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FUNCTIONAL CALCULUS WITH SECTIONS
OF AN ANALYTIC SPACE

MIHAI PUTINAR

The aim of this paper is to give an algebraic-topological approach to the
representation theory of algebras of global sections of an analytic space, in connection
with the functional calculus problem for finite commuting systems of linear conti-
nuous operators on a Fréchet space. The paper contains, as a particular case, the
existence of the analytic functional calculus for commuting systems of regular ope-
rators on a Fréchet space as well as a spectral mapping theorem. The analytic
space context yields a more refined functional calculus even for finite systems of
commuting operators namely a functional calculus which takes not only the spec-
trum but also analytic relations satisfied by the operators into account. Moreover,
the more general case of representations of algebras of global sections of a Stein
space does not reduce, in general, to the case of finite systems of operators. Finally,
working with sheaves of ¥#*-functions we obtain an analogue of the theory which
corresponds to generalized spectral systems of commuting operators.

Our technique is based on a relative homology theory (in the sense of [5,
Cap. IX]) for topological algebras. Such a theory was developed for the proof
of Grauert’s coherence theorem (see for example [1, IT]) and afterwards, indepen-
dently, a homology theory (essentially the same) was elaborated and used by
J. L. Taylor in the functional calculus theory.

Let us recall some notations and terminology. Let 4 be a nuclear Fréchet
C-algebra. In the relative homology theory which we shall use, the free 4-modules

are of the form A4 (;9 E, where E is a Fréchet space and the admissible short exact
sequences of Fréchet A-modules are that which are topologically C-split. Each
Fréchet A-module M has a natural free resolution (the Bar resolution):

0eMcA@McA®ARMc... .

The tensor product of two Fréchet 4-modules M and N is the quotient space

of M é) N by the subspace (not necessary closed) generated by the elements am ®
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®n—m®an,acA, meM, neN. There are the derived functors of the tensor
product, Tor#(M, N), and they can be computed in a natural way by the Bar
resolution:

BAM,N): 0« MAN MOAON MO AQAD N ...
Tord(M, N) = H, BAM, N),  peN.

For details see [1, Exposé I1] or [7].

Let us begin with some obvious correspondences. To give an operator Te L(C™)
is equivalent to endowing C™ with the structure of a C{X]-module (the action of X
on C™ being identified with that of T, C[X] denoting the polynomial aigebra in X).
Let M be a Banach space and let T be a bounded linear operator on M. Then there is
a topological O(C)-structure on M associated with T in the following way:

fom=Y aT"m, where f=Y a:z"ec0(C).

n>0 n>0
The continuity of the product ( 1, in) ~ fin follows easily from the estimation :

if- mll = | Y, aT"mll <3 lal 1T limll = Iflzlimell.

Conversely, cach topological @(C)-module structure on M determines an operator
T ¢ L(M). Similarly, a-tuples of commuting bounded operators on M correspond
to topological @(C")-module structures on M.

The translation in this dictionary of the functional calculus problem for a
system of commuting operators on the Banach space M is the following: for which
open subsets U « C" is there a topological O(U)-structure on M, compatible with
the O(C")-module structure?

We shall state this problem in a wider context and this will the central problem
of the paper:

Let X bc an analytic Stein space and M a Fréchet O(X)-module. For which
open subsets U o X, does the O(X)-structure extend to a Fréchet @(U)-module
structure on M, compatible with the restriction map 0(X) —» ¢(U)?

We shall use the following result which is a simplified version of a theorem in
[1, Exposé II]:

(1) Let ¥ 5 Ybea morphism of analytic Stein spaces and ¥ on open Stein
subset in Y. Then
Torg™ (O(X), O(V)) = O(f V) for ¢ =0, and
=0 for g > 0,

the isomorphism being topological.



FUNCTIONAL CALCULUS WITH SECTIONS 299

Here as well in rest of the paper the analytic spaces are separable. For standard
notations in the theory of analytic spaces see for example [1] and [2].

LeMMA 1. Let X be a Stein space and U an open Stein subspace of X.
For each Fréchet O(U)-modules M and N

Tor8®(M, N) = TorgU (M, N), PEN,

the isomorphisms being topological and O(X)-linear.

Proof. Let ¢ be the natural morphism of Bar resolutions
@: BIN(O(U), 6(U)) ~ BEY(O(U), 0(U)),

and K, its cone. Then by (1), ¢ is a quasiisomorphism, hence the complex K is
exact. But the components of K are free O(U)-bimodules (i.e. of the form O(U) &)

® E® 0(U)), so that K’ = K.®ew)—ewy(M ® N) is still exact. But K’ is the
cone of the natural morphism

@' BEN(M, N) ~ BUUY(M, N)

therefore ¢’ is a quasiisomorphism:
Tor? (M, N) = Tor®UX (M, N).

The bicontinuity of these isomorphisms is a simple observation:

2) Each continuous quasiisomorphism of complexes of Fréchet spaces deter-
mines topological isomorphisms between their homology spaces (not
necessarily separated), [2, Lemma 7.1.32].

COROLLARY 2. Let U < X be a Stein oper: subset in a Stein space X and M
a Fréchet O(X)-module.

Then there is at most one Fréchet O(U)-module structure on M, compatible
with the restriction map 0(X) - O(U).

Proof. Suppose M endowed with the structure of a Fréchet O(U)-module,
compatible with the O(X)-structure. Then by Lemma 1, M = OU) ®A@(X) M,
topologically.

Let X be an analytic space and let M be a Fréchet @(X)-module. The analogue
o(X, M) of the spectrum will be defined as the smallest closed subset of X on the

complement of which the complex of sheaves BSX)(0, M) is exact, with BS¥)(0, M)
denoting the sheaf associated to the presheaf U > B**NO(U), M).

The components of the sheaf BY*)(0, M) are of the form 0 é E, where E
is a Fréchet space and @ é E is the sheaf associzated to the presheaf U O(U) é E.
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We assert that U O(U) é E is a sheaf on the Stein open subsets of X.
Indeed, let U be a Stein open subset of X and % = {U,} a covering of U with
Stein open sets. Then the Cech cochain complex

0 > O(U) - COU) - CNU) — ...
is exact. But ¥7(%) are Fréchet nuclear spaces, hence the‘complex
0> OU)® E— WU @ E—C W SE— ...

A
is aiso exact. From the preceding exact sequence it follows also that I'(U, 0 ® E) =

A A
= O(U) ® E and that 0 ® E is acyclic on Stein open sets.
Let us remark that "

o(X, M) == \U Supp Tory*(0, M),
p>0

where Torg™)(0, M) are the sheaves associated to the presheaves U +> Tor2X)(0(U),
M). -

PROPOSITION 3. Let U <X be an open Stein subset of a finite dimensional
Stein space and let M be a Fréchet O(X)-module. Then

a) Une(X, M) =0 if and only if Tor2X(O(U), M) =0, p >0.

b) If U o o(X, M), then there is a Fréchet O(U)-module structure on M,
compatible with the O(X)-structure.

c) If there is a Fréchet O(U)-module structure on M compatible with the
O(X)-structure, then U = a(X, M).

The existence condition in b) or ¢) means, by Lemma 1, Tor§*0O(U), M) =
~ M and Tord*)(0(U), M) = 0 for g > 0 and we shall denote this situation by
O(U) ZoxyM. Also the Tor-condition from a) will be denoted by O(U)‘exy M, [8].

Proof. a) Suppose UnNo(X, M) = 0. Then the complex BSX)(@, M) is
exact on U, it is bounded on the right and its components are acyclic on U, hence,
because dim(X) is finite,

0 = H,BIX(O(U), M) = Tord™(0(U), M), ¢ > 0.

Conversely, suppose O(U)_LM, so that the complex BY*NG(U), M) is

A -
exact. By applying to this complex the functor O(V) ®gw):, where V¥ is an open
subset of U, the result is the exact complex B%*N@(V), M), because the com-

ponents of BIXN@(U), M) are O(V) ®ow)--acyclic.
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b) Let U o o(X, M) be a Stein open subset of X. There is a covering ¥~ of
GU with Stein open subsets V,, V; no(X, M) ==, and with the nerve of finite
dimension. Then % = {U} U ¥  is a covering of X and the associated Cech alter-
nated cochains complex

) 0 - O(X) — O(U) @ €"°W) - CU) - ... - EU) — 0

is exact. Splitting (3) in short exact sequences, noticing that €°(%), €' (%),. . ., €N (%)
are _ O(U) and using (2), it follows that O(U) = M.

¢) Suppose G(U) = M and let V be an open Stein subset of X, VnU = 0.
Then O(UU V)= O(U) @ O0(V) and M has a Fréchet O(UU V)-module structure
which is compatible with the @(X)-structure, via the restriction map O(UU V) —~
— O(U). By Lemma 1,

0 = Tor, (o v V), M) = Tors™ (U u V), M) =
= TordX)(O(U), M) @ Tor"™ (a(V), M),

hence Tord™(0(V), M) = 0 for p > 0. In the case p =0,
. .
M= M®WOF)exM),

hence @(V) é@(x) M=0.

As a consequence of a), if M # 0, then o(X, M) # O, because 0(X) is not
orthogonal on M.

This proposition contains a homological caracterisation of the spectrum and
translates a part of our problem into homological conditions. The next theorem
gives a more complete answer. First, a definition:

Let 4 be a Fréchet algebra and let B,, C, be two complexes of Fréchet
A-modules. Further let K, be the simple complex associated to the complex of
bicomplexes B4(B,, C.). We define

Tor,(B,,C)=H,K,, peZ.

Under nuclearity conditions Tord(x, C) is a homological functor which extends
our initial Tor (the case when the complexes B,, C, have only a component different
from zero).

THEOREM 4. Let X be a finite dimensional Stein space and let M be a
Fréchet O(X)-module.

For each open set U > o(X, M) there is a Fréchet O(U)-module structure
on M (not necessarily unique) which extends the Fréchet O(X)-module structure.
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Proof. Let % be a covering of U with Stein open subsets of U and ¥ a
completion of % with Stein open sets V, ¥ no(X, M) = @, to a covering of X
with the nerve of finite dimension.

There is a short exact sequence of Cech complexes

C) 0. —»C ) >C@U) —0 .

The double complex B!*)(2*, M) which gives Tor%*¥(2°, M) is bounded
in the second argument, so that thereisa bounded spectral sequence which converges
to Tord*(2°, M):

E2, = H-Y(Tor8*)(@, MY), 0<p, —N<gx<O.

But the components of @* are of the form JJO(W), where W, is Stein and disjoint

from o(X, M), hence by the Proposition 3.a, EZ, = 0 foreachp, 4. Then 2* L M, i.c.
Tors¥(9*, M)=0, peZ.
The complex ... 0 — @(X) -0 is a free resolution of ¥°(¥"), therefore
Tor?*(G*(¥"), M) = Tor®®™(0(X), M) and we denote this by & (¥) = M-
By applying the functor To6rf®)(x, M) to the exact sequence (4), it follows
that €°(%) > M. There is a natural continuous morphism

o) OU) ®oy M — TOrdO@ (XY, My = M

which gives the desired @(U)-structure.
The next simple example shows that this structure is not unique in general.
Let X == C?® and M ~= C with the @(C?)-structure given by the evaluation map at 0.
If U0 is an open subset of C? which is not a domain of holomorphy (i.e. Stein),
there is in general not only one character on @(U) (i.e. a topological ¢(U)-module
structure on C) which extends the evaluation in O by the restriction map 0(C?) — O(U).
Let us remark that the map (5) is compatible with the restriction maps, thus
the theorem says more, namely that there is a structure of Fréchet (0(c(X, M)) =
= lim @(U) module on M.
Usex, M)

THEOREM 5. Let f: X — Y be a morphism of Stein spaces and let M be
a Fréchet G(X)-module. Then

fo(X, M) = o(Y, M)
where M has the O(Y)-structure induced by the map

[ 0(Y) > 0(X).
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Proof. Let V be an open Stein subset of Y. From (1) there are isgmorphisms
Tor!™(O(V), 0(X)) = Tor!™(O(f~1¥), O(X)),
therefore the natural morphism of complexes
©®) BI(O(V), O(X)) — BIN(O(f~1V), O(X))
is a quasiisomorphism. Let K, be its cone.

A A
The components of K, are - ®gx; M-acyclic hence the complex K, ®ox) M
is also exact. But this is the cone of the morphism of complexes B?¥Y(@O(V), M) —
- BINO(f-*V), M) so that

) Tord™(O(V), M) = Tor®™(0( f-1V), M).

Now suppose Vno(Y, M) = @. Then O(V)_L M over O(Y) and this is
equivalent from (7) with O(f—*V)_1_M over @(X), which in turn is equivalent by
Proposition 3.a with

(f~WyneX,M)=, ie. VN fo(X,M)=0 .

Returning to the initial operatorial case, X = C”, M a Banach 0(C”)-module
corresponding to a commuting n-tuple of operators e = (ay, as,. . ., a,), (X, M)
coincides, as proved in [8], with the J. L. Taylor’s joint spectrum Sp(a, M). Thus
Theorem 4 correspond to the analytic functional calculus theorem of J. L. Taylor [6]
or [8] and Theorem 5 is a part of J. L. Taylor’s spectral mapping theorem [6),
namely the case of the mappings the domain of which is a domain of holomorphy
(and contains the spectrum).

The following result is well known in the theory of analytic spaces but it can
be proved also as a consequence of Theorem 5.

COROLLARY 6. Each character of the Fréchet algebra O(X), where X is a
finite dimensional Stein space, coincides with the evaluation at a point of X.

Proof. Let @ be a character of @(X). This means a topological @(X)-module

structure on C. For every morphism of analytic spaces f: X — C, the set f (X, C) =
= o(C, C) contains exactly one point. Indeed a topological structure on C is com-
pletely determined by the action of z on C, hence by a complex number. But the
set of morphisms f: X — C separates the points of X, therefore o(X, C) reduces to
a point x € X. By Proposition 3.b, there is for cach Stein open neighbourhood U
of x a character ¢, of O(U) which extends ¢ with respect to the restriction #(X) —
— O(U). By passing to the inductive limit with respect to U, there is a character
¢,: 0, — C which extends ¢. But ¢, is a morphism of analytic algebras so that ¢,
coincides with the evaluation at x.

The same argument based on the separation of points of X by the elements
of O(X) shows that every finite dimensional representation p: O(X) — L(C™) has
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the support concentrated in a set with at most m elements; moreover p factorizes
asasum@, /mt®... D @xp/mi’;,, pEm v+ v, =m.

As a particular case, the joint spectrum of every commuting system of linear
opcrators on C™ has at most m points.

For Stein spaces of finite Zariski dimension, the Theorem 4 say essentially
the following fact (via the imbedding theorem):

COROLLARY 7. Let a = (ay,...,a,) be a system of commuting operators on
a Fréchet space M, which has a continuous O(C*)-calculus.

Suppose that there are entire series f; € O(C") such that f{(a) =0, 1 <i < p.
Let X be the analytic space associated to the ideal Igeneratedby f;: X = (V(I), 0/I0).

Then Sp(a, M) < X and the system a has a functional calculus with germs
of sections of X in neighborhoods of the spectrum.

Proof. Because €(X)= O(C")/I and I Ann(M), there is a structure of
Fréchet @(X)-module on M, induced by the G(C*)-module structure. Let j:X — C”
be the natural closed immersion. Then jo(X, M) == Sp(a, M), hence Sp(a, M) < X,
and the rest follows from Theorem 4.

If the spectrum is contained in an analytic subset of C”, then it is not true in
general that there is an analytic subspace X of C” supported on this set, such that
the preceding conclusion holds. For example, for a quasinilpotent operator which
is not nifpotent, there is not a O(X) =C[z]/(z*)-functional calculus, for every k € N.

In what follows we shall adapt our techniques to the case of separable mani-
folds and %*-functions on them.

ProrcsitioN 8. Let f: X — Y be a morphism of manifolds and V < Y an open
subset of Y. Then

TorfN(&E(X), (V) = S(f1V) for q =0, and

=0 for g >0,
the isomoirphisms being topological.
(We denote by & the sheaf of germs of ¥*-functions.)

Proof. First we suppose Y = R~
The Koszul complex K (e, ...,e,; &(Y) é &(V)) corresponding to the
system e = (e, .. .,e,) of endomorphisms of &(¥) @3 EV):

e(fR=0,N®eg—f®(:8)

where y; are the coordinate functions on R?, is a free resolution of &(¥). Indeed,
for the exactness of the Koszul complex it suffices to prove that e is a regular sequence

[5, VIL6.Ex.3]. Identifying 6(Y) ® &(¥) with 6(Yx V), we have
e, v)y=0;,—v)hix,v), hed(Y xV),yecY, vel.
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Then &Y X V)f(ey - -re) E(Y X VY=Y X V 0 () (i = v)) and ey =
i=1 .

=: y, — v, is one to one on the last £(Y)-module, for 1 < k < n. The identification

SRV (@, -.re) E(YXV) = (¥ X VN (= v)) = 6(V) is obvious.

=1

So
Targ(y) (éD(X), éﬂ(V)) - Hq(ﬂ(X) ég(y) K_(e, g(Y) é éa(V))) —
== HqK_(f*e, (/Sa(X) é)\ éa(V))a

the last groups being homology groups of the Koszul complex corresponding to the
endomorphism (f*e); of &(X x V):

(f*e)ih) (x, v) = (fi(x) — vdh(x, v),

hefX x V), xeX,velV,1 <i<n.
The system f*e is also &(X X V)-regular and the zero homology space
EX XV n M (filx) = vy)) can be topologically identifyied with &(f - V).
i=1

In the general case we denote by &, the sheaf associated to the presheaf
W BE¥I(E(f-1W), (W NT)).

The functor presheaf — associated sheaf being e¢xact, it follows from the preceding
local computation that &, is a resolution of the sheaf W —&(f~* (W n¥)). The
homology sheaves 3#_ of #, are soft sheaves, hence

r(w, ) =HBEW(E(fW), s(WnV)),q =0,

for each open subset W of Y.

Then &(X) éay)g’(V) =I(Y, #y)=E(fV) and TorM(&(X), &V))=
= I(Y, #,) =0, torg > 0. ‘

With this result, Proposition 3 and Theorems 4 and 5 are still valid and the
proofs are the same, to Stein open subsets of a Stein space corresponding the open
subsets of a manifold.

Let us observe that a structure of topological £(X)-module on a Banach
space M means a spectral distribution T: &(X) —» L(M), [9, 3.7.13], and conversely,
the set o(X, M) being the support of T. A special case is X = C”, when Theorems 4
and 5 represents the #*-functional calculus and the spectral ¥*-mapping theorem
for generalised spectral systems of commuting operators. Contrary to the analytic
case, such a system does not caracterize a &(C")-structure.
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Concluding, we mention that all the results hold in a category of ringed spaces
with a sheaf of commutative nuclear Fréchet algebras as structure sheaf, category in
which an analogue of Proposition 8 is valid.

One can prove with the techniques developed in this paper the following result,
suggested to us by C. Bénica:

Let X a finite dimensional Stein space. Then O(X) has finite global homological
dimension if and only if X is a complex manifolds. Moreover, in this case, the dimen-
sion of X coincides with the global homological dimension of 60(X).

The global homological dimension (in our context) of a nuclear Fréchet al-
gebra 4 is the smallest n < oo such that:

T(")r;,”(M, N)=0
for each Fréchet A-modules M and N and p > n.
I would like to thank C. Binici whose remarks have led to simplifications of the

initial version of the present paper. I also thank F.-H. Vasilescu for his constant support
and useful discussions.
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