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COMPACT PERTURBATIONS OF DEFINITIZABLE
OPERATORS. 11

P. JONAS

The aim of the present note is to continue the study of perturbations of defi-
nitizable J-selfadjoint operators in a Krein space from [10].

In this paper we assume that the unperturbed operator 4 is a J-positive
J-selfadjoint operator similar to a sclfadjoint operator (with respect to some positive
definite scalar product).

We first consider, in Theorem 1, perturbations which produce J-positive
J-selfadjoint operators again. These perturbations are assumed to have, in a certain
sense, a small size with respect to 4 (see (2.10)). Theorem 1 extends a result of
K. Veselié ([15]) for A having a bounded inverse. On the one hand in our context
Theorem 1 is a tool for the investigation of perturbations which, in some
sense, are compact. On the other hand it is of interest on its own right.
It includes conditions for the preservation of regularity of the critical points and,
hence, criteria for the perturbed operator B to be similar to a selfadjoint operator.
Theorem 2, which is a consequence of Theorem 1, specifies a class of J-positive
perturbations which preserve the similarity to a selfadjoint operator.

In Theorem 3 we consider a class of perturbations which produce definitizable
J-selfadjoint operators. These perturbations are defined by some compactness pro-
perties with respect to the unperturbed operator 4. Though, for a general operator
A, not every finite-dimensional operator belongs to the perturbations considered
here, this class is of interest for another reason: There is a simple criterion for the
regularity of the critical point 0 of the perturbed operator. For the perturbations
considered here the difference of the resolvents of A and B (B the perturbed J-self-
adjoint operator, p(B)# D) is compact in a common point of their resolvent sets.
We remark that this property, by a result of [10], is not sufficient for B to be defi-
nitizable.

Roughly speaking, Theorem 3 is giving a class of perturbations such that the
perturbed operators have a spectral function with no more than a finite number of
singular points.
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We remark that perturbations of the type considered in this paper, which
can be defined by forms as well, are investigated in the scattering theory of diffe-
rential operators.

Besides the results of [10] we heavily rely on results of K. Veselié ([15]).

The results of this note can be partly carried over to unperturbed operators
which are not similar to a selfadjoint one and also to operators in spaces with inde-
finite scalar product which are not Krein spaces (see [8]).

I thank Professor H. Langer for valuable suggestions.

1. NOTATIONS AND PRELIMINARIES

1.1. Let & be a Krein space with the indefinite scalar product [x, y], x, y € 57.
We use the notations and definitions of [10]. In addition, we need the notion of
regularity for critical points (see e.g. [12]): A critical point 1 € R *’ of the definitizable
J-selfadjoint operator H with p(H) # ©is called regular if there exists an open
neighbourhood 4, = R of t, 4, nc(H) — {t}, such that the projectors Ej(4),
A < A,\{1}, 4 connected, are uniformly bounded. Here ¢(H) and E, denote the
set of critical points and the spectral function of H, respectively. The set of regular
critical points of H is denoted by ¢ (H). The elements of c¢,(H) = c(H)\c,(H) are
called singular critical points.

1.2. In the following let 4 be a J-positive J-selfadjoint operator:
[Ax,x}] > 0, O#xeZ(A).

We assume p(A4)#@. As a consequence the spectrum of A is real. Furthermore,
we assume

c(Ad) = 0.
Therefore, the spectral function F of A4 is bounded and

(x, ¥)o == lim[{E((n"Y, n)) — E((—n, ~-n )}x, 3], x,yeH,

defines a positive definite scalar product in 3£ such that A is selfadjoint with respect
to (+,-)p and [4x, y] = (j4ix, ¥),, X € B(A), ye K.

In the following we shall need some further scalar products and norms: On
the linear set D(4) n D(A4 ) we define

J j

(x, 1) =(A4 x, 147 e, xlfi=(x, x);

j=—2,—1,0,1,2; x,3e2(4)n2(A4Y).

(1.1)

*) R = R U {oo} is regarded as the one point compactification of R.
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It is easy to scc that these norms arc pairwise compatible. Here two norms defined
on a linear set are said to be compatible if the following holds: If a sequence is a
Cauchy sequence with respect to both norms and converges to zero with respect to
one norny, then it converges to zero with respect to the other norm.
Further, we define the quadratic norms
1
xlion = CIXI3 + 1x1D %,
1

Ixllo i =inf {lxg 3+ a3 = xy x5 xq, % € D(A) 0 DA™},

J=-2,—1,0,1,2, xe@(4)nD(4-").

It is easy to see that

1 1
Ixlon; = 1L+ 1A 2x]o,  Nxloy; = UL+ 1417 2xflo,
(1.2)
J==2,—-1,0,1,2, xe2(4)n2(47Y).
In what follows indices from the set {/,0A/,0v,/:j= —2,—1,0,1,2} are denoted

by the letters r and s. Evidently, the norms || - ||, are pairwise compatible.
The completion of Z(4) n 2(A-Y) with respect to || -], is denoted by #,.
We have
i

W= H, Hy., = DA%, j=--2, —1,1,2.

The supremum norm of L(s#,, ;) will be denoted by || - il ,.
Obviously, the norms
3 X
6o nss=0C + 141 xllo,  fixllg, ;=T + [4]72) “x],,
(1.3
/ = _1’ 19 X e "@(A) n EZ(A—I)’

are equivalent to || -llo,.; and |-}, ;, respectively. We shall nced the norms (1.3)
on #,,.;and #, ;, j = — 1,1, respectively.

If [[-|, is finer than | .||, then in a natural way 3, is densely embedded in
# .. The embedding operator is denoted by E, , .

In the sequel the operator 4_; ; defined as follows will frequently be used:
The operator 4 maps #y. (|| -|l,) isometrically onto 5, _o(|| - | -1). The extension
by continuity of this linear mapping to an isometric linear operator of #; onto
A _, is denoted by A_ ;.

1.3. Setting

Ji=—j, 0Aj:i=0v —j, Ovji=0A—j, j=-—-2,-1,0,1,2,
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from (1.1) and (1.2) one casily derives
I, ==sup{llx, y)i : [yli; < L, y e DA n (A}, xc Z(A) nPATY.

Therefore, the hermitian sesquilinear form [-,-] on {Z(A)n Z(4-H}x
X {D(A) n D(A-Y)} can be extended to scsquilincar forms on #,x #’; (denoted
by the same symbol) such that

[v, )] =[x, xed,, pedt,,

holds.
By (1.1) and the definition of A_, ; we find

1.4 (x, Yy == [A—l,l-\'a ¥l =[x, A—1,1.V], x,ye ;.

Thercfore, for every ye J; there exists a unique z,e # _; such that (x, y), ==
== [x, z,], x € #,, and the linear mapping y + z, (= A4_, ,) is an isometry of #,
onto # _;. In a similar way one verifies that similar statements hold for [-,-] on
H KAy, r arbitrary.

A linear operator V defined on S, with values in ;s called [ -, - ]-symmetric if
V=[x, Vyl, x,yed,.

Obviously, Ve L(H#,, H;). A linear operator V" defined on 3, with range in #
1s called [.,-]-non-negative if
(Vx,x] 20, xed,.

We remark that we have defined in 1.2 and 1.3 what is called partial inner
product space in [3]. In this article, we have chosen notations similar to [3].

1.4. We shall need the following criterion of K. Veseli¢ ([15]) for regularity
of the critical point co. In order this article to be self-contained we give a proof of
it. For this and similar criteria for regularity see also [9].

LEMMA 1. Let 3 be a Krein space and let H be a definitizable operator in
H with p(H)#9Q. Then oo ¢c{H)Y if and only if for some real &g, g, 9 >
> max{ilmz|: z € o(H)}, the operators
Sy tin So~ g

(H -~ (D=1d¢ + S (H - {N)1dl =

I +in) & —ip
(1.5) 0™ My 0

- S (H — (& + D)= + (H — (& — 1)1~ dg

”0

are uniformly bounded.
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Proof. We may suppose &; = 0. Let' E be the spectral function of H. Taking
into account the well-known behaviour at oo of the resolvent of a bounded operator
it remains to prove the statement for the restriction of H to E(4)#, where 4 < R
is some connected open neighbourhood of co. Theréfore we may confine ourselves
to the case of a selfadjoint (with respect to a definite scalar product) operator H,
(—=1,1) < p(H), and to the case of a J-positive operator H, (—1, 1) = p(H). Hence
we may assume #, = 0. o '

Let

f,,(t)¢=S(<f S R YA ne© )

Obviously, f,(t) > Ofor¢ > Oand f,(t) < Ofor¢ < 0. For |t| > 1 wefind

7

' ' — i_ = Mo«
(1.6) L0l ZS e dp = 2arctan S .
0

Hence, in the case of a selfadjoint operator H, (—1,1) < p(H), the operators f,,(H)
are uniformly bounded.

It remains to show that for a J-positive operator H, (—1,1) < p(H), the
uniform boundedness of the operators f,(H) implies co ¢ c (H).

From (1.6) we obtain that for every M, 1 < M < oo, and M <y < oo
we have

(L.7) <IfOL 1<l < M.

A

Denoting by y; the characteristic function of some real interval d, relation (1.7)
implies

2
X[I,M](t) < 'E‘fn(t)’ te (01 OO),
and

_X[—M-—I](t) = 'ﬂ?.f;1(t)’ tE(—OO, 0),

for n 2z M. Therefore, making use of simple properties of the functional calculus
for J-positive operators, we find

(£, M), x] < [/, (H)x, ),
(1.8)
EQ=M, —1)x, x)l € 2 Uf(HDx, o], x e,

for n > M. Now assume that the operators f,(H) are uniformly bounded. Then by
(1.8) the spectral function of H is bounded, i.e., co ¢ c¢,(H).
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2. PERTURBATIONS OF J-POSITIVE J-SELFADJOINT OPERATORS
PRESERVING DEFINITIZABILITY

2.1. Let A be an operator as in Section 1. In the following thcorem per-
turbations are considered which preserve J-positiveness. In the special case of
a uniformly J-positive operator A4 (ie., [Ax, x] = «|x}2?, xe @Z(4), for some
o > 0, see [4]) this theorem (in a form similar to Corollary 1) was proved by K.
Veseli¢ [15]. In a part of the proof we follow [15].

THEOREM L. Let V be a {-,-]-symmetric linear operator defincd on # , with
range in ¥ _, such that

2.0 iVl < L

Then the following holds.
(i) There exists a J-positive J-selfadjoint operator B in # with p(B)#0
such that D(B) is dense in H o ., , A(B) is contained in #, .., and dense in H _

(2.2) Bx=(A_,,- V)x, xe2(B).
Moreover,
(2.3) oo ¢ c(B).
(i) Let T be a closed operator in # with p{T) # @ such that G(T) is contained
in #oay and dense in #,, #(T) is contaired iin # o, _q,
Tx=(A_,; +V)x, xe@HT).

Then T coincides with B.

(iii) If, in addition, we assume that
249 “(A-—l,l V)Tt — A:%,lhl, == A:i,lv)wl -1, < 1,
then we have

0¢c(h).

ReMARK 1. Under the stronger assumption V' _; <,;, instead of (2.1),
(2.4) is fulfilled.

REMARK 2. If, in addition to the assumptions of Theorem 1, Ve L(#°,, 5 _y)
is a [-,-]-non-negative operator, then by (1.4) A=} ,V is a non-negative bounded
operator in the Hilbert space 5#,. In this case, evidently, (2.4) is fulfilled.

Proof of Theorem 1. (i) For the construction of the operator B we make use
of a method of [3].
We define

A(O)3:Eov—1, -14-1,1E1 0a15 V(0)3=Eov—1, AVE| ga1-
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From (2.1) it is casy to see that
(2.5) IV OxTow oy < IVE -1 1llxXlgars X €Hoan -
Now we claim that the operator B in 3 defined by

D(B):={x ¢ Hynr: (A - iEyu_ oar - VO)x e )

Bx:=(A" L VO)x,  xe%(B).

fulfils assertion (i).

It is casy to verify that the operators A% 4 iEg, _y .y Map Hoai(ll-lloar)
isometrically onto sy _(J|-lov_,). Hence, in view of (2.5), the operators
AD LiEgy _1 gar bV map &, one-to-one onto #,., _,. Therefore, the restrictions
to " of the inverses of these operators regarded as operators in # are bounded and
their ranges are dense in #,,,. By definition of B these restrictions are the inverses
of B + i/, respectively. Hence Z(B) is dense in 5, and Fie p(B). Relation (2.2)
follows from the definition of 5.

Relation (2.1) imples that 4_, , -+ V is a one-to-one linear operator of J#,
onto s ..,. Hence, on account of (2.2), Z(B) is dense in 3#_, .

According to (1.4) and the remark following it we find

[Bx> ,\7] = [A-.l,lx - an x] = (X, x)l =+ [VX’ X] >
Z (L= |{Vl-y, 0 %), xeD(B).

To prove (i) it remains to show (2.3). Here we shall follow the lines of
K. Veselié’s proof.
Let 1t be a real number with |p} > 1. Then we have

sup{i(4 — iul)~xllga: x €, |Xguoy < 1} =
(2.6)
1
== sup{||(141* + )P (4 — D)"Yl y e, Iyl < 1} < 1.
Denoting the extension by continuity of
Egnr,ona(A — i) () flow-1) = Homn
by S(ip) € L(Hov -1, Hyr1) We easily find

(i) =[(B — ipd)~'x, x] — [(4 — ipd)~1x, x] =
()]

(o]
= Y [SE{—VWSG)}"Egw -1,0% Eov-y,0X], X€H.
n=-1
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According to (2.5) and (2.6) this series converges absolutely and uniformly for
¢! = 1. By Lemma | it is sufficient to prove that the integral

h(in) dp
[~n, =11ul{l, %]

is uniformly bounded for > 1.
In view of (2.5), by an easy computation we obtain

]
1 hGp)du! <

[=n, =1]ull, 5}

(v
<Y VO{S(i)V @} 1S Egv -1, 0%, SC—ip)Eqy -1, 0¥] dit<
.=1

[=m =11utl.n]

1

< §“"“"—m( H(A—iul)-lx||%dﬂ)2( (4 +iuz)-1xu%du)

n-1

[T

t—m ~1lulit, 4] [=n =1lull,n

Further, we find

(A4 i) xllidp = (144 - ip)~ YA+ ipd)"1x, X)edp =

[=9 —1lulL 4l [=#, —=11ull, 5]

(2.8) = S (4] — in)=* + (4] + iud)~1}x, x)odp.
[~n =110l 7]
Hence, by Lemma 1, the expression on the right side of (2.8) is uniformly bounded

for n > 1. Thus (i) is proved.
(ii) The extension by continuity of

T: 2(TX(N 1) = Hon-alll--1)

coincides with 4_, ; 4+ V. By the definition of B it is easy to verify that B is an exten-
sion of 7. Since B is a J-positive J-selfadjoint operator with p(B)# @ and,
therefore, has real spectrum, we obtain p(B) n p(T)# 9. This implies B = T.
(iii) Setting
Ui=(4_y,y + V)"t — A1,

interchanging the roles of 4 and 4! and making use of (i) we find a J-positive
J-selfadjoint operator B, in s with real spectrum such that 2(B,) is densein 3, _1,
A(B,) is contained in #, ., and dense in #, ,

Bix = (A2, + U)x, xe9(B).
We have

(2.9 00 ¢ c(By).
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We claim that B, = B~ Indeed, by the definition of B the set #(B) = 2(B~Y)
is contained in # . _y and is dense in # _; and 5. Furthermore, we have

B lx=(A_y,+ V)"'x =42, + U)x, xeD(BY.

Then by (ii) B, = B~L

From (2.9) we obtain oo ¢ c¢,(B~') and, hence, 0 ¢ c(B) (sce [7]).

It is casy to see that for [-,-]-non-negative V (see Remark 2) the perturbed
opcrator B and the perturbation V, instead of A and V, respectively, also satisfy the
assumptions of Theorem 1 with the same spaces #,, 5 _, (with norms equivalent

to the former ones). Thus we obtain an operator which, loosely speaking, differs
from A by 2V. Repeating this procedure we derive:

TiHEoREM 2. Let V be a [+, T-non-negative linear operator on 3, with range
in S _y. Then the following holds.

(i) There exists a J-positive J-selfadjoint operator B in H  with p(é)#@
such that .@([3\) is dense in # g n, %(1}) is contained in g _ and dense in# _,

Bx = Ay, + 9))«, Xe 9(@).
Moreover,

cs(ﬁ) = 0,

ie., B is similar to a selfadjoint operator.
(ii) Let T be a closed operator in H with p(f‘)#@ such that @(f’ ) is contained

in S o ny and dense in 35 , H( f) is contained in Hgn_1
T = (Aoyq + Dx, xea(D).
Then T coincides with B.

REMARK 3. By results from [2] and [6] it is known that there exist J-nonne-
gative perturbations (even one-dimensional, [2]) of J-positive operators which
do not preserve the regularity of the critical points 0 and co.

The assertions (i) and (iii) of the following corollary are easy consequences
of the construction of B in the proof of Theorem 1 and of Theorem 1, (iii). The last
assertion is an immediate consequence of Theorem 2.

COROLLARY 1. Let G be a J-symmetric operator in # such that 2(G) = D(A) =

1
= Wonz, RG) = R(A|?) = Hyr_1 and D(G) is dense in g . Assume that

1Gx -1 < Blixly, xe2(G),
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or, equivalently,
1 1 1

(2.10) [A, *GA xig < Blixlle. xe& A S(G),

1
for some positive § < 1. We note that 1A * 2(G) is dense in 3. Then the following
holds.

(1) There exists a J-positive J-selfadjoint extension B of A -+ G with p(B)# O
such that 2(B) is dense in #y .1, #(B)is contained in H, _, and dense in H _,, and
oo ¢c (B).

(i) Every J-symmetric extension T of 4 -+ G with S(T)SH gnys ATV H gn -1
and p(T)+# O coincides with B.

1 1
(ili) Denote the closure of the operator sign(AY A, *G A * (see(2.10)) by
K. Then K is a bounded selfadjoint operator in the Hilbert space # and

(2.11) (= K) 1 - A<t

implies 0 ¢ c/(B).

Further, if G is J-non-negative and (2.10) holds with an arbitrary positive
number B (not necessarily < 1), then (i) and (1) are valid and we have c(B) := @,
ie. B is similar to a selfadjoint operator.

Proof. To prove (ii) we shall see first that T considered as operator from 4,
to s# _, is closable. Indeed, assume x,e Z(T), n= 1,2, ...,y eH _y, ix,i - 0,
1Tx, — y} -1 = 0. Then for every we @(T) < H'¢n1

3, wl = lim[Tx,, w] == lim[x,, Tw] = 0.

N0 [chade el

Since @(T) is dense in 3y ., we find y =- 0.

Setting V for the closure of G considered as operator from #, to # .., we
derive that the closure of 7" considered as operator from ¢, to s _, is equal to
A_q 1 V. Then, applying Theorem 1 (ii), we obtain (ii).

In the following corollary we introduce more special assumptions on G which
imply that 4 <4- G == B is J-selfadjoint.

COROLLARY 2. Let G be a J-symmetric operator in 3 with
(2.12) 9(G) o 9 (A), R(C) < 2(A).
Assume thut

(2.13) 1Gxllo < BlAxlls or 147'Gx[i < Blixlle, xe%(4),

for some positive § < 1.
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Then A + G is a J-positive J-selfadjoint operator with p(A + G)#@ and
00 ¢ (A + G). Assertion (i) from Corollary 1 holds with B = A - G.

Further, if G is J-non-negative and (2.13) holds with an arbitrary positive number
B (not necessarily < 1), then A+ G is a J-positive J-selfadjoint operator with
p(A -+ G)#O and we have c (A -1-G) — @, ie. A+ G is similar 1o a selfadjoint
operator.

Proaf. By (2.12) and the J-symmetry of A and G we find that both in-
equalities of (2.13) are equivalent. By (2.12) and (2.13) G is A-bounded with A-bound
smaller than 1. Hence by well-known perturbation results 4 4 G is J-selfadjoint
and we have p(4 + G)# .

It is easy to see that the restriction of G to 2(A) fulfils the assumptions of
Corollary 1. On account of the Heinz inequality (or a suitable interpolation method,
see Corollary 4 below) relation (2.13) implies (2.10). Hence the present corollary
follows from the preceding one.

2.2. Now making use of a result of [10] we see that a perturbation of 4 which
is a sum of an operator of the kind considered in Theorem 1 (roughly speaking:
of small size) and a finite-dimensional J-selfadjoint operator produces a definitiz-
able operator.

In the following theorem we shall consider a more special class of perturba-
tions. This restriction allows a simple criterion for regularity of the critical point 0
(see (iii) of the following theorem).

THEOREM 3. Let W be a [-,-]-svmmetric compact linear operator defined on
Ay with range in H _. Then the following holds.

(i) There exists a definitizable J-selfadjoint operator H in # with p(H)#@
such that D(H) is dense in A ., , R(H) is contained in H# o _, and

2.19) Hx=(A_,,+ W)x, xe2(H).
We have
oo ¢ c(H)

and the following holds.

(a) If E is the spectral function of H and 4, , 4, are bounded intervals with
4, = (0, 00), 4, < (— 0, 0) whose endpoints are not critical we have % _(E(4,)3#) < oo
and »  (E(d:)3#°) < oo (see [10]). In particular, all finite critical points # 0 of H have
finite rank of indefiniteness.

(b) The non-real eigenvalues of H have finite algebraic multiplicities.

(ii) Every closed operator S in 2 with p(S)#@ such that 2(S) is contained

in 3 o Ny and dense in 2, , R(S) is contained in # . _, , and

Sx =(A_, .+ W)x, xe@(S),

coincides with H.
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(iii) Assume that A_1 1 - W maps 3#, one-to-one onto # _, or, equivalently,
ihat the operator I + AZ} \W e £ (o)) is invertible. We note that AZ{ \ W is a compact
selfadjoint operalol in #,.

Then we have

0 ¢ c(H).

Proof. (i) By assumption A7} ;W is a compact operator in ;. Since, in

view of (1.4),

(AZ1Wx, x), = [Wx, x] = [x, Wx] = (x, AZ} \Wx),

the operator AZ] ,W is selfadjoint in 5,. Hence we can choose z; € Z(A) < #,
and ¢ = 41, j=1, ..., k, such that the finite-dimensional bounded selfadjoint
operator

k
Y, &2;(+s Z;h
. j=t
satisfies
i . k | i k /
I'A:LlW_ Z &2;(+, zh ’| Q‘ - Y gid -y 22;(+, Zh <1l
| Je1 i, 1 =1

i f=-1,1

Denote by B the operator constructed in Theorem 1 and starting from

Vi=lW — Y gA_11z;(+,z)
Setting
H,:= 2 ejAz)l., Az)], H:=B 4 H,
=

we claim that H fulfils assertion (i).
Since we have co ¢ c (B), for every 5, > 0 we can find a constant M such that

(B — AN < M{ImA[=Y,  {Imi] > 7,

Then, observing that A, is a finite-dimensional bounded J-selfadjoint
operator, we find p(H) # @ and, making use of (10], we find that H is a
definitizable J-selfadjoint operator satisfying the properties (a) and (b).
By Theorem 1, 2(B)= @(H) is dense in #y.,.- We have #(B) < #on_1,
R(H) < #gn-, and, therefore, B(H) < # ¢, _1. The relation (2.2) implies (2.14).
Expressing (H — AI)"*= (B + H, — AI)~! in terms of (B — Al)~1 and H, for
sufficiently large |Im4}, and making use of Lemma | we obtain oo ¢ ¢,(H).

(i) If we set T =S -— H; the uniqueness statement follows from
Theorem 1 (ii).

(iii) Under our additional assumption

A+ W)t — A%,
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is a [-,-]-symmetric and compact linear operator from # _, in #,. Thus the
assumptions of this theorem are satisfied with 4~ instead of A4.

On the other hand our additional assumption implies that %2(H)is dense in 2 _ .
Therefore, H must be invertible. Tndeed, if there exists a x € Z(H) < H# gy With
Hx == 0, then for every y € 2(H) we find [Hy, x] = 0. This contradicts the density
of #(H) in 2 _,. Now in the same way as in the proof of Theorem 1 (iii), we find
0 ¢ c,(H).

REMARK 4. Under the assumptions of Theorem 3 the difference of the resolv-
ents of H and 4 in a common point of their resolvent sets is compact. This follows
from relation (2.7).

COROLLARY 3. Let G be a J-symmetric operator in # such that 9(G) < Z(A) =
1
= Honas R(G) = D(A| ) = Hon_y and D(G) is dense in #Hyny. Assume that G
1
considered as a mapping of 2(G)(|| - |,) in D(A| *)(| - Il 1) is compact or, equivalently,
1 1

\AI—?GlAI‘ ¥ (densely defined in 3, see Corollary 1) is compact. Then the following
holds.

(i) There exists a definitizable J-selfadjoint extension Hof A + G with p(H)#O
satisfying all conditions mentioned in Theorem 3 (i) (except relation (2.14)).

(ii) Every J-symmetric extension S of A + G with (S)cH g1, R(S)cHgn -1
and p(S)# O coincides with H.

1

. 1

(iii) Denote the closure of sign(A)IAI—?GIAI_2 in # by K. K is a compact
selfadjoint operator in # . If I + K is invertible, then we have 0 ¢ c,(H).

(iv) If, in addition, we assume that for some complex number u, Imu+#0,
the closure of A + G — ul is a Fredholm operator, then every J-selfadjoint extension
H' of A+ G with p(H")# O is definitizable and has the properties (a) and (b) from
Theorem 3. '

Proof. Denoting the extension by continuity of

G:2(G)| 1) = Hoa-alll -0
to a bounded operator of #, in 3 _; by W, the assertions (i) and (iii) are simple
consequences of Theorem 3. (ii) is proved in the same way as Corollary 1 (ii).

To prove (iv) we make use of the finite-dimensional J-selfadjoint bounded
operator H, from the proof of Theorem 3. Denote the closure of A4 + G by
[4 + G]. On account of a well-known perturbation result, the assumption of (iv)
implies that [4 + G] — H; — ul is a Fredholm operator. Observing that
[4 + G] — H, is J-positive and making use of [13; Lemma 1.2] we conclude that
A+ G] -~ H; — zI and, hence, [4 + G] — zI are Fredholm operators for every
nonreal z.

Let H’ be an araitrary J-selfadjoint extension of A + G with P(H') # .
Since the nonreal part of the spectrum of H .consists of no more than a finite



16 P. JONAS

number of points we have p(H) n p(H')# . For an arbitrary nonreal point z,
of p(H)Nnp(H') the operators (H — z,J)™' and (H'-- zJ)~! coincide on
HA([A -t- G]--2z8). Hence the difference

(H' — 21y~ = (H — z,]) =

is finite-dimensional. Then by [10]. it follows that H’ is definitizable and satisfies
the conditions (a) and (b) from Theorem 3.

In the following corollary, as in Corollary 2, we introduce more special assunip-
tions on G which imply that 4 < G = H'is J-selfadjoint.

COROLLARY 4. Let G, %(G) > Z(A), be an A-compact J-symmelric operator.
Let Z(G) c Z(A~Y). Assume that

(2.15) G: 2(AXL-I12) — 50 - lo)
is compact or, equivalently,
(2.16) G: 2(G)(|| - o) - Z(A-)(I -1l -2)

is compact.

Then A - G is a definitizable J-selfadjoint operator with p(4d -+ G)#O
satisfying (a) and (b) from Theorem 3 and oo ¢ c(A -+ G). Moreover, assertion (iii)
Jrom Corolliary 3 holds with H = A - G.

Proof. By a well-known perturbation result we find p(4 + G)#@ and that
A - G is J-selfadjoint.

It remains to prove that the restriction of G to Z(A) fulfils the assumptions
of Corollary 3. Thus we have to show that the compactness of the operators (2.15)
and (2.16) implies the compactness of

(2.17) G: (A1) > A=) -

Denote the closures of the operators (2.15) and (2.16) with respect to the indicated
norms by G, , and G_, ,, respectively. Since the J-adjoint of the closure of GA~*
coincides with the closure of 4-1G, the compactness of one of the operators G, »
and G_, , implies the compactness of the other.

Now we consider the interpolation pairs (see [14]) {#,, o} and {#, # .},
where 5, , 3 are looked upon as contained in 3., and #, #  ,in#y, ... The
linear mapping

GiHogwe =H +Hy—= Koy =H + H s
defined by
G: Xo 4 Xp > G oXg + Gy 2Xs, Xp€3F, Xa€fs,

is 2 morphism of {#,, #} to {3, _,} (see [14]).
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Now, making use of the L-method, which is equivalent to the K-method

([14]), we easily find

and

[22]

(L2 T -7 dz
5 e 12,2 2y = S N A Tl =
2 2 I

]
= n(jAIx, x), XEHonaz,
X 1
() 2 Y 1 g T Toge O
Xl (e, o 202, 10) Sf P+ AR Px)E— =
H 2 H
0

=n(l4A| 7%, X), XeHgna-2-

According to a theorem of K. Hayakawa ([5]) compactness of G, , and G_, , implies
compactness of the operator (2.17).

REMARK 5. Evidently, in the case of a uniformly J-positive cperator 4 (or,

equivalently, A positive, 0 € p(4)) the assumptions of Corollary 4 reduce to A-com-
pactness and J-symmetry of G. In this case the compactness of the operator (2.17)isa
consequence of a theorem of M. G. Krein [11] (see [8]).

In the case of a bounded operator A the assumptions of Corollary 4 reduce

to the following: ( is a J-selfadjoint bounded operator which is a compact mapping
of # into 2(A4-") furnished with the graph norm.
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