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TWO REMARKS CONCERNING THE THEOREM
OF S. AXLER, S.-Y. A. CHANG AND D. SARASON

A. L. VOLBERG

1. INTRODUCTION

This article is devoted to a proof of a conjecture of S. Axler, S.-Y. A. Chang and
D. Sarason [2], and to an application of one of their results to bases consisting of
rational fractions.

Let D= {¢ e C: |¢| < 1} be the unit disc and T be its boundary. For ¢ € L*(T)
the Toeplitz operator T, on the Hardy space H?is defined by the equality:

T,h =P, ph, hecH?
where P is the orthogonal projection from L? onto H2. The function ¢ is called
the symbol of this operator. The Hankel operator with the same symbol is defined
by the formula:

H,h=P_¢h, heH?
where P._ =71 — P, , I being the identity operator.

The following question arises rather naturally: For what symbols f, g is the
product of two Toeplitz operators 7,7, a compact perturbation of some Toeplitz
operator? (Then it is well-known that this Toeplitz operator is Ty, [7].) So the
question above can be reduced to the following one: For what symbols f, g is the
operator Ty, — T'7T', = H}H, compact?

Let us also recall that H*[f] for fe L* denotes the uniformly closed algebra
generated by H* and f. One of the most interesting algebras of this type is the
algebra H*®[z]. It is well-known that H®[Zz] = H* - C, where C is the algebra of
all continuous functions on the unit circle. Now we are in the position to state the
following remarkable theorem proved in [2].

THEOREM A. If
(+) H¥[fInH*[g] « H* + C

then the operator HfH , is compact.

The necessity of the condition () was proved in [2] for a large class of func-
tions f, g but not in the general case.
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2. THE PROOF OF THE NECESSITY

Suppose that the operator Hf'H, is compact. We have to prove (x). Without
loss of generality we may suppose that |/ < 1, [lg!! < 1. Then it is well-known
that there are unimodular functions uef+ H®, v eg -+ H*® such that
) dist(zu, H*) = 1, dist(zo, H®) =1
(see [8], [14]). But dist(u, H*) < 1, dist(v, H®) < 1 and we conclude that the opera-
tors T, T, are invertible (see [14], Ch. VIII). Now we recall a well-known definition .

DerFINITION. An outer function he H? is called a Helson-Szegé function
. > [ ~ . . .
(he(HS)) if (I3 =e"*°, ue L™, |lvl, < —2 here v is the harmonic conjugate
function of v.

Thus the functions u, v are unimodular and the operators T, T, are invertible,
and so there are two Helson-Szegd functions h, /i, such that

) =1, p=

(see [1], [14] Ch. VIII).

To continue the proof we need four easy lemmas and some additional notations
to state them. If fe L? = L%T) we denote P.f by f, and P_f by f... We shall
not distinguish notationally between f and its harmonic extension to the unit disc
(so for aeD we have

fla)= Sf(é)Pa(é) am(®),
T

P(£) being the Poisson kernel).

By S* we denote the operator on the space H> = zH? (the bar denotes com-
plex conjugation) which is defined by the equality S¥/_ &6 p_zh_ forany function /i_
in H2%. It is obvious that for a e D the operator (I — aS™) is invertible in H*, and

h@ = @

3 (T — as*)h_)(&) = T ar feT.
LeEmMMA 1. For any fe L® we have
(4) P_- I = 1@ = _-f:(ﬂ_
1 —aé 1 —a¢
Proof.
f o o
S = ip_Eif= IP_Ef =
1 —a¢ jgoa & jZ()a <
& e e f-(&) —f-(a
— is — (] — -1 . =1 =7
jgo a’SHf_ = — aS*)~ Y I
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LeMmA 2. For any u, ve L™ we have (k,,

aer (1 — lalz)”'“’) .
1 —at )
(v_(&) — vA(@)u_(&) — u_(a)P,(&) =
&) 3 .
= k(EHFHK)E) + k&) (HXH Kk )E) — {Hk,, Hk,)PAL);

here {-, - denotes the usual scalar product in L* .

Proof. For any analytic polynomial f the following chain of the equalities
is obvious:

(e ,HEH K, fY = (HEH Je, , ko f Y = (Hyky, Hfkay =
= (Hk,, P_(f-Hk)) = (Hk,, [-Hk,y = {(Hk, - Hk,, .

def

Let F= (v_(-) — v_(@))(u_(-) — u_(a))P,(-). Then using Lemma 1 and the fact
that f is arbitrary we conclude that

(6) P,F = P (kHIHK,) .
Interchanging the roles of u and v we obtain

) P.F =P (kHIHK).

It is easy to compute the right-hand parts in (6) and (7). Namely

leankn)(é) _ a(HI:FHvkn)(a) —
E—a

P (k,HEH k)E) = (I — |a|?)P &

®)
= k(&)HFH k,)(E) — -C--~‘-’»-- CHEH K, k) -
—a

Now using the equalities (6), (7), (8) and the fact that F(0) = (H/k,, Hk,y we
obtain the following chain of equalities:

F=P,F+P_F=P,F+P,F — FO) =k, (HrHk,) +

4 k(H¥Hj) — - % (H ko, HE,Y — ; & (Hpy, HEY —
— a

¢ — a

- <Hv/"'a> I{uka> = I;aH:Huka + ka-IT:‘Huka - <Hvka= Huka>Pa(') *
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LeMMA 3. If the operator H}H, is compact then

lim Slu_(é) — 4 (@]10-(O) — v_(Q)|PAE) dm(&) = 0.

a1
T

Proof. This follows immediately from (5) and the fact that &, - 0 in the
weak topology of L2 if a — 1.

The following lemma was proved in a particular case by S. V. Hruschev and
V. V. Peller (see [13]).

. / .
LemMa 4. Let the operator H;iH, be compact and let v =——};—’ h being a
Helson-Szegé function. Then the operator H}H; is also compact.

Proof. 1t is a well-known fact (see [11]) that if 4 is a Helson-Szegé function
then the operator P, (defined on trigonometric polynomials by P.(Y] a,z") =

=Y a,z") can be extended to a bounded linear operator on L(Jh|2). B; H(1hi?)

n>0
we denote the closure of the analytical polynomials in L3((h}2). It is obvious that

H2(|h?) = P L2(|h|%). If L(H,, H,) denotes the space of bounded operators from
the Hilbert space H,; to the Hilbert space H,, then it is clear that
T e L(H?, H¥(h?)),
h
TWI'1\ Ty e L(H?ChP), H?),
h
L ":“T,-lg — T Ty € LCH*(i1?), H*(1h?).
k h
So using the hypothesis of the lemma we may conclude that the operator
T HH,T,T:1T, is compact from the space H(1®) to itself. But for every

h h
analytical polynomial p it is easy to check that

Lp = — T 1H;HT, T \T,p
i i

so L is a compact operator in H?(|/1;2). From this it is clear that

i i -'N ' nl L) ey
A],T;ML‘ Py leen sy =0

Here we use once more the fact that P, e L(L*(:41%), H%(|A]*)). But if /i is a Helson-

. 1
Szegd function then -]I-— is also a Helson-Szegd function. So LeL( H? (;]7;) R
1 3 =

Hz(ﬁll—a)) and we have:
(3

SEPI|LZNP+ i']_:(-l_>_ﬂ_2( 1§> = ¢< 00,

e I,
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Now by a well-known interpolation theorem ([3], Ch. V), we have

©9) lim || LzVP. |2, 2 =0.
N>

From (9) we deduce immediately that L is compact on H?; but it is obvious that
L= H}H; .

; —
COROLLARY. If the symbols u, v are of the form u= —hli—, v = %—, where
1
h, hy € (HS) and if the operator HiH, is compact then the operators HyH;, HX*H,,
HXH, are compact too.

THEOREM 1. Suppose that the operator HfH, is compact. Then
H*[u] n H®[v] =« H® + C.

Proof. We know already that without loss of generality we can assume the
. : I h
functions u, v are unimodular and moreover that u = 7}, v = —/z—, h, hy e (HS).
1
Using the corollary above and Lemma 3 we deduce that

(10) 11i|m18 (&) — u(@)l - [v(&) — v(@)|Py(§)dm(E) = 0.

T

For a uniform algebra 4, H*® < 4 < L* (i.e. a Douglas algebra) let M(A)
denote the maximal ideal space of 4. For every t ¢ M(H®) let u, denote the (unique)
representing measure of the homomorphism ¢; the (compact) support of this measure
will be denoted by S,, S, = M(L*®). Now we apply the following four well-known
facts:

1) There is a homeomorphic embedding of the unit disc D into M(H*) and
the disc is a dense subset of M(H™) (see [4]).

if) For every function fe L* let f(s), s € M(L*™), be the Gelfand transform of f.
Then the function tl—->8 f(s) dp(s), defined on M(H®) is continuous. We denote

St

def

f(t) = S f(s) dp(s), t € M(H*). On the unit disc D the function f defined above

is the i{armonic continuation of the function f to the unit disc. (See [8]).

iii) M(L®) = M(4) = M(H*) and ¢ e M(A4) if and only if the measure y,
is multiplicative on A. The algebra 4 is uniquely determined by its maximal ideal
space ([5]).

iv) M(H*® 4 C) = M(H*®)\D.
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Let t € M(H*)\D. We have to prove that either ,u(f) =1 or 10(t) —=1. Suppose
that |2(r)!, |9(s)] < 4 < 1. Then using i), ii) we deduce that there is a sequence of
points a@,, a, — 1 such that |%i(a,)!, 19(a,)| < A. But this contradicts (10) because
the functions u, v are unimodular. Thus we have
M(H®)\D = {t e M(H*)\D: () = 1} J {te M(H®)\D: o)) =1} d——efMu UM,.
Let te M,, then _

L= 20 = \ i a0 <Saa(s)tdu,<s) <,

oo

S, S,

and we deduce that %(s) = const for seS,. This means that the measure g, is multi-
plicative on the algebra H*[u] and using iii) and iv) we see that

M(H®)\D = M(H*[u]) y M(H¥[t]) = M(H*[u] n H*[c]).

Now from iii), iv) the conclusion of Theorem 1 follows.

3. BASES OF RATIONAL FRACTIONS WHICH
ARE NEAR TO ORTHOGONAL BASES

It is known that the rational fractions {k; },., form a Riesz basis in their

linear span if and only if the Blaschke product B:”E[‘ -i:i-];'"__zfé satisfies the
following condition: ‘
©) s=mf[[ ™ M 50
" oken b= Ay
A, A

T8 and let Ky = H? © BH*

"EG["‘N% 1 — né ’
be the closed linear span of {k;,n},,ea in H* Let Pg_denote the orthogonal projection
of H? onto Kp_, and let 2, be the projection onto KBG along Kpy. ,- By the fact

For every set ¢ =« N let B, = H AN

mentioned above, the condition (C) is equivalent to the following one:
“PBN\QPBGE; <l-—¢

for some & > 0 and every ¢ < N.
Now our aim is to find the condition ensuring that {k; } is near an orthogonal

basis in the following sense:
k,1” = (U + K)e,,

where {e,},»; is the standard orthogonal basis of #2, U is unitary and K is a compact
(or Hilbert-Schmidi) operator. Such bases will be called U -+ &, (resp. U + &,)
bases.

The two theorems below were conjectured by N. K. Nikolskil.



ON THE THEOREM OF AXLER, CHANG AND SARASON 215

THEOREM 2. The following statements are equivalent:
a) {ki tus1 is @ U+ G, basis;
b) "1_1)11105 = 1, where 5, % IBN\M()L,,)I

c) for every ¢ = N, PBN\GPB,, € Goo

THEOREM 3. The following statements are equivalent:
a) {k;,”} is a U+ S, basis;

b) TI 3, converges;
nz1
c) for every ¢ = N, PBN\GPB,, €3,.

Proof of Theorem 2. a) = b). If {y,} is the biorthogonal system for {k; }
and {k‘n} is a U+ S, basis then ||y,|l = 1 and so the projection 2, satisfies.
120 | == 1all-1&s, ]| > 1. But it is easy to see that [| Pl = |By. (Al

b) = a). We know that {k;_"} is a Riesz basis and so there is an isomorphism
A: (% - Ky, kl" = Ae,. We have to show that 4 = U -+ K. To prove this we need-
the main lemma from [2] and also some additional lemmas.

LEeMMA 5. [2]. There are two absolute constants C, and C, so that if B,, B,
are two Blaschke products with igfmaxﬂBl\, [By]) = 0 then HH;? H;f‘ | < Gl — ).
1 2

LEMMA 6. Let B be a Blaschke product with zero sequence {1} and
d d—e—fmf |BN\{")(2,,)] Then for every two Blaschke products B,, B, such that

B = Ble we have
igfmax(IBll, [Byl) = n*

— — 52
where n dﬁfl—l-/l—é——
o
, aef . ! é — 4! .
Proof. Let A(4,n) = {ge C: - - /T’A‘ < 11} . Applying the Schwarz.
T A
. oy def zZ + /1" . .
lemma to the functions g,(¢) = By n ( -] we conclude immediately
1-- Z,,z

‘ . —yi-e .
that |BN\{")(§)| znfor Eed(l,,n), n= -———5— . It is easy to see also that
A(A’n’ ’7) nA(ima '7) - g n7ém

Now let B= B,B,. If z ¢ UA(A,,,;;) then it is clear that |B(z)| = (as

|B(&)| = »n* for ﬁeUc’A(/l,,,n)) and thus max(|B,(z)}, |B:(2)]) = 2. Now we
suppose that zeA(/l,,,n) and 4, is a zero of B;. Then |Byz)| = |BN\,,,}(Z)| 2.

I am grateful to S. V. Kisljakov, who directed my attention to the following.
lemma.
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Lemma 7. Let x, = Ae, be a Riesz basis in a Hilbert space # (here A denotes
an isomoiphism between £* and H). If for every set ¢ = N, [|PnnoP,| < ¢ then

(I — 4] 4[%) < A%A < (1 + 441D,

20 E

Pr L N def def , . - 12
roof. Let e = Y e, x =Ae, K=(A%Ae, e) = Y ax
k=1 i 4

N
def i .
= i Y, ati(t)x, |, where {7,(t)} are Rademacher functions. For every fixed number
1

te[0, 1]let o, = {k e N: 7,(t) = 1}, 0, = {k € N, 7,(t) = — 1}. From the hypothesis
of the lemma we know that the angle between H, =) V(x;, keo;) and
Hng(xk, k € gy) is such that cos(H,, H,) < ¢&. Now if we denote by £, the

projection onto H, along H, and &, = I — &, then it is clear that

.

K— 20| = |2x + Pox|iy — |P1x — Pox|li | < 4(Pox, Pox)| <

N
< deos(H,, Hy)!' A | Z [el?.
1
So we have

K\ 2O a0 < deosrt, YA S et < 44T e

1
N
But it is easy to see that S,?(t)dt =Y lai®.
1
1]

1t is obvious that to finish the proof of condition a) it is sufficient (and neces-
sary) to show that A%4 = I+ S. Let Q, denote the orthogonal projection of
£% on Ve, k > n). It remains to show that 1 — ¢, < 0,4%40, < 1 +¢,, ¢, — O.
Now we note that PBIng = UHEIHE V, where U is isometric and ¥V is a partial

isometry. The required estimate for Q,4%*AQ, is an easy consequence of these lemmas
and the fact that || Pg Pp || = || H: H; || for every pair of Blaschke products
2 1 P2

By, B,.
b) = ¢). It is clear that for every set o, 0 = N we have

lim max( By, ()} 1B.(2)) = 1

iz}>1

if B satisfies the condition b). Then by the main theorem of [2] we may conclude

that H H; €Sy .
N\¢ 4
c) = b). Here we use a very refined theorem, proved by K. Hoffman in [12].
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THEOREM. (see [12]). Every Blaschke product (with distinct zeroes) has a
Jfactorization as a product of two Blaschke products B,, By, B = B,B,, such that:
(i) if a is a zero of B, then

(L — [«)IBY()] > |By(o)l;
(i) if @ is a zero of B, then
(I — [2IBI(0)| > |By(@)].

Now let 6 = {n e N: By(4,) = 0}. By the condition c), PBN\UPH‘, € Sy, and
$0 PBN\alKB., € S . But for every 4,,, n € a, we have

H PBN\akZm h‘_: = N\a(; m)l2

and so lim IBN\G(A,,,)I = 1. Using now the part (i) of the above theorem we
mEop, M=o

deduce that

fim By () = 1.

me g, M-»00

Similarly we have lim IBN\'//:}()"")l =1
mEN\g, mas ¢

Proof of Theorem 3. a) = b). Let I' be the operator such that I M, = ki,
;=&

1<n |/1 l l - I o
I'=U+K, Ke &,. Itisclear that F U+K KeG,,if and only if T'*I'=I+K, K, € S,.
(1 — AV — (2122

1 — 4% ), je1

where M, = k . Then {k;} is a U+ &, basis if and only if

But the matrix of this operator in the basis {M. ;,n} is (

Thus this part of the theorem is proved.
b) = ¢). Let B = B, B,, {£,} denote the zero sequence of B,. We have to prove

that PBJKB___' e S,. Let

dcf én _é_'l__ é

Flal 1= Ee

n

M, gcfkg . {M,} is an orthogonal basis in Kp_ .

|| o, M, | = | P_b, Bike || = | P_b,P_ Bike,|| < || P~ Bike || =
=1—|BE)N <1 —8;-

c) = b). The proof of this part repeats the proof of the last part of Theorem 2.
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REMARK. From the theorem of Earl (see [9] or [10]) or from one of the results
of S. A. Vinogradov it follows that, if for an interpolating Blaschke product B
with zero sequence {4,} the quantity é == inf EBN\{"}(').,,)] is close to one, then the

constant of interpolation is close to one, too. It is easy to see that here we have
obtained another proof of this fact.

In conclusion the author wishes to express his deep gratitude to N. K. Nikolskii
and S.V. Hruschev for valuable discussion and constant interest to this work.
The author thanks also S. V. Kisljakov for reading the manuscript.
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