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ON THE CONTINUITY OF NON-ANALYTIC FUNCTIONAL
CALCULI

ERNST ALBRECHT and MICHAEL NEUMANN

Let L(X) denote the Banach algebra of all continuous linear operators on some
complex Banach space X and for k =0,1, ..., co consider the Fréchet algebra
C*() of all k-times continuously differentiable complex functions on some open
subset Q of C. In the theory of generalized spectral operators one is in particular
interested in operators T € L(X) which admit a functional calculus (FC for short)
on C*(Q)in the sense that there exists an algebraic homomorphism &:C*(Q) - L(X)
with ¢(1) = I and ®(Z) = T, where Z denotes the identity function on Q. It follows
from the examples of Badé and Curtis [4, Th. 6.3] and of Dales [7, Th. 1] that these
homomorphisms need not be continuous. Therefore, given an operator T L(X)
with a discontinuous FC on C*(Q), the problem arises to construct a continuous FC
on some suitable topological algebra which is algebraically as well as topologically
sufficiently near to C¥(Q2). According to a recent result from [3, Th. 4.6], this problem
has a convenient solution if 7" admits no divisible linear subspace different from {0}.
In this case, every CK(Q)-FC for T is necessarily continuous on C%*+1(Q) with
respect to the C#+1(Q)-topology. Conversely, the existence of some continuou
C(Q)-FC for T implies that {0} is the only divisible linear subspace for T. In the
present note, we shall attack the above-mentioned problem without any additional
assumption on the operator T. Furthermore, we shall investigate the more general
situation of non-analytic FC in several variables on a wide class of topological
algebras.

For the convenience of the reader, we first recall some definitions. A complex
algebra A of complex-valued functions on some nonempty subset  of C* is called
admissible if the following three conditions are satisfied:

(@ 1,my, ..., m, €A, where n;:Q2 — C denotes the coordinate function defined by
ni(z) i=z;forall z=(z1,...,2z,)€eRand j=1, ..., n;

(b) A is normal in the sense that for =very finite open covering {U;, ..., U,} of Q
there are functions f, ...,fn€4 with 0 < f; <1 and suppf; < U; forj =
=1,...,msuchthat ; + ... +f,, =1 on @Q;
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(c) For every fe A and every w e C*\supp f there are functions f;, ..., f, € 4 such

that (w; — 2)f3(2) + ... + (W, — z,)/,(2) = f{z) for all ze Q.
Here suppf denotes the closure in C" of the set {z € Q: f(z) #0}. The above de-
finition has been introduced in [1, Def. 2] as the natural extension of the original one
in [6, Def. 3.1.2] concerning the case n = 1. An admissible algebra is said to be an
admissible (F)-algebra if it is endowed with a complete metrizable vector space to-
pology such that multiplication is separately and hence jointly continuous. Note
that for #» = 1 an admissible (F)-algebra is not assumed to be topologically admis-
sible in the sense of [6, Def. 3.5.1]. Now let 4 denote an arbitrary admissible al-
gebra on some 2 < C" and consider a complex Banach space X. A system T =
== (Ty, ..., T,) e LX)" is termed A-scalar if there exists a homomorphism
@: A - L(X) satisfying ®(1)=1Iand &(n;) = T; for j =1, ..., n. Such a homomor-
phism is called an 4-FC for T. It has been shown in [, Prop. 7} that for n = 1 any
A-FC is an A-spectral function in the sense of [6, Def. 3.1.3]. Consequently, the
present definition of an A-scalar system coincides with the nsual terminology [6,
Def. 3.1.18] in the case n = 1.

We now prove that any FC on an admissible (F)-algebra A is continuous on
a fairly large part of 4. This fact is an easy consequence of the automatic continuity

theory for generalized local linear operators which has been established in [2]; see
also [3] for some related results.

ProrosiTiON. Let A denote an admissible (F)-algebra on some Q < C". Then
Jor every homomorphism ®: A — L(X) with ®(1) == I there exists a finite set A in C*
such that @ is continuous on the closed subalgebra

EF):={feA:suppfc F}
of A for every closed F = C* with FnA = @. In the particular case A = C*(Q) for
some open @ < C'and somek = 0,1, ..., oo, one may assume in addition that A< Q.

Proof. Let Z#(C") denote the family of all closed subsets of C*and let #(Y)
stand for the family of all closed linear subspaces of some topological vector space Y.
From the normality assumption on 4 we obtain

EAF)={feA:fg =0 for all ge 4 with fnsuppg = @}
for every F e &#(Cn). Therefore & ,(F) is in fact a closed subalgebra of 4. Moreover,
it is easily seen that the mapping &,:%#(C") » &(A) is a 2-spectral precapacity in
the sense of [2, Def. 1.1]. Next define
Erxy (F):={SeL(X): #(g) S =0 for all ge 4 with Fnsuppg= O}

for all Fe #(C"). According to[1, Th. 4], the induced mapping &rx):F(C*)— L (L(X))
is a countably n-stable precapacity {2, Def. 1.1]. Since & is obviously local in the
sense that

®E (F) = EL00(F)  for all Fe F(Cn),



NON-ANALYTIC FUNCTIONAL CALCULIL 111

the general automatic continuity theory [2, Th. 3.7] supplies us with some finite
subset A of C” such that for every Fe F(C") with Fn A = @ the restriction of &
to &4(F) is closed and hence continuous by the closed graph theorem. In the special
case A = CHQ), it is shown in [3, Lemma 3.7] that & vanishes on C*\K for some
compact subset K of . By means of an f€ 4 with supp fn (AN\Q) = @ and f'= |
on some neighbourhood of X, one easily verifies that in this case 4 can be replaced
by @ n A. The assertion follows.

The singularity set A occurring in the preceding proposition need not be empty.
In order to construct homomorphisms which are everywhere defined and continuous
on reasonable admissible algebras, we need an additional assumption on 4. For
each compact K < C”let H(K) denote the algebra of all germs of complex functions
which are holomorphic in some neighbourhood of K. For each function g holo-
morphic in some neighbourhood of Klet [g] denote the corresponding germ in
H(K). We equip H(K) with the usual inductive limit topology. Now consider an
admissible (F)-algebra 4 on some 2 < C". We shall say that the holomorphic functions
operate on A if for every fe A with compact support we have that fge 4 forall g
holomorphic in some neighbourhood of supp fand, moreover, that the corresponding
(well-defined) linear mapping from H(supp f') into 4 given by [g] — f& is continuous.
This condition will enable us to apply the holomorphic FC in several variables.

THEOREM. Let A denote an admissible (F)-algebra on some <= C" and assume
that the holomorphic functions operate on A. Then for every A-scalar system T =
= (T, ..., T,) € L(X)" there exists an admissible topological algebra A, on some
Q, <= C" such that the following four conditions are fulfilled:

() Qc Qyand fIQ% e A for all feA,;
(ii) Aq is the countable inductive limit of (F)-algebras;
(iii) The restriction mapping from A, into A is continuous ;

(iv) T admits a continuous Ay-FC.
In the particular case A = C*(Q) for some open 2 = C"and some k=10,1, ..., oo,
one may choose Q, = Q and hence Ay = A as a continuously embedded subalgebra.

Proof. (1) The proof is long and will be divided into several steps. We first
proceed to the construction of 4,. Let @:4 — 1.(X) denote some FC for T and fix
a corresponding finite subset A = {4, ..., 4,} of C” according to the above pro-
position. We define 2 : = Q U U, where U is some bounded open neighbourhood of
A in C". Clearly, we may assume Q, = 2 whenever Q is a neighbourhood of 4.
Now let A4, consist of all functions f:Q, — C with the following three properties:

(a) f12eA;
(b) f is bounded on Q,\\Q;
(c) fis holomorphic on some open neighbourhood U, of A.
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One easily verifies that the algebra 4, is normal on Q, and contains 1, 7,. . .
..., ,. Let us demonstrate that for all fe 4, and all we C*\suppf there are
functions f;,. .., f, in A, such that

W, — 2@+ ... + (W, — z)f(2) = f(z) forallzeQ,.

From the corresponding property of A we first obtain g;, ..., g, €4 such that
W, —zpg(@) + ... + (W, — 2,)8,(2) =f(2) for all zeQ. For j=1,...,n we
may extend g; to &, by taking

n -1
gi(z) : = f2Yw; — z)) ( Y, Iw— z,[2) for all ze Q,\Q.
=1
1t is obvious that all these functions are bounded on 2,\Q and fulfill
(wy — 21)82(2) + ... + (W, — 2,)8,(2) = f(2) for all z € Q,.

Next consider the finite sets A4; := A nsupp f and A, :=A\supp f. Then it is easy
to find a bounded open neighbourhood V; of 4,in C"withw ¢ ¥V, and A, n V.= O
such that for suitable holomorphic functions u,, ..., u,:¥; = C we have

Wy — 2z + ... + W, — z)u,(z) = 1 for all ze V.

Let V, denote an open neighbourhood of A, with the property (¥, U supp f) n V,=@.
According to the normality of Agon @, we may choose ¢, @€ 4, such that
supp¢; < V; and supp (1 — @)nA; =@ for i=1,2. Since the holomorphic

functions operate on 4, we conclude that @,u,, . . ., @u, € Ay. Because of @, + ¢, =1
on some neighbourhood of 4, it follows that

Jii=U — 01— @)g; + euu;f € 4y forj=1,...,n

These functions have the desired properties since

(w1 — 2Dh() + ...+ (W, — 2)f(2) =
= (1 — @1 — @2)(2) i (Wj - zj)gj(z) + f(2) é (Wj - Zj)”j(z)(h(z) =

= f(2) — 0:2)f(2) = f(2)

holds for arbitrary z € Q,. Therefore, 4, turns out to be an admissible algebra.

(2) In order to define a natural topology on 4,, we fix a sequence (U,),en
of open neighbourhoods U, of A such that U,., = U,,; © U, < U, < U for
allmeNand U, | 4 as m—oo. For each m € N we consider the algebra 4, consisting
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of all functions f'€ 4, which are holomorphic on U,, and continuous on U,,. Then
A,, 1s an (F)-algebra with respect to the (F)-norm |-|,, on A4,, given by

[flm = 1(f12)| + sup{lf(z)l:z€ U, U (RQ\Q)} for all fe 4,

where |- | denotes an (F)-norm defining the topology of 4. Inview of 4,, T 4pas m— oo,
we may endow A4, with the inductive limit topology with respect to the sequence of
(F)-algebras 4,,. Note that 4, carries the locally convex inductive limit topology
if A4 and hence each of the algebras A4,, is locally convex. Moreover, 4, is the coun-
table inductive limit of Banach algebras if A is supposed to be a Banach algebra.
Obviously, the restriction mapping from A4, into A4 is continuous. It remains to
construct a continuous 4,-FC for T. For this end, we need some auxiliary obser-
vations which will be carried out in the following four paragraphs.
(3) For each Fe #(C") we consider the closed linear subspace

Ex(F):={xeX: ®(g)x =0 for all g= A with FNsuppg = 0}
of X. By [1, Th. 4] we know that

, T,6x(F) < Ex(F) for j=1,...,n and o(T, &x(F)) < F,

where o(T, £x(F)) denotes the joint spectrum of the system T = (T3, ..., T,) with

respect to the Banach space &x(F) in the sense of Taylor [8]. Occasionally we shall
make use of the fact that

O(f)=0 on &x(F) for all fe A with Fnsuppf= G,

which is an immediate consequence of the inclusion ¢(T, £x(F)) = Fand of [1, Th. 6].
(4) We now claim that the homomorphism ¢,: 4 — L(€x(F)) given by

@(f) := B(N|Ex(F) € LE(F)) for all fe A

is continuous whenever Fe #(C") satisfies Fn A = @. To prove this assertion,
we use the normality of 4 to obtain some g4 with suppend =@ and
supp(l — @) n F = . Since multiplication by ¢ defines a continuous mapping

from A into &,(supp ¢) and since @ is continuous on & ,(supp ¢), the mapping
Op: A = L(E4(F)) given by

Or(f) 1= B(ef)Ex(F) € L(Ex(F)) for all fe 4

is certainly continuous on 4. Since @ vanishes on C*\F, we conclude that =0
which proves the continuity of @on A.

(5) Given a compact subset X of C", let Bx denote the closed commutative
subaigebra of L(€x(K)) generated by the operators &(f)|&x(K) for all fe 4. It follows

8 — 2692
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from [1, Th. 6] that the Taylor spectrum'o'(T, &x(K)) coincides with the usual joint
spectrum of T3|&x(K), ..., T,|&x(K) with respect to the Banach algebra By. We
may therefore consider the continuous analytic FC

¥x: H(o(T, &x(K))) = By

for the operators T3, ..., T, acting on &x(K) in the sense of Bourbaki [5]. Now let
H(P) denote the usual (F)-algebra of all holomorphic functions on some open
polydisc P in C". In view of (3), for every g € H(P) the germ [g] is well-defined in
H(o(T, £x(K))) whenever K < P is compact. Note that

Yellg) = Y, ((gD)l€x(K) for all compact K,L<=P with K<L,

This follows immediately from the continuity of the analytic FC and from the fact
that the complex polynomials in # variables are dense in H(P).

(6) Again, let P denote an open polydisc in C*. For every compact subset
K of P n (C*\A) we assert that

W (lgl) = P(f) for all fe A and ge H(P) with f|QnP =glQn P.

To prove this identity, we choose some ¢ € A with suppp = P n{(C"™\4) and
supp(1 — ¢) n K = Q. Since the holomorphic functions operate on A, it makes

sense to define

E(h) : = Px(ph) for all he H(P).

Furthermore, from (4) it is clear that the mapping Z: H(P) — L(&x(K)) is conti-
nuous. Since @, vanishes on C"\K, we have Z(h) = ®x(k) whenever i € H(P) and
k € A are identical on some open neighbourhood of K. In particular, we obtain
E(h) = WT)|&x(K) for all complex polynomials / in s variables. Since these poly-
nomials are dense in H(P), the continuity of = and of the analytic FC implies that
E(h) = ¥x([h)) holds for all 2 € H(P). We conclude that

Yi(l2gD) = =(8) = Px(9g) = k()

whenever fe 4 and ge H(P) fulll f|Q N P = g{Q n P.

(7) We now turn to the construction of a continuous 4y-FC &, for T. Let f
denote an arbitrary function in 4, and choose pairwise disjoint open polydiscs
P(f), ..., Pf) centered at 4, ..., A, respectively such that f is holomorphic on
PHHu ... UP(f). Again by normality there are ¢, ..., @, €4 such that
supp @; < Pi(f) and 4; ésupp(l — ¢;) for j=1,...,r. Because of ®(p;)X <
<&y (supp ¢;) for j=1, ..., r, it makes sense to consider

%1)i= 3, Fommo (1D 20p 0 (1- % o) 12).



NON-ANALYTIC FUNCTIONAL CALCULI 115

Let us check that this definition does not depend on the particular choice of the
functions ¢y, ..., ¢,. Let x5, ..., x, € A denote another system of functions such
that supp y; = Pi(f) and A;¢ésupp(l —y;) for j==1,...,r. For arbitrary
J=1,...,r consider the compact subsets K;:=supp(e;—yx;) and L;:=
= suppep; Usupp x; of the polydisc Py(f). Then K;nA =0, K; < L; and
D(p; — xpX = &x(K;). Hence from (5), (6) and the multiplicativity of @& we
conclude that

Y, Paumw o, (1) 9(07) + cb( (1~ ﬁ%)ﬂﬂ) =

=1 J=1

~.

— 3 P iD20) 0 ( (1= % 1 )r12) =

j=1

= 3 YLD W0, — 1)+ Y, 9 — 0)f19) =

-

i

V(D B(p;— 1) + Y, ((1; — 9 19) =
j=1

= Y, (1D Plo; — 1) + 3] $t; — 9)f12) =0,
j=1 j=1

Consequently @y(f) € L(X) is well-defined.

(8) Next we show that the mapping Py: 4y —» L(X) is'in fact an FC for T.
Linearity is obvious, and from (6) one easily deduces that ®o(1) = I and @y(n;) = T;
forj =1, ..., n. To prove that @, preserves multiplication, let f, g € A, be arbitrarily

given. Then there are pairwise disjoint open polydiscs P, ..., P, centeredat 1;, ..., 4,
respectively such that fand g are both holomorphic on P;y ... UP,. We choose
@1, - - @, € Asuch that suppp; = P;as well as ; ¢supp(l — @) forj=1,...,r

and define ¢ :=¢;+ ... + ¢,. Clearly ¢;p, =0 if j#m which implies
¢l —@)=0;(1 —@;) for j=1,...,r and :

I—erP+2% 001 —0)=1-Y, ¢}
j=1

j=1

For j=1,...,r we consider the compact subsets K;:= supp ¢l — ¢;) and
L; :=supp ¢; of the polydisc ]’j and note thafc Kind=0, K; < L; and
P(p;(1 — @)X < Ex(K;). We also observe that ¥y maps into the commutative
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algebra By for allcompact K < C" Combining all these facts with (5) and (6)

we obtain
Do(f)Po(g) =

- ( Y, YLD (o) + 2((1 — «p)fssz)) ( Y, ¥2,((8]) 9(p,) + B((1 —9) gzﬂ)) -

m==1

= T Y P5,(D 50y Y (gD P(e.) + (1 — 0)*/2lQ) +

Je=lm::1

Jj=1

+ 3 LD Bl — )2 + Y, 6 — @) D¥i1le) Blo)) =
= ¥, D P + A1 — 92 feI)+

+ 3 VDR, — 9)819) + Y, Vrle) o) — 0)f10) =

jio1

r

S, Yr D) + 91— gF I +2 Y, Po(l — 9)fki2) =

J= Jj=

= § PuUanoeh + (1 3 010 )

In view of supp @f = supp@; = P; and A;¢supp(l — ¢3) < supp(l — ¢;) for

» - - .» I, the last expression is =®y(fg). Hence @, respects multiplication.
(9) Let us finally prove that @, is continuous. For arbitrary m N we have
to show that &, is continuous on 4, with respect to |-},,. We fix pairwise disjoint
open polydiscs Py, ..., P, centered at 2, ..., A, respectively such that P, U ...
...UP, c U, and consider ¢,, ..., 9, €A such that supp ¢; < P; as well as
Aiésupp (1l — @) for j=1,...,r. Then F :=supp(l — ¢, — ... — ¢,) fulfills
FnA=@. From (4) we conclude that & is continuous on 4 which obviously
implies the continuity of the mapping

reou0o(1- % 0)=o(1- S o)) on 4.

On the other hand, the mapping given by

S Y, Pnnn o (D 9(0))

j=1
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is certainly continuous on A,. Hence &, is continuous on A,, which completes the
proof of the theorem.

We finally remark that, in the preceding theorem, one may arrive at 4, = A
as a continuously embedded subalgebra whenever Q is a neighbourhood of the
Taylor joint spectrum ¢(7, X). This follows immediately from the above proof and
from {1, Th. 6]. Also, a slight modification of the above construction will sometimes
be more appropriate. For example, in the case A = C*(Q) for some open subset
Q of R® and some k =0, 1, ..., co, one may use real-analytic functions in order to
construct a continuous FC on some continuously embedded subalgebra of C*(Q).
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