ is a unital positive linear map. By Kadison’s inequality, it follows that
Y(X?) = Y(X)*for every hermitian X € . Hence X = T-'? ST~/ leads to

O(T)~11B(ST-1S) &(T)=""2 > H(T)~1D(S)D(T)~'D(S)P(T) 7,
ie., : ‘ _ ‘

B(ST-1S) > B(S)B(T)-18(S)
as desired.

In the next corollary (cf. [18, Theorem 5.3}), we restate Propositions 4.2-4.3
without assuming ®(7) invertible.

COROLLARY 4.4. Suppose &: W — B is a positive linear map between two C*-
algebras. Then we have the following :

@ [<D(T) @(S)
B(S*)  &(T)
(i) [?(T ) D(S)
&(S) DR

= 0 whenever r S] is a positive operator in M (AN);
LS T
T Sy, L. .
] =20 wheneverl:S R] is a positive operator in A ().

Proof. Assume further that &([) is positive invertible and T is invertible. By
virtue of Lemma 2.1, the assertions follow immediately from Propositions 4.2-4.3.
In general, let p be a positive linear functional on A with p(Iy = 1. Define
DA —-B by D,(4) = &(A) + p(A)/n; then &,(I) is positive invertible. Thus,
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with @, in place of @, and T+ Ijn in place of T, the argument of the preceding pa-
ragraph applies. Letting n approach to infinity, we are done.

The next theorem may reveal the strongest effect that a general positive linear
map can ever take.

THEOREM 4.5. Suppose ®: W — B is a positive linear map between two C*-
algebras. If []S:“ z] € M (N) is positive, and if the four operators {T, S, S*, R}
Ty DS
P(S*)  H(R)

Proof. There are four possible (overlapping) cases.
(i) S and S* are linearly dependent; i.e., there is a complex number 1, of mo-
dulus 1 such that 4,5 = S*. Choose a complex number 1 with A2 = A,; then

AS = AS* = S, say. Thus

[T so]” ! 0][1 SHI 0]>0
SOR'[O';J s* R0 arj”

From Corollary 4.4 (i), [cb(T) qj(SO)] > 0.

together are linearly dependent, then[ ]e/lz(%) is also positive.

oS  ®(R)]T
Hence, [di(T) ¢(S)]=[I 0][<I>(T) d)(So)][I _0]> o
®(S*) B(R) 0 ajles,)  o®R Jlo ar

(ii) T and R are linearly dependent. Ignoring the trivial case with T =0 or
R == 0, we may assume that there is a positive number « such that R = ¢®T. Then

T Sla) (I oyr  SsiI 1.,
[S*/a T]_[o I/a][S* R][o Hal”

HT)  (S)a
&(S¥)a D)

o) H(S) | _[I O &T)  &S)alf] o]>0
[¢(S*) ®(R) ]”[0 al][cb(S*)/a &(T) ][0 af]”~

From Corollary 4.4 (i),[ ]> 0. Hence

(i) R is a linear combination of T, S, and S*; i.e., R= o, + oS -+ a,S*.
Thus

Rz—;‘(R—f—R*)zaT—F BS -+ BS*,

with o = Rea,, f§ = —:lz (x; -+ &g). Write S, = S — BT, R, = (x + |B[?) T; it follows

T S}_[fL oyr syI — BN,
[S;* Rl]"[—ﬁl 1][8* R][o I ]/'
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HT) DS
&(SF)  P(R)

®(T) q)(S)]__ I 0][45(7") ¢(sl)][1 ﬁ1]>0
[¢<S*) ®(R) “[ﬁf lesy e®)llo 17

From the case (ii), we get[ ]> 0. Hence

(iv) T is a linear combination of R, S, S*. This case is similar to (iii).

APPENDIX A

In view of Propositions 4.1 and 4.3, we might conjecture that a unital positive
linear map &: A — B satisfying the inequality P(4*4) = O(A4*) P#(A4) for all 4
in ¥ must be 2-positive. The example below shows that the conjecture is false.

ExAMPLE. Define ¢:.#, — .#, by
D(A) = AY/2 + 1(A) I/4

where A" stands for the transpose of A4 and 7(A) = the usual trace of 4. Namely,

ifA:.:[“ ﬂ], then
y ]
1 Jo Y 1 fou+ & 0
P(A) = — — )
“ 2[l3 5]+4[ 0 a+5}

in particular, ®(I) = L.
Obviously, @ is positive. @ is not 2-positive because

3 6lo o
4
q)[l o]¢[0 1] NI
0 0 o o) 05 °
o 11
0 0 0 0 o Ll o
@ @
[1 0] [0 1] 214
0o oo >
4

is clearly not a positive semidefinite matrix in .#,.
Next, letting A(4) = B(A4*A) — P(A™) $(A), we can carry out the direct hard
computation to get A(4) =0 for every A. Alternatively, observe that A(4) =
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== A(A -+ AI) for every complex number A (because &(I) = I). To show A(4) = G,
it suffices to assume that the trace of A is zero. Hence 7(4) = O leads to

A(4) = D(A*A) — D(A*) D(4) =
= (A*A)[2 + 1(A*A) I}4 — A*TA"[4 >
= (4% A2 2 0.

Note in the above, we use the fact 1(4¥4) = 1(AA4*) = 1(A¥"4%) = the sum of
eigenvalues of A** 4" which, in turn, implies that 1(4¥4) I > A*tA'r,

APPENDIX B

The global structure of positive linear maps is highly combinatorial, even in
the finite-dimensional case (see e.g. [15, Chapter 8; 5, Theorem 7; 6, Theorem 2; 18]).

For a tractable structure theory, it may be worthwhile to restrict the investi-
gation to the subclass of ‘“decomposable” positive lincar maps (see [15, p. 267; 17]).
By one of several equivalent definitions, we say that a positive linear map &: %, —
— M) is decomposable if there exist n X k matrices V; and U; such that @(4) ==
= YWVFAV, 4 Y U AU, for all A €.4,, where A stands for the transpose of A.

There arises the natural question: Must every positive linear map be decom-
posable? It turns out the answer is negative as indicated in [6, Theorem 2]. Worono-
wicz [18; 19] has later provided other counter-examples which are supported by
indirect proof as well as lengthy computation. To clarify the situation, we repr oduce
below the counter-example in [6] — which is believable to be the simplest one —
with a complete verification.

ExaMmpLE.  The linear map ®: .43 — 44 defined by

O % %y - Oy T O T Ogg | 0z . 0 0
Plog oy 71— an Upp  — Oy | TH[O @y O with p > 1
Uy Clgp O i) — Oy T Oy Uza 0 0 oo

is positive but not decomposable.

(Note: Here ®(l) == (u + 1) I; to get a unital map, we may consider (i +_‘ -9
instead of @.)
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Proof. Let x = (X1, X3, X3), ¥ = (V1, V2, ¥3) be free vectors in R®. Associate
the linear map @ with the real biquadratic form

X oxXe XX N1
F(x;y) = F(x3, X3, X35 Y1, Y2, ¥3) = [V1 Y2 ys] - @ XoXq X2 X%z 17|y | =
XgX; XXy X5 Vs
= XA + X5V5 + X5¥E — 20x1Xa¥1Ys + XaXayeys + XaXiyeyy) +
+ u(xedy; + x3y3 + x3yD).

As proved in ([6, Theorem 1, p. 96] for the case u = 2, and [7, Theorem 4.4, p. 13]
for the general-p > 1), the biquadratic form F(x;y) > 0 for all real x;, y;, but F
cannot be written as sum of squares of real bilinear forms.

Note that the fact F > 0 above is equivalent to #(S) = O for every rank—1
positive semidefinite 3 X 3 real matrix S. Given a general rank—1 positive semi-
definite complex matrix (&} j~1, let Ay, As, 43 be complex numbers of modulus 1
with a; = A;lo;|. Then by the definition of &,

Rylly  Gglly %Ol 21 00 o2 [org sl |ozy0ts] /4 00
2 Wty plly Gty |[=={0 A, O ‘P | gy oal? fagos ) ~ 10 A O
agy  agdy Az [0 0 Zx fotgty] gl Jogf? 0 0 %

turns out to be positive semidefinite too. Hence by linearity, #(4) = 0 for every
positive semidefinite complex matrix A.
Now suppose that @ is decomposable; then there exist 3 X 3 complex matrices

W, such that #(4) = Y, W AW, for every matrix 4 = A*. Thus, the real biqua-
dratic form F admits the expression

X2 XiXa  XyXg | |
Fx;y) =Y D1 v sl W] s, X3 xoxs | Wil ye | =

k

X3X;  XgXy X3 |

A ]

= 2_: [ ye vl WE Xz [x1 x2 x5} W, Yy |=

X3 L Vs

= Ek Lk(x: Y) Lk(xs Y),

9—2443 14
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where each Li(X, y)=[x, x, x;] W, | y, |is a complex-coefficient bilinear form in

s
real indeterminates x, y. Write L, =L -+ |/— 1 L@ where LY, LY are real bilinear

forms. Then
F=Y(ILP V=1L AP + = 1LY) = [, LY? + LP?)

is sum of squares of real bilinear forms; that is impossible as mentioned before.
Therefore @ cannot be decomposable.

This research was supported in part by NSERC of Canada.
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Added in proofs. E. Kirchberg has recently shown by a non-constructive proof that there
exists a counter-example to Woronowicz’s Conjecture. Hence, Conjecture 3.4 is also false
by virtue of Proposition 3.7.
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