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ALGEBRAIC MODELS FOR POSITIVE
OPERATOR VALUED MEASURES

SHIGERU 1TOH

1. INTRODUCTION

Dinculeanu and Foiag [7] characterized the conjugate relation between proba-
bility measures in terms of the isomorphism of their algebraic models. Concerning
other topics related to algebraic models, we refer to Dinculeanu and Foias [6] and
Foias [8]. Schreiber, Sun and Bharucha-Reid [19] and Christensen and Bharucha-
-Reid [3, 4] investigated algebraic models for measures induced by stochastic processes
and for measures on Banach spaces. Christensen [5] gave the definition of algebraic
models for positive operator valued measures and used it to prove an extension
theorem ([5, Theorem 3]) for a consistent family of positive operator valued measures
indexed by a directed set.

In this paper we first introduce the concept of algebraic models for positive
operator valued measures, which is slightly different from that defined by Chris-
tensen {5], on separable Hilbert spaces. Then, analogously to Dinculeanu and
Foias [7], we give a characterization of the conjugate relation between positive
operator valued measures by the isomorphism of their algebraic models. We also
obtain a necessary and sufficient condition in order that a positive operator valued
measure is conjugate to a spectral measure.

2. PRELIMINARIES

Let H be a Hilbert space and (Q, &) be a measurable space. Let B(H) be
the set of bounded linear operators on H.

DerFniTioN 2.1 (cf. Berberian[1, Definition 1and Proposition 1]). A mapping
E : o/ — B(H) is called a (normalized) positive operator valued measure (PO-measure)
if E satisfies the following conditions:

(i) For any Me o, E(M) = 0;
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(i) E(Q) = I (the identity on H) and E(@) = 0;

(iii) For any pairwise disjoint sequence {M,} of sets in &,
E (U M,,) =w-lim ¥, E(M)),
n=1 Toi=1

‘where w-lim is the limit in the weak operator topology.

If E(M) is an orthogonal projection for each M e &/, then E is called a spectral
-measure.

Let o/ = {M e o/ : E(M)=0}. For any (s/-) measurable functions f, g : Q—»C
{the complex numbers), we denote /' ~ g if {®we Q : flw) # g(w)} € &, Let

Y= {f:Q-C : f is measurable and |f] ~ 1},

where 1 is the constant | function on Q. Then ~ is an equivalence relation in I'}
and TI'% is an abelian group whose multiplication and inverse are defined by point-
wise product and complex conjugate respectively. Let I'y = I'h/ ~ (the set of equi-
valence classes of I't with respect to ~). I'y is also an abelian group whose multi-
plication and inverse are naturally induced from those in I'y. For fe I', we denote
by f and[f]the complex conjugate of / and the equivalence class in I' ; containing f
respectively. Let S == {x e H :||x|j == 1}. For any x, y € H, define a complex valued
measure i, on (Q, /) by pu, (M) = (E(M)x,y) (M e /) and a measure y, on
(Q, ) by p, = .. If xe§, then p, is a probability measure on (Q, &).

In the sequel we always assume that H is separable. For any countable dense
:set fx,) in S, a probability measure y is defined by

WM) =Y} 1 (M)2 (M & ).
n=1

Let P be the set of all such probability measures .
Take a measurable function f:Q — C such that for some ¢ > 0,

{weQ:|fi > ¢} € #,. Then we can define the “integral” Sdee B(H) by

((Sde) X, y) = Sfdux.y (x,ye H)

(cf. Berberian [1, Theorem 9}).
Now we give some lemmas. The proof of Lemma 2.2 is clear.

LEMMA 2.2, Let f,gelY. If f ~ g, thenSde:Sng.
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LemMA 2.3, For fe F"E,Sde =Tifand only if f~ 1.

Proof. («<=) Clear.
(=) Suppose that Sde = I. If we write f = g + ih, where g and / are real

valued, then

Sng+ iSth=Sde=[,

and for every x e S,

((Sng)x, )+ i((S th)x, X) = (x, ).

Since Sng andSth are Hermitian (cf. Berberian [1, Theorem 10]),

((Sth)x, x) = 0.

1= (x,x) = ((Sde)x, x) = ((Sng) X, X) = Sgdux =

We have

= Sg‘“dﬂx — Sg“dux <8g+d#x SSlgldux SSlfldux =(x,x)=1,
henceSg’du,c = 0. This implies that g = |g| (a.e. u,)and

Sgdux =L
Since |g| € 1 (a.e. uy), it follows that [g| = 1 (a.e. p,), thus &# =0 (a.e. u,). Therefore

f=g=lgl=1 (ae. p,) and f/ ~ 1.
By Lemma 2.2 we can define QO T'y - B(H) by

o (1fD =gde (/1€ Ty,

Lemma 2.3 means that ¢ ([f]) = I if and only if [f]=[1].

4—-c.1789
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3. ALGEBRAIC MODELS FOR PO-MEASURES

Let I" be an abelian group and ¢ : I' - B(H).

DermNiTioN 3.1. (T, ¢) is called an algebraic system if the following condi-
tions hold:

(i) ¢ is positive definite (PD), that is, for any positive integer n, for any
{Y1s-- s ya} = T and for any {x,,...,x,} < H.

2}_(‘/’(3’717;) Xis xj) >0;

(ify ¢(y) = I if and only if y = e (the unit of I').

DerFNITION 3.2. Two algebraic systems (I, ) and (I'', ¢') are said to be
isomorphic if there exists an onto isomorphism J : I’ —» I'" such that ¢(7) = ¢'(J(y))
for all yer.

Let £ be a PO-measure on (@, &/).

DEFINITION 3.3. An algebraic system (I, ¢) is called an algebraic model
for a2 PO-measure E if there exists an injective homomorphism 4 : [ — I'; with
the following properties:

(i) For each pe Pg, h(I') generates L¥Q, o, u);
(i) o(y) = @ (h(y)) for every yeT.
ProposITION 3.4. (g, @) is an algebraic model for E.

Proof. It suffices to show that ¢, : Iy — B(H) is PD (cf. Christensen {5,

Proposition 3 and Theorem 2]). For each positive integer n, take {f4,..., o} < T'E
and {x,...,x,} « H arbitrarily. Then

Y (oD v, x) = Y ((&fi f,-dE)x,-, =Y gf.-fjdu,:,.,xj.
1.7 1,7 J i)
For any ¢ > 0, there exist simple functions g,,..., g, such that | fi(w) — gdm) < &

(G=1,...,n0ecQ). We may write

H1

g = Z oc,-kka (i=1,....m),

k-=1

where 2, € C and y,, is the characteristic function of the measurable set M,
k
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(k =1,...,m). It follows that

Y Sgigjdﬂx‘-,xj = ¥ ¥ cudns, ,xj(Mk) =Y, E(E(MI\) AipX; 5 OjpXy) =
K i K

iJ i

= %:(E(Mk)(gaikxi), (zj:ajkxj)) > 0.

Letting ¢ — 0, then

Z Sgigjd”x,—,xj

4 J

converges to

5\ i

iJ

Therefore

Z gfx’f;'d/'lxi,xj 2 O

17

Hence ¢ is PD.

For M,Ne &/, we denote M ~ N if y,, ~ xy. Then ~ is an equivalence
relation in 7. Let o7, = of/~ (the set of all equivalence classes of o7 with respect
to ~). &, is a Boolean c-algebra and E may be also considered as a mapping
of &, into B(H). For M ¢ </, let [M] be the equivalence class in o7, containing M.

Let (@, ") be a measurable space and E’: /' — B(H) be a PO-measure.

DerinrrioN 3.5, Two PO-measures E and E’ are said to be conjugate if
there exists an onto Boolean g-isomorphism @ : s/, — </, such that E([M]) =
= E'(W[M]) for every Me .

The following theorem is an extension of a main result in Dinculeanu and
Foias {7, Theorem 2] to the cases of positive operator valued measures.

THEOREM 3.6. Two PO-measures are conjugate if and only if they possess
isomorphic algebraic models.

Proof. (=») Let  : o/, -~ &/, be an onto Boolean o-isomorphism realizing
the conjugacy between E and E’. Take pe Py and p’' € P such that

o0 (o]
p= Y u /2" and p'= % pg /2",
n=1

n==1

where {x,} is a countable dense sequence in the unit sphere S of H. Then o7, and
/", arc measure algebras of probability measures u on (€2, &7) and u' on (@', &7')
respectively (cf. Halmos [9, p. 42)], and, since E and E’ are conjugate, p and pu’
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are conjugate (Halmos [9, pp. 44—45], cf. Dinculeanu and Foias [7, Definition 1
and Remark 1}). By Dinculeanu and Foias [7, Proposition 2 and its proof}), there
exists an onto isomorphism /1 : 'y —» ;- which is also a linear isometry from

L¥Q, &, u) onto L¥(Q', &', 1) and satisfies the equality Sfdu = S/z(f)dy’ for every

{fle 'y where we use same symbols f for square integrable functions f and its
equivalence classes [ f]in L3, 7, p). Fix [f]e I'g arbitrarily. For any ¢ > 0, choose
a simple function g = Y o, such that f(w) — g(w)! < ¢ for all w € Q. For each i,

take M; e Yy([M]). Then h(g) = Y, o;x,,. and h(g) converges to h(f)in LA(Q', ', u')

as ¢ — 0. Hence, for any n, if ¢ - 0, then

Sh(g)du;,, - S/f(f)du.;n.
It is clear that if ¢ — 0, then
Sgdux,, - Sfdux,, :

Since E and E’ are conjugate, it follows that

I

Sh(g) d, = Yl (M]) = S (E (M), , x)= S aEMx, , x)=

= Zai”x"(Mi) = Sgd/‘xn .
Therefore we have
Sh(f)d#;,, ~ Sfd#x,,

and

((S h(f)dE')xn )= ((Sde)x,,, %)

for all n. This implies that S/z(f) dE' = Sde, which in turn means that ¢ p.(A({f]))==

= @ ({f]. Thus, the algebraic models (I'g, ¢.) and (I'g, @) are isomorphic.
(<) Suppose that E and E’ possess isomorphic algebraic models (I, ¢)
and (I'", ¢’). Let u e Pg and u’' € P be such that

[o) (o)
p= Y, u /2" and p' =Y pi/2".
n=1 n=—1
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We may consider that ' =« I'g., ¢ == @gand I =« ', ¢' = @ . Leth: T > I
be an onto isomorphism for which ¢, (f)= ¢, (A(f)) for all f € I'. Consider the linear
subspace 4 = L®(Q, o, y) of the finite linear combinations f= Y o, f; with f; el
and «;e C. Then for [ = Y «,f; € A, we obtain

L B -
S|f|2dﬂ = Szaiajfifj dp =Y a0,y '2;'Sfifjd”xn =
i i a=1

= T, ¥, 5 @00 50 = B2y Y, - (00 ) () s %)=

(] g 2:1
= Lo f} 2L S h(f ) h(f) dul, = }j_ociexjs h(f ) (T dp’ = S | Y oh(f ) d.
e n=1 0oJ

Thus, if /= Y o,f; = 0 (a.e. y), then Y, o;4(f;) = 0 (a.e. u'). Hence we can define
a linear mappingh : A — L¥(Q', ', ') by h(f) = Y, aih(f) (f =Y, a;fi€ A). It
is easy to observe that this /£ is multiplicative on A4 and satisfies the equality
1A ) le== || f ilz (the L®-norm) (f & A). By Dinculeanu and Foias [7, Theorem 1], A may
be extended to a linear isometry of L*(Q, o, 1) onto L¥(Q’, &', i'), still denoted by
h, for which A(L®(Q, o, 1)) = L(Q', o', 1) and h(fg) = h(f) h(g) for each f,
geL™(Q, o, n), so that there exists a Boolean ¢-isomorphism  of &/, onto &),
such that u(M) = u'(M’) whenever Yy((M]) = [M'] (M e &) (Halmos [9, p. 45]).
Now it is sufficient to show that this y realizes the conjugacy between E and E'.
Let M e o and M'e &' be such that y([M]) = [M’]. Then, by the construction
of ¥, h(Xp) = Xy, - Since @ (f) = @ .(h([)) for every f I, it follows that for any

n and any fe A with f = Yo, f,,

Sfdux,, _— Sfi A, = S0 )% 3) =

= Vol(@ph(fMxs %) = Lo S--h(f.-) duj, = S h(f) i,

Since I' generates L*(Q, &, p), there exists a sequence {f} = A such that f — Xar
in LXQ, &, p). Then A(f)— x,, in L¥Q', &', p') because h is isometric. Thus,
for any n,

Sfdux" - SxM dity, = (M), x,)
and
Sh(f) dus, S Yo il = (E(M)x,, %)

Therefore (E(M)x, , x,) = (E'(M")x,, x,). This implies that E(M) = E'(M"), and
E and E’ are conjugate. This completes the proof of Theorem 3.6.
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CorOLLARY 3.7. Two PO-measures E and E’ are conjugate if and only if
(T'g, @) and (T, @) are isomorphic .

If 2 is a compact Hausdorff space and &/ is the Borel field on Q, then a
PO-measure F : of — B(H) is called reguiar if for each x € H, the Borel measure p,
is regular (cf. Berberian [1, Definition 14, Theorem 20 and Examples 3 (p. 88))).

THEOREM 3.8. Let (I, @) be an algebraic system. Then there exist a compact
abelian group G with @ its Borel field and a regular PO-measure E : 4 — B(H)
such that (I', @) is an algebraic model for E.

Proof. Consider I' as an discrete group. Then G, the dual group of I', is a
compact abelian group. Since ¢ : I' — B(H) is PD and ¢(e) = I, by Nagy’s dilation
theorem [20] (cf. Itoh [11]), there exist a Hilbert space K containing H and a unitary
representation n : I’ —» B(K) such that ¢(y)x = Pr(y)x (xe H, yeI), where P is
the orthogonal projection of K onto H. For this 7, by Stone’s theorem (cf. Loomis
[14, p. 147 and Remark 34E]), there exists a unique regular spectral measure
F : 2 — B(K) such that

n(y) = S<g, y)dF(g)
(y e I'), where {g, y) is the value of the character g at y. Hence, for each x € H,
(p(7)x. x) = (Pr(y)x, x) = S(g- 7 A(PF(g)x, x).

Define £ : 9% —» B(H) by E(M)= PF(M) (Me%). Then E is a regular PO-
measure. For any ye I, let (-, y) be the continuous function g — (g, y) or the
equivalence class of this function in I';. Define a mapping /1 : I' — I';; by /i(y) ==
= (-, yy. Then & is a homomorphism. 1t is well-known that linear combinations of
characters of G are dense in C(G) (the Banach space of continuous functions on G
with supremum norm). Since any u e P is regular, C(G) is dense in L¥G, 4, ).
Therefore, for every u e Pg, ('} generates LG, B, ). For any x e H, we have

(P(y)x, x) = S<g, Y)duny(g) (S Hy) dE)x, %) = (@ (), X,

thus @(y) = @g(h(y)). 1t remains to show that /2 is injective. If h(y) = [1], then
for any xe€ S, h(y) = | (a.e. i) and

(@(y)x, x) = Sh()’) du, = (x, x).

This implies that ¢(y) == 7 and y ==e.
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COROLLARY 3.9. Every PO-measure is conjugate to a regular PO-measure on
an compact abelian group.

Proof. Let E be a PO-measure on (Q, &). Then (I'g, @) is an algebraic model
for E (Proposition 3.4). By Theorem 3.8, (I';, ) is an algebraic model for a regular

PO-measure E’ on an compact abelian group. Hence, by Theorem 3.6, E and E’
are conjugate.

4. ALGEBRAIC MODELS FOR SPECTRAL MEASURES

An algebraic system (I, ¢) is called canonical if ¢ : I - B(H) is a unitary
representation.

The following theorem is proved similarly to Theorem 3.8, hence we omit
the proof.

THeorReM 4.1. Let (T, ¢) be a canonical algebraic system. Then there exist
a compact abelian group G with & the Borel field of G and a regular spectral
measure E : B — B(H) such that (T, @) is an algebraic model for E.

THEOREM 4.2. A PQO-measure is conjugate to a spectral measure if and
only if it possess es a canonical algebraic model.

Proof. (=) Suppose that a PO-measure E on (@, &) is conjugate to a spectral
measure £ on (', &/'). We show that the algebraic model (I'g, ¢,) of E is

canonical. By Berberian [1, Theorem 15}, for any f, g € I'zr, we have

0o (18)= S fedE' = ( Sde') (Sgdf:') = 00 () 0 ()

Moreover, by Berberian [, Theorem 10], we obtain
I = Pe ([1]) = (Sdel) (Sde') = (pE,(f) (pE’(f)* .

Thus, (I, @) is canonical. Since (I'y, ¢p) and (I, ¢,) are isomorphic
(Corollary 3.7), (I'g, @) is canonical.

(<=) This is clear from Theorem 4.1 and Theorem 3.6.
Tt is not difficult to prove the following

COROLLARY 4.3. Any spectral measure is conjugate to a regular spectral measure
on an compact abelian group.
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