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ON THE SPECTRUM OF HYPONORMAL OR SEMI-
HYPONORMAL OPERATORS

DAOXING XIA

§ 1

Let o be a complex separable Hilbert space, #(#’) be the algebra of all
linear bounded operators in #. An operator T € £(#) is called semi-hyponormal
[0j, [11], if

(T* Tiz— (TT*)U? > 0;

and T is called hyponormal, if

T*T — TT* = 0.

If T is semi-hyponormal, then there is an isometric operator U such that
T=U(T*Ty2[10]. Let U™ = U" and Ul-" = U** forn = 1,2,3,.... By results
in [10], the polar symbols

T% = st-lim UM pyL-»

n—yF oo

exist. The operator T* is normal and the operator T~ is subnormal. However if U

is unitary then 7' is also normal.
If T= X 1Y is hyponormal, X and Y are self-adjoint, then the symbols

[2], 113],

T, = st-lim e¥*Te %
l~» £ 00

exist and are normal.
We construct the operators

To=kT,+(1—kT, TO=KkT"+(1—-kT, 0<k<l.
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It is easy to verify that these operators are normal when the operator U in the polar
decomposition T' = U(T*T)"2 is unitary in the semi-hyponormal case.

In a previous paper [11], the author proved that if T is in a special subclass
of semi-hyponormal operators, then
') ' o(T) = o(TH),

O<gk<l

The aim of the present paper is to prove that (1) is true for all semi-hyponormal
operators and

@) o(T)y= J aTy),

O0gk<1

if T is hyponormal.

§2

We shall consider the singular integral model of a hyponormal operator.
Lemma 1. [8], [OL [6]. If T = X 1Y is completely non-normal hyponormal
operator, X and Y are self-adjoint, # is the oc-algebra of all Borel sets in o(X),
m is the Lebesgue measure on (6(X), #) and Q=(o(X), B, m), then there are an
auxiliary complex separable Hilbert space @, a strongly measurable projection-

valued function Q(.) with Q(x)e L(2), a uniformly bounded strongly measurable
L(DYvalued function o(-), f(-) on @ = (¢(X), #, m) satisfying

0 = Qr=a, PO=Qf=P a=oF f=pF

a unitary operator W: 3 > H#, where H is the Hilbert space of all strongly measur-
able, square integrable Z-valued functions [ satisfving Qf = f, and an operator T in )f

®) () (x) = (x + O fx) + 12(x) P(of),  for fe?,
where
r _gls)d ds
P(g) = st-li =
&) Sts..:or? 2711%0()() X (s 19)

such that T = WIW™.
In this case (W1T W) (x) = Ti(x) f(x), where
T(x) = B(x) + ka(x)™.

Without loss of generality, in the following we shall assume that Q(-) = I,

since we can use TG0 l#, instead of T, where #; is the Hilbert space of all strongly
measurable and square integrable &-valued functions fsatisfying ( — Q())f(-)=f(+).
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§3

We shall consider the hyponormal case first.
THEOREM 1. If T is hyponormal, then (2) is true.

Proof. (1) Without loss of generality, we assume that T is completely non-
normal. By Lemma 1, we also assume that #° —= 5, T is the singular integral
operator (3) and Q(:) =1 Let £= |J o(7,) and M = esssup |a(x)]. If

o<k«
dist (zy, £) == 0, then there are a sequence of numbers k,,0 <k, < 1, &, > k,
and a sequence of unit vectors {f,} = 3 such that

I(Ty, — zoD) 1l = 0.
Since ess sup || T (x) — T (W) < M3k — k'|, we have |(Ty, — zl) f,l = 0. Thus
29 € o(Tku; < E. Therefore, E is closed.
(it) Let zy = xg + i)y ¢ £. We have to prove that there is a number §,
) 0 <06 < Kn¥/(BM3(1 4 2K))
such that

(5) () (B(x) A+ 2(0%2 — yol)a(x) | < (K + 1/2)™

for almost all x efx, — 8, x4 4- 8], where n = dist (z,, £), K = /(6 M?).
Forany fesf, |f]| =1 and 0 <k < 1, we have

IT)* — za) A2 dy = (T — Z0) /12> o~

~ (X))
Thus
ess sup (T — zo) M = nllhl

for any he % and 0 < k < I. Hence, there is a number &, satisfying (4), and a null -
set F5 such that

(6) CB(x) - k(o) - 8T — oI} bl > % il

for all
xexg—0,x0+0]— F5., —K<k<l1-+K, 0<s<34.
In this case, we have (B(x) -+ k(2(x) + 1) — yI) e #(Z2). Hence the spectrum
of the self-adjoint operator
(a(x) + DB + (alx) + sDP2 — yo) (a(x) -+ sI)™
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is contained in (—oo, ~K—12Jy [K+1/2,00) for O0<s<d and
x € [xg — 8, xp + 6] — F;. Hence

T @) + D) (Bx) + (@(x) + 80?2 — poI)Holx) + sDff < (K + 1/2)7

for0 < s <9, x€e[xyg — 6, xg + 6] — Fs. Put s » 0, in (7), we obtain (5).

(iii) Now we have to prove that z,€ p(T). We suppose on the contrary,
zo€0(T). Let 4 = [xg— 6, x4 + 6), 4 = {f|feH, f(x) =0 for x € 4}, P, be the
projection # — # 4 and T, = PyT e . 1t is well known that

o(T,) o {4 Re(W) e (xo — 8, xp + 8), Zea(T)}.

Hence z € 6(T}). Since o(T,) = {1] A € 6,(T)}[10], where ¢,(4) is the approximate
point spectrum of 4, there is a sequence of unit vectors {f,} < #, such that

e = I(T% — Zo) £l = O.

Since 0 € P < 1, we have

I

®) iiP(f} | L

Ly
2
On the other hand

of, -+ A(Tyya) — ol ( Py PG~ — o, ) =

/

= 10(Ty,5(x) — ¥ )WTF — ZoD) /o — (x — x0) f):
by means of (5)—(8), we have

flofull (1 — (1 + 2K)™) < 3M(c, + 8)/(2n)-
Thus
I(TE — Zo) ful = W(To(x)* — ZoD) fill — NP )l =

> 1 — 3M2(c, + &) (1 + 2K)/(4Ky).

©)

Put # — oo in (9). We obtain § > Kn¥/[3M?*(1 + 2K)]. This contradicts (4). Thus
zo€ p(T), ie. o(T) < E.

(iv) Let zy € a(T}). We have to prove z, € o(T). We suppose on the contrary
that z, € p(T), then there is a positive b such that

(10) {x + iy [x — x0) = b, Iy — 3ol < b} = p(D).
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Let
L(a) = essinf |{(Tu(x) — z,D) alf, for ac2.

Since

I(Tx — 2D f1 > inf L(a) If1, for fest,
W=

and zp € o(7}), we have inf L(a) ==0, i.e. there is a sequence of unit {a,} < 2
llall=1

such that L{a,) — 0. Let {5,} be a sequence of positive numbers such that », — 0
and L(a,) < n, <b. There is a sequence of measurable sets {E,} in the real line
such that m(E,) > 0 and

sup VX = %l = 17(3) < 1,
xXekE,

where Y(x) = B(x) + ka(x)? — yol. Evidently E, < [xg — ., Xo -+ 1,] and

(11 sup || Y(ax)a, || < 1,
X€E,

Since a(x)a, and a(x)%a, are strongly measurable vector-valued functions, [la(x)a,}| <M
and [a(x)a,l < M?, there is a measurable set F, < E,, m(F,) >0 and the
vectors e,, v,€P with Je,| < M, vl < M? such that

(12) sup Hzx(x)a,, — €y ” < ’111/(1 ~§M) sup “a(x)z ay, — Un“ < Ne
xeF, XEF,

We may suppose that im {le,| = «, lim {v,} = &’ exist. 1t is obvious that

13) 2? <4 and o < Ma.

Since F, < [x9 — #y4, Xo + #1,] and m(F,) > 0 there is an interval

An = [X,, - qne Xp “%_ qn] < [x() - nna Xn + 7711}
such that
(14) m(A, — Fy < m{4,m2.

From (13) and (14), it is easily to verify that

(15) L e, — el dr < (1 4002
and

(16) !

m(d,)

g ()2, — va1% dx < (1 4 4M%) 2.
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w2
[e))
2

We now construct an operator T, in 5,4,

/3(\)

" P,

(T,f) () — (

- )f( ) i

By a spectral mapping theorem [4], [13]

y‘){\ +I))CU(I)9 \(—An}‘J
/ |

u {(3’—_— 1 —Piy)’w oo <y<oo},
I

Thus

{x +iylix—xl <1, [y — 3 < 1} @ p(T).
From (17), it is obvious
(18) I3/ = dist(0, a(THIS 1= 1111

Let y=[—1,1]1 %, be the o-algebra of all Borel sets in y, Q, = (y, 8, m), F be
the family of all functions in £%(,) satisfying

ess sup |h()] < oo, esssup |E(M)! < co.

Evidently, & is dense in L3(Q)).
If fi(x) = a,h((x — x,)/q,)q;"% where heF and (Al — [, then |f] = L
From (11), (15) and (16), we obtain

Jehpe o
(19) lim HT"L "H2: i 4
+ (1 - a) fehll, o' >0.
\ a-*

73=>00

.y o
Ch - pwy — k/z)’
a b il

If @ > 0, the spectrum of the operator

2 1_ 2k
T s a’t +ia /b/_* irip(/)
a b
in LX(Q) is{ A k)b “’b) er—1 1, yepo, ]} which contains 0, then
a .

we can choose a sequence {/1,} < & such that [[4,] = | and

lim |T7h,] = 0.

H=»CO
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From (18) and (19), we have 1 < 1 — g¥/a’®; this contradicts to (13).
If &’ == 0, then a = 0 by (13). In this case, (18) and (19) implies

lenll = 1inl, for 1 & .

But it is impossible. Hence E < o(T) and (2) is proved.

§ 4

Let us consider the class H,; of all hyponormal operators X -+ i¥Y with non-
negative immaginary parts Y and the class S; of all semi-hyponormal operator
T == U(T*T)** with unitary U satisfying 1 ¢ o(U).

The mapping

L:X 1Y e (X +i) (X — i)Y

is bijective from F, to S;. The mapping x --iy > (x -+ ) {x — 1)y from the
upper half-plan to the complex plane is also denoted by L.

Lemma 2. [3], [12] Let R be a set in the complex plane, T(t) be an operator-
valued function of t€[0,1] which is coutinuous with respect to the operator norm,
1t 1€[0,11} be a family of topological mappings from R to it-self such that t(z) is
a continuous function of t €0,1] for every z € R, If 1, is the identity mapping and

(20) G (T() N R — 7, (o (TO)NR)  for t{0, 1],
then
21 oI N R = t(c(TO)) N R) Jor £€[0,1].

THeOREM 2. Jf T'e H, then
(22) L(a(T)) = o(L(T)).

Proof. Let R={z]Im{z) >0}, ¢, () =1 —1ix)/(tx —1), Y,(y) =
= (1 — 132 + 1y, :

iy = (@) =) 0 < i<,
X 1y, t =0,

and
(@ XW Y)Y —1/2)t, O<t <1,

() = .
X +i7, t=20,



264 DAOXING XIA

where X + 1Y = T, X and Y are self-adjoint. In this case
T(x 4 1y) = —iL(x +1iy) — /2, T(l) = — IL(X + 1Y) — i/2.

It is easy to verify that r, and 7(r) satisfy all the assumptions of Lemma 2 except,
(20). Now we have to verify (20).
It is obvious that

17O — wlxo + i) 1* = 10 (Y) — b (yo)]) f11* +
+ 20 (yo)Re{(Y oY) — @i (3 (V) (X)*)f. [)}]2.

Since Re(((1 — @,(xp)@(X)*)f; f)) >0 and Re(((Y — o (x) Yo, (X)*) f,./) =0
we have

(23) 1T — wlxo+ f 1° = 1Y — yoD)f %

If xo +iyoe R and 1,(x, + iyy) € 6,(T(1)), then there is a sequence of unit
vectors {f,} such that |7(:)f, — t,(xo -+ 1vo)f, | = 0. From (23), we see that

lim (¥ — yo)foll = 0.

n—->o0

Then (YY) — ¥yo)full - 0 and (@ (X)—@(xo))ful = 0. Hence |(X—xo)f,—0.
Thus (20) holds. From (21) we have

(24) o(L(TY) N R = L(o(T) n R).

On the other hand, it is well-known [7] that if a real xy< o(T) then 0 € a(¥)
and 0 € o(L(T")). Similarly if 0 € ¢(L(T)) then 0 € 6(Y) and there is a real x, such
that xq € a(T). Let R, be the real line, then

(25) o(L(T)) N R, = L(o(T) n Ry).
(24) and (25) imply (22).
LemMA 3. [13]. If T = X +iY e Hy, then

(26) L(Ty) = (LT)*

§5
THEOREM 3. If T is semi-hyponormal then (1) is true.

Proof. First we assume that T = U(T*T)42 where U is unitary. From Theorem
1, Theorem 2 and Lemma 3, it is easy to prove that (1) is true for 7€ S;. Now
we consider the general case, T ¢ S;.
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Let y be any open arc in the unit circle C; = {z| [z| = 1} satisfying y # C,.
For simplicity, we suppose that | ¢ y. Let

U= Q JE(d)

.,«C‘1

be the spectral decomposition of the unitary opemtor U, H,=EH, T() =
= E(y)T|#, and

@, = {z|z#0, z/lzley}.
By [10], we have

27) o(T)NZ, = o(T,) N2,

It is easily to verify that

(28) (T)* = EGT* e,
and
(29) o(TH) = o(T®) n 2,.

Since T, € §,, we have

(30) o(T) = \J o(TH).
O0<kgl

<

From (1), (27), (29) and (30) we have

o(T)na, - (0(T® n2,).

Ogk<t

"

Since y is arbitrary, we have

o(T) — {0} = (o(T%)) — {0}).

But it is obvious that o(7) n {0} = ( o(T%*)) n {0}, thus (1) is true when
U it unitary.

If the operator U in the polar decompositon T = U(T*T)¥2 is not uni-
tary, by a technique used in [10], we extend 7' to be an operator T ina

larger space such that the corresponding operator U becomes unitary and then T
satisfy (1). From this, we can easily verify that T aslo satisfies (1).
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