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THE SPECTRAL FLAVOUR
OF SCOTT BROWN’S TECHNIQUES

CONSTANTIN APOSTOL

The aim of this paper is to prove that some restrictions to invariant subspaces
of operators with “good” spectral properties, have proper invariant subspaces.
The operators with “good” spectral properties are unconditionally decomposable
operators, as defined in § 1 below, and this means decomposable operators, in
the sense of C. Foias [11], enjoying an additional property. The tool will be Scott
Brown’s techniques {4] combined with a sharpening of the techniques of [3]. The
paper is divided in two sections. In § 1 we give a brief account on the spectral
theory we need. To make the results of § 2 more relevant we include some exam-
ples of unconditionally decomposable operators. In § 2 we prove Theorems 2.6,
2.7, and 2.8, the main results on invariant subspaces.

1. SPECTRAL THEORY

Let X be a Banach space over the complex field C, and let #(X) denote the
algebra of all bounded linear operators acting on X. Let Te £(X) be given. We
shall say that T has the single-valued extension property if the equation (1 — T)f(1)=0
.has only the null X-valued analytic solution in any given domain. If T has the
single-valued extension property, then for any x e X there exists a unique maximal

open set pr(x) (o p(T)) and a unique X-valued analytic function xp(-) defined
in pr(x) such that

(4 — T)xg(A) = x, A€ pr(x).
Moreover, if ¢ « C is a closed set and o7(x) = C\ pr(x), then
Xi(o) = {xe X: o;(x) c o}
is a linear manifold, hyperinvariant for T (i.e. invariant for the commutant of T').
Let ¥ be a subspace (= closed linear manifold) in X. We call Y a spectral

maximal space of T if TY < Y and for any subspace Z < X such that TZ < Z,
o(T| &) = o(T|Y) we have Z = Y. We shall say that T is a decomposable ope-
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rator if for any open covering {G;}]_, of o(T) there exists a system {X;};_, of
spectral maximal spaces of T such that

Y X=X, T X)) <G,
i=1

All the above definitions are taken from the monograph [7]. Recall also that any
decomposable operator T' has the single-valued extension property ({7}, Ch. 2,
Corollary 1.4), and for any closed set ¢ < C, Xp(o) is a spectral maximal space
of T ([7], Ch. 2, Theorem 1.5) and o(T'| X;(6)) = o(T) 0 o ([7], Ch. 1, Propo-

sition 3.8).
Suppose T is decomposable and let o = C be a closed set. We shall denote

by X% the quotient space X/X(s), and for any x e X, the symbol x° will denote
the coset of x in X%. The symbol T, will denote the restriction of T to Xi(o),
and T°e £(X%) will be defined by the equation

Tex® = (Tx)°, xelX.

For our convenience we introduce a new definition. We shall say that T is wn-
conditionally decomposable if it is decomposable and for any system {o;};., of
disjoint closed subsets in C we have

sup{ i eo’kal

=1 fi
where x, € X7(0,) and a; < oo depends only on 7' In the following the symbol a,
will be always associated with an unconditionally decomposable operator T by

the above relation.

th

:0<6, <2n}<aT

1.1. LeMMA. Suppose Te £(X) is decomposable, ¢ =« C is a closed set,
peinte and {x,)m.1c X is a sequence such that lim||(T — p) x,|| = 0. Then we
n—->»Q

Aave lim-[[x3{[ = 0.
Proof. Because by [1], Proposition 3.3 we have
k¢ (e(T)No(T,))” = o(T°)
and lim [|(T° — wx5|| = 0 it follows lim ||x2|| = 0.
N0 A n-»00
1.2. LEMMA. Suppose Te £(X) is unconditionally decomposable and let
Gy, = C, 6 <« C\Gy, Z > Xy(c) be given, where G, is open, o is closed and Z is

a subspace in X such that dimZ°® < co. Then for any e > O there exists a closed set
5 S c G0 such that

1%l < @ar +€) x + 2l z€ Z, 0(x) < Goy 02(x) 016 = 0.
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Proof. Let Y, be a finite-dimensional subspace such that Z = Y, + X7(0),
Y, N X4(0) = {0}. If our lemma is false, we can find {x,}2, = X, {3, }52: = Y,
{2,152, © Xi{o) such that

”xn” = 17 GT(xn) < G()a aT(xnz) n 0'72()(") - 9’ m % n,

lim Y = Vo5 (2a‘T .TI_ C)H Xu +J’n + Z”H <L

n—oo

If we put u,,, = x,, — z, 4 z,,, we derive
2 <X = upll A llx F )l < 4 aplix, — upull <
‘ < (U +ar)(ix, + 20+ 2,0 +IxXn + 3 + 20D <
<A +ap)(lx, 4y, + 20+ llxm v+ 2l +vm — 2D <

< (1 +ap) 2Qar + & +{ym — 2D,

and this is a contradiction because lim ||y, — ¥,/ =0, ar > 1.
mn, n—»00

1.3. EXAMPLES OF UNCONDITIONALLY DECOMPOSABLE OPERATORS

a) Let T e #(X) be a spectral operator in the sense of N, Dunford [8]. Then T
is decomposable and X;(¢) = E(0)X, where ¢ < C is closed and E denotes the
spectral measure of T (see [7], Ch. 2, Example 1.6). The fact that I is uncondi-
tionally decomposable follows from the properties of £ (8], § 3).

b) Let G be a bounded open connected set in C, G # @ and let X denote
the Banach space of n-times continuously differentiable bounded complex functions
defined in G. The norm of x € X will be

lIxfl = max su l (aJ'Jrk.x) *
0<j+k<n }.eGﬂ 8(Re/1)f a(Im,l k

If we dgﬁpe Te £(X) by the equation
(Tx) (1) = Ax(A), xe X,

then T is a generalized scalar operator in the sense of C. Foias [10]. Since by [7],
Ch. 3, Corollary 1.15, T is decomposable, using [7], Ch. 3, Theorem_ 1.4 it is
easy to show that we have ' ’

Xy(0) = {xe X: suppx < a}.

If {o,}%., are disjoint closed sets in C we have

s Xp€ XT(O'k), O < 9’( < 27'[,

[

k=1

™
iZe"xk
P!

thus 7 is unconditionally decomposable and in fact aT =1.
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2. INVARIANT SUBSPACES

Throughout this section T e £ (X) will be a fixed unconditionally decomposable
operator, Y will be an invariant subspace of T, and 4 will denote the restriction
to Y of T.If ¢ = C is a compact set, then R(c¢) will denote the uniform closure
in %(s) of all rational functions with poles off ¢. As in [3], we denote by G a
nonempty, bounded, open, connected subset of C, and H®(G) will denote the
algebra of all bounded analytic functions defined in G. If LXG) denotes the space
of all Lebesgue integrable complex functions, then M'(G) = LY(G)/(H*® (G}+ 1w LY(G))
is a separable Banach space, and H*(G) can be canonically identified with the dual
of M'(G) (see [14], §4). For any ue G, the evaluation at gy in H(G) will be
denoted by &,. The weak*-topology in H®(G) will be the M’(G)-topology, and
by [14], Theorem 4.1 the functional &, is w*-continuous, or equivalently
&,e M'(G). Following {14], § 4 we call a subset ¢ = G dominating in G if

1 oo = sup fD ()f e HX(G).

Let & denote the family of all closed sets & < C such that (C\o6) < G.
H o€ & is given, then for any x* ¢ X;{o)* we define the functional x} ¢ (X§)*
by the equation

xE(x%) = x¥(x), xe X.
Tt is well known that the map
x* o xk x*e Xy{o)t,
is an isometry onto (X%)*. By [l], Proposition 3.3. we have
o(T%) < (o(T)\9)" <= G,

for any x € X, x* € X4(6)L, and we can therefore define the bounded linear functional

x (;)x* acting on H*(G) by the equation

(x ® x*) (f) = x3(f(T°) x°), [ e H®(G),

where f(7°) is defined by the Riesz-Dunford functional calculus with analytic func-
tions. It is an easy exercise to check that for any d € #, 6 < 0, x* e Xy(0)*+, x€ X,
we have

x* e Xp(0)+, | x éx*:xéx*.

2.1. LeMMA. For any 6 Fg, xe X, x*e¢ X (o)L we have x ® x*e M'(G).
If {x,}321 = X is a bounded sequence such that lim |[(T — ) x,|l = 0, for some
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##(@(TYN\o6), then we have

. g
lim ‘X*(x") (9@” — Xy ® x*t - 0’
n—oo

uniformly with respect to x* in bounded sets.

Proof. Let {f}°, = H®(G) be a w*-convergent to O sequence. Because
1 £}, tends uniformly to 0 on compact sets and o(T°) = G we derive that

. ] - . .
1(T%)}2., is norm-convergent to 0 and x ® x* is sequentially w*-continuous.

Now using [5], Theorem 2.3 we deduce x ® x*e M(G).
Let f e H® (G) be given and define f, € H(G) by the equation

SQ) — fiw) = [ (A) (A — p), leG.
Since the map f — f, is bounded, we deduce
| x*(xn) S() — x*(f(T) x) | = [ x3([(T°) (0 — T)x) | <

< LTI — T) x,],
and this concludes the proof.

2.2. LEMMA. Let 6 F, ve Y, x¥e X, (0)L be given. Then for any ¢ > 0
there exist two subspaces Y' < Y, X§ < Xp(o)t such that dim(Y/Y') < oo,
dim(X;(6)*/ X&) < oo, X§ is w*-closed and

" & x*l < elyll, yeY,
Iy @ 251l < ellxdll,  xF e X
Proof. It is plain that both the sets
M = {f(T°)y": [ € H*(G), ||fll =1},
M’ = {f(T°)*x3: f e H(G), ||l =1},
are compac‘t, thus we can find two subspaces Z = X, Z' < X* such that

Z o Xi(0), Z' = Xp(0)*, dimZ° < o0, dimZ’ < oo,

and
dist(x, Z) < ¢, xe M, dist(z¥,Z))<¢, z¥e M’

Now we can take
Y={VeY:z¥y)=0, z*eZ'}, X¥=2Z'

2.3. LEMMA. Suppose o(A) is connected, o(A) is not a singleton, o,(A) =
=06,(A4¥) =@ and cec F;, ye Y, x*e Xi(o)t, {m}?., = o(4) n G ninto,
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{ahiey = C are given. Then for any ¢ > 0, we can find e Fg, 6 < ¢ and ue Y,
u* € X;(8)* such that ‘

172

ny—u;m(%]ck\)m, nx*——u*n<4a%(§1ck|) ,
k=1 k=1

|
i < &

. g m
U@ u*—yxx*t— chéa"k
fg

m
Proof. Without loss of generality we may suppose that we have ¥ loj = 1.
k=1
Fix r > 0 and put

D(p)={Ae C:0 < A — p, <r}, Go= D), &=0c\ D).
k=1 k=1

We shall assume that r is enough small to have
D(u)” = Gninte, D(u) nD() =9 k#j

<o, e Dl
|

H m

[ Y a6, — (s”ck)f

|
Hk=1 I

Applying Lemma 2.2 we can find two subspaces Y' < ¥, X§f < X (6)+ such that
dim(Y/Y’) < oo, dim(X,(6)+/X§) <oo and

Iy & x*|| < e/4ly'll, ¥'e ¥,y ® x3 | < (e/dap)lxg ll, x3 e Xo
If we put
Z={zeX: x§(z)=0, x§feXf}
we have Z o X4(8) and dimZ’® < co. Thus by Lemma 1.2 we can find a closed
set dy = G, such that
Ixll € 5/ arllx +z2l, zeZ, opx)c Gy, or{x)NS= 9.
The assumptions on 4 allow us to pick
(e (6(4) N DU)NJo, v e Y, n>0
such that

Inmi =1, T~ L)yl <n.

Taking n enough small and applying Lemma 1.1, we may suppose that
dist(y,(n), X7(D())) is arbitrarily small, consequently

| | < @me

i
K

|m q
! 2 “kyn(ﬂ) “ :
k=1 1
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If Y, denotes the finite-dimensional subspace generated by {y(n)}i.,, then by [2],
Lemma 4.3 we can find y; e ¥¥ and {«()}i., < C such that

|
!

Let 6" < Gy \Jy be a closed set such that {, e inté’. Applying again Lemma 1.1
we get

$xon| <1 12l < W ar, w) BN = o
k=

lim sup {dist(y,, X4(5)): y,€ ¥,, [ly,[| <1} =0.

3~
Thus we may suppose further that we have

llyn“ 3aT1U1 + ‘l Ze Z> Vyr,' et
Let z} e (Y, + Z)* be defined by the equation
Z:(yl) + Z) - ,V»’}(()”:,-), y:; € Ym ZE Z’

and extend z; to an element vy € X* by the Hahn-Banach Theorem. It is easy to
see that we have |zF| < da7, z¥(Z)= {0}, hence | v}l < dar, v}e X¢.

Finally setting v(y) = Y . (mMydm), we observe that by Lemma 2.1 we may
F=1

" s
Z Ckggk — o(n) ® U:f

k=1

suppose that we have < ¢/4. Thus if we put u = y+v(¥),

u* = x* 4 v} we derive

m

J 3
* s %
Hu @ u y® x* — k§-—1 cké’”k

+' 2 ck(é’ﬂk—&gg'k)“<arx
[T =1 |

< fio6i) & x*|[ + [|lx & v* | +

. bl m ]
l‘vm) ©vF — % b
! k=1 |

and this concludes the proof.

. 2.4. LEMMA. Suppose o(A) NG is dominating in G, o{(A4) is connected and
0, (4) = o (A*) =@ andlet e G,0 < b < 1 be given. Then there exist {y,}o < ¥,
{o}20 « i, xF e X(o,)! such that

: » N o, )
Wner = 2l < B8 |y — ¥ < 4apb™?, |18, — », @ x| < b** 7.

Proof. Proceeding by induction assume that {yj}j':o,{ 6} 1 =0, {X} }1_qare deter-
mined, with y, =0, 6,=C, x¥ = 0. Since ¢ = a(A)ﬂGﬂmta is obviously
dominating in G, using [4], Lemma 4.4 (or [5], Proposition 2.8), we can find
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{atie1 = €, {w}it, = ¢’ such that

(4

“ I n m
Gl < bV gy @xF— Y &
kgll d H R I ® k§1 Ko

{< b,

Now we can determine y,.;, 6,.,, x¥., by Lemma 2.3.

2.5 PROPOSITION. If o(A) 1 G is dominating in G, then there exists a proper
Subspace in Y invariant for (A — A)™Y, 1 éa(A) UG .

Proof. We may assume that T has no proper hyperinvariant subspace, conse-
quently, o(A4) is connected and o (4) = o ,(4%*)=0. Let peG, 0 <b <1 be
given and let {y}>,c ¥, {6,]°,c F; x*¥e Xy (0,)- be determined by
Lemma 2.4. If we put

y=Ilmy, y=(d-~—p)y, x*=Ilimx}

n=->co H=->00
‘we have

1= 6,01 = lim x3(x,) = x*(),
thus y # 0, x* # 0. Let Y, denote the invariant subspace of A generated by
(A — Ay Yy), 2¢0(4) U G". If f is a rational function with poles off ¢(4)y G~
and if we put f“(2) = f(}) (A — p) we have fe H®(G), f*e H®(G)and
F*(f(Ay) = x*(f1(4) y') = lim x3(f*(A)y)= fr(uw) = 0.

n—0o0

‘Consequently, y € ¥y, ¥' ¢ ¥, and this shows that Y, is a proper subspace.

2.6. THEOREM. If intc(A) # O then there exists a proper subspace in Y inva-
riant for (A — A)1, A ¢ o(A).

Proof. We apply Proposition 2.5 with G a connected component of \intg(A4).

2.7. THEOREM. If G is simply connected, R((c(4) n G)) # ¥((c(4) n G)?),
then there exists a proper subspace in Y invariant for (. — A)Y, A¢a(d) U G .
- Proof. Using Theorem 2.6 we shall assume inte(4) = @. If we put K =
= (6(4) n G), we have K # O, intK = @, and by [13], Theorem 9.3, R(K) is
not a Dirichet algebra in the sense of [12], II, § 3. Let & denote the family of all
compact sets ¢ = C such that

(i) o is a union of K with a union of bounded connected components of C\K;

(ii) R(¢) is a Dirichlet algebra.
- As in the proof of [3], Theorem 1 or [I5], Section 5, we can find a minimal
element 6 € #. Let Q2 denote a connected component of intd, Q # ©@. We shall
prove that o(4) n Q is dominating in ©, or equivalently K n Q is dominating in Q.
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Indeed, in the contrary case we can find fe H*(Q) such that

sup | f(2)! < sup | f(A)] = |l
leKnQ leNK

and this obviously implies that Q\K has a connected component Q, such that
(0p) n (09) # O. Ttis easy to check that @, is a connected component of C\K,
thus F = 6\Q, is a member of &, and by [13], Corollary 9.7, R(F) is a Dirichlet
algebra, contradicting the minimality of 6. The conclusion is that 6(4) n Q is.do-
minating in 2 and because obviously < intG~, we terminate the proof applying
Proposition 2.5.

Our last result is an improvement of [3], Theorem 1. Recall that T is called
quasiscalar if there exists a continuous linear multiplicative extension

vV 6(a(T)) = LX),

of the Riesz-Dunford functional calculus of T with analytic functions. Quasiscalar
operators are unconditionally decomposable as seen in the proof of [3], Lemma 3.

2.8. THEOREM. Suppose T is quasiscalar and Q is an open disk such that
o(A) n Q # Q. Then there exists a proper subspace in Y, invariant for (2 — A)7%,
Ld¢a(d) U Q.

Proof. If R({6(A) n Q))#%((a(4) n Q)7), we can apply Theorem 2.7. Thus
we shall assume R((a(4) n Q)) = €((c(4) n Q)). I 6(4) = Q, then A4 is a qua-
siscalar operator and obviously A4 has proper rationally invariant subspaces. If
o(A) ¢ Q, then proceeding as in the proof of [6], Theorem 1 we can find a proper
hyperinvariant subspace for A.

REMARK. In particular, Theorem 2.8 will give the following generalization
of Scott Brown’s Theorem [4]: “Let S be a subnormal non-normal operator and
let Q be an open disk such that ¢(S) n 2 # ©. Then there exists a proper subspace
invariant for (A —~ $)™, 1¢a(S) u Q7.
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