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WEAK COMPACTNESS IN BANACH LATTICES

CONSTANTIN P. NICULESCU

INTRODUCTION

In his remarkable paper devoted to the study of the weakly compact operators
on C(S)-spaces, Grothendieck [5] has proved that a bounded subset K of C(S)

is relatively weakly compact if and only if limsup|4(0,)| = 0 for each sequence of
n—00lEK

pairwise disjoint open subsets O, of S. This result was used later by H. P. Rosenthal
[16] to formulate the notion of a relatively disjoint family of measures, which is
instrumental in his criterion of weak compactness in a space L,(u): A bounded
subset K of L,(u) which is not weakly compact contains a basic sequence (x,),

which is equivalent to the natural basis of /; and such that Span(x,), is complement-
ed in L,().

The main result of our first section extends this criterion for weakly sequen-~
tially complete Banach lattices. Alternatively, we obtain the following dichotomy
theorem for operators T" given on Banach spaces and taking values in weakly se-
quentially complete Banach lattices: T is either weakly compact or its restriction
to a complemented subspace which is isomorphic to £; is an isomorphism.

Section 2 is devoted to characterizing the behaviour of weakly compact opera-
tors defined on Banach lattices in terms of unconditional basic sequences. For
example, it is proved that every operator T defined on a Banach lattice which contains
no lattice isomorph of /; is weakly compact provided that T' maps weak Cauchy
sequences into norm convergent sequences (the reciprocal Dunford-Pettis property).
A special attention is paid to finding the conditions under which the following dicho-
tomy result (a variation of the Dieudonné property) holds: Each operator T’ from
E to a Banach space F is either weakly compact or the restriction of T to a subspace
isomorphic to ¢, is an isomorphism.

In the present paper we shall often make use of the classical results due to
Kakutani concerning the AM and AL-spaces. Particularly we shall need the follow-
ing constructions of such spaces.
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Let E be a Banach lattice. For each x € E, x > 0, we can consider the order
ideal generated by x:

E,={ye E;@i1>0, ly| < ix}
normed by
[lylls=1inf{A ; [y < Ax]}.

Then E, is an AM-space with a strong order unit (which is x) and thus lattice
isometric to a space C(S,). We shall denote by i.: E, — E the canonical inclusion.

For each x'€ E’, x’ > 0, we can consider the following relation of equivalence
on E

x ~ 0 if and only if x'(|x) =0.
Then the completion of Ef~ with respect to the norm

[l %]l = x"(1x])
is an AL-space, say L,(x"), and the canonical mapping FE — L,(x") will be denoted
by j.+ - An useful remark is that (j,-)’ = i,- for each positive x"€ E’.

The main results of our paper, except for Theorem 1.7, have been announced
at the Symposium on Functional Analysis and its Applications, Craiova, October
2829, 1977; see[11]. Theorem 2.1 below was also included (without proof) in [13].

The characterization given here for Banach lattices having the reciprocal Dun-
ford-Pettis property was discovered independently by B. Kiihn (Dortmund).

The author is much indebted to Ju. A. Abramovich and N. Popa for many
valuable suggestions and criticism.

1. WEAK COMPACTNESS IN WEAKLY SEQUENTIALLY COMPLETE
BANACH LATTICES

An important result due to H. P. Rosenthal [15] asserts that each operator T
from a Banach space E to /(') is either weakly compact or the restriction of T to
a complemented subspace isomorphic to ¢; is an isomorphism. The aim of this
section is to discuss this result for operators with values in a weakly sequentially
complete Banach lattice. The essential ingredient in our approach is a weak com-
pactness criterion in terms of sequences of pairwise disjoint elements.

A bounded subset K of a Banach space E is said to be relatively weakly se-
quentially complete if every weak Cauchy sequence of elements of K is weakly con-
vergent (to an element of E). A subset K of a Banach lattice E is said to be solid
if [y| € |x|, x e K implies y e K.

1.1. PROPOSITION. Let K be a bounded convex solid subset of a Banach lattice E.

Then K is relatively weakly compact if and only if K verifies the following two condi-
tions:
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1) K is relatively weakly sequentially complete;
il K contains no sequence of pairwise disjoint elements which is equivalent to
the natural basis of ¢ .

The proof is a consequence of the main result in [17] (which asserts that every
bounded sequence of elements of a Banach space contains a subsequence which
is either weak Cauchy or equivalent to the natural basis of ;) and the following

1.2. LeMMA. Let K be a relatively weakly sequentially complete convex solid
subset of a Banach lattice E. If (x,), is a sequence of elements of K which is equivalent
20 the natural £-basis then there exist an increasing sequence of natural numbers
k(n) and a sequence of pairwise disjoint elements d,€ K which is equivalent to the
natural ¢,-basis and such that |d,] < |xyml, n > 1.

Proof. By Lemma 1.2 in {8] we may assume that F is separable. Then E’
contains strictly positive functionals ¢ i.e.,

x2 0, o(x) =0 implies x = 0.

In this case the canonical mapping j, is one-to-one, so we can identify E as a vector
subspace of L,(¢).

The remainder of the proof will be covered in four steps.

STEP 1. If ¢ is strictly positive then K is an order ideal of L,(¢) i.e.,

x € Li(p), ye K and {x] < [y| implies x € K.

Indeed, it suffices to consider the case when x, y > 0. Since E is dense in the
Banach lattice L,(¢), there exists a sequence of elements x, € E such that || x,—x]|,—0.
‘On the other hand

[av O) A x—x| < |x, v O—x[<|x,—x

ki

and thus we can assume in addition that 0 < x, < x and ||x, — x|, < 27" for each
n > 1. Put

Zy = supx,
k»n

where the supremum is taken in L,(¢). The sequence ( sup x,),, formed by ele-

n<k<sm+n
ments of K is weakly convergent, and thus z, € E. Since 0 < z, < y it follows that

z, € K and in a similar way we can conclude that z = infz, € K. Then
tx — zll, = lim||x — supx[l, < lim||x — x,ll, =0
n—»0 k>n n-»co

which implies that x = z.
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Step 2. If ¢ < Y are two strictly positive functionals then the identity of E

extends to a mapping L,(¥/) » L,(¢) whose restriction to the closure K of K in L,(%)
is one-to-one. ,
In fact, we have to prove that

xekK, x>0 implies ¢(x)>0.

For, choose a sequence of elements x,€ K with 0 < x, < x and |x, — x[l, < 277
for each ne N. As above we can conclude that

flx — infxll, — .
o

Because the sequence of elements z, = infx, € K is nondecreasing and ¥(x) > 0,

kzn
it follows that z, > 0 for n > n, and thus @(x) ><p(z,,o) > 0.

SteP 3. There exist a strictly positive functional ¢ € £’ and a subsequence of
(x,), with no weakly convergent subsequences in L,(¢).

In fact, if the contrary is true, then given a strictly positive functional ¢ € E’,
each subsequence of (x,), has a weakly convergent subsequence in L,(¢). Suppose
that x,.,, — X in the weak topology of L,(¢). For each x" € E’, x’ > 0, the functional
¢ = ¢ v x'is also strictly positive, so that (x,), has a subsequence, say (y,),
which is weakly convergent to y in L,(@). The result obtained at Step 2 shows that
y = xe L,(p); because of the continuity of the canonical mapping L,(¢) — L,(x")
it follows that the sequence (x,,), must be weak Cauchy in E. Or, the natural basis
of £; has no weak Cauchy subsequence.

STEP 4. The selection of the sequences (k(n)), and (d,),.

Let ¢ be a strictly positive functional as indicated at Step 3 i.e., such that the
sequence (x,), (possibly a subsequence of it) has no weakly convergent subsequence
in L (). Since E is supposed to be separable, the Banach lattice L,(¢) can be viewed
as an L,(u)-space for pu a suitable positive Radon measure on a compact Hausdorff
space S. Then a well known result due to Grothendieck yields the existence of a
sequence of pairwise disjoint open subsets D, = S and a subsequence (X)), of
(x,), such that

inf S |Xpmldi = &> 0.
neN

D,

See [5], Theorem 2, for details.
According to the result obtained at Step 1, d, = Xy(,- xp, € K. Then |d,| A

Ald,l =0 (m # n) and for every finite family of real numbers A, we have

I3 Adull = | X2l 1d ) 2 @72 YA le(d,) = afjol™- Y|4

which implies that the sequence (d,), is equivalent to the natural #;-basis.

Q.E.D.
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We need also a combinatorial result due to H. P. Rosenthal [16]. The argument
is so elegant and short that we include it here:

1.3. LEMMA. Let (a; ;); ; be an infinite matrix of positive numbers such that
sup Y, a; ; < oo.
ieNjeN '

Then for each ¢ > 0 there exists an infinite subset N, ¢ N such that
sup Y, a; ; <e.

IENg JEN,
J*El

Proof. We can choose by induction, for i = 1,2,..., positive integers k;
and infinite subsets ; of positive integers such that for all /:

a) If i > 1, then k,€ N;_,, N;; o N;and k; , < k;;
b) Y a,; <27 for allleN;
Jxl

©) apy; < 27 for all le N,
Then N, = {k,, k,.1,...} for p =[—lg,e] + 2.
Q.E.D.
We can now formulate the following criterion of weak compactness which
extends previous results due to Grothendieck [5] and H. P. Rosenthal [16]:

1.4. THEOREM. Let K be a bounded subset of a Banach lattice E, whose convex
solid hull is relatively weakly sequentially complete. The following assertions are
equivalent :

(W) K is relatively weakly compact

(R) There is no sequence of elements x, € K which is equivalent to the natural
basis of ¢ and such that Span(x,), is complemented in E;

(G) If (x;), is a weakly summable sequence of pairwise disjoint positive elements

of E' then
limx,(x) =0
uniformly for xe K;
(OG") If (x]), is an order bounded sequence of pairwise disjoint positive
elements of E' then
lima)(x) =0

uniformly for x e K.

Proof. Clearly, (w) = (R) and (G) = (OG’).

(R) = (G’). In fact, if the contrary is true, then there are a weakly summable
sequence of pairwise disjoint normalized elements x,€ E’, x;, >0, and a sequence
of elements x,€ K such that infix;(x,)| =0 >0. Put A= sup{|xl;x€ K},
po=sup{ Y, Ix"(x)|; x"€ E”, ||x"|| < 1} and ¢ = (1/2)inf{d, 6227 u"}. By Lemma
1.3 we can suppose in addition that

Y X <e n>l.
i#n
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Then for every finite family of scalars 4, and for ¢, = signi,x,(x,) we obtain
that

A1, =l BAx,1 2 A, Yexid] >
>6 Vil — % B4l 1xi0x)] >-i— Vi,

n i#n

which implies that the sequence (x,), is equivalent to the natural basis
of £,. Let .P, be the band projection generated by x, in E’. The functionals
d(-) = P,(-)ix,l € E"" are pairwise disjoint, 0 < d, < |x,| and in addition

dx;)) =6 and d,(x,)=0 for m#n,

which implies that the sequence (d,), is equivalent to the natural basis of 7.
Moreover, there is a positive projection Q of E’ onto Span(d,), given by

(=] f”(x:,) d

o) = e
"gl dn(xr’z)
. . o e . XX,
The isomorphism U: Span(x,), — Span(d,), given by U(x,)= = d,nzl,
(X

verifies || Ux — Qx| < —;H Ux|| for all xe Span(x,),. Consequently the ope-

rator P:(QIS—paH(x,,),,)‘loQ provides a projection of E” onto Span(x,),.

(OG") = (w). Without loss of generality we can suppose that K is alsc convex
and solid. If K is not relatively weakly compact, then by Proposition 1.1 above there
exists a sequence of pairwise disjoint elements d, of K which is equivalent to the
natural basis of £,. For the sake of convenience we shall identify Span(d,), as
£1. Let u’'€ E’ a positive extension of 1 = (1, 1, .. .)€/ to E. Put d, = v’ [d,]|E,
n > 1, where [d,] denotes the band projection generated by d, in E”. For each
xe E", x >0, we have

Yidy(x) < w'(x)

so that the sequence (d;), is weakly summable and formed by pairwise disjoint
functionals. But d)(d,) = 1 for each ne N, in contradiction with (OG’).
Q.E.D.

1.5. COROLLARY. Let K be a bounded subset of a weakly sequentially complete
Banach lattice E. Then:

1) K is relatively weakly compact if and only if K satisfies the following condition

<« For each order bounded sequence (x)), of pairwise disjoint positive elements of
E’ we have

lim x;(x) = 0 uniformly for xeK > ;

n—00



WEAK COMPACTNESS IN BANACH LATTICES 223

i) If K is relatively weakly compact so is its convex solid hull.

A result due to Lozanovskii asserts that a Banach lattice E is weakly sequen-
tially complete if and only if no closed sublattice of E is lattice isomorphic to c,.
See also [7] and [8]. Consequently the assertion i) in Corollary 1.5 above is equiva-
lent to the fact that £ is weakly sequentially complete. .

A first dichotomy result for operators having values in a weakly sequentially
Banach lattice is indicated by the following:

1.6. PROPOSITION. Let T be a bounded linear operator from a Banach space E
to a weakly sequentially complete Banach lattice F. Then T is either weakly compact
or the restriction of T to a complemented subspace X, which is isomorphic to ¢, is
an isomorphism.

This result is due to H. P. Rosenthal [15] for F =¢,(I'). The proof for F an
arbitrary weakly sequentially complete Banach lattice follows the same line and
depends on Theorem 1.4 (G') above.

The result of Proposition 1.6 is also valid for F a Banach space whose dual
is a C*-algebra. In this case the proof makes use of Theorem 11.2 in [2].

If E is a Banach lattice and T > 0 then X can be chosen to be a sublattice

We need the fact (due independently to Abramovich and Lotz) that ¢, is
complemented in any Banach lattice £ which contains it as a sublattice. A short
argument is as follows: At first notice that for each closed sublattice Span(d,), ¢ E
which is lattice isomorphic to /; there exists a positive functional x'€ E’ with

infx'(d,) > 0. Then Span(j(d,)), is a closed sublattice of L;(x") and thus comple-
mented in L;(x). If Q denotes a positive projection of L,(x") onto Span(j.(d,)),
then P = (j,-) o Q oj,- provides a positive projection of E onto §1;a;ﬁ(dn)n.

1.7. THEOREM. Let T be a positive operator from a Banach lattice E to a weakly
sequentially complete Banach lattice F. Then T is either weakly compact or the res-

triction of T to a complemented sublattice of E which is lattice isomorphic to/, is an
isomorphism.

Proof. Suppose that T is not weakly compact. Then by Corollary 1.5 above
there exist an « > 0, a positive ¢'€ F’' and a sequence (¢,), of pairwise disjoint
elements of F’ such that

0 <<
and
I T'g,| > a for all n€N.

Since the sequence (¢,), is equivalent to the natural basis of ¢, and inf||T"¢, || >

> 0, we may assume (by passing to a subsequence if necessary) that T”'|Span(e;),
is an isomorphism. (See Remark 1 to Theorem 3.4 in [16].) Put d, = T'¢;, neN.
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Then ||d;ll >a, 0 <d, < T'¢’ and
Wd] —dy—... —di < C

for all neN.
According to Proposition 1 in [9] there exist a sequence (d}), of pairwise
disjoint positive elements of E’ and a sequence (k(n)), = N such that

Idill >« and 0 <d., < dig,

for all meN. Again, by passing to a subsequence, we may assume that k(n) = n,
neN.
Let us choose for each neN a positive norm [ element x,e E such that

d:(x,,) > o and put x = Y 27"x,. Then E, is lattice isometric to a space C(S,)
and the positive Radon measures u, = x,-d, e C(S,)’ constitute a basic sequence
which is equivalent to the natural basis of ;. In fact, u,, A g, =0 for m # n and
il = (1) = c/‘:’,(x,,) > a. By Theorem 2 in [5], there exists a sequence of pairwise
disjoint elements y, € C(S,), 0 < y, < x, such that (by passing to a subsequence if
necessary)

inf S y,du, > 0.
neN

Sx

The elements d, = x,-y, € C(S,) = E are pairwise disjoint, ||d,|| < 1 for all
neN, and infd)d,) =y > 0.
By Lemma 1.3 above we may assume in addition that

sup ¥, di(d,) < 4
nENk#n

Put
o = sup{ le”(d,’,’)l; x"eE",||x"] < 1}

Then for each finite family of real numbers 4, we have

OIT1)- "‘;llnl 2 O TII-| YAudall = 8l B 4,Td,1 >

n

> KL ATd, Y ign i) 0D1> Bl-(opd— X 3 ol (To0d, > - T,
n k n nk#n
which implies that X=Span(d,), is lattice isomorphic to ¢, and T}X is an isomor-
phism.
Q.E.D.
The follewing corollary precises a well known result due to Bessaga and Pelc-
zynski [3]:
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1.8. COROLLARY. Let E be a Banach lattice. Then E' contains a lattice isomorph
of ¢, if and only if E contains a lattice isomorph of £ ;.

Proof. At first suppose there exists a sequence (e;), of pairwise disjoint positive
elements of £’ which is equivalent to the natural basis of ¢,. Then the mapping

T: E — ¢, given by Tx = (ej(x)), for all x € E, satisfies the hypotheses of Theorem
1.7 above and thus E contains a lattice isomorph of /;.

The other implication is due to H. P. Lotz. (See [7], Proposition 2.6, for

details.)
Q.E.D.

The role of ¢, and /; in Corollary 1.8 above cannot be inverted. In fact, the

Banach lattice E:(E @/m(n)) is weakly sequentially complete though E’
1 ¢

contains /; as a sublattice.

1.9. COROLLARY. The following assertions are equivalent for E a Banach lattice:

1) E contains no complemented isomorph of £;;

ii) E contains no lattice isomorph of {;

iii) E’ is weakly sequentially complete.

The proof of Theorem 1.7 above yields also the following

1.10. COROLLARY. Let E a Banach lattice and let (d)), a bounded sequence of
pairwise disjoint elements of E' which is equivalent to the natural basis of ¢,. Then
there exists a sequence (d,), of pairwise disjoint positive elements of E such that

suplld,|| < 1 and infld)(d,)] > 0.

The sequence (d,), need not necessarily be equivalent to the natural basis of
¢, Here is an example: Let us denote by (u,), and (v,), the natural bases of ¢, and
respectively £, and let (u)), and (v}), be their biorthogonal sequences. Consider

the Banach lattice £ = ¢, @¢, and put w, = —g-u,, @®v,eFE and w, = %« u, ®

@ v, e E’ for each n€ N. Then (w,), and (w,), are sequences of pairwise disjoint
positive elements, w,{w,) = 1 for each n€ N, (w,), is equivalent to the natural basis
of £, and (w}), is equivalent to the natural basis of £,.

1.11. ProBLEM. Let E be a Banach lattice which contains no lattice isomorph

of ¢,. Can the sequence (d,), in Corollary 1.10 above be chosen as being equivalent to
the natural basis of «¢,?

Two special cases of this problem will be treated in Theorem 2.4 below.
We end this section with another problem concerring the position of £; among
the subspaces of a Banach lattice:

1.12. PROBLEM. Let E be a weakly sequentially complete Banach lattice and
let (x,), be a sequence of clements of E which is equivalent to the natural basis of £,.
Does there exist a projection of E onto Span(x,,),,?

3-1529
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The answer is unknown even for E an L;(u)-space.
Our Theorem 1.4 (R) above shows that each subsequence of (x,), has a
subsequence whose closed linear span is complemented in E.

2. THE RECIPROCAL DUNFORD-PETTIS PROPERTY AND OTHER
DISTINGUISHED PROPERTIES

According to [5] a Banach space E is said to have the reciprocal Dunford-Petiis
property if every operator T from E into an arbitrary Banach space F is weakly
compact provided that 7" maps weakly convergent sequences into norm convergent
sequences. The classical examples of such spaces are C(S) spaces and reflexive
Banach spaces. The reciprocal Dunford-Pettis property is stable under finite products
and passing to quotients.

2.1. THEOREM. A Banach lattice E has the reciprocal Dunford-Pettis property
if and only if E contains no complemented isomorph of ¢, if and only if E contains no
lattice isomorph of £,.

Particularly we obtain some few more Banach spaces with the reciprocal
Dunford-Pettis property such as

(§ @f,,(n)) , 1< p<oo.
n=1 £g

The proof of Theorem 2.1 is an immediate consequence of Corollary 1.9 and
the following

2.2. LEMMA. Let E be a Banach lattice which contains no lattice isomorph of
¢, and let K be a bounded subset of E’ such that

(tDP) lim sup[x'(x,)| = 0

n—>wo x'€K

for each weakly convergent sequence of pairwise disjoint elements x,, € E.

Then K is relatively weakly compact.

Proof. At first notice that (rDP) holds also for the convex solid hull K of K.
We shall show that X is relatively weakly compact. In fact, if the contrary is true,
then by Corollary 1.9 and Proposition 1.1 there exists a sequence (d}), of pairwise
disjoint positive elements of K which is equivalent to the natural basis of /;. An
appeal to Corollary 1.10 yields also a sequence (d,), of pairwise disjoint positive ele-
ments of £ such that

Ild,l <1 and infd(d,) > O.
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. To conclude it suffices to show that d, —» 0 in the weak topology of E. The
argument given here is due to Abramovich. (See [1], Lemma 3.1.)

If (d,), is not weakly convergent to 0, then there exists an x'€ E', x’ > 0,
such that infx'(d,) = « > 0. Then for every family of real numbers 4, we have

o

Il

Y A2 1 Sl = 1S Al [Ti] Vi) > % Sl

in contradiction with the fact that E contains no lattice isomorph of £;.
Q.E.D.
Another distinguished property introduced in [5] is the so called Dieudonné
property: a Banach space E is said to have the Dieudonné property if every operator
T from E into an arbitrary Banach space F is weakly compact provided that 7 maps
weak Cauchy sequences into weakly convergent sequences. In the sequel we shall be

concerned with a slightly stronger condition of weak compactness related to earlier
work of Grothendieck {5] and Pelczyniski [14] on C(S) spaces:

2.3. DEFINITION. A Banach space E has the strict Dieudonné property if E
verifies the following two equivalent conditions:

(P) Every operator T from E into a Banach space F is either weakly compact
or the restriction of I"to a subspace isomorphic to ¢, is an isomorphism;

(G) A bounded subset K < E’ is relatively weakly compact if (and only if)
for every weakly summable sequence of elements x, € £ we have

limx'(x,) =0 uniformly for x’' e K.

n-»00

It is clear that a Banach space having the strict Dieudonné property contains
no complemented isomorph of /; and it is open if this condition is also sufficient.
In the context of Banach lattices this problem reduces to Problem 1.11 above.

The strict Dieudonné property is stable under finite products and passing to
quotients.

2.4. THEOREM. Let E be a Banach lattice which contains no lattice isomorph
of ¢,. Then each of the following conditions implies that E has the strict Dieudonné
property:

a) E is g-complete and E has o-continuous norm (e.g., E has an unconditional.
basis) ;

b) For each x"' € E"' there exists an x € E such that |x"| < x.

Proof. 1t suffices to show that each bounded convex solid subset K < E’
which verifies the condition (G) in Definition 2.3 above is relatively weakly compact.
In fact, if the contrary is true, then by Corollary 1.9 and Proposition 1.1 there exists
a sequence of pairwise disjoint positive elements d;€ K which is equivalent to the
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natural basis of /. For the sake of convenience we shall identify %(d,;),, as 7.
Let u” € E” a positive extension of 1= (1,1, ...)€/, to E and put z, = u""o
ofd;] € E”(n€ N) where [4,] denotes the band projection generated by . in E’.
The sequence (z,), is weakly summable and formed by pairwise disjoint elements.
Then the proof ends in the case a) by observing that

x"(x) = sup x'(x)

o<sx<x
xekE

for every x’€ E’, and x”'€ EY. An alternative proof is obtained by combining our
Lemma 2.2 with Lemma 2 in [18), which asserts that for each weak Cauchy sequence
(x),in E there exists an weakly summable sequence (y,), in E such that

n
(x -y y,‘) is weakly convergent to 0.
k=1 n

In the case b) let us denote by u a positive element of £ such that » > »”.
Then we can proceed as in the proof of Theorem 1.7 above by choosing x, == u/|u]|

for each n 2 1.
Q.E.D.

2.5. COROLLARY. Let E be a ¢-complete Banach lattice such that E' has the Schur
property (i.e., every weakly convergent sequence of elements of E’ is norm convergent)
Then E has the strict Dieudonné property. :

The same is true for E a o-complete Banach lattice whose dual has the Radon-

Nikodym property (i.e., every absolutely summing operator from a C(S)-space
into E is nuclear).

Proof. Since F is o-complete and contains no isomorph of £, it follows from
Corollary 10 in [9] that E has order continuous norm and thus applies Theorem 2.4

a) above.
Q.E.D.

Particularly, from the result above it follows that the Banach space

g = (g @fl(n))

has the strict Dieudonné property. The space £ can be isometrically embedded into
<, €.8., by using the mapping
(o) = (o, 0 + g, 0 — g, 0y + O+ g, Oy 05 — g,
Oy — Oz = O, — 0y + O -+ g, .. ).

2.6. THEOREM. Let E be a Banach space isomorphic to a subspace or to a
quotient of c,. Then E has the strict Dieudonné property.
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Proof. The nontrivial case is where E is a subspace of ¢,. By Theorem 10in [5],
if T e L(E, F) is not weakly compact then there exists a weakly convergent sequence
(x,), in E such that inf||Tx, , — Tx,l > 0. According to Lemma 9 in [5] the
restriction of T to a subspace isomorphic to ¢, is an isomorphism.

Q.E.D.

A Banach space E is said to have the Grothendieck property if every weakly*-
convergent sequence in E’ is weakly convergent (equivalently, every operator from
E into ¢, is weakly compact). Grothendieck has noted in [5] that this is the case if £
is a space C(S) with S a Stonean compact space.

A complete characterization in the context of Banach lattices is now given:

2.7. THEOREM. The following assertions are equivalent for E a Banach lattice:

a) E has the Grothendieck property;

b) E has the strict Dieudonné property and E contains no complemented iso-
morph of .

Proof. a) =b). We have only to verify the weak compactness criterion (G)
in Definition 2.3 above. For, notice first that because E contains no complemented
isomorph of 7, it follows that E’ is weakly sequentially complete. Let K be a bounded
subset of E’ such that for each weakly summable sequence (x,), of elements of F
we have
() limx'(x,) = 0
uniformly for x"€ K. It is clear that K can be replaced by its convex solid hull, so
by Proposition 1.1 it remains to prove that K contains no sequence of pairwise dis-
joint positive elements which is equivalent to the natural basis of 7,. In fact, if (d}),
is such a sequence, then

Timd.(d) > 0

1->00

for some de E,d >0 (E has the Grothendieck property and (d}), is not weak
Cauchy) and thus (d,|E,), is also equivalent to the natural basis of /,. Since Ejis
isometric to a space C(S) and cach C(S) space has the strict Dieudonné property,
the later assertion contradicts (x).

b) => a). Let T€ L(E, ¢,). Because E has the strict Dieudonné property it
follows that T is either weakly compact or the restriction of T to a subspace F which
is isomorphic to ¢, is an isomorphism. Because ¢, is separable injective, there exists
a bounded projection P of ¢, onto T(F). Then Q = (T|F)™ ¢ P o T provides a bounded
projection of E onto F, in contradiction with the fact that E contains no comple-
mented isomorph of ,.

Q.E.D.
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2.8. CorOLLARY. Let E be a Banach space such that E' has the strict Dieudonné
property. Then E' has also the Grothendieck property.

The proof is an immediate consequence of Theorem 2.7 above (actually we
need only the implication b) = a) which is true for all Banach spaces) and the fact
that a dual Banach space contains no complemented isomorph of ¢, The later can
be motivated as follows: Let (e,), be a basic sequence in a dual Banach space F’

which is equivalent to the natural basis of ¢, let i: Sﬁﬁ(e")n — F'the canonical
inclusion and let P : F"”" — F’ the canonical projection given by Pf"'(f) = f""(f)

forall fe Fandf'"'€ F’"'. Since the restriction of Poi’ to Span(e,), is an isomorphism,
an appeal to Proposition 1.2 in [16] yields an infinite subset N < N such that
Poi"|[Span(e,)

follows that §p§ﬁ(e,,),, is not complemented in F'.

neif]” is an isomorphism. Since ¢, is not complemented in /., it

Q.E.D.

By Theorem 2.7 above it follows also that a space C(S) has the Grothendieck
property if and only if C(S) contains no complemented isomorph of ¢,.

We end this paper with an open problem concerning the position of ¢, as a
subspace of a Banach lattice:

2.9. PROBLEM. Let E be a Banach lattice which contains no isomorphic copy
of ¢, and let F be a subspace of E isomorphic to ¢y. Is F complemented in E?

The answer is known to be afirmative for £ = C[0, 1] and thus for all separable
Banach spaces (Sobczyk’s result on separable injectivity of «,).
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