5 oﬁfé‘géfo,%f_ﬁf?” © Copyright by INCREST. 1982

A CARLESON MFEASURE THEOREM FOR THE BERGMAN
SPACE ON THE BALL

JOSEPH A. CIMA and WARREN R. WOGEN

Let B be the closed unit disc in the complex plane C and let u be a finite measure
on B. For 0€[0, 2n), h € (0, 1) let

QO Nh =f{zeB|l —h<lz] <1, 8<argz <0+ h}.
The measure yu is called a Carleson measure if there is a constant C > 0 such that
wO, N < ch v O,h.

In [17 it is shown that g is a Carleson measure if and only if the injection mapping
from the Hardy space H? into H2(dp) is bounded (i.e. there is a €’ > 0 so that for
fe H?,

2
g|f<z>ﬁdu<z> <c Slf('ew)aﬁ a0
; 2n
B 4]

Several analogues of the Carleson theorem have subsequently been obtained.
Hormander [6] proved a version of this result for the Hardy space of the unit ball
B, in C". Then Carleson [2] produced an example to show that the result is false for
the Hardy space of the polydisc. In a more current paper Hastings [5] has proven a
Carleson type theorem for the Bergman space of the polydisc. Further, Stegenga
9] has obtained analogous results for certain weighted Bergman spaces.

In this paper we prove a Carleson theorem for the Bergman space of the unit
ball in C*. We also outline a short proof of Hormander’s result [6]. As an application
we consider the question of compactness of Toeplitz operators on Bergman spaces.
After the results of this paper were obtained Professor Peter Duren pointed out
the Hormander reference [6]. We wish to thank him for this reference.
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1. THE PRINCIPAL THEOREM

Let B, be the closed unit ball in C* (B, = B) and let X, be the boundary
of B, . If i is a measure on B, and p = 1, then H”(dy) is the LP(dy) closure of the poly.

nomials in z -= {z,, ..., z,). Further, let m,(z) denote volume measure on C".

Fix 7 = 1 and > —u. Consider measures defined by the equations
dvy(z) = (1 — z¥¢dm(z), zeB,,
dM(zy) = (1 — 2% " dmy(zy), ,€B;.
ForO<tr<land ne?,, let
Ly = izeB, 1 — (i<},

The notation (-, - ) denotes complex inner product in C*. A measure g on B, isa
v,-Carleson measure if there is a constant C > 0 so that

wW&F) < Cv(LU) VnelX,, Vi>0.

THEOREM 1. A measure p on B, is a v,-Carleson measure if and only if there

is a constant C' so that

S | fE)du() < C S Sy ¥ fe B dv,) .

B

n Bil

Proof. Our proof follows the pattern of the proof in [4] of Carleson’s theorem.
We construct a maximal function, establish a pointwise estimate, and appeal to
the Marcinkiewicz interpolation theorem. For # == 1, this theorem is due to Stegenga

{91. (See [5] for the f# == 0 case.)
We begin with a lemma (see also {7]) which gives integration with respect to
v, as an integrated integral. For 4 a measurable subset of B, let

2:{ eB, ¢4} .

Further’ forze Cn’ write = = (:1 s Ll)a where v = (:2 L Z") e "L,

Lemma 1. Jf fe LYdv,) and A = B, then

:f(z):dv,,(:)zgdml) § Fea VT m2 uidv, ).

SNy

where u' = u' |1 — jz,i%
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Proof.

\ e = Sdml(zl) S S (L — (22)dm, )=
i A

s
cglem 2
[T 3

ES

- S(l B Idm ) S P T=TmEuw) (1 — [y, ) =
A

_ S dA(z) S G VT o )y o) -
A

Now suppose g is v, Carleson. Fix #e X,. By an orthonormal change of
basis we can assume = (1,0, ...,0) = 1. Let fe L'(dv,), and define a function
f on B by

7z S e VT TalFu)ldv, ) -

n—=1

By Lemma 1, we have that

M S |/@ldv,(2) = Sf (z)dA(z) -

Bn B

If S(t) = {z;e B :|z; — 1| <1}, then again by Lemma 1, we have

@ v(F (1)) = AS(1)) -

Sti>1—r

MY = sup (7-——~— S @)ldn(2) )
' I{1)

Also, if g e L¥(dA), let

i
o= swp (0 S S )

Suppose now that fe€ A(dr,). Then for z; fixed, |f(z,, l/_l — |z,)2u")| is pluri-
subharmonic in »’. Using this fact and the radial symmetry of the measure dv,
one can show

f(zl) = S |f(Zl ) V] - ]lez—l[’)jdl’"_l(u,) Z lf(zl > O)i vn~~1(Bn—-])'

BI‘I‘_I
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Thus f{z,, 0) £ H'(d/) and by Stegenga’s proof [9, page 117],
S0 < KV, 0)

for some K > 0. By (1) and (2)

(M) = (N
SO
K » y
S, 0), € - ——— (MYl = K'(Mf)ir1).

Vn—l( u—l}
Now K’ is independent of 5 (see [9]) so that
3 if(2); < K'Mf):=) VYV zeB,.

The remainder of this part of the proof is standard. A covering argument
shows that the sublinear map A/ is weak type (1,1) from L(dv,) to LXdp). M is
clearly of type (oo, 00). Hence, by the Marcinkiewicz interpolation theorem, A7 is
bounded from L*dr,) to L*(du). Now the pointwise estimate (3) shows that the
inclusion map from H%*(du) to H?(dv,) is bounded.

For the proof of the converse, suppose that

S < ¢ g FEVE) Y fe HYdY) .
B

aw( T

(24

It suffices to check the Carleson condition at # = 1. For weB,, let g,.(c) =

S(1 = {zowyy W qf ==y, by radial symimetry and Lemma 1.
. PR
: e 2 -
Sw gy Sellcta, s T
8w dv AREAY-"
. 1 C,
== V.‘|~1(Bi:~1) ) L -——

(I —rz) % i = U ,,,.:),:— o *
(Sce [9, p. 118]) Thus if w(t) == (1 — 1)1, then
p

n C,

" e <
"g“'(‘)"L_(d\'n) ~ f"'z” °

Finaily,
V(L) = MS(i) = Co°
andgfor =z 57(1),
G

TN Fop Tl e
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Thus

S Igwn@PFdu@) = \ g n@PFdu@) = ,;[% W(FD)

n 710
and

S |gwn(@)*du(z) < € S lgwny@IFdy,(2) < iij
" 5,
This implies
C'C,

wF 1) < c < Cv(L0) -

3

We complete this section with a few remarks.

ReMARK 1. There are other sets which can replace the &(¢) sets to give an
equivalent definition of Carleson measure. For instance, we can use the sets 2(¢)
or &(t) defined as follows. For ne £, let

‘@([) = {ZEE” : “ - <23 11>| < t} >
D(t)=1{zeB,:|z| > 1 —1t, z/lz| e B@)} ,
Et)y=1{zeB,:z=p — in, where pe B(t) and 0 < A1 < 1t} .

Note that 2(¢/2) = F(1) S 2(¢) and £(1/2) = L(t) = €@) .

REMARK 2. A careful check of the constants appearing in the proof of
‘Theorem 1 shows that if C is small, then C’ can be chosen small.

REMARK 3. Hormander’s theorem [6] is valid for surface measure on the boun-
dary of a strictly pseudoconvex domain in C*. The method of proof of Theorem 1
provides an elementary proof of his theorem for the ball.

Let o, denote surface measure of X,. A measure u on B, is ¢,~-Carleson if there
is a constant C > 0 so that

&) < Co(B1) VYnel,,t>0.

THEOREM 2 (Hormander). A4 finite measure 1 is a o,-Carleson measure if and
only if there is a constant C' > 0 so that

S If(z)*du(z) < C' S |f(2)*de,(z) Vf< H*do,) .

n )‘n
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Proof. We begin with a modification of Lemma 1. For A & B, let
A=1{zeZX,; z;e A.

Lemma 2. If fe LY(do,), then

S If(2)lda,(z) = 2 S (1 — i3~y (=,) - S Sz VT = izp2 ) do, (') -

A A Tio1
The proof of Lemma 2 is routine. One can use the parametrization

8 0

i i . i 2 1o il
z=(re"t, ... e (L= — oo — )%,

do = 2"72(1 — ¥3)"=2(1 — P23 L (0 — P2 Prrs oo pyqdry oo dry 4d0 L. dO,

As in the proof of Theorem 1, fix € £, and assume without loss of generality
that n = (1,0, ...,0) = 1. If fe A'(do,) let

fz) = S iz, YT — iz ), do, o)

En—l

The rest of the proof parallels the proof of Theorem 1, and we omit the details.

2. APPLICATIONS

As an application of Theorem 1, we consider the problem of characterizing
1he compact Toeplitz operators on the Bergman space. (See [3] and [8].)
Let P be the orthogonal projection of L*(dm,) onto H3(dm,). If ¢ € L=(dm,),

define
T, : H¥dm,) » H*dm,)

by T,f =P¢f. T, is the Toeplitz operator with symbol ¢. More generally Voas has
observed [10] that an unbounded function @ may induce a bounded Toeplitz opera-
tor. Following [10] call a function ¢ on B, admissible if there is a constant C > 0

so that
‘Sf(Z)g(Z)rp(’Z)dmn(’z) < Cif.-lg" fge Hdm,) .
| ,

Clearly an admissible ¢ will induce a bounded Toeplitz operator, and conversely.

THEOREM 3. If ¢ = 0, then ¢ is admissible if and only if the mcasure odm,
is m,-Carleson.



CARLESON MEASURE THEOREM 163

THEOREM 4. If @ > O is admissible, then T, is compact if and only if

S (@)dm(2) = o(m(F (1))

()

uniformly in ye Z,.

The proof of Theorem 3 is essentially Voas’ proof for n = 1, and is straight-
forward. Further, Theorem 4 is proved using Theorem 1 and Remark 2 in exactly
the same way that McDonald and Sundberg prove the n = 1 case [8]. Of course
the above theorems hold in the weighted Bergman spaces H%(dv,) of the previous
section.

We close with some observations and examples concerning Toeplitz operators
T,, where ¢ need not be positive.

1. If ¢ is any function in L'(dm,) whose support is bounded away from Z,,
then T, is compact. (A weakly convergent sequence in H*(dm,) converges uniformly
on compacta.)

2. For ¢ > 0, compactness of T, is equivalent to lim {gf,. f,> =0 for every
weakly convergent sequence {f,}. Hence, if 0 < ¢ < ¢ and T, is compact, we must
have T,, being compact. Thus T, compact implies T, is compact.

3. We construct a real function ¢ ¢ L'(dnz,) such that T, is compact, but
T, is bounded but not compact. Let

S=1{re?:r 20,10 <1 —r).

On S, letp@re®) = (1 —r)~1 if 0 >0 and ¢@e®) = —(1 —r)"1 if 0 <0. Let
@ = 0 off S. As usual ¢ and ¢ _ denote the positive and negative parts of ¢. Since

{1=r)®

1
L ‘ ¢
g @ _(rei?y rdr \ dd = -<12,
J
12¢ d

it follows (Theorems 3 and 4) that T, 1s bounded but not compact.

The same is true for T, , and hence for T,..

We show that T,, is Hilbert-Schmidt. Let e(z) = [k + 1 z*. The set {e,}o
is an orthonormal basis for A*(dm;,). First, :

<Z~‘p:k, Z/c> = Q)
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and if &k # |,
(t--n*

: k141
(T 2%, 21y = S "7 dr S (eitk=N" — g-itk=D0)d0—

(1—=r
0
! (1=r)?*
’.kvt-l».—l
= S ‘li_ dr S 2i sin(k — 1HBdo .
0 - 0
Thus
1
Wi I+1 e . ['30
KT ,z2%, 2| < Dk — 11— Pdr< (k- 13 .
(r—r (k+ 1+ 2)
0
Hence,
C 3V k=1 k1) T+
(Tt en)t < U+ =2
and

2 Z 1<T(pek,el>;2 < +OO.
!

k

We can modify this example to produce a real function ¢ so that T, is compact,
but T, is not even bounded. Let (e = (1 — )2 if 0 <8 < (1l —#p,
o@e?y= —(1 —-rPif 0> 0 > —( —r)® and ¢ = 0 elsewhere. One can check
that ¢, and ¢_ are not admissible, but T, is Hilbert-Schmidt.

C. Sundberg has informed us that he and G. McDonald have constructed
similar examples.
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