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REMARKS ON THE SINGULAR EXTENSION IN THE
C*-ALGEBRA OF THE HEISENBERG GROUP

DAN VOICULESCU

The representation theory of the Heisenberg group shows that its C*-algebra
C*(G) is an extension of the form '

0 = Co(RN\{0}) @ # () = CXG) » Cy(R?) ~ 0

where Cy(X), for locally compact X, denotes the continuous functions on X which
vanish at infinity and 2 (#) denotes the compact operators on the separable
complex infinite-dimensional Hilbert space ## (see for instance [11]). In a certain
sense this extension of Co(R\{0}) ® #'(o#) is localized at the limit point 0 of
R\ {0}, a feature we call singularity in [15] in order to distinguish such extensions
from the homogeneous extensions studied in [14]. )

In this paper we shall exhibit two properties of this extension: a rather strong
non-splitting property and what we shall call the existence of a limit distribution.

The non-splitting property we shall prove is that not only the extension is
not split, but even the restriction of the extension to a sequence of points in R\.{0}
which converges to 0, is also not split. In particular, since Cy(R?) is generated by
three hermitian elements, this implies that there are bounded sequences (4,)3;,
(B2 1, (C2, of compact hermitian operators such that

n=15

Him {[4,, Bl = lim |[4,, C,JI = lim [[B,, C,]| =0

n-500 n—0o n—oo .
for which do not exist sequences (A%, (B, (Ch)2, of commuting compact
hermitian operators '

[4}, B)) = 4], C}] = [Bi G =0
such that
lim (|4, — 4] = lim |B, — B, = lim |C, — C;] =0.

n-o0 =00 n—> )
This may be of some interest in connection with the open question concerning
approximation of two almost commuting compact hermitian operators. We would
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like to mention that the rather long ad-hoc argument for the non-splitting result
is related in its final part to the non-quasitriangularity of the unilateral shift [9].

We mention that the non-splitting of the extension also follows from one of
the results announced in Kasparov’s short note {10], but the stronger non-splitting
result we obtain seems not to be obtainable in this way.

The property we shall call existence of a limit distribution is a way of expres-
sing as a property of the extension, what is known as the quasiclassical asymptotic
of eigenvalues for pseudodifferential operators ({11, [16], [17]). Though, most likely-
an easy proof of this property can be based on what is known for pseudodifte,
rential operators, we shall giv ,, here a proof, using more operator-theory and no
pseudodifferential operators. A weaker result in this direction has been noticed in
[12]. Let us also mention that asymptotics of eigenvalues naturally arise in the
study of ideals of a C*-algebra associated with singular extensions ([15], [5]), and
should therefore play a role in an attempt of characterizing a C*-algebra such as
the C*-algebra of the Heisenberg group arising from a singular extension.

§1

This section is devoted to the proof of the fact that the extension in the C*-algebra
of the Heisenberg group is not split. In fact our result (Theorem 1.1. below) is
stronger, namely we prove that the ‘“‘restriction” of the extension to an arbitrary
sequence of points in R\{0} converging to zero is not split.

Let us first recall a few facts concerning the Heisenberg group ([13)).

The Heisenberg group G is the group of matrices

i x =z
Ly, zl={0 1 »},
0 0 1,

where x, y, z.€ R.
The irreducible representations of G consist of two classes:
1) the infinite-dimensional representations 7,(x € R\{0}) on o# = L*R),
given by
(n[x, ¥, 2D Y) (1) = el«CHD Y(r + x)

where € ;
2) The one-dimensional representations

Xa,b([x’ ) ZD = gi@x+62) [C

where (a, b) € R2.
Also, it is known that Haar-measure on G coincides with Lebesgue-measure
on R®via Gs[x,y, 2] = (x,y, 2) e R
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We shall denote also by n,, x,, the corresponding representations of LY(G)
and of C*(G) o LYG).
The surjective #-homomorphism

q: C*(G) — Cy(R?)
is given by
(g(m))(a, b) = ¥a,, (M)

where (a, b) € R? and m € C*(G).
In particular when Fe LY(G) is of the form

F([x, 3, 2]) = F(x)g()h(z)
where f, g, h € LY(R) and f{(1) = f(—¢) we have
(m(FW)() = h@)$at)(f + )()

@(F))(a, b) = F(@&(B)AO)
where we use the notations

A

fo) = gef“f(t) dr

for the Fourier transform.
With these preparations we can now state our result concerning the non-
splitting.

1.1. THEOREM. Let (1), = R\{0} be a sequence converging to zero. Then,
there do not exist =-homomorphismis

pit Co(R?) — Z(#) (jeN)
such that
lim [[(p; o g)(a) — mf@) | =0
jo
Sor all ae C¥*G).

The proof of this theorem constitutes the rest of this section.

We shall assume there exist *-homomorphisms (p;)f2, with the above pro-
perty and develop the consequences of this assumption till we shall reach a contra-
diction.

In what follows we shall denote 7,, by n(/.
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We shall choose the elements in C*(G) to be L'-functions on G of the form

F((x, y, 2]) = f(x)g()h(z)

where f,g,he L‘(R) and /1 is such that /1(! ) ==1 for all je N. Thus q(F) will be

the function f (@& ().
Let ke L*(R) and /e LY(R); we shall consider the operators

(MPYY(1) = k(1000 (1)

Tl = hxy

where € #. Then for F as above, we have

AUN(F) == Mg)z:,,
It is easily seen that

lim ([ f“’ Tl =

jc0
and
(M, Trle A'()

for f, g € L\(R).
We shall choose

Fols) = 2i(s +i)?
so that

£t = [0 - fort <0

12e—’ for t=0.

Since 1— f o(s) == (s — 1) (s 4- )™ which admits an analytic extension to the upper
half-plane, it is known, using the Paley-Wiener theorem, that [ — T, is a unitary
operator, the restriction of which to L*((a, c0)) (¢ € R) is a unilateral shift of multi-
plicity one (see [19], [20]). We shall write T for Ty, and S for 7 — T.

We shall also consider functions g, € LY(R) (k =1 2,3 4) such that O<gk <
and suppg, < [—3/2, 3/2], £,(t) = 1 for —1<s<1, suppg, = [1/2, 5/“] & =1
for 1<r< 2 and g4(1) = £,(1/2), oﬁl(t) = g3(~t) We shall denote MA by M, ;.

~ Further we shall consider the projections P, ; == M(” (k=1 2 ,3,4) and

P = M‘” where ¥, Vs, VU3, Vs, ¥, are the characteristic tunctlons of [—1,1], [—2,2],
[1,2], [-2, —1] and [—1, o0).
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Assuming the existence of the p;’s censider the normal operators R; = p;(h)

where & € Cy(R?) is the function A(s, 1) = fo(s)8.(¢) with fy, g; the functions chosen
before. We have:

Jj=oo

Let 0 < 6 < 1 and consider Q; ; the spectral projection of R} R; corresponding to
[6, o0). Then we shall have [Q; ;, p;(q(a))] = O for all a € C*(G) and this will give

lim [[Q5 ;, nYa@)]ll =0
o0
and in particular

lim |[Qs,;, M"T}]j =0

joo

for all g, fe LY(R).

Remark also that, since M, ;T is compact, the essential norm of R; tends to
zero for j — oo, and hence for fixed § with the exception of a finite number of j’s,
the projections Q; ; will have finite rank.

1.2. Lemma. Let g, fe LX(R). We have:

lim (M, Q5 ]Il =0

J—=c0

lim LT}, Q5] = 0.

Joaxo

Proof. We have R%R; = p,(1hi?) where h € Co(R2), /i(s, 1) = f4(s)8.(t). Consider
@, ye LR) such that 3> 0, ¥ > 0 and é(s)?(z) =1 on

(s, ) e R | (s, 1) 2> &)
Then for (s, £) = @(s) ¥(t) we have

lim |MPT, ~ p(®)] =0
J—co ¥
and

pj(q))Qé,j == Qa,jpj(‘p) =05 ;
It follows that

lim | MT,0,,; — Q5 1l = lim |Q,; MPT, — Qs 5 = 0.
Y Jj=0 4

Jjro
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Then:
lim sup [I[M ", Qs Il =
jmeo £
=lim sup [MPMIPT,Q0; ; — Q5 MOT, M| <
jmoo g ¥ v z
< lim sup (IIMXT,, 05,0 + IIMT,, MY = 0.
jo o gy 7 7
Similarly

lim sup |7}, Qs ;11 =

J—=00

= lim sup |7, M0y, — Qs ,MPT, Ty <
Find B

<tim sup (M Ty, Qo M + 1T M T,Ii) = 0.

J—=oo
Q.E.D.
1.3. LeMMA. We have
l_im (I — Py, Q5,1 =0
Jj—oo
_lim 1P, jQs,iP4, ;1= 0.
oo
Proof. We have
I — Py )Qs,;ll < V2| — Py, )R
and
lim sup{({ — P, jR,lf = lim sup [[(I — P, )M, T|f =0
jmoo j-o0
since Py ;M ; = M, ;. This proves the first assertion.
For the second assertion, using Lemma 1.2 we have
lim sup 1Py ; Qs iPy il = ]im sup [Py, My Q5 M,y 1Py jll <
o0 joo
< lim sup [ My, ;05 ;M, Il = lim sup Qs ;M ;M jll = 0.
J—00 Jjooo
Q.E.D.

Consider now ¢ > 0 and E, ; the spectral projection of P; ;T*T'P, ; correspond-
ing to [e, 00).
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1.4. LEMMA. We lave

lim sup [{(/ — Qs )E, ;I < 501722,

] ol =
Jooo

Proof. Consider n; € (I — Q5 ;) (), ln;ll = 1. We shall prove that

lim sup [[E, jn;| < 5614 g7

J=o0

which will give the desired conclusion.
Since n; € (I — Q;, ;) (), we have:

812 = him sup Ryl = lim sup | TM; 1.

Jj—oo S oo

. o, ) . . . .
Let Pj; = Mu,/;j, P, ;= My, be the projections given by the characteristic functi-

ons Y, ¥y of (1, oo)and (—oo, — ). Let further of = Py ;M n;, o = Py ;M i,
af’) = Py ;M n; and remark that

1) 02 BY A
a(j) -ij) jL J.j) = A[L,j”j
and
(2) — P
Olj - I,J’IJ"

We have P;;TM, (I — P{;) =0 so that

-0

oY = lim sup | TM, nll =
i

= lim sup | P ;TM, ;| =

Jjroo

= lim sup ||P;Ta{|| =

j—a
= lim sup % — Py ;Su®|.
J—oo
On the other hand, we have
g — SaP|e = ¥ — P} Sl + | — PSP =

= || ) — P SaPl® + log?l* — 1Py ; Se|* <

< Jlog® — Py S

S

— (max{0, ]| —

4 — Py SxP}7 <
< max {2l o — P SuP% 2Pl 1 — PhSaly <

< 2 max{}of® — P; ;Su®|?, 2P — Py Sul}.
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Since 6 < 1 this gives

lim sup [la® — Su®| < 284,

Jjoo

Remark that T being normal we have
”TMl,jo” = ”T*MJ_,j"Ij”

and dealing in the same way with 7% as we did with T, using now the projection P ;,
we obtain
lim sup [Jof? — S*oV| < 264

jroo
or equivalently
lim sup [lgfV — SV < 2614,
j~oo
Thus we have
lim sup | T(eM + 2¥)f| =
joo
= lim sup [[({ — S) (" + )] < 464
oo
and hence
lim sup |75 < 5U2 + 4511 < 5514,

J=
This finally gives:

lim sup |E, n;l? <

J— 00

< &lim sup [|[TP; ;)2 =

j—oo

=gt lim sup || ToefPl? < 25¢716%2,
j=00
Q.E.D.
Using the preceding three lemmas it is easily seen that we can find a sequence
{6,)7° sufficiently slowly decreasing to zero, so that for Q; = @y, ;, E; = E,, ; where
g; = 0;/* we have rankQ; < co (except possibly a finite number of indices, which
will be omitted) and

lim {7, @]l =0

Jj=o0
lim [(I — P, )Q; =0
jooo
im [Py ;Q; Py jll =0
Joo

lim (I — Q)) E;| = 0.

joo
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1.5, LeMMA. There are finite-rank projections @j such that

lim Q; — O,)f =0

Jj—roo
0; <Py, E <0
lim (O}, T = 0, lim |P, ;Q,P, | = 0.
joco Jjoo
FProof. Consider @; the projection onto the range of P, ; @; Since

}im [ — Py, NO;ll = 0 it is easily seen that

J00

Py ;> Q) and lim |Q; — O} = 0.
j

Now we have lim ||({ — QT})EJ.H == 0 so that for Ej the projection onto the range
j=ro0

of QJ’EJ we shall have !im |E; — E;|| = 0. Taking then @j = Q’ —E;-FE; it

Jj—oo
is easily seen that Q; are projections such that £; < Q; < P, jandlim [|Q; — Q] 0.
Jo

The other assertions follow from lim |Q; — Qj}l = 0. Q.E.D.

Jj—o0
Let 0 < o < 1 and consider Q] the spectral projection of Q;P;Q; correspond-
ing to [l — &, c0). Clearly O/ > E;. Moreover, we have

I — PRQjI = 11Q/ — PHQjI* =
= 0; — Q)@;P;ODIVE < ¥,

As already mentioned S| Pi(##) is a unilateral shift of multiplicity one. Con-
sider &€ Ker((S | Pi(A#))™), 5] == 1. In fact &i(t) = B;E(r + 1;) for some B;€C,
IB;l = 1, where ¢ is a vector in Ker((S'| L*0, 00))*), [|& = 1. Since P, ; is the pro-
Jection of L%R) onto L¥(—¢;1, t;), it is easily seen that

_lim (1 — Py &l =0.

J=>0
But even more, we have:

lim (1 — E;)é;| = 0.

J->00
Indeed, otherwise there would be 5; € (P, ; — E;) (4€), |ln;ll = 1 such that

limsup | < ¢, n; > | > 0.

Jroo
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Since

lim || Sn; — n;{* = 1i111 [Th;l2< lim g; =0

j200 J—oo J0

we would have

lim sup | &m0 | =

j=oo

= lim sup (. Sy, =

joo

= lim sup | {S*&;, Py ;npp =0

J->00
a contradiction, which proves our assertion.
Thus we also have
. "
lim (1 — Q) &l =0

J—>c0

.lim 10l == 1

J=>w

and hence

lim sup [[(Q;S@)*Qic,ll =
Jj-s00

= lim sup |Q}S*¢| <« + lim sup |Q]P,S*¢,| = V2.
00 J->oo

Since Q; has finite rank it follows that we can find {; ¢ Q/(#), [.{;| = 1 such that
lim sup ||Q;SQ{ll < «*2.
jo
Taking into account that Q/(; == {; this gives

lim sup | (S'{;, i< ol/z

Jm=oo
and hence

2(1 — &) < lim inf |[(S — D){;]2 =

J—e0

= lim inf (S~ —(P; — EN{iE <

J=0

< S — I|Fliminf |[ (1 —~ (Py,; — ED)E; ||? =

J—00

= 4([ — lim sup ”(Pl,j - EJ)CJHZ)

J-»co
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so that

lim sup (P, ; — EpGjle < —— 20

J—co

I+ ot
2

Now, using the fact that 7 is normal, we have
lim |[(P, ; — E)T|| =0

j=x

and hence

fim sup [[(P, ; — EDSGIE < — e

jooo 2
Remark also the following estimate:
I — PHSGi| < I — P)SQjll =
= |[({ — PYSU — PHQjll < {|(I — PHQjIl < ot

Summing up the preceding discussion, we have proved:

I — PRQ/| < 22

lim sup [ Q5S¢ < o2

J=00
(*) i . 1 4+ o2
lim sup (P, ; — E)S(|2 € ————
joo 2

I — PYSE) < e

where ;€ Qj(#) and ||{;]] = 1.
The next thing we want to prove, is that

lim [(Q; — Q)P il = 0.

j—oo
To this end, remark that there is M, [M;| < (I — )™ such that
Mj(@j - ijjéj): éj — 0.
This gives

lim sup (Q; — Q)) Pyl <

Jooo

< (1 — o) lim sup [(Q; — Q,P,0)Ps, ;| =

J=>00

= (L —aytlim sup |G, — P) Q;P; jl| =

= (1 — @)™ lim sup QP ;0;Ps ;| =0

jooo

157
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which is the desired result. Since @ . — O))E; = 0, we also have

lim [(Q; — Q) (Py,; + EDI| = 0.

Jp00
Using this fact and the relations () we have:

lim sup ]@J-SCJ-H <

j—rco

< lim sup (|Q; S + 1(0; — ON(E; + Ps. )SUl +

Jj=c0
+10; — ON(Py,; — EDSLl +1(0; — O)U — P)SE]) <

1 4 odiz 12
< ol/2 “:‘ (__, _,2*_) + 0(1/2.

This further gives
~ . ~1/2 V172
lim inf (I — Q)S¢ > 1 — (20(1/2 + (—1——’&**) )
J=co 2

Since QjCj ={;, IE = 1 we also have

J-»o0

.. ~ o~ I - gdiz \12
lim inf |(7 — QSO =1 — (2a1/2 4+ (an ) )

Because 0 < o < [ is arbitrary, for « small enough we obtain

lim inf (I — 0,)SO;|l > 1/4.

J—= 0

This last relation contradicts

lim S, ;]I = lim |[T, Q0,1 =0

Jooo J-»00

and this contradiction concludes the proof of Theorem 1.1.

§2

In this section we shall be concerned with the existence of a limit distribu-
tion for the extension in the C*-algebra of the Heisenberg group. As pointed out
in the introduction this corresponds to what is known as the quasiclassical asymp-
totic of eigenvalues and can be most likely easily obtained from the results known
for pseudodifferential operators. Our aim here is to avoid pseudodifferential
operators and to try to emphasize the operator-theoretical side of this fact,
connected to singular extensions.
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We begin by considering a more general situation than C*(G).
Let B denote the C*-algebra of bounded ' (#)-valued functions k: (0,00) ~»
— A'(A) such that lim |k(¢)| = 0. Let further By = B denote the ideal consisting

=0
of those functions k: (0, 00) — (o) in B, such that lim |{k(z)|| = 0. The canonical
t->0

map B — B/B, will be denoted by p.

Consider further Y a locally compact metrizable space, Cy(Y) the C*-algebra
of continuous functions vanishing at infinity, ;1 a measure on Y and p: Co(Y) —
— B/B, a =s-homomorphism.

We shall also denote by 77, for ¢ > 0, the set of continuous increasing func-
tions ¢: [0, c0) — [0, co0) such that ¢ is equal 0 on [0, ¢]. Also ¥ will denote {_) ¥,.

For Y and p as above we shall consider subsets I' = (Cy(Y)), (the Sggitive
part of Cy(Y)) satisfying the following conditions:

ASSUMPTION (I')

() for every ge I’ and Yy we have Yyogel.

(ii) for every & > 0, fe (Co(Y), and W neighborhood of suppf there are n€ N
and gy, ..., 8, €I" such that suppg; c W (j=1, ...,n) and

”/_ (gl 4. +gn)“ < E&.

(iti) for every & > 0 and f€ (Cy(Y)), with compact support there are n€ N
and g, ..., g, €I such that

i # j=>suppg; nsuppg; = O
G t... e <f

S(f—-(g1+- coFg))du <e.

With these preparations we can state the following theorem.

2.1. THEOREM. Let I' < (Cy(Y)).. satisfy Assumption (I'). Then the following
two conditions are equivalent:
(i) for every g I there is h e B, such that p(h) = p(g) and

}gnwwmm=ywww

for all v,
(ii) for every fe (Co(Y)), and h € B, such that p(h) = p(f) we have

gyﬂmmm=VWﬁw
for all ye¥.

We shall precede the proof of the theorem by two lemmas.
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2.2, LeMMA. Let K, Kye H'(H), K;=> 0, K, 0 and 0 < § < e. Suppose
Ve, and K| + 61> K,. Then we have

Try(K, +01) > Try(K,).
Proof. For r > § it follows from the minimax principle (see [8], ch. II, § 1)
that for the spectral projections we have:
TrE((r, 00), Ky + 61) > TrE((r, o0), Ks).
This gives
Tey(K, + o1) = gw TrE((r, 00), Ky + SD)dy(r) >

&

>\ THE(, 00), K) dh(r) = Trg(Ky).

Q.E.D.

We shall use several times the following consequence of the preceding lemma:

Let K,, Ky e (H#) be finite rank, K; > 0, K, > 0 and suppose

K, +0i> K,
where 0 > 0. Then we have
TrK, > Tr(K, — 61),.
The second lemma we shall need is:

2.3. LeMMa. Given M >0 and neN there is a continuous function
@: [0, co) = [0, 00) with w(0) =0, such that the following holds: whenever
K, K\, ..., K, e (H) are finite rank and positive, and 0 < 0 < 1 so that

X

K+6I>% K,

i=1

P #)= KKl <0
1K +1 <M
then we have

TrK> ¥ Tr(K, — w(6)]),.
2 i +

i=1

Proof. Let ¢ > 0 and consider P; the spectral projections of K; corresponding
to [, co). Then we have

PP < e KKl < 07
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Consider further

i

i1
Q; =N Py — W P
c -t

At k

Then for fixed n &N, there is a continuous functions w,: [0, co) = [0, oo) with
©,(0) = 0, such that

10; — Pl < (072,
This is a folklore-type fact which can be obtained by iteration from the fact that
given selfadjoint projections R,, R, with [R,R,| < J < 107" we have R, V R, —
— (R, + Ry)|l < 36.
Consider now the polar decomposition Q,P; = V{P,0,P)¥2. We have:
Pl —o0c™) < POP, < P(1 + o, (0%
and hence for @,{0¢™*) small enough we have:
[P, — Vil = P, — QP(I — P) + P,OPY V| <
< o(0c7%) ([ — P) + P.OPY 2 -+
+ 1 — P) + PQPYV — 1| <
< (067 (1 — ,(@e2)y 2 4
+ max{l — (I + w,0))72, (I — w, (0722 — 1}.
Thus there is a continuous fanction m,: [0, 0o0) = [0, co), W,(0) == 0 such that
1P, — Vil < on(0e7).

Returning now to the K’s for 7 # j, we have

li n ' n
’] 0; ( 5 Akak) 2, <M % 0P PO, <
K

B k=1
<M fj Q0! + 0, (0eNHQ,Q, )l + ,(0:7) <
k=1

< Mnw,(0e2)(1 + w,(6e72)).

2--2843
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Also for i # j we have:

g 9 ( i Kkpk) O — ViKPV® E% <
I k=1 it

< nMoy(0e7®) + QKL — VIKPVE) Qi <

|
|
|

< nMw,(6e72) + 2Mwy(0e72).

Hence, there is a continuous function w;: [0, oo) — [0, 00), @wy(0) = 0, depending
only on M and n, such that

| n n

[ KP, — V.KPVE ” < wy(6s72).
| B 3 PR on0e)
Thus we have

K+ (03(0e72) 4- )1 > i V.K.PV.
i=1

Taking & = 03 and w,(0) = 0 + ©4(6Y/%) we have
KP,> (K, — 030),
and hence

K+ 000> 3, ViK, — 01, V¥,
i=1

1=

Using Lemma 2.2 we have:

TeK > Tr(( " VK, — Y1), VF — ,0) 1) )=
p) .

i=

=To{ 3, Vi = @ + @)D, V) =
iml

= 3] Te((K; — (6Y% + 00)1),)-
i=1
Thus we may take w(f) = 0113 + w,(0).
Q.E.D.

Proof of Theorem 2.1. It is obvious that (ii) = (i), so that it will be sufficient
to prove that (i) = (ii).

Consider fe (Cy(Y)),, he B, such that p(h) = p(f) and € ¥". Remarking
that i o f has compact support it follows using Assumption (I') (ii) that for given
6 >0 we can find &y, ..., g, €I such that

“ltbcf——(gl_lh'“- +gm)“ <5

~

Silﬁvf—(g1+.‘. + gl du < 8.
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It is easily seen that we can find y; € ¥" such that

Wof—(Guogi + - +amogu)ll <6

\Wof—(negi+ ... +znegul du < 4.

-

Consider now y,, ..., y, € B, such that p(y;) = g; and

lim ¢ Te((o () (1) = 8 (¢ 0g)dn

for all p & 7.
Now for 8 > § there is 7(f) such that for 0 < ¢ < #(6) we have

n

S Q) @) + 01> (k) ().
j=1
Using Lemma 2.2, we have for 0 < ¢ < ¢(8)

Tr( S, () (r)) > Tr((@o o ¥) (1) (1)

where
@p(x) = max{x — 6, 0}.
Hence we have
lim¢soup 1+ Te((@g oY) (h) (D))<
t

t40

Jj=

<limi. T.r( S (10 (z)) <

< S('/”f)dlt + 4.
Since 6 >0 is arbitrary, we have proved the following fact:

Jor fe(C(Y)),, ¥ e¥ and he B, such that p(h) = p(f)
we have for all 6 >0

lim sup - Tr((@g o ¥) () (1)) <
t}0
<wena
Now, given iy € ¥7,, consider for 0 < 0 < ¢ the function

0 for0<r<e—20
o) ={t—(c—0) fore—0<t<e

Yy + 6 fore <t

163
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We have @gofy = V¥, so that the preceding result shows that:

Hm sup 7 Te((W () (1) <
140

< S (g0 /) du.
Since 6 € (0, ¢) is arbitrary it follows from

lnnS(waof)du ‘S(wof)mt

that
limsup - Te((W(A)) (1)) <
t10

s@@mnw.

Thus, the remaining part of the proof will be to show that
fim inf r- Tr((p(R) () = g (b of) dit.
£10

Using Assumption (I)(iii) it is easily seen that, given 4 >0, we can find
Cise s &m€L Y150 s tm €Y such that

i # j=>supp(y;°8) nsupp(y;og;) = O
Hegit o FimognSYof
(W or—Gnog o o ga dn < 5,
Consider again y,,...,y, € B, such that p(y;,) = g; and
tim £ Te((p(3)) () = { (9 = )

for all @ € ¥". Thus, we have

1==l +1|

i#J =>}§Igl 10 @) Guly) (D1 = 0.
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Using Lemma 2.3, it follows that for all 6 > 0 we have:

liminf - Te(y(h) () =
140

> }13101 Y 1 Te((po e 20 (7)) (1)) =
f=1

n -

=V S(wooxiog,-)du-
i=1

Now, since # > 0 is arbitrary we have

hm inf ¢- Te((h) () =
140

m
> 1im ¥, { (950,080 du =
840/=1~

Bt

_ g<xiog;> =\ ey =3,
i=:1

Since & > 0 is arbitrary we finally get

tim inf 7 Te(p(R) (1) > S(:// o ) dp.
10
Q.E.D.

If the homomorphism p is injective, then it determines a singular extension of
Co((0, 00)) @ H () = By by Co(¥),

and we shall say that the extension determined by p has limit distribution p if condi-
tion (i) in Theorem 2.1 is satisfied. 1f py, p, determine equivalent extensions, i.e.
if there is a =-strongly continuous unitary-valued function U: (0, co) — L(#)
such that Upp (/) U* = pYpa(f)) for all fe C(Y), then it is easily seen that
the extension determined by p, has limit distribution g if and only if p, has limit
‘distribution u.

The C*-algebra of the Heisenberg group is given by an extension of Co(R\{0})®
QA () by Co(R?). Since R™\.{0} has two components (—co,0), (0, +o0) for which
the situations are quite similar, we shall only consider (0, co) and the extension of
Cy((0, 00)) @4 (A) by Co(R?) which is obtained from the extension of Co(RN\{0})®
® H(H) by Co(R?).

The extension of Cy((0, 00)) @4 (#) by Cy(R?) can be described as follows.
Consider the s-homomorphism n_: C*(G) - B given by (n (@) (t) = nfa) for
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t€(0, co). The homomorphism p,: Co(R%) — B/B, is then defined by p,(g(a)) =
= p(n_(a)) where a € C*G).

2.4. THEOREM. The singular extension of Ci((0, 00)) @ H(H#) by Cyo(R?)
determined by p, has limit distribution n2 where 1 denotes Lebesgue-measure on R2.

The proof of Theorem 2.4 will reduce essentially after an application of
Theorem 2.1 to computations of eigenvalues of certain integral operators, so we
shall precede the proof with a lemma about the eigenvalues of these integral operator.
This lemma is clearly not new and a proof has been given only for the sake of some

completeness.
2.5. LEMMA. The integral operator

(THE = K& » ) dy
R

with kernel K(x,y) = exp(— o;(x* + y%) — 0y (x — ¥)? — dx — dy) where w; > 0,
w, >0, de C, is a positive compact operator on LR). The eigenvalues of T are:

,=A)r p* (n=0,1,2,...)
where
A= 2R (Yoo, + Vo, + 20,)7

B = 204/, + Vior T ).

Proof. It is immediate that T is selfadjoint and compact. The positivity asser-
tion will be a consequence of the assertion concerning the eigenvalues.
Since

K(x,y) = exp(—ix Imd) exp(— wy(x* + 3 — w,(x — y)? — Red(x -+ »))-
- exp(iy Imd)
it follows that the eigenvalues of T do not depend on Imd and thus it will be sufficient
to consider only the case when d is real.

Let A > 0, € R and let further P(y) be a polynomial. We have

S K(x, y) P(y) exp(— A — py)dy =
R

wex — (d + 1)[2 )2) %

—— exp <—.x'2 (04 + wy) — xd + ( Vo torri

1
—]/wl—l—wz + A

¥ wyx — (d 4 p)/2
X CXpl— 2 P e —————
SR P (l/wl+w2+l o; + o, + A )
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Taking A = (0? -+ 20,0.)Y2, i = d((w, + 2m,)/w,)*/* we obtain:

S K(x, ) P(y) exp(— Jy? — py) dy =
R

= Aexp(— ix® — ) | exp(— 3%) P(ay -+ fx + ) dy
“R
where
A =2 exp(@*20,) (Yoo, + Vo, + 205)7

o =2/(Jo, + Vo, + 2m,)

B = 26‘)2(]/31 + erl +2w,)7?

Using the formulae
Play + Bx +7) = Y, (k)PE(Bx + 7) ()
k>0

S exp(—y?) y* dy = Vr (2k)! 275k )
R

S exp(— %) y*+1dy =0
R
we obtain

g exp(— »%) P(ay -+ fx + ) dy = Q(x)
R

where @ is the polynomial
O(x) =Y, 27%(k!y* o2 PEO(fx + y).

k>0

167

Consider now L: C[X]— C[X] the linear map which transforms the polyno-
mial P into Q. Then L does not increase the degree of a polynomial. The restriction
of L to the space of polynomials of degree < n can be expressed as an upper trian-
gular matrix with respect to the basis 1, X, X2,..., X", The diagonal elements o

this matrix are |7, /2 B, ..., [/n p* and since 0 < B < 1 it follows that for every

n>= 0, there is a polynomial P, of degree n such that
LP, = |apP,.

Returning to the integral operator T, this gives:
S K(x, y) P(p) exp(— A* — py) dy ==
R .

= |7 pr AP,(x) exp(— Ax* — px).
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Thus P (x) exp(— Ax? — pux) is an eigenvector of T’ corresponding to the eigen-
value [ pr4.

Now since T is selfadjoint it will be sufficient to see thal these eigenvectors
span LAHR). But since every function P(x)exp(— Ax? — ux) with P a polynomial
is a linear combination of eigenvectors this reduces to the known fact that the func-
tion P(x) exp(— Ax? — px) are dense in LR).

Q.E.D.

Proof of Theorem 2.4. Consider the set I' < (Cy(R*) . defined as follows
Te={ofy y et (a, b, ) RERX(0, c0)}
where f, 5 (x, ¥) = exp(— r((x — @)? ;- (¥ — b)}). It is easy to check that I’

satisfies Assumption (I'). Hence, in view of Theorem 2.1, it will be sufficient to find
for every f; 5,9, an element i e 8. such that p_{f, , .,) = p(/1) and

lim ¢- Te(p(h) (1)) = \ (<o par) di.
140 Jre
Consider Fe LNG) < C¥*(G) given by
F(lx, v, 2) = /() ¢(3) k()
where l?(t) is equal 1 in some neighborhood of 0, and
e == @ Yiryre 7
g(y) = e—ry=b7,
Then q(F) == f, ; .. On the other hand n(F} is given by the kernel
K81, 5) = K(£) 85 118, — 52)

and hence computing, we find that ,(F) (z,(F))* is given by the kernel

A
() 12 R
Gl(sl S,{)) . ,,,},/\,(I)AL._ e 2)4[)30”'101(_)']2'},S;)"'lug(‘\'l -59)2emdsy —d<
s 59 -
21/ 2nr
where o, == ri%, @, =x —, d = — 2rth — ia.

8r
Now, we have

p+(.f;,h,2r) = [)(7'[+(F) (7[+(F)):k')'



C*-ALGEBRA OF HEISENBERG GROUP

169

Thus we may take h = 7 (F) (. (F))¥. Using Lemma 2.5 we find that the eigen-

values 7, , of /i(t} are

Ty = Af (n=0,1,2,..),

B2 BT
4 = k(1) 2 (]/[r ® ]// et 7L)

2 ]/r

1 r | i l -
4 4r / J "4 )

AN

where

It is easy lo see that

Iimd, =1, 0<f, <l
1[0

for ¢ sufficiently close to 0, and

i
lim “1], /l‘

ty0 t

== 4y,
Thus, putting ¥(e™) = ¢(f), we have

Trijr(h(1)) == i @o(— In 4, +niln B

n=0
and hence
lim ¢ Try(h(r)) =
tL0

t (el
=lim———1np| ¥ @(—Ind, +nllnp}) =
ST ‘

| I
= () dr = -—\ (e de.
S\ onare (e

-0 o

On the other hand, we have

g ((l/ Of;;,b,zr) dA === goo l//('(-:"4"~"2) s ds = ,,R; g !ﬁ(e"") ds,
~R? -0 4r Jo
so that

lim ¢ Trg(h(1)) = = S o fy b di.

t}0 R2

Q.E.D.



170 DAN VOICULESCU

REFERENCES

1. BErezIN, F. A., Wick and anti-Wick symbols of operators (Russian), Mar. Sbornik, 86(1971),
578 —610.
. Brown, L. G.; DoucLas, R. G.; FiLLmorE, P. A., Unitary equivalence modulo the compact
operators and extensions of C*-algebras, Springer Lecture Notes in Math., 345(1973),
58--128.
3. Brown, L. G.; DougLas, R. G.; FiLLmore P. A., Extensions of C*-algebras and K-homo-
logy, Ann. of Math., 105(1977), 265—324.
4. BrowN, L. G., Extensions and the structure of C*-algebras, Symposia Math., XX, 539 —566,
Academic Press, 1976.
5. DELAROCHE, C., Extensions des C*-algébres, Bull. Soc. Math. France, Memoire, 29(1972),
1—142.
6. DoucLas, R. G., C*-algebra extensions and K-homology, Annals of Mathematics Studies,
nr. 95, Princeton University Press, 1980.
7. E¥rros, E. G., Aspects of non-commutative geometry, Algébres d operateurs et leur applications
en physiqgue mathematique (Proc. Colloq. Marseille, 1977), pp. 135—156. Colloq.
Internat. CNRS, 274, CNRS, Paris, 1979.
8. GOHBERG, L.; KREIN, M. G., Introduction to the theory of non-selfadjoint operators on Hilbert
space (Russian), Nauka, Moscow, 1965.
9. HaLmos, P. R., Quasitriangular operators, Acta Sci. Math. (Szeged), 29(1968), 283—293.
10. Kasparov, G. G., K-functor in the extension theory of C*-algebras (Russian), Funkcional
Anal. i PriloZen., 13:4 (1979), 73—74.
11. Lee, Ru-YInG, Full algebras of operator fields trivial except at one point, Indiana Univ. Math,
J., 26(1977), 351—372.
12. PerprIzZET, F., Topologie et traces sur les C*-algebres, Bull. Soc. Math. France, 99(1971),
193 —239.
13. Pukanszky, L., Legons sur les représentations de groupes, Dunod, Paris, 1967.
14, PiMsSNER, M.; Pora, S.; VorcuLescu, D., Homogeneous C*-extensions of C(X) ® K(H). Part I,
J. Operator Theory, 1(1979), 55—109; Part I, J. Operator Theory, 4(1980), 210 —248.
15. PIMSNER, M.; PopA, S.; VorcuLescu, D., Remarks on ideals of the Calkin-algebra for certain
singular extensions, in ZTopics in Modern Operator Theory, pp. 269—277,
Birkhduser Verlag, 1981,
16. RotrBURD, V. L., On the quasiclassical asymptotic of the spectrum of pseudodifferential ope-
rators (Russian), Uspekhi Mat. Nauk, 4(1976), 275 —276.
17. SHuUBIN, M. A., Pseudodifferential operators and spectral theory (Russian), Nauka, Moscow,
1978.
18. Z’ep, Do NGok, Structure of the C*-algebra of affine transformations of a straight line, Funk-
cional Anal. i PriloZen., 9(1975), 63 —64.
19, DeviNATZ, M., On Wiener-Hopf operators, Functional Analysis (Proc.Conf., Irvine, Calif.,
1966), Academic Press, London Thompson, Washington D. C., 1967, 81-118.
20. RoseNBLUM, M., A concrete spectral theory for self-adjoint Toeplitz operators, Amer. J. Math.,
87(1965), 709-—-718.

b

DAN VOICULESCU
Department of Mathematics,
INCREST,

Bdul Pdcii 220, 79622 Bucharest,
Romania,

Received September 19, 1979.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


