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ON THE PROPERTIES OF ABSTRACT RATIONAL (1-POINT)
APPROXIMANTS

ANNIE A. M. CUYT

1. DEFINITION OF APA AND ARA

Let F:X — Y be an operator analytic in 0 [5, pp. 113] where X 2 {0} is a
Banach space and Y = {0, 7} is a commutative Banach algebra (0 is the unit for
addition and [ is the unit for multiplication; X and Y have the same scalar field A
where A4 is R or C). We always work in the norm-topology.

Write D(F) = {x € X| F(x) is regular in Y, i.e. there exists y€ Y : F(x).y =
=1 =y.F(x)}.

For every positive integer k we consider the spaces L(X*, Y)= {L|L is a
k-linear bounded operator L:X — L(X*™1, Y)}, where L(X?, Y) = Y. So Lx; ... x,=
= (Lx)xg -+ X, with (x, ..., x)eX* and Lx, e L(X*?, Y). The operator
L e L(X*, Y) is called symmetric if Lx,...x, = Lx;, .. x forall (3, ..., x) e X*
and all permutations (i, ..., #) of (I, ..., k). An example of a symmetric k-linear
bounded operator is F*)(x,), the k*"(Fréchet-) derivative of Fin x,[5, pp. 100—110].

An abstract polynomial is a non-linear operator P:X — Y such that P(x) =
= A,x" 4. .. + A, e Y with 4, e L(X?, Y) and A, symmetric. The degree of P(x)
is .

We also introduce the following notations.

If there exists a positive integer j, such that Vk, 0 < k < j, : 4,x*
Aj; xit # 0, then 9,P = j,.

If there exists a positive integer j, such that Vk,j, <k < n: A4x¥ =0 and
Aj,xi» £ 0, then 0P = j,.

OP is the exact degree of the abstract polynomial P; J,P is the order of the
abstract polynomial P.

We have the following important lemma for abstract polynomials.

Lemma 1.1. Let U,V be abstract polynomials: X — Y. If U(x)-V(x) = 0
and if D(V) # O, then U = 0.

0 and

n

The proof is given in [3].
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Since F is analytic in 0, there exists an open ball B(0, r) with centre 0 € X
and radius r >0 such that

© ]
F(x)= — F®O)x*  for|x|| < r
(%) k§0 X ()] Il

where BIT F®0)x° = F(0).
We say that F(x) = 0(x) if there exist Je Ry and an open ball B(0, r) with
0 <r<1 such that VxeB(0,r)

IFGOl < J-1IxV (jeN).
Write »;T F® (0) = C, e L(X%, Y).
DEFINITION 1.1. The couple of abstract polynomials
(P(x), Q00) = (ApmanX™ ™ 4 oo+ ApmX™, Buy ™™ 4+ oo+ B px™™)
is called a solution of the Padé approximation problem if the abstract power series
) (F-@ — P)(x) = 0(x™*mm ™),
The choice of (P(x), Q(x)) is justified in [1].

The notations P(x) = ¥, Aum ™" and Q(x) = Y B,y ;2™ will be used

i=0 Jj=0
throughout this paper to indicate a solution of (1).
For every non-negative integers » and m a solution of the problem described

in Definition 1.1 exists (see [1]).

We define —IQ— : D(Q) —» Y by x = [Q(x)]? (the inverse element of Q(x) for the

multiplication in Y).
. 1 .
We call the abstract rational operator—é— - P, the quotient of two abstract

polynomials, reducible if there exist abstract polynomials T, R, S such that P == TR,
Q=7T.5, 0T > 1, and T is not a unit in the ring of abstract polynomials

(i.e. —;—1 is not an abstract polynomial)-

From now on we impose some conditions on the considered Banach space X

and the commutative Banach algebra Y:
(i) Every abstract polynomial T:X — Y with D(T") # @ must have a unique
prime factorization in the ring of abstract polynomials [4, p. 155].
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(ii) For couples (T, U) and (V, W) of abstract polynomials with
D(U) # O or D(T) # O,
DW) # O or D(V) + O,

1 - T irreducible,
U

1 -V irreducible,
w

the equation I'(x) -W(x) = V(x)-U(x) must imply that there exists a unit I,, in
the ring of abstract polynomials such that
T(x) = V() Lpp(x)
2
U(x) = W(x) - 1,p(x).
We give some examples of such spaces X and Y that satisfy these restrictive
conditions.
3) X=R? or C? and Y =R? or C? for p, ge N, with the componentwise
multiplication in Y,
Let Z be a Banach algebra with unit 7, not necessarily commutative. Take
ae Z,a regular. X = {la|ie A} and Y-—:{ i railh e A} are proper spaces.
i=0
Condition (2) sees to it that the irreducible form of an abstract rational opera-
tor is unique and will also see to the uniqueness of the abstract Padé-approximant
(Definition 1.2) and the uniqueness of the abstract rational approximant (Defini-
tion 1.3).
It will also see to it that, for n and m fixed, if a solution (P, Q) of (1) provides
an abstract Padé-approximant then all solutions (R, S) of (1) with DR) # O
or D(S) # O do so, and if a solution (P, Q) of (1) provides an abstract rational
approximant then all solutions (R, S) of (1) with D(R) # @ or D(S) # @ do so.
We mention the following theorems about solutions of (1).

4)

THEOREM 1.1. a) Let (P, Q) be a solution of (1). Then 0,P > 0,Q.
1

b) Let —é« Py be the irreducible form of é P =

Py T with T(x)=
ES *° T

aTr 0P A 004 .
=Y T x¥, ty == 0,T. Let Py(x) = Y Agx’, Qu(x) =Y, Byjx’, and py = 0,Py.
K=ty i=0 i=0

If D(T,,) # D or D(Ay,,) # O or Ty x% - Ay xPo # 0, then 0yPy > 04Q.

Proof. The proof of a) is very simple because of the equivalence of (1) with
the following systems (1a) and (1b):
Co* BpX™™ = A4, X" VxeX
(1a)

C,X" B, x"™ + ... + CoByppX™ ' = A ™™ VxeX



198 ANNIE A. M. CUYT

with B, x""% = 0 if j > m.

Cp XL BX™ 4 o A Cppy XM B P ) YxE X
av {:
CoomX™ ™ Box™ 4 ... 4 Cox" By, X =0 Vx€ X

with Cx* = 0 if k < 0.
The proof of b) is very similar.
Let P and Q be abstract polynomials that satisfy (1) and supply P, and Q. Because

1 . . . 1 . .
—— « Py is the irreducible form of — - P there exists an abstract polynomial T such
"

aT
that P = P,-T and Q = Q- T, and T(x)= Y, T\x* with #, = 4,T.
k=t,

Suppose 0,Py << 0yQy = I. Then
P(x) = Aypexto-Tpxf 4+ ... with t, 4+ pe<ty + [,

O(x) = B! - Ty x + .
This is a contradiction with a).

oP, 0904
The notations Py(x) = ¥, Ay;x' and Qu(x) = Y, Byx/ withl = 9,0, will

i=I J=I

be used from here on throughout this paper to indicate the irreducible form 1. P,
&

of L - P whenever the conditions of Theorem 1.1 b) are satisfied.

oT .
Let T(x) = Yy T,x* with t, = 8,7 be the abstract polynomial such that
k=t,
P=PyTand Q=0T If

) D(By) # O
or if
6) D(T:,) # O
then

ty = nm — .

Also ty = 8,Q — [ under the assumption of (5) or (6).

THEOREM 1.2. Let (P, Q) and (R, S) be solutions of (1) (for n and m fixed).
Then P(x)-S(x) = Q(x)-R(x).

The proof is given in [1] and is based on Lemma 1.1. This property is called the
“equivalence-property’’ of solutions of (1).
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From now on we also assume that
O] {ye Y| there exists ne N :y" = 0} = {0}.

The examples (3) and (4) both satisfy (7).
We can now formulate the next lemma. The proof is given in [3].

LEmMMA 1.2. Let U, V be abstract polynomials: X — Y. If D(U) # @ and
either (7) holds or 0U = 90U, then OV < O(U-V) — doU.

Due to Lemma 1.2 we can make the following conclusion. If I, is a unit

in the ring of abstract polynomials, then 0l,p < 6(IAP- —1—) = 0. This implies

AP
that I,,(x) =y, for a fixed ye Y.

In the ring of abstract polynomials the only units are the regular elements
in Y. This justifies the following definition.

DEFINITION 1.2, Let (P, Q) be a couple of abstract polynomials satisfying (1)

and suppose D(Q) # @ or D(P) # . Possibly »é— -P is reducible. Let L-P*
®

be the irreducible form of —;— . P such that 0 e D(Q,) and Q,(0) = 7, if it exists.

We then call—Q—l—— - P, the abstract Padé-approximant (APA) of order (n, m) for F.
ES
Uniqueness of the (n, m)-APA is based on Theorem 1.2 and on the conditions
imposed on X and Y (the units are fixed by the normalization Q.(0) = I).
For the (n, m)-APA deduced from (P, Q) which is a solution of (1) it follows

or
that the polynomial T such that (P, Q)=(Py T, Qy-T)is T(x) = Y, Tix* (1, > nm)
k=nm

because / =0 and D(B,) = D(I) =X # O.
Because (7) holds, Lemma 1.2 implies that for the (n, m)-APA for F (since
D(T) # 9):
0Py < 0(Py-T)—nm=0P —nm < n

00, < 0(Qy-T) — nm = 00 — nm < m.

DeFiniTION 1.3, If for all the solutions (P, Q) of (1) with D(P) # @ or

D(Q) # O, the irreducible form QL - P, is such that O ¢ D(Q,), then we call L. P,
* *
the abstract rational approximant (ARA) of order (n , m) for F.
Uniqueness of the (n, m)-ARA up to units is also based on Theorem 1.2 and
on the conditions imposed on X and Y.
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For an abstract rational approximantL - Po: R? 5 R?a condition such as
*
1Byl = 1 could be imposed to fix the units; but generally spoken such a condition
is not restrictive enough.
If for all the solutions (P, Q) of (1) 0 ¢ D(Q,) or D(Q) = @ = D(P), we shall
call the abstract Padé-approximant undefined (the ARA belong to the undefined
‘ones).

2. RELATIONS BETWEEN APA, ARA, AND SOLUTIONS OF (1)

Let (P, Q) be a solution of (1). Because of the Definitions 1.2 and 1.3 it is
very well possible that (P, Q.) itself does not satisfy (1).

We need some new definitions to prove the important Theorem 2.1.

We introduce the notion of pseudo-degree for polynomials without tail like
the ones considered in Definition 1.1 if n > 0 and m > 0, and like the numerator
and denominator of an ARA if I > 0.

DEerFINITION 2.1. a) Let (P, Q) be a solution of (1). We call oP — 8,0 = 6,P
the pseudo-degree of P and 0Q — 6,0 = 0,Q the pseudo-degree of Q. (Theorem
1.1 a) justifies the term -0,0Q.)

b) Let QL - P, be the irreducible form of —2—2— +P and let the conditions of
%
Theorem 1.1 b) be satisfied. We call 0P, — I = ¢, P, the pseudo-degree of P, and

00, — I = 0,0, the pseudo-degree of Q. (Theorem 1.1 b) justifies the term — /)

Remark the fact that if —Ql— - P, is the (n, m)-APA for F then
*

0Py = B,Py

004 = 0,0 .
When (7) holds together with (5) or (6), Lemma 1.2 implies that for the
(n, m)-ARA for F (since D(T) # 9):
O1Py < [0(Py-T) —(mm —D])—1< n

2104 < [0(QyT) — (im — D] — 1 < m.

The demand D(B,,) # O for the ARA is the analogue of the demand 0€ D(Q,.)
(i.e. Qy, regular) for the APA; condition (5) is always satisfied for the APA.

The following example proves the need of the conditions (5) or (6) to conclude
that 0,0, < m and 0,Py < n.
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Take
_ cos(ot — x -+ y)
F: R R? defined by (x, y) — xe* — e (o0 # k).
x =Y

The (1,1)-ARA: RZ —> R?
cosa + (x — p)(sinx + 0.5 cotg a cos a)
1 + 0.5(x — y)cotga

(x, y) =~
. x4+ y+0.5x2 4+ 3xy + »H)

x4y —0502+ xy + p?)

Here! = 0, and Q*Oz((l)), and T(x):(? )+(y—(;x)

This example also illustrates that if / = 0 we do not necessarily have an (n,m)-
APA. We remark that it would be sufficient that By ,x/- T3, x% #0 (cf. Theorem 1.1 b))
to corclude that 7, > nm — [ and thus 0,Q,<m and 0,P, < n, which is a weaker
condition than (5) or (6), but we shall need (6) further on too.

THEOREM 2.1. Let Qi Py be the (n, m)-ARA or (n, m)-APA for F.

*
a) Let (6) be satisfied in the case of an(n, m)-ARA. Then there
nm—I+s
exist an integer 5,0 < s<max(n,m) and an abstract polynomial T(x)= Yy, Tx*

k=nm—I
With Ty X" #£ 0 and D(T) # QD such that (Py-T, Qy-T) satisfies (1)
(I =0 for APA, T\x*= 0 for k < 0 i.e.] > nm).
b) Let (6) be satisfied. Also for 0T =nm—1+r with r >0,
(P Tymetsr s Qu* Tyumr,r) satisfies (1) and 0 <r < min(n — 6,Py, m — 0,0y)
({ = 0 for APA).

Proof. Because (1) is solvable for every n, m e N we may consider abstract
polynomials P and Q that satisfy (1) and supply Py and Q.
Because of Definition 1.3 or 1.2, there exists an abstract polynomial 7" with

ar
D(T) # @ such that P= Py T, Q= Qu-T, and T(x) =Y, Tix"
k=tg
Because of (6) for the ARA and (5) for the APA, 1, > nm — [ for APA as

well as for ARA.
Because of Lemma 1.2 and Theorem 1.1:

{ OT € Py - T)—I1=0P—- 1< (nm—1)+n
or
T € 0(QuT)—1=00—I < (mm—1)+m

D(P,) # @

since {or
D(Q,) # 9.

If we write 0T = (um — /) + s then 0 < s < max(n, m).
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Now
F(x)-Q(x) — P(x) = T(x)-[F(x)- Qu(x) — Py(x)] = O(x"+n+m+1)
If T(x) = Tppegp, X" 71*" 4 ... with D(T,pp,,) # 9 due to (6) then also
Tomors X" H T [F(x)Q3(x) — Py(x)] = O(x"m*n+m+1)

because of the equivalence of (1) with (la) and (1b).

Clearly 0 < r < min(n — 0, Py, m — 9,0, because according to Lemma 1.2
(since D(T) # O):

0Py +1=0P, < (nm-+n) —(mm—14+7r)

0104 +1=00s < (nm—+m)—(nm —1-+7r)
and thus

r<n— 0,P,
<

m— 0,0,.

r

We give some illustrative examples.

Let F:R?— R? defined by
1

1 —x|.

(x, ) =
ex+y
The (1,2)-APA is

1—x

1
1+*3—(X+J’)

2 1
Theorem 2.1 holds with

a3 on(3))

y
T(x,y) =
i (x + )
2
where L, e (X2 Y) and L, e L(X3, Y). So if D(L,) # @ then
L2 L2
P,

Rl R NCR
2 2

is a solution of (1); /=0, nm =2, s = 1 and r = 0 since 0Py =1 and 0,0, = 2.
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Let F:R2 — R? defined by

1 4 sin(x + xp)
(x, )~ X
14+ —"— 4 sin
+ o (xy)

The (1,2)-ARA is

x—y+—%—x2——2xy W

x2 R ’3
x—)f——xy——6~+xy +~6—
x — 1.01y 4 10y* + 10x% — 20.2xy
\ x — 1.0ly + 10y* — 10.1xy 4 2.01xy*

Theorem 2.1 holds with T(x, y) = ( 1(;60 ) So D(T;,) = D(T) # @ and
X

I=1,m=2s=0=r, O,Py=1,0,0, =2.
Let F: R%® — R? defined by

142 -
(x,y) - L+
1 —cos x
The (2,1)-APA is
1-+y
x2
2
where
0
—y3
T =| |+ ( )
_x 0
2

So D(T,,) = ©. We can prove that no T,e L(X% Y) and no TyeL(X? Y) exist
such that (Py-Ts, Qu-Ty) or (Py- Ty, Q4-Ty) is a solution of (1) with D(T,)# O
or D(T,) # @. Theorem 2.1 b) can by no means be satisfied. Nevertheless / = 0
nm = 2 and s = 1 because of Theorem 2.1 a).
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3. COVARIANCE-PROPERTIES FOR ABSTRACT RATIONAL APPROXIMANTS

The proofs of the following properties are very similar to the ones given in
[1] for the same covariance-properties of abstract Padé-approximants. But in the
proofs mentioned here no use is made of Theorem 2.1.

We consider the (n, m)-APA to be a special case of the (n, m)-ARA.

1
THEOREM 3.1. Suppose F(0) is regular in Y and -—- - Py is the (n, m)-ARA for
*

1
F. Then— -Qy is the (m, n)-ARA for —1~
P, F

Proof. Since F(0) is regular in Y there exists B(0, r) such that —;; is defined in

. 1 . . .
B, r). Since — - P, is the (n, m)-ARA for F there exists an abstract polynomial

ES
T with D(T) # @ such that (P, Q) = (P - T, Q- T) satisfies (1) for F and provides

the irreducible form—l— - Py of —;— - P. So (F-Q — P)(x) = O(xm+n+m+1)  This

%

implies that (—11; - P— Q):O(x"’“"*"”‘l) since % is abstract analytic in the neigh-
1
bourhood of 0. So (O, P)=(Qy- T, Py T) satisfies (1) for 7 (D(Q)# D or D(P)+#D)

. 1
and provides the irreducible form J Q4 of — - 0.
P, P

Rema& the fact that if (6) holds, F(0) being regular implies:

Qux! £ 0= Pyx! #0;

[>0=0¢D(Q,) and 0¢ D(Py); _

[ =0 = if Q,, is not regular in Y then P, is not regulalr in Y, since
Cyo (T, x%0 - Qyp) = Ty, x'0 - Py, implies CyQyy = Pyq (ty = nm).

THEOREM 3.2. Suppose a,b,c,d€ Y, ¢-F(0) + d is regular in Y, a-d —b-c
is regular in Y,—Ql— - P, is the (n,n)-ARA for F and D(c-P+d-Q) # @ or

E3
1
D@-P+b-Q) # 9, then ———————— -(a-Py - b-Q,) is the (n,n)-ARA for
(a 0) n ¢ Py+d0, ( * *
——— (a-F + b).
¢c-F+d ( )

Proof. Since ¢-F(0) +d is regular in Y there exists B(0,r) such that
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L -(a-F+ b) is defined in B(0, r). Since i— - P, is the (n, n)-ARA for F there
c-F+d Oy

exists an abstract polynomial T" with D(T)# © such that (P, Q)=(P,-T, Q-T)

satisfies (1) and provides the irreducible form Jf - Py of -1— -P. In other words
E

[(FQy — Py)-TI(x) = (F-Q — P)(x) = O(xw+2+1),
Now
Ofa-P +b.-Q) > n? since 0,P > n® and 0,0 > n?

da-P+b-Q)<n+n since 6P <n®+nand 00 < n®*+n
Also
Oyc-P+d-Q) = n?
oc-P+d-Q) < n?+ n

Since (F-Q — P)(x) = 0(x"+22+1) and c¢- F(0) 4 d is regular

[(a d—bee) — (F-Q— P)](x) _Q(xrrant),
c-F-d

Now
S O (c- .0) — (a- b-0)=
C.F+d(aF+b)(CP+dQ) (a-P+b-0)
1
e (F-O — P)e(a-d — b-
cF+d( Q~F)@ )
and

[(a-d — b (Fe0 —P)] (x) = O(xr+ant1),

We now search the irreducible form of ! c(@Py+5.04) T

(C'P*+d'Q*)'T

1
It is —————— (a- Py + b-0,).
c-Py+d Oy * *

Remark the fact that if (6) holds, then / >0 =0 ¢ D(c-P, + d-Q,) since
c+Py(0) + d-Q4(0) = 0.
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THEOREM 3.3. Let AeL(X, X), A exists and é . Py be the (n,m)-ARA

for F. If S.(x):= Qu(Ax), Ry(x):= Py(Ax), G(x):= F(Ax), thengl;— ‘R, is the
(n, m)-ARA for G.

Proof. We remark that if Lel(X',Y), then for every 4 eL(X,X) also
Lod e (X%, Y) when defined by (Lod)x’ = L(Ax) [6, p. 289]. Because 1 . P, is
the (n, m)-ARA for F, there exists an abstract polynomial T with D(T) ;ék O such

that (P, Q) = (Py-T, Q- T) satisfies (1) and provides the irreducible form El—-P*
®

of é - P. So there exists K€ RF such that
[(F-Q — P)x)|| < K-|[x[rmtntmt],
Let
S(x):= Su(x)-T(4x)
R(x):= Ry(x) - T(Ax).
This implies
1(G-S — RYx) = I(F-Q — PYAx)|| < K- || Ax|pmtntm+l
' < K-(lA]]- || x][yrm+m+mt1,
And thus
(G.S — R)(x) — O(xnm+n+m+1)_
Since
D(S) = {xe X|Q(4x) regular in Y} = A7YD(Q)) = {47*x|x e D(Q)}

D(R) = A7 (D(P))

. . . 1
1 - R, 1s the irreducible form of—S~ ‘R
*
the proof is completed.

Remark that if 0 ¢ D(Q,) then O ¢ D(S,), since S (0) = 0.(0).

4. BLOCK-STRUCTURE OF THE COMPLETED ABSTRACT PADE-TABLE

Let R, ,, denote the (n, m)-APA for F if it is not undefined. The R, , can be
ordered for different values of » and m in a table:
Ryy Ryy Ryps - ..
Ryy Ry Rypp. ..
Ry, R,, -
Ry,
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Gaps can occur in this table because of undefined elements. Let us now fill up these
gaps with the (n, m)-ARA. We call the new table the “‘completed” abstract Padé-
table. Gaps can still occur if for certain (1, m) all solutions (P, Q) are such that
D(P) = @ = D(Q). For F: R? - R?e.g. the completed table has no gaps any more.
From now on R, , denotes the (n, m)"" element of the completed abstract
Padé-table.
Let us repeat some results about the R, ,, .

SUMMARY. For every non-negative integers n and m the systems (1a) and (1b)
are solvable. The abstract Padé-approximant of order (n, m) is unique and the abstract
rational approximant of order (n, m) is unique up to a multiplicative regular element
of Y.

1
For R, ,, =— « Py we know that P, and Q are abstract polynomials, res-
*

pectively of pseudo-degree at most n and at most m (when (5) or (6) holds for the
(n, m)-ARA).

The usual abstract Padé-table as well as the completed abstract Padé-table
consist of squares of equal elements under the following condition.

Let (P, Q) be a solution of (1). Let 51—-1’* be the (n, m)-ARA and

*

or
T(x) = Y, Tix* such that

K=t
P,-T =P,

Q4 T=0Q.

We need a solution (P, Q) where (6) is satisfied to be able to proof the block-struc-
ture of the Padé-table (this property has been proved for the usual table in [1]).
For every (n, m) where this condition is not satisfied the block-structure may be
disturbed. An interesting example of this phenomenon is given in [3] for the usual
abstract Padé-table. ‘

We now prove the block structure of the completed table.

LEMMA 4.1. Take xe X\\{0}; VneN, there exists D,eL(X", Y) such
that D x" = I.
The proof is given in [3].

This lemma implies that for every neN, for x chosen in X\ {0}, there
exists D, e L(X", Y) such that x e D(D,). We shall use this result frequently.
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1
THEOREM 4.1. LetQ— Py, =R,, for F. Let (6) be satisfied and let | <

* . .
L01Py-0,Qy. Then:

©
a) (F-Qq — PY(X) = ¥, Jx!+0iPet0Qurti+l
i=0

with J, e L{XH0Pe+00u+14i+1 Y), t > 0 and Joxl+alP.+61Q.+r+1 #0;
< 8, ‘

b) n P+t

m < a1Q>1< +t;
c) for all integers i, j satisfying
0P, i< 0Py +t

we have R, ; = R, ,..

Proof. a) Suppose 0y(FQ, — Py) =j with j <[4 8,P; + 0;Q4 + 1. Then
for every reN, 0 < r < min(n — 0,Py, m — 0,04):

I+ 0Py +0.Qu+1+mm—14+7r)>j+@m—1+r).

This is in contradiction with Theorem 2.1 since 9,P, < n and &,Q, < m, because
of (7} and (6), and | + 0,Py + 0,Qu + 14+ (mm —I14+r)<nm~+n-+m- 1.
b) Suppose n>0,Py+t or m > 8,0, + t. Then for every reN, 0 < rg
<min(n — 6,P,, m— 0,0Q,) and for every T,,_;.,€ L(X"™ 7 Y) with D(T,,,_1,,) #
# O, we know that (F-Qu Ty 1oy — Py Tom_po)(X) Is not O(x#m+n+m+ly since

(FQyu — P (x) = y JXH0Pt00 i+ with  Jxlt0Patdi0utitl £ 0 and
i=o0
mm—1+r+(+0P+0,0+t+D)<mm+n+m+1.

This is in contradiction with Theorem 2.1.

c) Let s = min(i — 0,Py,j — 0,Q4). So s3>0 and since I € 0;Py-0,Qy it
follows that i.j+ s — /> 0. Take D € L{X?/ts-1 Y) with D(D) n D(Py)+ D
or D(D) n D(Qy) # O, which is possible because of Lemma 4.1.

For P, = P,-Dg and Q; = Q. -D;

0Py < (0 Py+ D+ (G j+s—D<i-j+i
00, < (0@ + D+ (Gj+s—D<ij+j
and

0PI+ (j+s—1)>ij

80O 21+ Gj+s—D>ij
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and (F-Q; — P)(x) = O(x0Pe+dQu+tt1+s+i-Jy because of a). For i< é,Py +¢
and j < 0,Qy+ ¢ we konow that jj+i4j+1<ij+ 0Py 0,04+ 1+
4+ 54+ 1. So (F.Q, — P)(x) = O(x/+i+i+1) and D(P,) # O or D(Q,) # 9.

Remark the fact that if one element of a square in the completed abstract
Padé-table is an APA, then all the elements of the same square are, and if one elé-
ment is an ARA then ali the elements of the same square are.

A lot of the following properties are a generalization for the ‘“‘completed’’
abstract Padé-table of theorems mentioned in [2].

DeriNiTioN 4.1, The R, ,, for F is called regular if (F-Q, — Py)(x) =
= Q(x!+n+m+1+) with ¢ > 0.

DerINITION 4.2. The R, ,, for F is called normal if it occurs only once in the
completed abstract Padé-table. The completed abstract Padé-table is called normal
if each of its elements is normal.

The following theorem makes clear that under the assumption of (6) normality
is stronger than regularity.

THEOREM 4.2. Let (6) be satisfied and let | < 6,Py-0,Qy. The R, , for F
is normal if and only if

a) 0Py = n and 0,Q, = m,
and

b) (FQy — P(x) = Y, Jxrtm+l+itl with J e L(Xw+m+i+i+1Y)  and

i=0

J’Dxn-}-m+l+l $ 0.

Proof. “="’

Since R, , is normal, t =0 in Theorem 4.lc). And then according to
Theorem 4.1b)

n < 0P,

m < 0,0s.
Already

0Py <
(91Q* <m

because of (7) and (6).
So é,P, = n and 6,0, = m. Theorem 4.1a) then implies

oo
(FQ* - P*)(x) == 2 Jixl+n+m+i+1
i=0

with JyxHtntmtl 2 0,

2 — ¢, 1529
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[X1 ERd
<=

The proof goes by contraposition. Suppose there exist integers i, j withi> n
or j > m and such that R; ; = R, ,, (in any case n = 0,P,<i and m = 6,0, <j).

Now b)implies that (FQ, — Py )(x) = O(xftrtm+1) If s €N, D € L(Xi+s-( Y),
D(D;) n D(Py) # O or DD)n D(Qy) # O such that [(F-Qy — P)DJ(x) =
= Q(x#J+i+i+)) then i-j+i+j+1l<n+m+1+1-+Gj+s—1) and thus
s>i—nors>j—m

This is a contradiction with Theorem 2.1.

THEOREM 4.3. Let-Q—l— -Py=R,, for F, let (6) be valid and let

*

1 <OPy-0,0y. Thené-— « Py is normal if and only if for every solution
ES

(P’ Q) = (P*-Ts Q*'T) = ( 2 Anm+ix"m+i’ Z Bnm+jx”m+j)
i=0

i j=0

of (1) with D(T) # O:
a) O(F-Q—P)=mm+n+m-+1,
b) B, x"m# 0,
€) By, X £ 0,
d) Ay Xm0,

Proof. “="

If —él— . P, is normal then for every solution (P, Q) = (Pg-T, Qy-T) with
&
D(T) # @, 6,T = t, = nm — [ because for t, >nm — I we would have 8,0, =
= 00y — I < (Q4-T) — t, — I < m and analogously 6,P, < n which contradicts
Theorem 4.2 a).

Since D(Ty,) = D(T,,_) # D and since B,,x™ = Qux'+ T, x™ ' with
Qux' # 0 we have B, x™ % 0. Suppose there exists a solution (2, Q) such that

AN =
Anm+nx = 0’

or
B ymx™tm = 0;
then
0P, < 0P —(mm — D <n+1
or

00, <00 —(im —1)<m+1
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and so 9, Py<<n or 0,Q4<<m which contradicts Theorem 4.2 a). In (F-Q—P)(x) the
term of lowest degree equals T, _,x""!-[term of lowest degree in (F-Q,— P,)(x)].
According to Theorem 4.2 b) then 0(F-Q — P) =nm +n -+ m 4 1.

[Tt
<=

For a solution (P, Q) we know that d,Q =mnm and so O,T= 3,0 — I =
= nm — I because of (6). Now (Py-T_1, Q- T, is also a solution of (1)
according to Theorem 2.1. Thus

OPy =nm-+n— (nm—1)

0Qy =nm—+m — (mm — )
and so
511’* =7

0,Qx = m.

Also Gy(F+-Qy — Py) =n -+ m+ 141 because O[(F-Qy — Py)+ Tppp_i] =nr +
+n-+m- 1.

We illustrate the preceding theorems by some examples.
Let F: R? — R defined by

(x,y)-1+ —T— + sin(xy) = 1 + 10x + 101xy-+
-y

k o k=1 1% (XY)
k§3 107 21( % 2k + 1)!

Clearly D(T;,) # D forall R, ,,.
The (1,1)-APA is

14 10x —10.1y
1 —10.1y

and
(F- Q4 — Py)(x,y) = 0(xp?) = O((x, y)®) exactly,

=0,
0Py =1,
0,05 = L.

So it is a normal element in the abstract Padé-table.
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The (3,1)-APA is
1 4 10x — 10y + xy — 10x)?
1 — 10y

and
(F-Qy — Py)(x, ¥) = 0(x*®) = O((x, )®) exactly,

=0,
alP* = 3,
6104 = 1.

So it is a regular element in the abstract Padé-table and we have the following square
of equal elements: Ry; = Ry = Ry; = Ry5.
The (1,2)-ARA is
x — 1.0ly -+ 10y® 4 10x* — 20.2xy
x — 1.01y 4+ 10y* — 10.1xy - 2.01xy?

and
(F- Qs — Py)(x, ) = 0(x"y?, xp%) = O((, 3)°) exactly,

I=1,
0P, = 1,
810y = 2.

So it is a normal element in the completed abstract Padé-table.
The (3,3)-ARA is

1
y+ 2—(;1— 1073x24-10p(x — p)+xp2(1—10y)-}- 6% X201 — ) - xty(1.030Lx —)

201

yt+e 10752 — 10p* — x2p?

1 2,
60077 7 60
and

(F-Qy — Py)(x, y) = 0(x%p%) = 0((x, y)®) exactly,

=1,
61P* = 3,
0,04 = 3.

It is a normal element in the completed abstract Padé-table.
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5. INTERPOLATION-PROPERTY AND PRODUCT-PROPERTY

Theorem 4.1 a) and 4.2 b) allow us to write down the following conclusions.

It L. Py is the R, , for Fthen (F-Q, — Py)(x) = O(x!+0:F++00s+1+1) exactly,

with*t > 0, under the assumption of (6). In other words (F-Q, — P,)(0)=
= 0€e L(X', Y) for i =0,...,1+ 0,Py + 0,04 -+ t. For polynomials P, and Q,
with 3,Py > [ and 0,04, =1 we know that (F.Qu — P )P (0) =0 for i=
=0,...,/ — 1 always. So the meaningful relations are:

8) (F-Qyx— P )P (©0)=0eL(X,Y) for i=1 ...,0+ 8Py -+ 0,04+ t.

When 0€ D(Q,) (J— - P, is then the APA) the relations can be rewritten as:
&
. 1 @
FO0) = (Q— . P*) 0 fori=1...,01+0Py+ 10,+1¢
*

(l =0, aIP* = 6P*, alQ* = 0Q+)

The relations (8) clearly have an interpolatory meaning in 0. This explains
the term one-point abstract rational approximant.

Let X be a Banach space and Y, commutative Banach algebras. We consider
non-linear operators F;: X —» Y, i=1,...,9 < oo and

q
FX->Y1Y, x-Fx,i=1...,9
i=1
q
where [T Y, is a commutative Banach algebra with componentwise multiplication

i=1

and normed by one of the Minkowski-norms |[|(y;, ..., y9l,, 1 < p < co:

102yl = ¥ (il

q 1/p
164, ...,yq)n,,z(z uyiu{'n) 1 <p< oo
i=1

”(y1: sty yq)”oo = maX(Hy1“(1)9 LICICEY ”yq”(q))

where ||, is the norm of y; in Y.

q q
THEOREM 5.1. Let (MY D(Q;) # O or (Y D(P)) # O for the solutions (P, Q)
i=1 i=1
of (1) for F;. Then

1
__'P*i:R",m fbrFi,i:],..-,q
Q*i
if and only if
1 1
—'P*:(‘—"‘P*iai:],"'aq):R,m fOVE
O Qi )
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Proof. “=>
Since 1L Py = R, , for F;, there exist abstract polynomials T, with
*i
éD(Ti) # O such that (P;, Q) = (Py; T}, Qy;-T;) satisfies (1) and provides
the irreducible form 1 - Py, of L P;. So there exist K;€ R{ such that
ki i
[[(F-Qui — Py TN < K- [Ix|fpmintmst for i=1,...,4q.
We use the Minkowski-norm || ||, in IqI Y; for some p with 1 < p<oo. Then
i=1

q
forp=1,1letK=Y K,

i=1
for p = oo, let K = maxKk,,
i

for 1 <p < oo, let K= (Y K2)'»,

and we find
I((F-Qui — Py T (x), i =1, ...,9 < K- [x|jrm+ntm+l,

Thus (Py;-T;, Qi+ T3), i =1, ..., q) satisfies (1) for F.

Now the irreducible form of ( Py Ti=1,..., q) is (—1— Py,

#*i® Ti *i

i=1,...,q) since
Q:(Q*i'Ti, i=11‘-"q)=(Q*i’ izly---’q)'T(i, i=1,..-,Q)
P=(P*i‘Ti, i—:l,...,q):(P*i,i:l,...,q)'(Ti, i:1’0n',q)

with D(Q) # @ or D(P) # Q.

(€4 "y
<=

Since L - Py, = R, , for F there exists an abstract polynomial T with D(T) #@

*
such that [(F- Q4 — Py)-TI(x)= 0(x"™+rm+1) We write (T); for the i** operator-

component of 7. We know that

(F;- Qxi — Py (D)X < [[(F- Qg — Py)-TI(x)|

q
for i =1, ..., g and for whatever Minkowski-normused in [ ¥;. So (P;, @) =

i=1
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= (Pyi*(T)i, Qi (T);) satisfies (1) for F;, and D(P) # D or D(Q;)) # @ since
q
D(P) = (QWI D(P) and D(Q)) = iQ D(Q,), and the irreducible form of

1 o1
e Py (T) is —— - Py,;.
Qu(T); ¥V R

q q
Remark the fact that if Q D) =0 and q D(P,) = O, we cannot find

x € X where the g solutions (P, @,) of (1) for F can be used simultaneously. It is
useless then to consider (P, Q) = ((P;, @), i =1, ..., q) since D(P) = @ = D(Q).

. . 1 .
It is very well possible that for certain i, 1 < i € g, —— - Py;is the (n,m)-APA
*i
while for other 7, 0 ¢ D(Q,;). We now give an example that illustrates this remark.

Let

F,: R2 R defined by (x, y)—1 -+ 61—"— + sin(xy)
1—y

and
X ___ Y
F,: R2—R defined by (x, y)— e —ye,
X =y
Take n=m=1. Then—l— Py RE> Riis (x, )~ 1+ 10x— 101y (APA)
(o 1 —10.1y
2 2
and— . Py R2 o> Ris (x, y) » 12 TOSCE+ 3499 s pay.
Oss X+ p — 0.5(x% + xp + )
Now
1
- P*l
1 (p*l) _ Qw1
(Q*l ) Py, 1
o Py
s Q*Z
is the (1,1)-ARA for
x .
1+ -+ sin(xy)
F. 0.1 — y
( 1) . R? - R? defined by (x, ) —
Fy xe* — ye¥
E s 4

and

D(Q) 0 D(@;) = REN\ {(x,y)lx —0or y= 71(% or —x2+<x+y)(2—y)=0} 40,
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We have to remark that the restrictive conditions formulated in each preceding
theorem are always fulfilled in the classical theory of Padé-approximants for a func-
tion f: R - R.

The classical properties of Padé-approximants are found back when the theo-
rems are applied to the case X =R =Y.

The author is “ Aspirant van het Nationaal Fonds voor Wetenschappelijk Onderzoek™.
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