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THE SUPERPOSITION PROPERTY FOR TAYLOR’S
FUNCTIONAL CALCULUS

MIHAI PUTINAR

This note is a continuation of [10} and it contains some functorial properties
of the functional calculus with sections of an analytic space developed there. The
spectral mapping theorem [12] and the superposition theorem in several variables
spectral theory ([1], [4]) are particular cases of Theorem 1, respectively Theorem 2.
The implicit function theorem of Arens and Calderon ([1], [6]) is extended to Taylor’s
joint spectrum.

The proofs are based on the topological-homological techniques initiated by
J. L. Taylor in [14] and presented shortly, in the form used in this paper, in [10].
The reader is refered to [2], [8] and [13] for a more complete description of this theory.
Some facts from several complex variables function theory, like Cech cohomology,
a Kiinneth formula and the existence of the envelope of holomorphy for an open
subset of C™, are also used in this paper. No integral representation formulas for
analytic functions appear explicitly in the proofs.

ft is interesting to remark that the superposition theorem for Taylor’s functio-
nal calculus (Theorem 2 below) need for the proof a coordinateless argument, by
passing from an open subset of C” to its envelope of holomorphy, which is a Stein
manifold. This may be the substitute for Arens and Calderon’s Lemma from the
classical spectral theory.

Parts of this paper have appeared in INCREST Preprint Series in Mathematics,
No. 43/1979, No. 39/1980 and No. 3/198].

First of all, let us recall some notation and results from [10]. Let X be an ana-
Iytic finite dimensional Stein space and let M be a Fréchet @(X)-module. Then there
exists a closed subset o(X, M) of X with the following properties:

a) A Stein open subset ¥ of X is disjoint of o(X, M) if and only if

N e(x)

Torg (o), M) =0

for each ¢ = 0, [10, Proposition 3.a.].
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b) If # is a Stein covering of o(X, M), with finite dimensional nerve, then

N 0UX) pope
Torg "' (€ (%), M) = M for q = (,

and
== forg >0,

where €°(%) is the alterning cochains Cech complex. Moreover, in this case there is
a structure of Fréchet @(X')-module on M which is compatible with the G(X)-
-structure, given by the natural map

. nA NEX) e
(1) O(X)Qax, M — Torg " (67 (W), M) = M

where X' =- {_) U, [10, Theorem 4]. Moreover, the map (1) does not depend on the
UEw

covering % and it is functorial in X'.
If X ==, if M is a Banach space, and if the structure of @(C")-module on

M is given by a commuting n-tuple of linear bounded operators a, then o(X, M)
coincides with Taylor’s joint spectrum Sp{a, M), [14].

THEOREM 1. Let X be a finite dimensional Stein space, let M be a Fréchet
O(X)-module and let [: X' — Y be a morphism of analytic spaces between an open
subset X' of X which contains 6¢(X, M) and a Stein space Y. Then

fo(X, M) =: o(Y, M)

where M is endowed with the structure of Fréchet O(Y)-module given by the map
f%:0(Y) > 0(X") and by (1).
Proof. Let us factorize f by its graph:

x L .y

{2 jn P I
) |

X XYclunXXY

and let us define Y’ = X X Y and f' = i o j. The conclusion holds for the morphism
p,[10, Theorem 5}, so it is enough to prove the theorem for f"and Y’instead of fand
Y (note that the set f'o(X, M) is closed). Let = : XX ¥ — X be the projection map.

For each point x,= X’ there exists an open Stein subset V,x,e V < Y/,
such that (f')~*V = =V is also Stein. Let % be a Stein open covering of X, with
finite dimensional nerve. For each open subset U=U, n... nU,, U, =%,
there exists a morphism of complexes

BEXI(O((f')~V), O(U)) - BN OWV), O(U))
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induced by m, where the O(Y’)-structure on @(U) is given by (f)* : O(Y') - G(X').

By the Kiinneth formula [10, (1)], ¢¥ is a quasiisomorphism. Let denote by KV its
cone (which is exact).

Putting together all of KY’s one obtains an exact complex of complexes K.
whose components are of the form K,” = E 69 €" (%), where E is a Fréchet space.
Hence K, is — ®¢(x) M acyclic by b), so that we have an exact sequence

TNk, My — Tors™ Ky, M) — 0
which, by the above construction and by b), is the cone of the morphism
3 BEIN(O(([) V), M) = BEYI(O(V), M).

Therefore there are the isomorphisms
aN X N ..
4 Tor®“HO((f') V), M) — Tor®¥1(@(V), M).

Let us remark that the ¢(Y’)-module structure on M is given via (f')* : O(Y")—
— ((X’) and via the natural map (1).

The set f'o(X, M) being closed, for each point x of X" \o(X, M) there exists
an open Stein neighbourhood V of f'(x) in Y’, such that (f)~1V = n¥ is also Stein
and disjoint from o(X, M). From (4) and a) we deduce that V n o(Y', M) = 0.

Conversely, if x = X"\(f') *¢(Y’, M), then there is a Stein open neighbourhood
V of f7(x) in Y’, such that ¥ is disjoint from ¢(Y’, M). From (4) and a) we have
(V) 0 a(X, M) = . Therefore the equality

%) flo(X, M) = o(Y', M) n f(X)
holds.

By the functoriality of (1) with respect to X', (5) remains valid if X’ is replaced
by an open subset X" of X, such that X' o X" 5 a(X, M). Therefore if we verify

that o(¥’, M) is contained in f'(X’), the proof will be complete.
Let ¥V be a Stein open subset of Y’ that is disjoint of f'(X’). Then, by the
Kiinneth formula {10, (1)},
Forl™ ) (o(V), O(U)) = 0
q B

foreachg>0and U= U, n... n U,, U,e%. Thus the complex of complexes

©6) BEY(O), €'(%))

. A . .
1s exact. The components of (6) are — ®a(x) M acyclic. Hence, with the same argu-
ment as above,

Torl™(o(V), M) = 0
for each ¢ > 0, and, by a), V' n o(Y', M) = Q. Q.E.D.
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Let us denote 3 the ¢(Y)-module M obtained from the @(X’) structure via
f*:6(Y)— €(X"), as before. While the previous theorem asserts the naturality of
a(X, M) with respect to X, the next result proves the naturality of M7 in f, when the
underling space is C".
THEOREM 2. Let M be a Fréchet O(C")-module and let f: U — C", gV - C
be analytic maps, where U < C", V < C" are open subsets and (C*, M) <« U < [V,

o(C", M) < V. Then
(MY = Me,

Proof. The set fo(C", M) is contained in ¥ by Theorem I, thus (A)¢ has a

good meaning.
One can suppose U to be connected, otherwise M decomposes in a direct

sum with respect to the components of .

Consider the envelope of holomorphy U of U, which exists by[7, Theorem 5.4.5.]
and is a Stein manifold. There is a natural isomorphism @(J) = €(U), which induces
a structure of Fréchet @((-I)-module on M. Then, using Theorem 1, o(T, M) -

= (U, M), by identifving U with an open subset of U.
Let us consider the following diagram with commutative squares:

) A I A /\C‘(Cm) i —~
GO ® M s OV) @ M——3 Tory'© (@ (), M) <= it
| | ’

id | f~f-'! f* ia |
v

Y 4

ier & ag B i A T3V oot £=147y ALY e
CC) @ M L 6(f W)@ M ——s Tors VNG (F247), M) «<=—1]

where 7 is an open Stein covering of ¥, with finite dimensional nerve, _);* is the mor-
phism induced by f *¢yid,, , and gof means g composed with the restriction of ,:
30f7'1V. Note that f~1¢  is still an open Stein covering of 0'('(}, A1), with finite dimen-

sional nerve.

The multiplication map given by the first row in the diagram is that of (M')=,
while the second row gives the M*/ structure. Indeed, starting with 2 ® m on the
first row, the result is (h~g)-m, where the product is made in the M/-structure (that
is 1 multiplied by & in (M”)®). On the other hand & ® m goes on the second row to

q’iz-gf)-m, where the product is that of ¢(U)-module. Extending the function
hgof to U, we have

(hrgof)y-m == (li-g=f)"-m,
by the functoriality of the functional calculus with respect to the restriction maps.

Further
(hegof)~ - == (frogof)-m
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by definition, the last term being just the product between /i and m in the 3¢ /-struc-
ture. Q.E.D.

The main application of the superposition property in existence theorems is
the implicit function theorem of Arens and Calderon ([1] and [6}). We shall present
below a refinement of this theorem.

Let A be a commutative Banach algebra of linear operators on a Banach space
M and suppose that the algebra A is closed with respect to the functional calculus
considered before. Then there exists a closed subset 4(4, M) in the maximal spectrum
of A, such that

Sp(a, M) =& A(4, M)

for each @ € 4%, n> 1, [11]. With this notation and assumptions, the following result
holds:

THEOREM 3. Let ae A" and let I be a continuous function on A(A, M). Let S
be the set {((x), ay(x), ..., @,(x)), xe€ A(A, M)}, considered in C"*2, with the
coordinates w, zy, ..., zZ,.

If F is an analytic function in a neighbourhood of S such that

Fh oo, ...,0)=0 on A(4, M)
and
oF/ow #0 on S,

then there is an element b of A which satisfies

(8) F([), iy oney a") == Q.

A P
Morcover, there is at most one b ¢ A such that b = h and such that (8) is fulfilled.

The proof of the existence is the same as the original one {I] and it uses Theo-
rem 2. The uniqueness statement has a slight modified proof:

Let b, b -+ ce A which satisfy (8) and b = b 4 ¢ = k. Then ¢ = 0 on 4(4, M).
Let R e O(Sp((c, b, @), M)) be the analytic function

R, w,z) =L [Fw +{,2) — F(w, z) — LOF/ew] .
By applying the functional calculus to R one obtains

C) | c[0F/ow(b, a) + c¢R(c, b, @)} = 0.
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But
Sp(eR(c, b, a) -:- CFlew(b, a): M) =

= [¢R(c, b, a) + ¢F/ew(b, a))” A(A, M) =
== [CFjew(b, a)]” A(4, M) ==
= Sp(¢Fjcw(b, a); M) =
= CFlew (Sp((b, a), M)) =
=CF/ew(S)

and the last set does not contain zero. Hence the factor which multiplies ¢ in (9) is
invertible, thus ¢ = 0. Q.E.D.

By using this theorem, all classical corollaries (Silov’s idempotent theorem
the existence of radicals, logarithms, . . .) can be adapted for Taylor’s joint spectrum

If the functional calculus commutes with the Gelfand transform, then there is
exactly one element b whose existence was proved before. We don’t know if the
uniqueness always holds.

Let us finally remark that the superposition property can be proved also for
other spaces endowed with a sheaf of Fréchet nuclear algebras. For example, the
superposition holds for manifolds and @*-functions on them.
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