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GAUGE ACTIONS ON o,

DAVID E. EVANS

. INTRODUCTION

Suppose A is a zero-one n X n matrix, satisfying certain standard mild condi-
tions as in [12,9,10]. Then 0,, the C*-algebra generated by n non-zero partial
isometries Sy, ..., S, satisfying

S¥Si =Y, AGJ)S;SF i=1,2,...,n

j=1

was introduced in [I2] and shown to be uniquely determined by these relations.
Here we consider the natural gauge action of the circle group Ton @,, where teT
sends a generator S; of @, to tS;. If G == G(p) is the torsion subgroup of T deter-
mined by a generalized integer p, we consider C*(0,, G(p)) the crossed product of
@, under this action of G(p), and compute the K-groups of this crossed product.
in particular taking @,, the C*-algebra of the full n-shift, this enables us to show
that for fixed n, p is a complete invariant for C*(0,, G(p)).

In [18] we showed how to construct @, from shift operators on Fock space

(o]
@ (®™ C"). In §2 this construction is modified to get @, from shift operatorson a

n <0
subspace F, of Fock space. This enables one to give a canonical definition of @,
for any matrix A without restriction. Thus if A is o permutation matrix, 0, is cano-
nically isomorphic to B ® C(T) where B is a finite dimensional C*-algebra. In
the other extreme we consider the full n-shift, and give an elementary proof of sim-
plicity of 0,.

In §2 we consider the C*-algebra produced by considering weighted shifts on
F, of period p, for some positive integer p. This algebra can be identified as 0,
for the matrix A(p) = A ® J, where J, is an irreducible p X p permutation matrix.
04 can also be identified as C*(0,, G(p)), [11,17]. This particularly concrete
representation of 0, naturally leads us to embedd @ 4(» y in O 4, if Py} poand define
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o -
Oaipy == (U 04 ".')) if p is a generalized integer determined by a sequence of positive
i=1

integers (p;) where p/|p;.,. Then €, can be identified with C*(0,, G(p)). If n =1,
A =:1, these algebras are precisely the weighted shift algebras of Bunce and
Deddens [4].

In §4 we compute the K-groups of 0,(,, and deduce that p is a complete inva-
riant for (,,, = C*(@,, G(p)) for fixed n. In particular we recover the result of Bunce
and Deddens [4] when n = 1. In §5 we study the stable algebra of 0,.,, and show
that it can be expressed as the crossed product of an AF algebra by an automorphism,

(cf. [12]). Moreover if an integer p, divides a generalized integer p, we show that
O 4y and € o) are stably isomorphic, but not isomorphic in general. In particular
A £s

if p is finite, @ 4, and (OA,, are stably isomorphic. In this case, this can be regarded

as a consequence of the flow equivalence of A(p) and 47, and the fact that @, is a
stable isomorphism invariant of flow equivalence [12, 9].

We let B(#), respectively H# (#) denote the bounded, respectively compact
operators on a Hilbert space #°, and Q(s#) will denote the Calkin algebra B(#°)/ 4 ().
If o/ is a C*-algebra, .#Z(</) will denote its multiplier algebra.

I am grateful to K. Schmidt and W. Parry for discussions on topological
Markov chains and the referee of an earlier version of this paper for his remarks,
particularly in pointing out the relationship between the algebras considered here
and twisted tensor products of [8] and certain groupoid C*-algebras of [24].

This work was essentially completed during a visit to the University of Copen-
hagen. I am grateful to E. Christensen, G. A. Elliott, D. Olesen and G. K. Pedersen
for their hospitality, and the Royal Society for their financial support.

2. SHIFT ALGEBRAS

Let £ = {1,2, ..., n}, and H be a n-dimensional Hilbert space, with ortho-

0
normal basis ey, .. .,e,. Define Fock space F(H) to be @ (®™ H), where ®°H

m=0

denotes a one-dimensional Hilbert space spanned by a unit vector Q, the vacuum.

If u is a unitary on H, define F(u) to be the unitary @ (®™w) on F(H) where

m=0

®°u=-1. If he H, let OF(h) [18) denote the operator on F(H) such that
OFRf=h®f, fe ®"H, m > 1, and OF(h)Q = h. Then

F)OF(h)Fu)* = OF(uh),
OF(h)*OF (') = (I, b1,

Y, OF(e)OF(ep* =1, for h ' e H,
i=1

u unitary on H.
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Let A = [A(i, )] be a n X n matrix with A(i, j) € {0, 1}, and let .4 for m > 2
denote the set of multi-indices u = (i, . .., u,,) € 2™, for which A(u;, p;.)) = 1,
i=1,...,m—1,and put #y=2, M=\ M5 I p= (s, ..., 1, €Z" let

m==1
=0 ®...Qe, € ®"™ H. Let F% for m > 1, denote the subspace of ®"H

o
spanned by {e, : pe . 4%}, and F,= @ Fj where F{= CQ, and let p be the

M==0
projection of F(H)on F,. Foric X, define S, = pOFf(e,)p e B(F,). Then S, is a
partial isometry such that S,Q = e,

6®e, ®...0¢, if A, ) =1

Se, ® ... e, =
T o 0 otherwise

for (g, ...,y €A%, m = 1. Then

SES, =N AGLNS; SF+Q®Q, el
i

where Q @ Q denotes the projection on the vacuum. If w=A_uy, ..., 14"

let §,¢= :S’"“l ...§,,m, so that u e .#" if and only if S—u # 0, in which casee, = S, €.
If yu, ve 4 ,, then

SIS¢S: — X AGL)S; SHIS!
7
is the rank one operator, ¢, ® e, . Thus @, the C*-algebra generated by the operators

{8, :ie X} contains the compact operators H(F,) on F,. We can thus form the

quotient @4/A (F,) which we call 0, (c.f. [12]), and denote the image of ;S'“, weZ”
in this quotient algebra by S, . Then 0, is gencrated by partial isometries S; which
satisfy

(2.1 SES, = ¥ A(i,))S;S¥, ieX
7
(cf. [12]). This modification of [17] to get operators from Fock space satisfying

(2.1) has been observed by a number of people including K. Schmidt and [15].
Note that S; is non-zero if and only if

{(,“/‘»)29:1 € Za A(’: :“1) == 1 = A(ﬂk’ #k-}-l): k = ]: 27‘ . } 7& Q

In particular, S; # 0 for every j if and only if every column of A4 is non-zero.
If teT, F(t) leaves F, invariant and if we let G(t) = Flr,» then

GNS.G)s =1S;, teT, ieX. Let {a(t) : t e T} denote the induced strongly
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continuous automorphism group of @, such that «(f)S,=1S;, r<T, ieX.
In particular, if ye X" and S, # 0, then 6(S,) o T.

If n=1, A =1, then S, is the unilateral shift on F(C) & ¢,, OF = C*(S),),
and O, = C*(S;) = C(T), as S, is unitary with a(S;) == T, (cf. [5]). Thus ¢; = C(T)
as in [8].

Let # , denote the fixed point algebra of z. Then # ,is an AF algebra and
can be described as follows. Let P, denote the range projection S,;S* of §;,ie X.
Then # ; is the inductive limit of

Fo— F 1> Fy—o .
where
Fo=CP,® ... CP,, F,=Fi® ... ®F},
where

Tl = CHS,P;S¥ i, ve i)

are simple matrix algebras and the multiplicities of the embedding of 7, in .7, ,
is given by A*; see [12, 9] for details.

A property of A4 called (I) wasisolated in [12, 9] and shown to be equivalent to
the uniqueness of the C*-algebra generated by n non-zero partial isometries satisfying
(2.1). Moreover, if 4 satisfies a stronger condition called (1I), then the ideal structure
of ¢, was determined [9, Theorem 2.5]. In particular if 4 is irreducible, and not a
permutation matrix, then ¢, is simple. Thus if the »n X n matrix C has entries
C(i,j)= 1, where n = 2, then the C*-algebra O, which is also called @,, is simple
{see also [6]). Here we give an elementary proof of the simplicity of ¢, inspired
by [13]:

n?

THEORIM 2.1. €, is simple for n = 2.

Proof. Let P = Scx(t)dt denote the faithful conditional expectation of @,

onto #, = 7., which is a UHF algebra with faithful trace . Let ¢ denote the
. . . | S, : .
averaging map or averaging process given by ¢(x) = - b S#xS;, xe €,. Then
o1
as observed in [1] it is easy to show that

To P(x) = lim ¢"(x), xe0,

e300

if n = 2. Thus if Jis a non-zero ideal in @,, take 0 # xe J,. Then 1o P(x) e J as
¢ leaves ideals invariant. Hence J contains a non-zero scalar as 7 o P is a faithful
state on ¢/,. Hence J = 0@,
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REMARK. The above argument is similar to Powers’ argument [23] on
simplicity of the reduced C*-algebra of the free group on n generators. In fact OF
can be regarded as the reduced C*-algebra of the free semigroup on n-generators
[16]. The same argument can be adapted to show that if & is the C*-algebra generated
by any n-non-zero isometries .S; satisfying i S.;S¥ = 1, then .« is simple. Following

i1
[13], take a unitary S with spectrum equal to the whole circle, and let y be the strongly
continuous automorphism group of C*(S) such that a(z) denote the restriction of
1 ® y(t) on & ® C*S) to C*S; ® S :ieZ) so that a(r)(S; ® S) =1(S; ® ).
Then the argument in the above theorem shows that C*(S; ® S) is simple. Hence
by taking a character y of C*(S) and mapping C*(S; ® S) onto C*(S) by 1 ® %
it follows that C*(S;) is simple. Uniqueness follows as in [13].

THEOREM 2.2. [If A is an irreducible n X n permutation matrix, then 0, is
canonically isomorphic to M, @ C(T).

Proof. We take A(,i—1)=1=A(,n), i=2,...,n and A j)=0
otherwise. Then {S; : i € I} are operators on F, such that

SES; =S, .S, + 4®Q, iez,
and where the indices are taken mod n. Let H, = :S;,,S’;’:FA, ie X, and consider
W: F,-H,® ... ®H,, (n-copies) given by
We =@ S,S,—1 ... S;S¥¢, EeFy,
iz=1

so that

Wﬂ:(-e-)l é‘) = 2 SlSl* R S: i éielfﬂ'

i=1

Then W*W = 1, WW* is a finite rank projection and so W is a Fredholm partial
isometry which induces an isomorphism « of Q(F,) onto M, ® Q(H,). If e;; denote
the canonical matrix units in M,,, it is easily checked that

w(S)=¢€_1; @1 i#1

a(S) = e, 1 ®S, ... S5

Thus o takes @, onto M, ® C*(S,...S) = M, ® C(T), as o(S, ... Sy) =T.

It follows that if 4 is a » X »n permutation matrix, then ¢, is isomorphic to
B ® C(T), where B is a finite dimensional C*-algebra.
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If Ae M,(N), an n x n matrix with entries in N, let 4’ [12] be the associated,
strong shift equivalent, zero-one matrix defined as follows. The state space X’
of A’ is

(G, i, keXZ, 1<j< A k),

and A((i,J, k), (i',j, k")) = 1 if kK =i’ and 0 otherwise.
If A is a zero-one matrix, and p e N, we let

F,= Fi 4 FiFp - Fir2r . for 0 <i<p.

Then if u e 475, S,'L leaves F; invariant, and let T;l denote the restriction of Sﬂ to Fi.
Let 7 : A(Fy) - Q(F,) denote the quotient map, and set 7, = n(T}), pe .#§.

THEOREM 2.3. If Ae M,(N) and p= 1, there is a natural isomorphism between

€ », and C*(T,: e 7).

(4P
Proof. The state space Z’ of (47)’ = B can be identified with .#%"*, and for
o=y ooy fyi1)y V= (Vg o, Vo) €457, B(p, vy =1 if p,.;= v, and

fee] [ee]
0 otherwise. There is a unitary map U of @ FJ onte @ F'}?~! given by

m:=1 m=1

e, ...Re,—e, Q... ®e, ®e,Q..00k,R ... Qe ,, | ®
# Hy . “p Hp

" ’h

®eﬂm®"' ®em
1

Hpri
for g = (ub, .. e /Y io= 1, ..., m,and (4, ..., p") e . 4"%. To avoid
confusion, we write R, etc. (ue.#% ' = 5’) for the shift operators on Fy. Then

URf= S, ...S, S, U

"y Mle Hpil

(=]
for fe ® F§, n=(uy.....p,.,) = A% . Thus going to the Calkin algebras, U

m 1
induces an isomorphism of €, = C*R,:peZ’) onto CHn(T,T;T) : pe 45,
ieX) = C¥T,:ne %), by eclementary computations, and where we have
denoted the restriction of $;S7 to F, by T,T}.

In particular taking p = 1, it is seen that if 4 is a zero-one matrix then

€, ~ 6, .Thusif 4 e 4 (N). we can define unambiguously ¢, to be @, .

3. WEIGHTED SHIFT ALGEBRAS

We will now modify the construction of €, from Fock space in order to build
up inductive limits of such algebras.

Let 4 be a zero-one n X » matrix, and p > 1. Define subspaces £, ..., F,_;
of FasinRby F,=F, @ Fi?@F{"@ ...sothat F, = F,® ... & F,_,,
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and let p; denote the projection on F;. Let Z(p)=ZXx {1, 2, ...,p} and we will identify
{1,2, ..., p} with the group Z, = Z/pZ, in the obvious way. For a = (i, j) € Z(p),
we let R, denote the partial isometry on F, with initial projection in F;_; and
range projection in F; given by R, == —S,-pj_l. Let 0F(4, p) denote the C*-algebra

— — roo_

generated by {R, : € Z(p)}, so that 0F(4,p) = 0f 2 H(F,), since S; =Y, R;; .
j=1

We let R, denote the image of R, in 04, P)/A(F,). If Z(p)is ordered by

GH<E,Yifj<jorifj=j and i <i', let B= A(p) denote the np X np
matrix on the state space Z(p) given by

0 A
. A0
(3.1) B = A(p)=|" .
0 4 0

Then R¥R,=: Y, B(x, f) R,R5 if «¢ X X {p} and R¥R, = ¥, B(x, pRyR}+
BEX(p) BEX(p)

+Q® Q ifael x {p}. Thus R¥R, = Y, B(«, HIR,RE, e Z(p).
0F(A4,p) can be regarded as a weighted shift C*-algebra. If yel,, ieZX,
let Ri(y) denote the bounded operator of F, given by

(32) :R'(‘y)eil ® “ .. ® Pim S {‘ymei ® ei"l ® e ® eim lf A(I’ [1) = ]

0 otherwise

for (iy, ..., i,) € 44 I y is of period p, i.e. y,, = 7,,,, for all m, then R{(y) can be
represented as

o. ... .. 0 Vo356 )
VlS(i,l) 0
0 ...... yp—ls(i,p—l) 0

on Fy, @ ... @ F,_,. Then 0F(4, p) is the C*-algebra generated by {R(y) :ic X}
as y ranges over all sequences of period p, (cf. [3, 4] for the case n = 1). Notice also
that if one takes the matrix of the full shift 4(7, j) = 1, and unbounded weights in
(3.2) and project onto Boson and Fermion Fock space, one gets the Bose and Fermi
creation operators, [18].

. p=1_
Let T(;’ n= @ R(i,j-}—r) < ‘@(FA ® ... FA), for (l,)) € E(p), and let
r=0

n:%(® F)— QS F,) denote the quotient map, and T; ; = n(?‘(i’j)). Then
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there is a natural isomorphism between &, and CHT,:xzZ(p)). Let
Q=0@ ... Qe F, ® ... ® F,, (p-copies), and let Q" denote the vacuum

of Fu,y, with shift operators {N, 12 e X(p)} on Fip- Then V:@ F5, —
ko1

Avp:

N

- @(@ Fl‘,) {p-copies) given by JK’;Q” > TQ ue M, k = 1gives a unitary
ko1 )

which induces an isomorphism of Q(F 4, onto Q(@ F,) taking N, onto T,

X
o € X{p). The coordinate map 71;(,-.]-) - 72(,~,j) then induces a homomorphism of € 4,
onto C*(R, : 2 € Z(p)), (which is an isomorphism if A satisfies (1), since then A(p)
also satisfies (I)).

By §2, there is an action @ (respectively «) of Z,={1,2,...,p} on €},
(respectively 0,) given by ‘a(q) : S, — 798, (respectively a(g) : S; — ¥4S,) where
, = exp(2mifp), g€ {1,2, ..., p}. Let 0 : € — Cx(¢F, Z,) < M, (4(F,)) denote the
canonical embedding in the crossed product, so that 0(57,) = i@'}?&i@ LLL@®YP LS,
and let U be the unitary in C*(6%, Z,) implementing «, with spectral projections

p—-1 _ I
E;, and spectral decomposition U = Y y’E;so that (S)E; == E;.,0(S;). Then
j0

let L(i,j) = f)_(S,-)Ej e#(H), if H=F, ® ... @ F,(p-copies), and CH0},Z,) ~
~ C*(L,:ae X(p)). Similarly, one can define L; jy = 0(S)E; € Q(H) and

. p-1
C#(0,,Z,) = C*(L, 2 € X(p)). Then put M, ;, =@ Ly ;. ne BHD ... @ H)
r 0

(p-copies), and if 7 : B(@H) - Q(® H) is the quotient map, put M(; ;, = =n(M; ;).
Then there is a canonical isomorphism between €,y and C*(M, : e 2(p)). In
factlet @ =(Q® ... ® Qf|peH, and Q" Q@ ... QL eH® ... D H
(p-copies). Define a Fredl}_olm partial isometry V from H® ... @ H into F,,,
by VM, ... M, Q' - Sy, - Sam Q, where Q here is the vacuum in F,,,, S,
ate the shifts on F,,, and a; € Z(p), m > 1. (Details are left to the reader). Thus ¥
induces an isomorphism of QH @ ... @ H) onto Q(F,,,) taking M, onto S,,
a e X(p). Taking the coordinate map M, — L, induces a homomorphism of @,
onto C¥*(04, Z,), (which is an isomorphism if A satisfies (I), cf. [11]).

The following will shed some light on the relationship between the crossed
product C*(0,, Z,) and the fixed point algebra @ip.

LEMMA 3.1. If A is a zero-one matrix, AP is flow equivalent to A(p).

Proof. Let C;=[C}Jf ,..., D;=[D; ;Jf ., denote the p X p matrices
i=1,...,p— 1 where

Cig=0 ifr#s, Cl,=1ifrsi+1, Ci ., =A4
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and
D';.’,,___lzll.fl<)'<f+], Di’:,r—lel'fI‘>l-—f—1,
D ,= A, and D, =0 otherwise.

Then A(p) = C\D,, D,C, = C,D,, ... and D, ,C, ;= E=[E, JP,.,, where
E, ,1=1ifr=2...,pE ,=A” and E, ; = 0 otherwise. Thus E is strong
shift equivalent to A(p). It is a routine matter using operation (ii) of [21, Theorem]
to show that E is flow equivalent to A”.

Now suppose 4 and its transpose satisfy (I), then so do A(p), (47)" and their
transposes. In which case by [9, Theorem 2.4] and the above Lemma, 0, and
0 » are stably isomorphic. This will also be shown directly in §5. Note that by [11]
the fixed point algebra (Di" is isomorphic to C*(S, : p e 4#%) which by Theorem 2.3
is isomorphic to 0 ,. Thus in this case, 0.,y ~ C*(0,, Z,) and (Di" ~0 p are stably
isomorphic.

From now on we assume that 4 satisfies (I). Let p,, p, be positive integers with
Pilps, and let ¢ = p,/p, . Then we have a natural embedding & of @Z( py) in (92,,2) >
since every sequence of period p; is also of period p,. If « = (i, ) € Z(p,), we let
A@) = {(i,rpr +7), r=0,1, ..., — 1} < Z(p,). Then under this embedding R,

in (Di(,,l) is mapped onto ¥, TQ,, in @5(,,2,. Then in the quotient algebras,
) BEA(a) )

@,F,(,,l) [ (F,) is mapped into (Dﬁ(pz)/% (F,) with R, mapped onto ¥, Ry.
BEA()

If we embed Z,,1 in Z,, by identifying x mod p, with xg mod p,, x e Z, then
identifying C*(0,, Zl’i) with F(Zpi , 04), the C*-algebra of 0, valued]functions on
z,, with twisted convolution, the function fe ﬁ(Zpl, 0, is mapped onto f
in F(sz, 0)), given by

B flg) if geZ, <7,
fg) =
0 ifgeZ, \Z,.

Then the embeddings 0A(p1) S O, and c*0,, ZP1) S C¥0,, sz) are compatible
with the previous identifications.

Let p={p;:i=1,2,...} be asequence of integers such that p;|p;.,. Let
0 4(p) denote the inductive limit of {@ 4,y : 7= 1,2, ...} under the natural embed-
dings of 04, in 04, ) Which can be regarded as a subalgebra of Calkin algebra
B(F )| (F,). Note that if G denotes the discrete subgroup of the circle generated by
{em/pj :j=1,2, ...} then 0,,, can be identified with the crossed product C*(0,, G)
under the natural gauge action of §2. If A4 is an aperiodic matrix, then A(p) is irre-
ducible for finite p, in which case 0,,, will be simple for any generalized integer p.
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If 4 e M,(N) we let 04,, = O, ,. This is unambiguous because if 4 is such a
matrix and p is finite then A'(p) = A(p)’ and so by Theorem 2.3, O,y = C ()
for finite p, and hence for all sequences considered above. In particular, if 4@, /) = 1,
we can consistently write €, for the corresponding 0,,,.

These algebras 0,,, are related to some others appearing in the literature.
If p is finite, @,,, can be identified as the twisted tensor product C” x €, of C” by
€, acting by cyclic permutation of the factors. In fact if {e;;} are canonical matrix

7
units in M, letu = Y€ ioa- Then the twisted tensor product C”x @, is defined in
i=1
{8] to be the C*-subalgebra of M, ® 0, generated by C* ® 1 and {u ® S, :ie X].
Then C# x @, is also generated by the np partial isometries {e;ju ® S; : (;,7) e Z(p)}
which generate @, ,,. Renault [Chapter 1I1.2] has expressed 0O, as a groupoid
C*-algebra. First let G, be the groupoid corresponding to the transformation group

@ Z, acting pointwise on [ Z, with the product topology. Let Z act on G, by
- 00 — oo .

a shift, o, in the natural way, and form G, X Z the semi-direct product of groupoids
{24, 1.1.7]. Let 0% = {ue [N Z, : u; = 0 if i < O} which is a subset of the unit space
of G,. Then the Cuntz groupoid O, is the reduction of G, X Z to O [24]. Let
¢ : G, X Z — Z, be the cocycle given by cy(g, m) =mmod p for geG,, m=Z,
and ¢ be the restriction of ¢; to O,. Then the C*-algebra C*(0, X Z,) of the skew
products of groupoids (as defined in [24, 1.1.6]) is isomorphic by [24, 2.5.7} to the
C#-crossed product C*(C*(0,), Z,), where 0, = C*O0,) the C*-algebra of the
groupoid O, , and the action of Z, on ¢, is seen to the canonical defined in §2.

The analogous algebras in the case 7 = 1 are those of Bunce and Deddens
[4). Hn=1,A4=1,then 6F(1, p)| £ (/)= M, ® €(T) by [4]. Thus by Theorem 2.2,
CE(L, pY/ A (o) ~ O, where A is an irreducible p X p permutation matrix. We thus
write 0, for OF(, p)| H ({s) = 0, =~ M, ® €(T), if p is finite, and if p = {p,}{*,

with p, 1 piyy, we let Oyy= ) Oy, Note that 0y, can also be described as C*(T, G)
i=:1

{or C*(0,, G)) where G is the torsion subgroup of T associated with p as defined
previously, and where G acts by rotations {19, page 248].

4. COMPUTING THE K-GROUPS OF WEIGHTED SHIFT ALGEBRAS

From now on we assume that 4 is a zero-one matrix, satisfying (I), with n>2.
The quotient map from Z” onto Z"/(1 — AY)Z" will be denoted by [-], and the cano-
nical basis for Z” by {f; :ie Z}. In [9], K(6,) was computed to be isomorphic to
27 /(1 — AY)Z”, and generated by the equivalence classes of P; = §,5F,ie X, which
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are identified with [f;], 7e . Moreover in [9, 10], K,(¢,) was shown to be
isomorphic to Ker(l — A9. If ¥} x;f; € Ker(l — A'), with x; € Z, then taking the
i1

equivalence class of Y x;S; (suitably interpreted and modified via unitaries in % )
essentially gives a bijection betwezn Ker(l — A4') and K,(0,).

If p; and p, are positive integers with p,|p,, then e : Ouinp = Ouipy induces
maps e, :K*((DA(,,l)) — K$((OA<,,2)). We already know from §3 that Oainp is stably
isomorphic to (9,4’%’ i=1,2 (at least if A' also satisfies (I)). In which case,

Ko(Oapy) =Z'/(1 — A"z, and K (O4p0) = Ker(l — Atpi). (Moreover if A(i,j) = 1,
then 0 , is isomorphicto @ , and so Ko(Cuip) = Z/(n”"—l)Z, and K,(0,,.)) = 0.)
In ordcrA to compute e, after ’t'hese identifications, we first make these identifications
a bit more precise.

Lemma 4.1, With the identifications Ko 04,0)= Z'/(1 — A7) 2%, Ky(€40p)
~ Ker(l — A7, ey Z'(1 — A™Z" — Z(1 — A)Z" takes [x] onto [(1 +A4" -

2 P, - § ; o .
-+ A R At(,2 p"))x], xeZ*, and e, :Ker(l — At/ N — Ker(l - At/ %y s
the inclusion map.

Proof. Letp = 1, and let X, Y denote the invertible np X np matrices given by

1 0 .. 0
A 1 .
X=142 4 1. :
) ) 1 0
AP 1 472 0 A ]
and
1 0 0 A4
0 1 A?
Y = )
1 Aﬂ—l
0 0 1
Then
1 0
X[L— A(p)Y = g
0 1— AP

Thus Y'induces an isomorphism f of Z"?/(1 — A(p))'Z"” onto 2" /(1 — A")Z",
given by f: [x] = [(Y¥),], x € Z"?, where y, denotes the last n coordinates of y
in Z'. Thus f:[(xy, ..., x)] = [A'% + A%%, + ... AW Vx,_, +x], x;€ 2", and
S izl > [0, ...,0,2)], zeZ". Similarly X* induces an isomorphism g of
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Ker(l — A‘pl) onto Ker(l — A(p)"). Specifically if x e Ker(l —- A') then g(x) =
= (AMP-Dy gUr-Dy | A'x, x) is the corresponding element of Ker(l — A(p)).
For p = py, ps, let f1, fo, €1, 8o etc. denote the corresponding objects. Define

n

92" 5 27 by p(x) = (x, ..., X) (pafp, copies), x e Z"%. Then ¢(1 — A(p,))=
= (1 — A(ps)) ¥, so that we have an induced map ¢ from Z'wl/(l - A(pl)')Ziw1

into Z'"2i(1 — A(p,))Z"™". Moreover since e maps S,S¥ onto ¥, SyS5, weXZ(p)
BEA(2)
it is seen that e, = @. We now have the diagram

21 — 4"yzr 771 — A"Hzr
lf;l Tﬁ_,
21 — AP —— 21— A(pHZ™
Then for x= 727,
S/ Tx] = f2lO, ..., 0, x)] = filz],
where = = (z,, .. ., zp_:), z;eZ", z; = x if i = 0 mod p, and 0 otherwise. But

t(p,—p))

fl) =A™ = A" 4 + 1)x]

so that
- try tr,—r)
Lof P =0+ 47+ .o+ A" ),

which completes the identification for K,,.

If (x,)e Z"'. then

e( E x,S) = Z @(x)5Sp.

2€X(p,) BE€Z(p,)

It then follows that e, : Ker(1 — A(p,)") — Ker(l — A(p,)") is the restriction of ¢.
We now have the diagram

lp2

Ker(1 — 4™ Ker(l — A

lgl Tge_l

Ker(l — 4(p)H ——> Ker(l — A(p2)Y).

)
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Then for x e Ker(1 — Awl) < 7",

Wp, -1 Up -2

87 'Pgi(x) = g7 o(4 x, 4 Xy ooy A, X) = g571(2),

where z == (z;, ..., 2, ), and z; = A = jmod p;, 1 <j<p,. But g7l(2) = x,
50 that gilegy(x) = x, which completes the identification for K.
LEMMA 4.2. With the identifications K(Cyip ) = Z)(a" —1) Z, e, : Z)(n"*—1)Z—
— Z/(np2 — DZ takes x mod(np1 — Do .x(np2 — D= 1) moa’(np'2 —1), xeZ.
Proof. If A(i,j) = 1, then A?(i, j) = n”~*. Then by Lemma 4.1, K(0,(,)) =
= Z"|(1 — AP)Z*. We have by [20] the diagonalization
1 0
V(i — AYW= .
0 1 1—n?

where V, W are nonsingular n X n matrices over Z with

1 0 1 0
V:(:'. V“1=(*}.'- )
1..1 0. —1 1
Thus Z"/(1 — A?)Z" is identified with Z/(n” — 1)Z and the remainder of the
identification is as in Lemma 4.1.
THEOREM 4.3. a). If p = (p)2, is a sequence of integers with pi|p;,;, then
Ky(04) = Wim(Z /(1 — A™YZ", @), where @, : Z0J(1 — A™HZ8 > Z7f(1 — A" 27
-
is given by

WPy —pp

o[+ A%+ A7+ .+ 4 )x], x € Z
and KI(OA(p)) ~ Ker(1 — Atp’), for some j.
b). Ko(Oupy) = im(Z)(n"* — DZ, ¥)

where W, : Z/(" — DZ -~ Z/(np“rl —1DZ is given by x mod(npi -1 -
= 21— D" = 1) mod(n” — 1), x e Z. Moreover Ky(0,,,) = 0.
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Proof. This is an immediate consequence of continuity of K., Lemmas 4.1
and 4.2, and that lim(Ker(l — Atpi), 0,) = Ker(l — 4”7 for some j, if 0, are the
inclusion maps.

ReMark. If n =1, and p = (p,) is a sequence of positive integers as usual,
then as noted previously, the relevant algebras are the weighted shift algebras of
Bunce and Deddens [4]. Then 6, ) ~ M, (%(T)). Now K, (@(T)) ~Z, and K (%(T)) ~
~ Z, with the constant function in 4(T), and the map f: z — z in €¥(T) generating
K, and K, respectively. Then Kj(@l(pi))z Z. Since the embedding of Ospy) in Gy,
is unital, KO(@I(pl-)) ~ Z maps into KO((OI(,,M)) ~Z by m-o(pi./p)m, mel.

Moreover, by [4, Proof of Theorem 2], the unitary v = (j(; (}) of Ml’i €Ty

maps to
0 1 0 ¥ o0\ /O 1...0
o -l 1 0 )
u 0 ‘O, 0 ul \1 0 0

Then since the unitary group of MP-H is connected, the embedding of K,(0,( =L

into K1((91(p,-»:-1)) ~ Z is the identity map. Thus K0,y = lim(Z, p;../p) =
-

= {alp; raeZ, i=1,2,...}, a subgroup of the rationals, and K,(0,.,,) ~ Z.

COROLLARY 4.4. Let p = {p;}, g = {q;} be sequences of integers such that
PiiPis1s Gilgizy, and n 2 1. Then O, is isomorphic to O, if and only if for each i
there exists j such that p;lq; and q;|p;.

Proof. Suppose that for each / there exists a j such that p;jg; and g;'p;. Then

wop) S G S Ontay Ontap S Onipy € Onpy a0 50 0,5y = gy

Conversely suppose O,y =~ @y Then if n > 2, by Theorem 4.3

0

iim Z/(npi — 1Z ~ lIim Z/(nql — 1)Z. Hence for each i there exists j such that

(n"'—1)!(n" — 1). Suppose p;tg;. Then g;=rp;+s, where r > 1,0 < s < p,,
with r, s e Z. Then, for some integer x

rpl.+s .

W — Dy =0 — 1= 0" 1 0" — 1),

Hence (n" — 1)y =n"i(n* — 1), for some integer y. Let z=n'—1; zp=
=(1 —zy(n*— 1), and so zw=pn*—1 for some integer w. Thus w=
= — l)/(npi — 1), which means 0 < w < I, a contradiction. Thus p;.g;. The casc
n = 1 is an immediate corollary of the computation of Ky(0,,) in the preceeding
remark.
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We have thus recovered the result of Bunce and Deddens [4] on the classi-
fication of the weighted shift algebras ¢,,,, through an examination of K.

For completeness we note that information about the Ext groups of the class
of algebras considered in this paper can be obtained from the Universal Coefficient
Theorem in [26]. Also if p is finite, Ext* ¢, ~ Z"/(1 — AP)Z", and if p,|p,,
et L 2Pl — Apg)Z” - Z'(1 — A™MZ s simply [x] —» [x], xeZ". This can be
shown directly from the identification of [12] or from Lemma 4.1 and [10, 3.1, 4.1].
Similarly for Ext°.

5. THE STABLE ALGEBRAS

Let A4 be an aperiodic n x n matrix, and p = (p,) a sequence of positive inte-
gers with p;[p; 1 as usual. Here we show that the stable algebra 0 4, can be expressed
as a crossed product of an AF algebra and an automorphism. In §4 we have shown

that Ky(0 4,y = lim (Z/(1 — Atﬁ")Z”). In a similar fashion (by generalizing to not

necessarily zero-one matrices) one can show that if p/p, denotes (p;/p,)f2,, then

RGN

v

K¢ )) ~ limZ*(1l — 4

)

Apl(/i//)1
Thus
KO((OA([))) ~ K0 , ).

1
A Ypip,)

We also show in this section that 0 ,,, and (9/1,,1( . are in fact stably Isomorphic
17,111

but not in general isomorphic.

Let p be a positive integer. We first recall from [12, 9] how to express the
stable algebra of 0, (and @ ) as a crossed product of an AF algebra by the inte-
gers. Let X, be the compact space {(x;)e X% : A(x; x;.1) = 1}, with the shift
o = ¢, defined on X, by o(x); = v, ., and with %(X,) the group of uniformly
finite homeomorphisms of X,[12,9]. Let 0 : Z(p) - X be given by 0(;,j) = i, and
let © from X,,, onto X, be the continuous map given by O(x); = 0(x;). Define
continuous injections /iy, ..., &, from X, into X,y such that Oh; = idXA, and

r
[1i(x)]g == (X0, /) x€ X4 i =1, ...,p. Then Xy, is the disjoint union |_j /1;(X,),

and in this way we can identify (X ,,,) with the direct sum 9(X) @ .. .j (+5 G(X ),
(p-copies). If Fis a subset of X, we let W4(F) denote its unstable manifold [9], with
the inductive limit topology. If Fisashift invariant countable subset of X ,, let (W%(F))
be the group of homeomorphisms of W*(F) such that the coordinates affected by
any g in ¥(W*(F)) are bounded on the right. Now let £ be a countable shift invariant
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subset of X, such that W¥*(F) is dense in X, and such that the orbit under (X )

of each x e W*(F) is infinite. Let F! = ©@-1F, which is a countable shift invariant
r

subset of X,,,. Then W“(F") is the disjoint union (_j #;W*"(F), and we can identify
J1
GWHFY)) with Z(WYEF) @ ... ® G(WH“(F)) (p-copies). Thus W*(F') is dense in
X 4p)» and orbits of points of W*(F') under 4(W"(F')) are infinite. Moreover @
maps WY F') onto W*(F), and induces @%, say, from € W*(F)) into % W*(F1))~
Y CAWF)) @ ... D GCLWHUF)), given by O%(fy=f@® ... @, which inter-
twines the shifts. Define a group homomorphism = from (W*(F)) into ¥(W*(F'))-—
=YW (F)D ... D YW"F)) given by n(g)=(g, . ..,g). Let U denote the cano-
nical representation of %(W*(F)) in the crossed product /(A)—= CHW"F),
G(WH(F))), so that o/ (A) = lin'{fU(g) SfeC(WH(F)), geG(WH(F))}. Then sZ(A(p)) -
= Z(A) ® ... ® H(A) (p-copies). Let S(4) denote that ideal generated by
Ug)P(W) — U)P(W), where P(W) is the characteristic function of a compact
open subsct W of W*(F) and g, he ¥(W*(F)) with g'y, = h'\,. Then J(4(p)) =
~JA) D ... D F(A). Let ?7:/, = o/ (A)]F(A) and define a =-homomorphism
o of F, into 97,,“,) ~F, @ ... »F, by p(x) =(x,...,x). Since the shift
normalises %(W*(F)) and leaves W*(F) invariant, there is an induced shift denoted
by ¢, or o on F,, and C*(ZF ,, o) is written as € ,. With the above identification

of Fupas F,4® ... ® F, one has
(5.1) Gaim(X1n o o2 X)) =(0 (X)), GalX1), s 04X, ), Ni€F 4

Thus ¢ intertwines with the shifts on # , and F 4(5)» and so induces a =-homomor-
phism ¢ of @, into @A(p). Similarly, if p;ip,, there is a natural homomorphism, also
denoted by ¢ of EA(pl) into €. Let

F(F) == U U {(J'A)EXZ_ =N, k< —m, Ay, ) =L k< 0};

xefF meN

and Z(a) = {(o%) € WF): (<o == a), a € L(F). Similarly one defines £(F*), and
Z(a) forae L(FY). Letyy, ..., §,: L(F) - L(F') be the maps such that [i;()], ==
= (¥o, 1), and Oy (»)]; = y;, for all j < 0. Suppose a e Z(F) and pu = (uy, ..., i) €
€ A% with A(ay, 1) = 1.Set Z(a, p) = {yeZ(a) : (yy, - .., y) = pu}. Ifalsoa’ e ZL(F)
and v = (v, ..., w)e . Z% with A(a;, v;) = 1, let w(a’, v, a, p) : Z{a, ) = Z(@',v)
be the uniformly finite dimensional homeomorphism defined by

(ud, v,a, )y), =y, 12k, yeZa,yp.
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If u is a uniformly finite dimensional homeomorphism of a compact open
subset B of W*(F) onto a compact open subset C of W*(F), let u denote its image in
ZF , which is a partial isometry with range projection P(B)and support projection
PO).

In [12,9] it was shown that @, is isomorphic to @, ® A, where .4 denotes
the compact operators on a separable infinite dimensional Hilbert space.

LEMMA 5.1.  If py, po are positive integers with pi|p,, then there is @ commutative
diagram:

.- 1 P
@A(pl) — (DA(PI) ® j
l‘; l?@l
12

@A(pg) > @A(pi) ®

where € 1 04,y = Oy, is the embedding of §3, and @, and oy are isomorphisms.

Proof. We follow the construction of [12, 9] for the isomorphism z,, ,, and
choose them carefully so that the diagram commutes. For simplicity, we only give
details in the case p; =1, p, = p.

For all ieZ, choose a(i)e L (F) such that A(a(i)e, )= 1. If « ={,k)e
eX x {l,...,p}, let

Yr-ala(®) ik #1

“) = {lﬁp(a(i)) i ko= 1.

Then a(a) e LP(FY) and B(a(oy), ) = 1, if B = A(p). For all i,jeX such that
A, j) == 1, define a}; € £(F) by

, ai),., r <1
Aijjr =
(@i { i r=0.

Then if ke{l,...,p}, and a= (i, k), p=(j,k — 1), let aly= Y(a;) e L(FY),
so that (a,5), = «. Then let a}} == a(i), a,; = a(x). Then oZ(a};,j) = Z(a}}, (i, 7))
and 67YZ(a.p, B) = Z(ays, («, ). Then

Sy =340, )) P(Z(a(i), G, jDe"ilai; j; a(j), ) i€Z

generate 0,, and

S, == Y, B(a, BP(Z(a(2), (o, B)))o i(ags, B; a(B), B), =€ Z(p)

I
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generate C,,,. Then under the homomorphism ¢, S; gets mapped to
Z A(Ia /){Z P(Z(a7(l’ ,\;)7 ('s k), (75 k — 1)))0- 1(2 ﬁ(a:i' ryJ, 1) (./! P ])1
i A r

a(j.r — 1. (j,r — N} =
Z A, ))P[Z(ali, k), (i, k), (j. k — I)e7wag; kyj k—1y (s K —1);

jok
alj,k — ), (L k—1)=

r )
= 2 Su,u‘: e(S)
k-1

(with & — 1, r — 1 taken mod p), where e is as in §3. Letting
B =) Z(a(i), ),
iex
and

B'= 0 1B:= ) S(a(x), %),

=€ X(p)
it follows that «,, o, constructed as in [12] vield the required commutative diagram.

REMARK 5.2. Tn [9] Cuntz used the isomorphism .4 ® €, =~ C*(7 4, 0) to
determine K(€¢,) from the exact sequence of Pimsner and Voiculescu [22]. The
commutative diagram of the above Lemma can be used together with the exact
sequence of [22] to give an alternative proof of the identification of the embedding
of K,g((OA(,,I,) in I(=:,((§A(,,2)), which we have already done in §4. One could also use
the follewing immediate consequence of Lemma 5.1:

THEOREM 35.3.

H @ €y = CHF yipyy L), where .7,,(,,) == lim egf-,,(,,i)-

f F=F,, 6=04,we let F7--F @ ... ® F. (p-copies) which we
identify with :977,,(,,) as before. Under this identification, o, = 6 4,, on Fris given
by (5.1). If x e Aut(F), the z-automorphism group of 7, define 0 = O(p, %) e
e Aut(F7) by

O(xy. ..o x) = (X)) Xy, .. u X, ), X, EF.

Define also 6 == 9d,€ Aut(:F?) by

Xy, . xp) = (o), .. 0” x,), xeF.
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Then if 0, = 6(p, 6*), 0,06 = 60, and so
H Q@ 04,y ~ CHF?, 6,) ~ CH(F?,0,)

using 8. Let u be the unitary in the multiplier algebra of C*(#,0) satisfying
o(x) = uxu®, x¢e F. Then CH(#, o) =Ei{au" ‘aeF, re Z}. Define = P FP

—> 2 p(g”) by
X 0
n@:( )
0 x

p

and v = v(p) = [v;}] eM,,[,///(C:“(Q':, oNlby v, .y =11 r#1, v, ,=ul, v,,=0
otherwise. Then n6,(x) = vn(x)v*, x e #7, and so

CH(FP, ) = ﬁﬁ{n(a)v’ D ae PP, rel) =
(5.2)
= M,,[l_i}i {awr" : ae F, reZ}] = M,,[C*(,}‘:, a?)].

In particular, this says & ® 0, =~ M[A ® 0], since we can identify (Z, %)
with (# ary 0), and so O, is stably isomorphic with 0, as in §3. We would
also like to draw the reader’s attention to [12, Remark 3.9} on which this identi-
fication is based.

If py|ps, we have ¢ : F '~ F * given by o(x) = (x, e x), (pz/pl-copies),.
x € F. This was defined previously when p, = 1. Define ¢’ : &F L, G by
@' (xy, .. Xp) ==

—(Py— —(py—py)

-p ~p py)
=(x1,...,xp,0' x), ..., 0 1(xl,l),... R ') (xpl)),
if x; € #. Then @ = d¢’, (/)’0,,1 =0, @', and so ¢ extends to a map also denoted
by ¢ of C“'(f y a,,l) into C¥(F pz, Op,)s which is as in Lemma 5.1, and ¢’ extends

to a map of C¥(F %, 0,,) into CHF ", 0,,)-
If p=(p;) is a sequence of positive integers with p;|p;.,, we let

00} F s T, 6, =0,, 0,=0,, 6,=0, c AuF"), v,=uv(p) be the
corresponding objects. Then

H® Oy = Lim(C*(F", Op)s Pi) = by Lemma 5.1
~ m(CHF ", 6,), ¢f) = using {8, i=1,2...}
-

=~ lim M,[CHZF ", ¢ using (5.2).
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Let 1 denote the identity in the multiplier algebra .#(%), and e = (1,0, ..., 0) e
€ .///(?P‘), which we can regard also as a multiplier on lim(C*(fp", 0)), i) = 4,
-

say. We show that esfe ~ 0 , ® . Now
A" Npip))

My (CHF, 6" le = M, , [CH(F, ) = Cx"'™, By,

Ipy

) ﬂi vl)

. o b PR
under ¢; after the identifications have been made. If &, cF ,,‘,,,,1(37) is
defined by

where B,=0(p:/p,, o). We determine the embedding C*(F %, f,)— C*(F "

/X3 0
(X, .. .,,\',,ir,,l) = ( . , X, €F
0

Xpilpy .

and w; = [w,]e Mp‘,,pl(u//(C”‘(y’"; };J)i))) isgivenbyw, , ;=1 if r# 1w, ::upi
if ¢ = p;/p,, and w,, = 0 otherwise, then

o, PP . . _=plp
cx(F ", B) =lin{nfa)w 1aeF ", reZ} ==

= My (CHF, 0").

, p;lp =P AP
Define @ : & 7 - F 7V by

14, . LN
Qi (X, ey X =

=P P) =P =P

—p; —-p: .
= (.xb st xq’ o ,(.\']), ces O '(-\‘q)s Y ('\.1)3 cees @ ('\Aq))

where q = p,/p,, x;e #. Then ¢@!'B; = B;_,¢}’, and so @} extends to a =-homo-
. P . Py ,
morphism from C’-‘(ﬂ*‘p'/pl, B,) into C*(ﬁ”‘+1 ) B:.) also denoted by ¢;’. Now

«pi(vf‘)z vfil, and ¢}’(w;) = w;,,. From this, commutativity of the following
diagram becomes clear:

eCHF, 0)e —  cxF" )

’ 11
@i ©®;

ec:::(j”i,»l, 0,.)e —> C*(ﬂ’-pi“!pl, Biv)

where the horizontal arrows are given by the identifications noted above, and which

s ,
take v‘:‘ onto w;. Details are left to the reader. Thus esfe ~ llm(C’-’(ﬂJ p‘, B, o) =
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® A, using the identification of (Z, apl) with (9'_'Apl, O s

). But

p
A" Yp/p))
Brown’s theorem [2] shows that esZe is stably isomorphic to o/. We summarize
all this by:

THEOREM 5.4. If A is an aperiodic n X n matrix, and p = (p,) is a sequence

of integers with p;[p; ., then O 4, Is stably isomorphic to (OA Protpy’
Pl

Note that in general 0,,, is not isomorphic to (OA,,I( iy e.g. the image of the
olpy

identity of 0, in Ky(@,,,) has order n — I, whilst the image of the identity of

n K (@ ) has order ni— 1

i
n” 1(p/p,) ,,”1(,,/,,1)
An alternative proof of Theorem 5.4 can be obtained by embedding

C‘k(@jpl, G('p)/Zpl) as a corner of C*(0 4, G(p)) as in [25].
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